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The original version of this paper contains a minor error which changes some statements of the conclusions. The essence
of this error was brought to our attention by Mr Bobak Toussi Kiani. Here we fix this minor error. It is noteworthy that
these corrections do not affect the main results and conclusions of the whole paper.

Our paper should be amended as follows: replace the range of the regularization coefficient λ ∈ [0, 1/3π ] ∪ (1/π , ∞)

in Theorem 1 and elsewhere with λ ∈ (1/π , ∞).
Formal issue. The revised range of λ arises from a mistake in the derivation of Lemma 4 (PL condition of the loss

function). In particular, to satisfy the inequality in Eqn. (D14), λ should range from 1/π to ∞. For completeness, we
append the correct proof of Lemma 4 below.

Proof of Lemma 4. Recall the definition of Polyak-Lojasiewicz as formulated in Definition 2, it requires that there exists
a constant μ > 0 such that the objective function L satisfies

‖∇L(θ)‖2 ≥ 2μ(L(θ) − L∗) , (D.12)

where L∗ = minθ∈C L(θ).
We first derive a lower bound of ‖∇L(θ)‖2. In particular, we have

‖∇L(θ)‖2 =
d∑

j =1

(∇jL(θ j ))
2 ≥ max

j
(∇jL(θ))2 . (D.13)

The lower bound of maxj (∇jL(θ))2 as shown in Eqn. (D.13) follows

max
j

(∇jL(θ))2 ≥ min
θ j ∈[π ,3π ]

(−1 + λθ j )
2 , (D.14)

where the inequality is achieved by exploiting the last second line of Eqn. (D.3), the fact that the output of QNNs ranges
from 0 to 1 (i.e., ŷi, yi, ŷ

(±j )
i ∈ [0, 1]), θ j ∈ [π , 3π ] for all j , and λ > 0, i.e.,

∇jL(θ) = 2
n

n∑

i=1

(
ŷi − yi

) ŷ
(+j )
i − ŷ

(−j )
i

2
+ λθ j ≥ −1 + λθ j .

Combining the assumption λ ∈ ( 1
π

, ∞) and the above results, the lower bound of Eqn. (D.13) satisfies

‖∇L(θ)‖2 ≥ (−1 + λθ j )
2 > 0 .

We then derive the upper bound of the term (L(θ) − L∗) in Eqn. (D.12). In particular, we have

L(θ) − L∗ < L(θ) + 0 ≤ 1 + λd(3π)2 , (D.15)
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where the first inequality comes from the definition of L∗, i.e.,

−L∗ = −1
n

n∑

i=1

(ŷ∗
i − yi)

2 − λ

2
‖θ∗‖2 < 0 ,

with ŷ∗
i = Tr(�U(θ∗)ρiU(θ∗)†), and the second inequality employs the definition of L(θ) with

L(θ) = 1
n

n∑

i=1

(ŷi − yi)
2 + λ

2
‖θ‖2 < 1 + λ

2
‖θ‖2 ,

and λ
2 ‖θ‖2 ≤ λ

2 d‖θ‖2
∞ < (3π)2λd.

By combining Eqns. (D.17) and (D.15) with Eqn. (D.12), we obtain the following relation

‖∇L(θ)‖2 ≥ (−1 + λπ)2 ≥ 2μ(1 + λd(3π)2) > 2μ(L(θ) − L∗) . (D.16)

The above relation indicates that the objection function L(θ) satisfies PL condition with

μ = (−1 + λπ)2

2(1 + λd(3π)2)
.

�
We remark that Lemma 4 considers a general result for QNNs. Consequently, to achieve PL condition, the regularization

term is much larger than the data-dependent term in the loss function, which leads to optimization parameters that largely
depend on the regularization term λ

2 ‖θ‖2. In the following, we demonstrate that when taking into account to a specific
class of QNNs, the PL condition can be effectively satisfied in which the data-dependent term dominates the loss and the
utility bound R2 becomes much more meaningful.

A concrete example is over-parameterized QNNs [1–3] with the lazy training behavior [4–6]. That is, in training
over-parameterized QNNs via gradient descent, the parameters may not change significantly and remain close to their
initial values. The lazy training phenomenon suggests that the gradient of the data-dependent term is bounded by a small

constant, i.e., |∇j �i(θ)| ≡ | 2
n

∑n
i=1

(
ŷi − yi

) ŷ
(+j )

i −ŷ
(−j )

i
2 | ≤ ε. Using this relation, the lower bound of maxj (∇jL(θ))2 as

shown in Eqn. (D.13) can be tightened, i.e.,

max
j

(∇jL(θ))2 ≥ min
θ j ∈[π ,3π ]

(−ε + λθ j )
2 . (D.17)

To enable the left hand-side is greater than 0, the range of λ becomes

λ ∈ (ε/π , ∞], (D.18)

and the corresponding parameter to achieve PL condition is μ = (−ε+λπ)2

2(1+λd(3π)2)
. Notably, when the lazy behavior is evident

and ε is sufficiently small, e.g., ε = 10−5, λ can be small and the data-dependent term dominates the loss function and the
achieved utility bound R2 in Theorem 1 becomes meaningful.

Let us further comment on a debated issue in both classical and quantum optimization theory, i.e., whether the employ-
ment of PL condition makes the achieved results with respect to the global convergence (utility bound R2) trivial. As stated
in [7], when the target function is non-convex, a general analysis of its convergence to the global optima is extremely dif-
ficult or even intractable. To make the problem become tractable, certain assumptions are necessary to (quantum) neural
networks. For instance, to analyze the global landscape, several studies have focused on deep linear neural networks [8,9]
or two-layer neural networks [10,11]. Although these networks have little representation power and are not very interest-
ing from a learning perspective, it is a valid problem from an optimization perspective. In the same manner, to analyze
the global landscape of quantum neural networks (QNNs), as measured by R2, we assume that the loss function satisfies
PL condition. Lemma 4 exhibits a sufficient condition of λ when the explored loss function meets the PL condition. The
employment of PL condition is because it is a general assumption broadly used in the optimization theory of both deep
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neural networks [12] and QNNs [13]. In particular, Ref. [13] also leverages PL condition to analyze the utility bound R2
as we did, except that the optimization is completed by stochastic gradient descent method in the ideal setting. In this
respect, the achieved results related to R2 are crucial in understanding the global behavior of QNNs.

Other minor issues. There are also some omitted details and minor mistakes in the original version.

(1) For clarity, in Eq. (D1), it should be specified that the output of QNNs ranges from 0 to 1.
(2) There is a missing factor 1/2 in the loss function of Eqn. (1).
(3) Ref. [32] should be “M. C. Caro and I. Datta, Pseudo-dimension of quantum circuits, Quantum Mach. Intell. 2, 14

(2020)” and the corresponding link is https://doi.org/10.1007/s42484-020-00027-5 [14].
(4) Ref. [46] should be “M. C. Caro, Quantum learning Boolean linear functions w.r.t. product distributions, Quantum

Inf Process 19, 172 (2020)” and the corresponding link is https://doi.org/10.1007/s11128-020-02661-1 [15].
(5) Ref. [38] should be “Gyurik, C., van Vreumingen, D., & Dunjko, V. (2021). Structural risk minimization for

quantum linear classifiers. arXiv preprint arXiv:2105.05566” [16].
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