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The generation of multiple entangled qubit pairs between distributed nodes is a prerequisite for a future
quantum Internet. To achieve a practicable generation rate, standard protocols based on photonic qubits
require multiple long-term quantum memories, which remains a significant experimental challenge. In
this paper, we propose a novel protocol based on 2”-dimensional time-bin photonic qudits that allows for
the simultaneous generation of multiple () entangled pairs between two distributed qubit registers and
we outline a specific implementation of the protocol based on cavity-mediated spin-photon interactions.
By adopting the qudit protocol, the required qubit memory time is independent of the transmission loss
between the nodes, in contrast to standard qubit approaches. As such, our protocol can significantly boost

the performance of near-term quantum networks.
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I. INTRODUCTION

Quantum networks bring new opportunities for secure
communication [1,2], distributed sensing [3—5], and dis-
tributed quantum computing [6,7]. The ability to faithfully
transmit quantum information over long distances is a key
prerequisite for the construction of large-scale quantum
networks. Quantum teleportation [8] provides a means to
overcome transmission loss and noise, given that high-
quality entanglement can be created between the sender
and the receiver. As such, there have been significant
efforts for creating entanglement between remote qubit
systems across a plethora of physical systems including
trapped ions [9], diamond defect centers [10,11], neutral
atoms [12,13], and quantum dots [14].

In canonical entanglement-generation protocols, spin-
photon entanglement is first created and then extended
to spin-spin entanglement by either a photonic Bell mea-
surement [9—11,13,14] or a direct spin-photon interaction
[12]. Successful entanglement generation is heralded by
the detection of transmitted photons and the quantum state
of the spin qubits needs to stay coherent for at least the
time of one entanglement-generation attempt, which is
generally set by the signaling time between the nodes.
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Key functionalities in a quantum network such as entan-
glement purification [15,16] and multiqubit state teleporta-
tion [17—19] require the availability of more than a single
entangled qubit pair to be executed; the latter, in partic-
ular, when quantum information encoded across multiple
physical qubits in a quantum error-correcting code has to
be transmitted, since all physical qubits of the code have
to be transmitted simultaneously in order to perform error
correction locally.

Multiqubit memories are therefore necessary and the
general approach so far has been to consider the genera-
tion of multiple entangled pairs either sequentially [20,21]
or in parallel [18,22], using the same photonic-qubit-based
protocols as for the generation of a single entangled pair.
High transmission loss, however, leads to much more
demanding requirements for the coherence time of the
quantum memories than for the single-pair setup. For a
feasible generation rate, successfully entangled pairs have
to be stored in quantum memories while they wait for
the remaining pairs to entangle successfully. As a result,
the required memory time increases as the inverse of the
photon transmission probability, which decreases expo-
nentially with the distance between the nodes for standard
optical fiber propagation. To add insult to injury, the con-
tinued entanglement attempts of neighboring qubits may
further decrease the memory time of a successful pair due
to unwanted crosstalk [23].

In this paper, we propose a fundamentally different
scheme for the generation of multiple entangled pairs
between two distant qubit registers, which exploits the
use of high-dimensional photonic qudit states. Specifi-
cally, we show that a single photonic time-bin qudit in
dimension d =2" allows for the heralded and
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simultaneous generation of m entangled pairs between two
distant multiqubit registers. Photonic qudit encodings have
previously been considered for quantum networks [24] and
quantum repeaters [25] due to their higher information
capacity [26], which can lead to higher loss tolerance and
more efficient quantum key generation [27]. In our qudit-
based protocol, the required coherence time of the qubit
memories is independent of the transmission probability
and amounts only to the time for a single entanglement-
generation attempt. Furthermore, the rate of entanglement
generation in our protocol is more robust to transmis-
sion loss between the distant registers than other qubit
approaches. Our scheme opens up new opportunities for
the generation of multiple high-fidelity entangled qubit
pairs in an extended quantum network, where transmission
loss between the nodes becomes a limiting factor both on
the generation rate and the quantum memory requirements.

II. HIGH-LEVEL PROTOCOL

A high-level sketch of our protocol is shown in Fig.
1(a), to be compared with a similar qubit-based proto-
col in Fig. 1(b). We note that multiple other qubit-based
protocols exist [9-11,13,14] but they all share the same
fundamental scaling of success probability and necessary
coherence time with the transmission probability. With-
out loss of generality, we can therefore compare our qudit
protocol with the specific qubit-based protocol considered
here.

We first describe our qudit protocol at an abstract level to
convey the general idea and then proceed with discussion
of specific implementations in Sec. III. In the first step,
a photonic qudit is generated. We specifically consider a
photonic time-bin qudit prepared in an equal superposition
across 2" modes as described by the state

2m—1

1
Vo = 2,73 ;}j 1D)phs M

where |/),, denotes the state where the photon is located in
the /th time bin.

The photon state |),n, will then interact with the first
m-qubit register (Alice), which is initialized in state |0)®™
in the following way. If the photon is in state |/), where
the binary representation of the decimal value / is [[];o =
[ln=1ln—2 - - - ]2 (l; € {0, 1}), the photon will interact with
the ith qubit of the register and flip it from |0) to |1) if
l; =1. If [; = 0, the qubit remains in state |0). In Sec.
III, we outline how such an interaction can be achieved
with optical switches and cavity-based scattering gates
[28,29]. This interaction scheme results in the following
transformation:
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FIG. 1. (a) The qudit protocol for simultaneous generation
of multiple entangled pairs. First, entanglement is generated
between a single photonic qudit and all memory qubits on Alice’s
side. A 2"-dimensional photonic qudit is required for m memory
qubits. The qudit is transmitted to Bob’s register and interacts
with all memory qubits, thereby extending the entanglement to
this register. A final measurement decouples the photonic state
from the memory qubits and heralds the simultaneous generation
of all entangled pairs. The required coherence time of the mem-
ory qubits is T¢on ~ %, Where £ is the time for one attempt. (b) A
comparative qubit-based protocol for the generation of multiple
entangled pairs between two qubit registers. Entanglement is first
created between multiple photonic qubits and the memory qubits
of Alice’s register in a parallel fashion. The photons (each entan-
gled with one memory qubit) are transmitted to Bob’s register
to interact with his memory qubits and measurements decouple
the photonic states from the memory-qubit states and herald the
successful generation of Bell pairs. To efficiently generate mul-
tiple pairs, successfully generated pairs have to be stored while
the remaining unsuccessful pairs are reattempted. This leads to a
required coherence time of the spin gates of T¢on ~ #p/n, where
1 is the transmission probability.

where [1/)4 = |Lu_1)1lm—2) - - |l1)lo)4 as shown in Fig.
2(a). For example, a state |5),, ® |000) would transform
to

15)ph ® 1000) — [S)pr @ [101) 3)

as illustrated in Fig. 2(b). For the input state in Eq. (1),
the collective state after the photon interacting with Alice’s
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FIG. 2. (a) The interaction between the photonic qudit and
an m-qubit register. The m-qubit register is initialized at |0)®"
If the photonic qudit is in state |/} (/=0,1,...,2" — 1) and
the decimal value of / can be represented in binary [/];p =
[ln—1-- Ik - - -1 1p]2, the photonic qudit will flip the n-qudit reg-
ister to state |[,_; -l ---l1lp). (b) An example for a photonic
state |5) and a three-qubit register with a value table given for the
m = 3 case.

register is

2m—1

W) = 2,,,/2 Z 1) pnl 114, 4)

which is a maximally entangled state between the 2”-
dimensional time-bin photon and the m-qubit register.

In the next step, the photonic qudit is sent to Bob’s regis-
ter by means of direct transmission. In practice, the photon
will most likely get lost during the transmission but we
continue our description assuming that the photon is suc-
cessfully transmitted, since we herald the protocol on a
final detection of the photon on Bob’s side.

On Bob’s side, the photonic qudit will interact with his
m-qubit register in the same way as described for Alice’s
register. Thus, the state of both qubit registers (Alice and
Bob) and the photonic qudit after the interaction will be

2m—1

W) = 2o Z Dol 1)4111) 5, (5)

where 1))z = [ly—1)|ln—2) - -
Bob’s register.

We now wish to perform a measurement that confirms
that the photonic qudit has been transmitted and that her-
alds the simultaneous generation of entanglement between

|11)|{p) g denotes the state of

the two qubit registers. The measurement should confirm
the arrival of the photon without extracting its time-bin
information in order to avoid collapsing the state of the two
m-qubit registers to a product state. To this end, Bob can
perform a generalized X-basis measurement on the pho-
tonic qudit, which amounts to projecting the photon state
on to the time-bin Fourier basis states, defined as

2m—1

|81} Z AT ) (6)

2m

where [/ =0,1,...,2" — 1. Such a measurement can be
implemented using optical switches and linear optics, as
we detail in Appendix D. Successful detection of the pho-
tonic qudit in any of the Fourier basis states will herald the
entangling operation and prepare the two qubit registers in
a state

2m—1

2,,1/2 Z| Dall))s

up to single-qubit phase corrections dependent on the mea-
surement outcome (see details in Appendix D). Thus,
Alice and Bob can create m entangled qubit pairs by only
transmitting a single photonic qudit between them.

Importantly, the multiple entangled pairs are created
simultaneously and the minimal required coherence time
of the qubits in the registers only depends on the dura-
tion of a single entanglement attempt. For distant registers
in an extended quantum network, this will be determined
by the signaling time between the registers. Furthermore,
assuming an overall transmission probability of 1 between
the two qubit registers, the entanglement-generation rate
of the protocol scales as 7, since only one single photon is
transmitted.

The above protocol should be compared to the standard
qubit approach where entanglement between two m-qubit
registers would be attempted in parallel [see Fig. 1(b)].
In the qubit approach, entanglement between a photonic
qubit and a memory qubit would be generated separately
for each of the memory qubits in the register. For applica-
tions that require the presence of all entangled pairs before
execution, such as the teleportation of a logical qubit com-
posed of multiple physical qubits [17—19] or entanglement
purification protocols [15,16], successful pairs need to be
stored while waiting for the remaining pairs to succeed.
Otherwise, simultaneous success in all qubit links would
be necessary, leading to a success probability scaling as
n™ and thus causing an impractical rate for entanglement
generation. The storage of all successful pairs leads to a
necessary coherence time of the qubits that scales as 1/7n,
while the rate would scale as approximately (2/3)1°8"
for n < 1 [30]. Compared with the qubit protocol, our
qudit protocol both removes the unfavorable scaling of the

2,,,/2(|0)A|0)B—i-|1)A|1) 2" (7)
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memory time with 5 (¢, versus #y/n), and offers a rate that
is more robust to transmission loss in terms of scaling with
m (n v.s. (2/3)1°2™y). However, we do note that the local
photon loss at the nodes can be different for the qubit and
qudit approach depending on the specific implementation,
which we discuss in Sec. III.

III. IMPLEMENTATION

So far, we have only considered the high-level outline of
our proposed protocol. Arguably, we have assumed a num-
ber of operations, which might be experimentally more
demanding than standard spin-photon entanglement oper-
ations. Furthermore, the entangling operation between the
photonic qudit and multiple memory qubits can lead to cor-
related errors across the entangled qubit pairs that would
not be present for parallel-qubit approaches.

To investigate the impact of these effects, we con-
sider a specific implementation of our scheme based on
single quantum emitters such as neutral atoms [31] or dia-
mond defect centers [29] coupled to optical resonators,
which have already demonstrated some of the key func-
tionality required for our scheme. In particular, we exploit
the photon-induced atomic phase gates based on single-
sided cavities with a strongly coupled emitter [28]. We
refer to such a system as a spin-cavity system. The same
system can also be used to generate high-dimensional pho-
tonic time-bin qudits by means of a pulsed cavity-assisted
Raman scheme [32].

A sketch of the proposed implementation is shown in
Fig. 3(a). In the first step, a photonic qudit is generated by a
pulsed driving of a cavity-assisted Raman transition. Con-
trol of the driving power allows us to tailor the amplitudes
in the qudit state. This is crucial for the specific implemen-
tation considered here, since the photon will experience
different loss depending on which time bin it is emitted
in due to, e.g., nonperfect interaction with a different num-
ber of spin-cavity systems in the spin-photon entangling
step. For an initially even amplitude state [see Eq. (1)], this
would decrease the fidelity of the entangled pairs. How-
ever, we can compensate the uneven loss by generating
a qudit state with uneven amplitudes in such a way that
the time bin experiencing the most loss initially has the
highest amplitude. This allows us to move the effect from
decreasing the fidelity to a modest decrease in rate.

Dominant imperfections in the qudit-generation step
amount to a finite spin-coherence time of the emitter,
imperfect pulse shaping of the driving laser, spontaneous
emission from the excited state, and general photon loss
(e.g., from absorption and/or material scattering). The lat-
ter will simply decrease the rate of the protocol, given that
no photon will be detected in the heralding step. The other
imperfections will, in general, lead to an effective dephas-
ing of the photonic qudit state due to leak of information
to the environment about the emission time. Furthermore,

imperfect driving may also lead to errors in the amplitude
shaping of the qudit state. For a detailed optical model of
the photon-generation step, see Appendix A.

In the second step of the protocol, optical switches are
used to route the photon to the spin-cavity systems as dic-
tated the binary encoding of the time bins [see Figs. 3(b)
and 3(c)]. We model the imperfections of the switches
as consisting of both general loss and wrong switching
(for details, see Appendix C). The spin qubits are initial-
ized in the state |[4+) = (]0) + |1))/ V2 and ideally only the
state |1) is coupled to an excited state, |e;), by the cav-
ity field. However, for systems such as SiV defect centers
and quantum dots, the state |0) would also be coupled off
resonantly by the cavity field to another excited state, |eg)
[not shown in Fig. 3(b)]. However, by tuning the frequency
of the incoming photon and the cavity with respect to the
optical spin transitions, it is possible to realize a high-
fidelity controlled phase gate where an incoming photon
will flip the atomic state from |+) — |—). The combina-
tion of the switches and the spin-photon gates, followed
by Hadamard gates on the spins, leads to the generation of
the photon-spin entangled state in Eq. (4) in the ideal case.

The gate will ultimately be limited by the optical split-
ting between the |0) <> |eg) and |1) <> |e;) transitions,
the finite cooperativity of the emitter-cavity system, the
spectral width of the photon, and cavity loss, assum-
ing that the emitters and cavities can be tuned into the
specific resonance conditions [33]. In Appendix B, we
give a detailed quantum optical model of the spin-photon
interaction encompassing these imperfections.

After transmission to the second register, a similar sys-
tem of optical switches and spin-cavity systems is used to
create the state in Eq. (5) in the ideal case. As detailed
above, the protocol is heralded by the generalized X-basis
measurement of the qudit state. This can be implemented
using optical switches and linear optics as detailed in
Appendix D. In particular, the switches are used to con-
vert the time-bin encoding into a spatial encoding, where
delay lines are used to ensure temporal coincidence. The
quantum Fourier transform can then be implemented by
means of a beam-splitter circuit [34] and the photon is
finally detected with single-photon detectors.

Notably, the physical resources of the detection step,
such as the numbers of switches, beam splitters, and detec-
tors, scale linearly with the dimension of the photonic
qudit. This can, in principle, be circumvented with prob-
abilistic implementations using linear optics, where beam
splitters can be used to interfere multiple time bins using a
single fiber loop or interfere the qudit photon with local
single photons to erase the arrival time, as outlined in
Ref. [35]. Alternatively, deterministic approaches where a
Raman-based absorption scheme in a three-level emitter is
attempted for each time bin followed by atomic detection
as described in Ref. [4] can be used to make the physical
resources independent of the qudit dimension.
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FIG. 3. (a) A possible implementation of the proposed protocol using time-bin encoded photons and quantum emitters coupled to
one-sided optical cavities. A pulsed cavity-assisted Raman scheme is used to generate the photonic time-bin qudit. Optical switches
will route the photon to interact with different spin-cavity systems depending on the binary encoding of the time bin. The scattering
of a photon from the one-side spin-cavity system implements a spin flip, resulting in spin-photon entanglement. Interaction with
both qubit registers (Alice and Bob) consecutively generates spin-spin entanglement and a final X-basis measurement of the photonic
qudit heralds the successful generation of multiple entangled pairs across the two registers. (b) Photon-spin controlled-Z (CZ) gates. A
resonant photon will be reflected (gray arrow) from the cavity-spin system with (without) a 7w phase shift if the qubit is in the uncoupled
(coupled) state |0) (|1)). This gate is equivalent to a photon-mediated controlled-NOT (CNOT) gate if Hadamard gates are performed on
the spin qubit before and after the interaction. (c) A sketch of the underlying mechanism behind the interaction scheme between the
time-bin qudit and the qubit register. Consider a photon in time bin /, with the binary representation of / being [/, - -l - - - [i[o]o. If
l; = 0, the ith optical switch will let the photon pass through without interaction with the ith cavity-spin system. If /; = 1, the optical

switch will instead route the photon to the cavity and flip the spin state through the interaction pictured in (b).

In the detection step, we model imperfect switches as
in the entangling steps of the protocol (for details, see
Appendix C). Notably, both loss and wrong switching lead
to detectable errors. The former is due to the absence of
a detection and the latter is due to a wrongly timed detec-
tion. Furthermore, we model loss in the delay lines, which
leads to a decrease in rate and not fidelity when balanced
correctly in the qudit-generation step. Finally, we model
phase fluctuations in the beam splitters and optical paths as
a general dephasing channel on the qudit state, where the
dephasing parameter scales with the dimension of the sys-
tem m. We note that the general dephasing channel can also
incorporate other phase errors from, e.g., general phase
instabilities in optical paths.

IV. SIMULATION RESULT

We numerically simulate the simultaneous generation of
multiple entangled pairs using our protocol and benchmark
it against the parallel-qubit approach using similar systems
for increasing distance between the two nodes. As shown
in Fig. 4, the qudit protocol quickly outperforms the qubit
protocol (all-keep) for high-fidelity entanglement genera-
tion as the distance, and hence the transmission loss and the
signaling time, increases. In general, we see that the qudit

protocol has the same scaling in fidelity as the one-shot
qubit protocol due to similar coherence time requirements
while being as efficient as the all-keep qubit protocol.

In our simulations, we assume the spin qubits to be sub-
ject to pure dephasing with a dephasing time of 7j, = 5 ms
and a finite-temperature amplitude-damping channel with
a decoherence time of 77 = 10 ms [36,37]. In the qudit
generation, we assume that we are limited by amplitude
and phase fluctuations in the laser modeled as Gaussian
noise with variances o7 = o = 0.01. We assume 10%
loss for the photonic switches and a 1% switching error,
5% loss in the input-output coupling from the cavity, a
cooperativity of C = 100 for the spin-cavity system, and
negligible coupling of the |0) state. We note that while our
qudit protocol is more robust to transmission loss than the
qubit approach, it is less robust to local loss. Letting 1o be
the efficiency of transmission of the photon when interact-
ing with a single switch and cavity, the total transmission
of the qudit protocol will scale with ng'. Nonetheless, we

see from Fig. 4 that even for 1y ~ 86% and m =5, the
qudit protocol significantly outperforms the qubit proto-
col for high-fidelity entanglement generation for distances
2 20 km due to the greatly relaxed requirements on the
qubit coherence times.
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FIG. 4. A performance comparison between the qudit protocol and the comparative qubit protocol for the generation of (a) m = 2,
(b) m = 4, and (c) m = 5 entangled pairs. The performance metrics are the average fidelity of the entangled pairs and the average
number of attempts needed until the successful generation of all pairs. The fidelity is calculated as the average fidelity per Bell pair
when tracing over the other spin qubits. For the qubit protocols, “all-keep” means the practical strategy where successful pairs are
stored until all pairs have been generated and “one-shot” means the strategy where all entangled pairs are required to be generated
simultaneously. We assume that the time of local operations is negligible, such that the rates of both the qudit and qubit protocols are
set by the signaling time between the two distant registers. The simultaneous attempt of all links in the qubit protocol is counted as one

attempt.

We also include a general qudit dephasing channel mod-
eled as random phase shifts of the time-bin states follow-
ing a Gaussian distribution with zero mean and variance
o = 0.1m. We assume the scaling with m to account for
the additional complexity of the interferometer and phase
instability in optical paths (for details, see Appendix D).
This affects the fidelity of the qudit protocol, resulting in a
worse performance as m increases, as is visible from Fig. 4.
We note that this increased dephasing, however, is some-
what arbitrary, given that it models a technical noise and
not a fundamental one.

In our simulations, we assume that the time of the local
operations is negligible compared to the signaling time
between the two stations, which is a valid assumption for
extended networks. Node distances for realistic quantum
networks are usually considered to be tens of kilometers,
corresponding to signaling times around 0.1-1 ms [38—
40]. This is, in general, much longer than the time of local
operations, which sets the duration of a photonic time bin.
Purcell-enhanced emission and fast switching can be envi-
sioned, leading to time bins in the regime of 10 ns [41] and
the time of local operations thus only becomes relevant for
qudit dimensions of > 103, corresponding to m > 10. We
note that in practice m will, however, most likely be limited
to < 10 due to the growing complexity of the implementa-
tion, such as the generation of the many time bins as well

as calibration and phase stabilization of the optical path.
Thus, the time for one entanglement-generation attempt is
Tgen ~ L/c, where L is the distance between the stations
and c is the speed of light in an optical fiber. For fiber prop-
agation, the transmission efficiency of a photon between
the stations will be 7y = e L/Lat, where Ly is the atten-
uation length of the fiber. In our simulations, we assume
Ly = 20 km, corresponding to fiber loss for telecom light.
We note that for systems such as diamond defect centers
and neutral atoms, frequency conversion from optical to
telecom would be required.

It is clear that if Teon 3> Tgenel/™, the qudit protocol
does not offer much advantage compared to the standard
qubit approaches. We note, however, that this requires the
coherence time to increase exponentially with the distance.
This exponential dependence can be circumvented either
with the use of quantum repeaters [18] or by employing
multiplexing [42], where the number of qubit memories far
exceeds the number of desired Bell pairs. In the latter case,
the required number of memories will also increase with
the transmission loss. Both approaches can, in principle, be
combined with the proposed qudit protocol for entangle-
ment generation to further alleviate memory requirements
and decrease resources. In particular, both for entangle-
ment purification in first-generation repeaters and in the
operation of second-generation repeaters, multiple and
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FIG. 5. The level structure of the photonic qudit source.

high-fidelity Bell pairs are required between neighboring
stations [18,19]. Employment of the qudit protocol to alle-
viate the memory requirements can lead to longer distances
between links in the repeater, thereby also reducing the
overall resources for long-distance entanglement distribu-
tion. This, in particular, may also be beneficial for highly
lossy links in satellite-based entanglement distribution
[43].

V. DISCUSSION AND CONCLUSIONS

We propose a novel entanglement distribution proto-
col using photonic qudits, which significantly alleviates
the requirement for the coherence time compared with
the canonical protocol and provides benefits for near-term
quantum networks.

We note that while we discuss a specific implementa-
tion based on scattering of single-sided cavities and optical
switches, a number of alternative implementations can
be imagined that align with current experimental efforts
on quantum repeaters with solid-state spins. The opti-
cal switches can be replaced by periodic spin rotations
in between the time bins, as demonstrated in Ref. [29]
with SiV centers, and the multiple-cavity systems can be
replaced with a single emitter coupled to a nearby qubit
register, as demonstrated in Ref. [36]. If controlled rota-
tions of the emitter spin system dependent on the state of
the qubit register can be performed in between the time
bins, the same qudit-qubit entanglement can be generated.
Our work thus integrates with the current experimental
state-of-the-art for quantum communication.

An alternative implementation as an emission-based
scheme where the qubit register controls whether the
emitter is in an optically bright or dark state similar to
entangling schemes demonstrated with NV centers [10,11]
can also be envisioned. Performing a high-dimensional
Bell measurement at a middle station would swap the
qubit-qudit entanglement to qubit-qubit entanglement.

For single-emitter systems such as defect centers in
diamond, coupled to nearby nuclear qubit registers, the
coherence time of the nuclear qubits is often severely
reduced when operations on the emitter are performed.

The generation of multiple Bell pairs with such a system
requires storage of already generated Bell pairs in the qubit
register while attempting another Bell pair with the emitter.
As aresult, the stored Bell pairs will quickly decohere, lim-
iting the performance of the qubit protocol [23]. The qudit
approach circumvents this, since all Bell pairs are gener-
ated simultaneously. We thus believe that our protocol is
particularly relevant for enhancing the performance of cur-
rent quantum network systems based on diamond defect
centers, such as NV and SiV centers.
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APPENDIX A: PHOTONIC QUDIT SOURCE

The photonic qudit can be emitted from a three-level A
system with two ground states |g) and |f') and an excited
state |e) (see Fig. 5). The transition |g) — |e) is driven by
a laser pulse, while a single-mode cavity field couples the
transition |e) — |f' ). The Hamiltonian of the system in a
suitable rotating frame and after using the rotating-wave
approximation can be described as (h = 1)

H = Ale){e] + (le) (g] + H.C.) + (gle){f |c + H.C.),
(A1)

where Q2 describes the laser coupling, A is the detuning
between the laser frequency and the |g) — |e) transition,
and g is the coupling between the spin and the cavity field.

We describe spontaneous emission from the excited
state and the decay of the cavity field with Lindblad jump
operators:

(A2)

where Y, is the rate of decay from |e) to |g), ¥ is the rate
of decay from |e) to |f'), and « is the cavity decay rate. We
neglect pure dephasing of the excited state, which will in
any case have a negligible effect for large detuning. Fur-
thermore, we neglect decay of the ground states, assuming
that this is negligible on the time scale of the photon gener-
ation. Adopting the stochastic wave-function picture [44],
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the system evolves according to the effective Hamiltonian
Ho = Ale)(e] + 8¢7¢ + (gle) (f |¢ + H.C.)

1 (Qle)(g] + H.C.) — é (vle)(el + k27e)  (A3)

where y = y, + ¥ in the absence of decay.

We can express the wave function of the system under
the evolution ofI:Ieff in the basis of |g,0), |e,0) and |/, 1),
where |g,0) (|f', 1)) denotes the emitter in state |g) (|f))
and no (one) cavity photon. The wave function can thus be
expressed as

16(D) = co(Dg, 0) + c1(D]e,0) + e(DIF, 1) (Ad)
and we obtain the equations of motion from the Schodinger
equation id|¢)/dr = H.z|p). Note that H.s is not Her-
mitian, which results in a decrease of the norm of |¢).
This reflects the fact that the evolution is in the absence
of decay and (¢ (?)|¢(?)) is the probability that no decay
has happened. The Schrodinger equation gives us a set of
differential equations in the time-dependent coefficients:

iéo = CIQ*,
. i
ici = co + ¢y (A — 5)/) + g,
i
icy =c18" + 8 — EKCZ' (AS)

When solving these differential equations, we make a few
realistic assumptions. First, we assume that the laser drives
the system adiabatically such that 2 < A, y and that we
are in the bad-cavity regime where y < g < «, since we
are interested in getting a photon out of the cavity. This is
also the relevant regime for nanophotonic cavities [29,33].
Second, we assume that the two-photon detuning is zero,
i.e., § = 0. Furthermore, we assume that the driving can
be approximated as a square pulse of duration 7). Under
these assumptions, we can adiabatically eliminate ¢, and
¢, and solve the resulting differential equation for c;(#).
For 0 < t < T}, we find that

2i0g" (A + %1 +40)

K (A2 + 21 +40)2
(3450 407)

er(t) = e"cy(0),  (A6)

where ¢((0) is the population in the |g, 0) state at the start
of the laser pulse and b is

i1QP[A + 21+ 40)]
A2 4 (1 4 4C)2

where we define the cooperativity C = |g|* /ky.

After the pulse, any population in the excited state will
decay by the emission of a cavity photon to the |f', 1) state.
Solving the differential equations for the evolution of ¢, (¢)
fort > T gives us

2ig*Q[A + Z(1 +40)]
K (A2 + 2 +4C)2)

—i(A=L (1+40))(¢-T
x elee l( 2( + C))(t I)CO(O).

() =

(A7)

We can observe that after the driving is stopped, the popu-
lation in the excited state decays to the |[f, 1) state expo-
nentially with the Purcell-enhanced rate y (1 4+ 4C). We
note that the expression of ¢; () for a square pulse depends
on the initial population of the |g, 0) state, the amplitude of
the drive, and the duration of the drive. In order to make
time bins indistinguishable, we have to change the ampli-
tude of the driving from time bin to time bin in order to
keep the duration of the pulse fixed.

The mode of the output time bin, v(¢), is found using the
standard input-output relations of the cavity, giving

2i0g" (A +%(1+40))
N/ (AZ + 21+ 4@2)
2ig*Q[A + L (1 +40)]
JE (824 5 (1 +4072)

b7y e—i(A—%’(1+4C))(t—T1)CO(O).

vt < Ty) = ey (0)

v(it>T)) =

X e (A)
We see that the phase of the photon and the amplitude
depends on the phase and strength of the laser pulse. Phase
and amplitude fluctuations of the driving laser will thus
directly affect the phase and amplitude of the specific time
bin in the qudit state.

From Eq. (AS8), the probability of any spontaneous
emission during the drive can be found as

4C
P, =1- 1 —e*h
Y rac 7<)
4C Q2N
1+4C A2+y72(1+4C)2
4C 2AT;
“TracmeM): (A9)
where
4 Q%7 (1 4+ 4C)

2014402\
2<A2+—V 1 >

With probability y,/yP,, such spontaneous emission
would result in no cavity photon being emitted, since the
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emitter would be trapped in the |f') state. Thus, this effec-
tively amounts to photon loss. With probability y,/yP,,
the spontaneous emission would bring the emitter back to
the state |g) from which a photon could subsequently be
emitted in a later time bin. This decay leaks information
to the environment that the photon had not been emitted in
any prior time bins and thus effectively acts as dephasing of
the photonic qudit. We note, however, that both processes
are suppressed with the cooperativity as 1/C.

In the high-cooperativity limit, the main dephasing of
the photonic qudit arguably originates from laser noise,
which we model as Gaussian noise. We thus describe the
generated photonic qudit as

2m—1

1 )
Iw)noisy = m ZO: (1 +ai)elei|i>, (A10)

where N = lezo_ 1(1 + «;) is a normalization factor, «;
models the amplitude fluctuation following a Gaussian dis-
tribution N (0, aaz), and 6; is the phase fluctuation following
a Gaussian distribution N (o, apz). In the simulation, we
assume that o, = 0, = 0.1.

APPENDIX B: SPIN-PHOTON ENTANGLING
GATE

In this appendix, we describe the cavity-mediated spin-
photon Cz gates. For realistic systems such as diamond-
vacancy centers or quantum dots [45], we need to consider
a four-level system with two ground states, |0) and |1),
and their respective excited states, |eg) and |e;) (see Fig.
6). We assume that the cavity field couples both ground
states |0) and |1) to excited states |ey) and |e;), respec-
tively. The Hamiltonian of the system in the rotating frame
with respect to the cavity mode is

H = Aoleo){eol + Atler)(er| + (goleo)(0¢ + H.C.)
+ (gilen(1je+HC), (B1)

where Ay and A; are the detunings between the cav-
ity mode and the transitions |0) <> |eg) and [1) <> |ey),
respectively, and g; (go) is the cavity coupling of the
[1) <> |e) (|0) <> |eg)) transition. We model spontaneous
emission with Lindblad jump operators:

Lo = /v010){eol,

Ly = ynil)(eil, (B2)
where yy and y; are rates of decay of excited states. Note
that we neglect spontaneous emission on the cross transi-
tions in the system (|eg) <> |1), |e1) <> |0)) for simplicity.
Any spontaneous emission would effectively be a loss of
the incoming photon and thus would be heralded in the

K

leg) le,)
ain
N o B &
Y1
Zout 50 &1
|0)

FIG. 6. The four-level system for spin-photon entanglement.

entanglement-generation attempt. The inclusion of cross
transitions would thus not result in any change in the analy-
sis. We also neglect pure dephasing of the excited state and
dephasing or decay of the ground states. Pure dephasing
would broaden the spectrum of a reflected photon, which,
in principle, can be turned into an effective loss by fre-
quency filtering. Furthermore, the coherence of the ground
states is arguably much longer than the photon interaction
time in order for the system to be relevant for long-distance
entanglement generation. The input-output relations for the
(one-sided) cavity for an incoming field a are

Aout = Ain — A/K4C

X J.S ~ KC ~
¢ =i[Hjc,c] — 5 + VKqin, (B3)

where k, denotes the decay rate of the cavity field to
the collected mode, while k¥ = «, + k' is the total cavity
decay rate, where «’ is the decay due to intracavity loss.
Following the approach of Ref. [46], we solve the differ-
ential equation for ¢ in the Fourier domain and make the
assumption that the incoming field is weak, i.e.,

iz =1 le)el

~ )l =P, (B4)

where f’j is the projector onto the ground state |j) at time
t = 0, i.e., at the start of the photon scattering. The solution
for ¢(w) in the Fourier domain is

\/K_aain (w)

N D
. L IgPP
iw+54+)Y  _ ——L5

< 1t 2o i(w+0))+ 5

&(w) = (B5)

where we neglect any noise operators from cavity decay or
spontaneous emission, since these only lead to vacuum in
the output, i.e., an effective loss of the incoming photon.
If we input this expression in the input-output relations
[Eq. (B3)], we obtain a relation between the incoming field
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and the outgoing field:

Ka A
Ain (a))

Aou(w) = | 1 — -
out( ) |gj|2Pj

. 1
o+ 5+, —
2+ 250 iw+a)+5

(B6)

We can therefore define the reflection coefficients as

Ka

—iw + 5 + Z}:o

Hw)=|1-

- B7
5 2P, B9
—i(w+ A+

We note that w is the detuning between the incoming pho-
ton and the cavity resonance frequency. For a long driving
pulse compared to the (Purcell-enhanced) decay rate of the
emitter, we can ensure that the incoming photon is narrow
in frequency compared to both the cavity and emitter line
width. We therefore assume that we can treat the incoming
photon as a delta function at w. The reflection coefficients
ro and r| for the ground states |0) and |1) are

1 Ka/K
ro = — -
—iw y 1, G
i « Tt T @tdo)+y |
Ka/K
= 1_;@_{_1_{_# ’ (B8)
i 2 JletAn+y

where we define the cooperativities Cy = |go|? /xy and
Ci = lgil* /en.

Let us assume that only a single time bin (|/)) comes in
and interacts with spin in the |+) state. In this case, the
photon reflects off the cavity with reflection coefficients
described in Eq. (B8) and the photon-spin state undergoes
the following transformation:

1

1
ﬁ(|1)ph|0>s + |l>ph|1>s) g _|l>ph(70|0>s + r1|1>s)'

/2
(B9)

In the ideal case, 7y and r; assume values —1 and 1, respec-
tively. For these values, the spin state is flipped from |+)
to |—) after interaction of the spin with a time-bin qubit.
To obtain a perfect CZ gate, we can tune the parameters of
the spin-cavity system. For Cy = 0, the original cZ gate of
Ref. [28] is recovered. For Cy # 0, a high-fidelity cz gate
can still be obtained by tuning the frequency of the incom-
ing photon and the cavity. In the simulation, we assume
Co/Ag = 0, C; =100, and «,/k = 0.95.

APPENDIX C: OPTICAL SWITCHES

We use two parameters to model realistic switches:

(1) The switch transmission 7gy: (1 — 7sw) 1s the proba-
bility of loss when a photon passes through a switch.
The loss is uniform for the photonic qudit regardless
of its time-bin state. In our simulation, we assume
that Nsw = 0.9.

(2) Wrong switching e,,. This is the fraction of the light
that leaks to the wrong output port rather than the
desired output port. For example, if the switch is
turned off and all input should come out from output
port 1 (passing through), the real case could be

[In) — /1 — esw|Out)| + /ey |Out)y.  (C1)

A egy portion of the input is leaked from output port

2 (interacting with the cavity). In our simulation, we

assume that ey, = 0.01.

APPENDIX D: X MEASUREMENT

The generalized X basis for a qudit with dimension N =
2™ can be described as

1 N—1
X = —= ) oI, (D1)
VN 3
where @ = e™2""'. The set |X))(k=0,1,...,N — 1)

forms a complete, orthogonal measurement basis. For the
simplest case when m = 1, we have

1
Xo) = —(|0 1
1Xo) ﬁ(|>+|>)’
: (D2)
X1) = —(|0) —|1)).
1X1) ﬁ(|> 1))

This is exactly the X basis for qubit measurement. For | X),
the corresponding measurement operator is given by

M = | Xi) (X ] (D3)

and measurement in such a basis will project a state p into

;
My oM]
=k D4
pmeas Tr(Mkp) ( )

From Eq. (5), the collective state right before the X
measurement is

271

1 ~ ~
Vo) = o ,Zo: Dpnl 1114111 . (D5)
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Let us express the state in the X-photonic basis. Note that

N—-1
) = TZ o~M1X,), (D6)
so we have
N—1N-1
W) = ZZw “WXpnl T)al s (D7)
l—O k=0

When partially measuring the photonic state of p =
|W,) (¥, | [Eq. (5)], we have

(M ® 11)|V2) (V2| (M) ® 14p)
Tr(M; ® Lip|W2)(W2])

Pmeas,k — (D 8)

Assume that the photonic measurement outcome corre-
sponds to the basis |Xj); the spin state after photonic
measurement is still a pure state, which is given by

2m—1

|\vmeask—f2wk|1, A1) (D9)

Using |1)) = [Lu1)lbn2) - - 1)) 1lo),

2"m—1

W) meask = ——= f Zw—kum Dty 1104, 1D0) g

& =18, - - 11)B,1l0) By (D10)
where the subscript 4, denotes Alice’s pth spin qubit and
B, denotes Bob’s pth spin qubit. If we reorder the sequence

of these spin qubits, we arrive at

W) meask = —=(100) + @ F[11)) 4,5,

1
JN
® (100) + @ [11)) 4,5,
® (100) + & *[11)) 4,5, ®

-1
- k|11>)Am—13m—l'
(D11)

® (]00) + w

If the measurement outcome corresponds to £ = 0, Eq.
(D11) will be reduced to the tensor product of multiple
entangled pairs [Eq. (7)]. In other cases when & # 0, we
can use single Rz gates to correct the additional phases
appeared in each spin qubit pair. For example, Bob can
apply an rz(w¥) gate on his zeroth qubit to correct the phase
and transform (]00) + a)klll))AOBO to (|00) + [11))48,-
Notably, the correction does not require additional com-
munication between Alice and Bob and can be completed
fully locally. Therefore, the X measurement can indeed

fiber lap

detector

2™ time bins

L

switcl{ o O

e b

)

interferometer

FIG. 7. The scheme of the X-basis measurement on the time-
bin photonic qudit.

eliminate the photonic information and project the spin
states to multiple EPR states.

In the X-measurement setup (Fig. 7), a set of switches
are used to distribute the time-bin states to different optical
paths. The different paths contain a varying number of fiber
loops (depending on the corresponding time-bin state for
this path) in order to shift all time bins to the same temporal
mode. In this way, we convert the temporal-mode photonic
qudit to a spatial-mode photonic qudit. This allows us to
use a multimode interferometer to interfere the different
spatial states to implement a quantum Fourier transform
[34,47,48]. Finally, photon detectors will be placed on the
output of the interferometer for measurement.

Each single switch will have an effective transmission
Nsw(l — esw). The wrong switching error enters in the
transmission since such an error will guide a time bin
to a wrong path, which will fail to align the temporal
modes. Upon detection, this is therefore a heralded error
and will be discarded. The photonic qudit will in total pass
through m switches and the total transmission will thus be
[nsw(1 - esw)]m-

The fiber loops also result in additional loss due to the
longer propagation path of the photon. Importantly, this
results in asymmetric loss for the different time bins, since
they are experiencing different delays. This would lead to
an error in the entanglement generation but it can be com-
pletely mitigated by ensuring a matching asymmetry in the
initial qudit superposition in the photon-generation step. In
the simulation, we assume that this is employed to mitigate
this error up the level of the amplitude fluctuations that we
include [see Eq. (A10)]. The loss experienced in each fiber
loop is assumed to be 1, = 1% loss.

We model the effect of phase errors in the interferome-
ter as an overall dephasing channel, which causes a decay
factor e~°%/2 in the nondiagonal elements of the density
matrix. In our simulation, we assume that oy = 0.1m such
that this error increases with the number of entangled pairs
m, since we anticipate that the level of achievable phase
stability will decrease with the size of the interferometer.

040319-11



ZHENG, SHARMA, and BORREGAARD

PRX QUANTUM 3, 040319 (2022)

APPENDIX E: DECOHERENCE

We model the decoherence of the spin qubits as a com-
bination of a pure dephasing and generalized amplitude
damping channel. For qubits with dephasing time 7),, the
Kraus operators describing a dephasing channel are

1 —t/T,
Ay = ire il 0,
2 0 1
1_—t/T
4= /#[1 0]
2 0 -1

The Kraus operators for the generalized amplitude damp-
ing channel are

(ED)

1 0
Ey = \/ag [0 e—z/le} ,

/T— o—i/T
E| :\/@[8 Oe 1j|,

e~ t2T1
E2 = ‘/1 —dag 0 1k

0 0
E3=‘/1_aﬂ|:m i|a

which will lead to a steady state of the generalize ampli-
tude damping channel,

_|a 0
pﬂ—[o 1—aﬁ]'

The decoherence of the spin qubits is thus modeled as a
channel

(E2)

(E3)

> AE)pAE)T

i=0,1,=0,1,2,3

(E4)

i
Il

acting on each of the individual spin qubits. In the simu-
lation, we take 73 = 10 ms and 7, = 5 ms. We take ¢ to
be the waiting time between the initialization of an atomic
qubit and when Alice receives the successful message from
Bob after the heralded X-basis measurement. We assume
that the time of local operations, such as the generation of
the qudit and entangling operations, is negligible compared
to the signaling time between Alice and Bob. Assuming
that a time bin has duration approximately 0.1 us, this is
justified for distances L 2 3 km. Consequently, When all
the entangled pairs are generated simultaneously, Alice’s
qubits experience a minimum waiting time of ¢ = 2¢) =
2L/c and Bob’s qubits experience a waiting time of ¢ =
L/c for the duration of the successful message transmit-
ted to Alice. For the all-keep qubit protocol, the waiting

time for each atomic qubit is determined by Monte Carlo
simulation.
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