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Quantum Computation in a Hybrid Array of Molecules and Rydberg Atoms
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We show that an array of polar molecules interacting with Rydberg atoms is a promising hybrid system
for scalable quantum computation. Quantum information is stored in long-lived hyperfine or rotational
states of molecules, which interact indirectly through resonant dipole-dipole interactions with Rydberg
atoms. A two-qubit gate based on this interaction has a duration of 1 us and an achievable fidelity of
99.9%. The gate has little sensitivity to the motional states of the particles—the molecules can be in
thermal states, the atoms do not need to be trapped during Rydberg excitation, the gate does not heat
the molecules, and heating of the atoms has a negligible effect. Within a large, static array, the gate can
be applied to arbitrary pairs of molecules separated by tens of micrometres, making the scheme highly
scalable. The molecule-atom interaction can also be used for rapid qubit initialization and efficient, non-
destructive qubit readout, without driving any molecular transitions. Single-qubit gates are driven using
microwave pulses alone, exploiting the strong electric dipole transitions between rotational states. Thus,
all operations required for large-scale quantum computation can be done without moving the molecules or

exciting them out of their ground electronic states.
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I. INTRODUCTION

Ultracold molecules are an emerging new tool for quan-
tum simulation and information processing. They can be
produced by direct laser cooling [1-6], by assembly of
ultracold atoms [7,8], or by optoelectrical Sisyphus cool-
ing [9]. The rotational and spin degrees of freedom provide
a large set of stable states to form qubits or qudits [10] that
are easily manipulated using microwave pulses. This high-
dimensional space could be used to encode error-corrected
qubits [11]. Coherence times of several seconds have been
demonstrated for hyperfine states [12,13] and hundreds of
milliseconds for rotational states [14] of molecules. Single
molecules have been trapped in optical tweezers [15—18],
and a tweezer array of molecules is a particularly attractive
platform for quantum computing. Single-site addressing
and readout is straightforward in these arrays, and the
array can be reconfigured to remove defects and target
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interactions between chosen pairs. Dipole-dipole interac-
tions can be used to implement two-qubit gates between
molecules, and many gate protocols have been suggested
[19—26]. However, these gate schemes are sensitive to the
value of the interaction strength, and since this has some
dependence on the motional state high fidelity requires
molecules cooled to the motional ground state. While this
is feasible [16,27], it is a weakness of this approach. More-
over, for molecules in separate tweezers, the strength of
the dipole-dipole interaction limits gate times to about
1 ms. This could be shortened to approximately 50 us
using a state-dependent optical tweezer [26,28] or lattice
where pairs of molecules can be brought much closer,
though this adds experimental complexity.

The dipole-dipole interactions between Rydberg atoms
can be far stronger than for molecules [29], and the Ryd-
berg blockade gate is insensitive to the value of the inter-
action strength. Exploiting these advantages, fast, high-
fidelity entanglement between atoms has been demon-
strated [30—32]. In this system, however, the trapping
potential is typically turned off or altered during Ryd-
berg excitation, and this leads to heating of the atoms.
This may limit the number of gate operations unless state-
independent traps can be formed [33,34] or nondestructive
cooling techniques can be implemented [35].

Here, we propose a hybrid system of molecules and
atoms that exploits the advantages of each system for
quantum computing. The interaction between molecules
and Rydberg atoms has previously been proposed for
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cooling [36] and detecting molecules [37—40]. Previous
work also proposed an entangling gate by placing a
molecule inside the electron orbit of a Rydberg atom,
producing a shift in the atomic excitation frequency that
depends on the state of the molecule [41]. In this case,
the Rydberg energy depends strongly on the molecule-core
separation (see Fig. 2 of Ref. [41]), so the method is vul-
nerable to motion of the particles. In our scheme, which
is motivated by the Rydberg blockade gate [42] and adia-
batic gate [43], molecular qubits interact indirectly though
their interactions with the large dipole moments of Ryd-
berg atoms. An atom is placed between a pair of molecules
and is coupled to a Rydberg state by a laser. The atom-
molecule dipole-dipole interaction blocks the excitation if
either molecule is in qubit state |1), but not when both are
in |0). A 27 pulse applied to the atom implements a two-
qubit gate between the molecules. Gate times of about 1 us
can be achieved with fidelities well above 99%. The gate
has little sensitivity to the motional states of the molecules,
there is no heating of the qubits, and the qubits do not
need to be moved. Heating of the atoms during Rydberg
excitation is harmless since they do not carry any quantum
information; they can easily be recooled or replaced. Gates
can be implemented between neighboring molecules with
the help of a single atom, or between distant molecules
with the help of two or three atoms. The atoms can also
be used to initialize and read out the qubits, without need-
ing to drive any molecular transitions. Thus, our scheme is
suitable for fault-tolerant quantum computing using a large
array of molecules.

II. GATE BETWEEN NEIGHBORING
MOLECULES

Figure 1 illustrates our two-qubit gate scheme. Using
optical tweezers, an atom is trapped between a pair of
molecules. We choose an atom-molecule spacing of about
1 um. The atom trap may be switched off during the gate
operation, but the molecule traps remain on. Figure 1(b)
shows the relevant levels of the molecule and the atom.
Qubit states |0) and |1) are encoded in two hyperfine or
rotational states of the molecule, while state |2) is used for
the gate and is connected to |1) by an electric dipole transi-
tion. The atom has ground state |g) and two Rydberg states
|7} and |R). The atomic transition |r) <> |R) is tuned into
resonance with the molecular transition |1) <> |2) using a
small electric field. The gate is simply a smoothly vary-
ing 2m-pulse coupling |g) <> |7). In the absence of any
detuning, a suitable Hamiltonian describing the gate is (see
Appendix A)
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FIG. 1. Proposed experimental configuration and level

scheme. (a) Two molecules are trapped in optical tweezers with
an atom between them that can be excited to a Rydberg state.
The tweezer holding the atom is turned off during the Rydberg
excitation. (b) Level schemes (not to scale) of the molecule (left)
and the atom (right). The atomic transition |r) <> |R) is tuned
into resonance with the molecular transition |1) <> |2) by an
electric field. The blue curved arrows represent transition dipole
moments and the red arrow indicates the laser coupling. The
faded levels indicate molecular and Rydberg states that are not
needed for the gate but may result in van der Waals shifts.

where €, is the Rabi frequency, Vpp is the strength of the
dipole-dipole coupling between the degenerate pair states
[1r) and |2R), and we use primes to denote the states of
the second molecule. We assume that the atom is equidis-
tant from the two molecules, though this is not necessary.
We choose 2;(f) = Qumax sin (wt/T), with ¢ € [0, T] and
Qmax = 2/ T, but any smooth function that has the same
area can be used. Suitable choices of states for CaF and Rb
are discussed in Appendix B, but the scheme is applicable
to a wide range of molecules and atoms.

Figure 2 illustrates the dynamics of the gate pro-
cess. When both molecules are in |0) (top row), the
atom undergoes a complete Rabi oscillation and the sys-
tem acquires a phase m, so that the three-body state
evolves from |00g) to —|00g). When one of the two
molecules is in |1) (middle row, initial state |01g)), the
system has an uncoupled eigenstate of zero energy, |u) =
—siné |01g) + cos O |02R), where tan6 = Vpp/ 2, (see
Appendix A). When €2; changes adiabatically, which
is equivalent to Quax < Vpp, the system starts in |u)
and remains in |¢) throughout, returning to |01g) at the
end of the pulse without acquiring a phase. When both
molecules are in |1) (bottom row), the process is simi-
lar, but now the uncoupled state is formed from the states
|11g) and W) = 1/+/2(]12R) + |21R)). We see that the
system acquires a phase m only when both molecules
are in |0). This implements the controlled-Z (CZ) gate
U = —|00)(00] + [01)(01] 4+ |10)(10] + [11)(11], which
in combination with single-qubit gates is sufficient for
quantum computing.
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FIG. 2. Gate dynamics. (a) Relevant three-body states and the couplings between them. The blue arrows stand for dipole-dipole
interactions. The red arrows are the laser coupling between |g) <> |r). (b) The evolution of the states on the Bloch sphere. Color
indicates time. When the initial state is |[00g), the system completes a Rabi oscillation, acquiring a = phase shift. For initial states
|01g), |10g), and |11g), the system adiabatically follows the uncoupled states that have zero amplitude for the atom in |r), returning
along the same path on the Bloch sphere and acquiring no phase. (c) The population in each state by numerical simulation. The initial
state is an equal superposition of all four two-qubit states. Here, we choose Vpp/2 = 27w x 2.02 MHz, Qua.x = 27 x 1.3 MHz, and
T = 1.25 us, which are suitable parameters for our example of CaF and Rb (see Appendix B) and are typical for many polar molecules.

Next, we consider the duration and fidelity of the gate.
We focus on four sources of error—Rydberg decay, nona-
diabatic processes, van der Waals interactions, and detun-
ings. The error due to Rydberg decay is reduced for shorter
gate times, whereas nonadiabatic errors are smaller for
longer gate times, so there is an optimum gate duration
whose value depends on the Rydberg lifetime and on Vpp.
Both increase with the principal quantum number # of the
Rydberg state, so the gate duration and gate error both
reduce by using states of high n. However, the high density
of states (faded levels in Fig. 1) and large transition dipole

moments at high #n produce substantial van der Waals inter-
actions between the atom and molecule, resulting in a
level shift that depends sensitively on the atom-molecule
separation, xan. The tweezer trap holding the atom is
turned off during the gate, leading to some uncertainty
(6x) in xaoMm, Which is approximately the size of the atom’s
motional wave function. The resulting uncertainty in the
level shift gives a phase error, which becomes important at
high n. Several imperfections can contribute to gate error
by detuning the laser frequency from the |g) <> |r) tran-
sition or introducing a detuning between the molecular
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transition (]1) <> |2)) and the Rydberg transition (|r) <>
[R)). The main source of detuning is likely to be fluctua-
tions of the applied electric field. In Appendix C, we pro-
vide detailed analytical calculations of these gate errors, as
well as several more minor sources of error, and we eval-
uate the errors for a set of realistic parameters using CaF
and Rb as an example, finding a total error of 6 x 1073 in
this case.

Figure 3 shows results of these calculations. Here, we
plot the gate error and optimum duration as a function
of the rotational frequency of the molecule (f, the fre-
quency of |1) <> |2)). Since the rotational and Rydberg
transitions must be resonant, higher /' implies lower val-
ues of n. We see from the figure that the optimum gate
duration increases with increasing 1. This is because higher
f (lower n) reduces Vpp, requiring longer gate times to
keep the nonadiabatic error small. This in turn increases
the gate error due to Rydberg lifetime, which is the dom-
inant error at higher /. At low f, the gate can be very
short but the error due to van der Waals interaction dom-
inates and becomes large. While this contribution can be
reduced with better localization of the particles (smaller
dx), it will always tend to dominate at sufficiently low f.
Figure 3 also shows how the gate error and duration depend
on the molecular dipole moment, d),;, and the temperature
of the environment, 7. Increasing d), increases Vpp, which

reduces both the gate time and the gate error at higher fre-
quencies but increases the dominant van der Waals error
at low frequencies. Reducing 7 increases the Rydberg life-
times, which reduces the error for higher frequencies. We
do not include the detuning error in Fig. 3 since it is a tech-
nical error whose value depends on the laser stability and
electric field stability achievable. For the example consid-
ered in Appendix B, the detuning error is 3 x 10> when
the field stability is 1 part in 10*. We also neglect effects
due to photon recoil during Rydberg excitation [44] since
these effects are typically smaller than the ones considered
and can be eliminated by using a three-photon transition
[45].

Importantly, we see from Fig. 3 that over a broad range
of parameters the gate error is well below 1072 and the gate
time is of order 1 us. Indeed, the figure shows that when
dy =2 Debye and T = 300 K, the error is below 1073
for rotational frequencies between 4 and 16 GHz. These
parameters coincide with the dipole moments and frequen-
cies of low-lying rotational transitions for many molecules.
The gate is about 10* times faster than gates using the
direct dipole-dipole interaction between molecules at a
similar spacing. Furthermore, since the gate relies only on
adiabatic following, it is insensitive to the value of V'pp and
to the exact quantum state evolution. This makes it insensi-
tive to position fluctuations or motion of the particles, with
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FIG. 3.

Gate performance as a function of the rotational frequency of the molecule, for two different molecular dipole moments (dj/)

and environmental temperatures, 7. We assume an atom-molecule separation of 1 um with an uncertainty of 0.2 um. (a) Total gate
error when the gate time is optimized. (b) Optimum gate time. (c) Error contributions from three different sources when dy; = 2 Debye

and 7 = 300 K.
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the exception of the van der Waals error, which is negli-
gible unless f is particularly small. In addition, since the
energies of all relevant three-body states are independent
of the particle separations during the gate, there is no force
between the particles to heat up the system. Numerical
simulations of the gate, described in Appendix D, con-
firm our values for the gate error, and show that the gate
is indeed robust to motion and introduces negligible heat-
ing. The simulations predict that when the molecules are in
a thermal state with mean phonon number 7, the gate error
arising from the motion is approximately 2 x 10~*+/a. For
a typical trap frequency of 100 kHz, n» = 1 corresponds to
a temperature of 5 K. This temperature has already been
reached in experiments with molecules formed by atom
association [18], and with directly cooled molecules [3—
5]. Thus, error due to motion is negligible for molecules in
readily achievable thermal states.

I11. GATES WITHIN ARRAYS OF MOLECULES

Our scheme becomes especially powerful when imple-
mented within an array of molecules and extended so that
operations can be done between distant qubits in the array.
In a uniform two-dimensional (2D) array, resonant inter-
actions with next-nearest neighbors (NNNs) can result in
an unacceptably large gate error. We propose three pos-
sible solutions to this problem. The first is simply to
move the chosen pair closer together for the gate. Fast
coherent transport of entangled atoms in tweezer arrays
has recently been demonstrated [46], and similar meth-
ods could be used for molecules. A second option, which
avoids any movement of the qubits, makes use of the
fact that different molecular states can have different light
shifts. In the ideal case, the light shifts of |0) and |1)
should be identical so that the qubit frequency is insen-
sitive to the tweezer intensity and to the motional state,
while the light shift of |2) should be substantially dif-
ferent from |1) so that the tweezer intensity can be used
to control the detuning of |1) <> |2) from |R) <> |r). In
this way, all molecules can be shifted off resonance apart
from the targeted pair. The dipole-dipole coupling of the
Rydberg atom to the next-nearest neighbor in the array is
Vann/2 = Vpp/(2 x 53/2). When this is small compared
to the detuning introduced by the change of tweezer inten-
sity, Annn, the transition |00g) <> |007) is detuned by
VIZ\INN /4ANnn When the state of the next-nearest neighbor
is | 1), but not when it is |0). This introduces a phase error
into the gate. In Appendix B we find suitable states for CaF
molecules, and in Appendix C we find that the gate error
due to next-nearest-neighbor interactions is 7 x 10~* when
ANNN = 27 X 2 MHz. For typical trap depths, a detun-
ing of this magnitude can be achieved by approximately
doubling (or halving) the intensity. A third way to avoid
errors from next-nearest neighbors is to introduce an extra
state |1*). Then, |0) and |1*) are storage qubits whereas

[1) and |2) are used for the gate as before. A mapping
from |1*) to |1) is used to prepare the selected qubits for
the gate. Since all other molecules remain in |1*), which
is chosen to have no resonant dipole-dipole coupling with
the Rydberg atom, interactions with next-nearest neighbors
are eliminated. In Appendix B we choose suitable states in
CaF molecules to illustrate how this method can work in
practice.

Using one of these steps, the gate can be applied to any
neighboring pairs in the array without significant errors
arising from other nearby molecules. Importantly, the gate
can also be extended to long distances by using two or
three atoms, as illustrated in Fig. 4. We consider a pair
of distant molecules, each with an atom trapped nearby
[shaded areas in Fig. 4(a)]. As before, a molecule blocks
excitation of the nearby atom when in state |1), but not
when in state |0). In addition, only one of the two atoms
can be excited to the Rydberg state due to the van der
Waals interaction between them; this is the usual Ryd-
berg blockade. These two mechanisms work together to
implement a long-range CZ gate between the molecules.
The gate protocol is illustrated in Fig. 4(b): a = pulse is
applied to the first atom, then a 27 pulse to the second
atom, and finally another m pulse to the first atom. All
three pulses are resonant with |g) <> |r) and have smoothly
evolving Rabi frequencies. If the initial state of the two
qubits is |00) or |01), the first atom (alone) completes
one Rabi cycle. If the state is |10), the second atom com-
pletes a Rabi cycle. If the state is |11), neither atom is
excited. This implements the CZ gate U, = —|00)(00] —
[01)(01] — |10){10] 4+ [11)(11|. The additional gate error
from adding an extra atom and from imperfect Rydberg
blockade is small when the interaction between two Ryd-
berg states is much stronger than the Rydberg-molecule
interaction. This extends the gate to 10 pm for our example
of CaF and Rb, and even further if higher Rydberg states
are used.

The dipole blockade utilized above relies on the van
der Waals interaction between two atoms in |r). We can
instead make use of the resonant dipole-dipole interac-
tion between a pair of Rydberg atoms, one in |r) and the
other in |R). This has a longer range so can extend the
gate to molecules at even larger separations. To do this,
we add a third atom, somewhere in the middle, that con-
nects the two atom-molecule units [Fig. 4(a)]. The gate
protocol is shown in Fig. 4(c): a m pulse resonant with
lg) < |r) is applied to the two outer atoms, followed by
a 2w pulse on the |g) <> |R) transition of the central atom,
and finally another 7 pulse applied to the two outer atoms.
The key point here is that the atom pair states |R) and
|Rr) are coupled by the dipole-dipole interaction, so if one
of the outer atoms is in |r), the central atom will adiabati-
cally follow the uncoupled eigenstate formed from |rg) and
|Rr), returning to |rg) at the end of the 27 pulse without
acquiring a phase. This is the same as the atom-molecule
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FIG. 4. Long-range entangling gate. (a) In a two-dimensional array of molecular qubits, atoms are moved close to the target
pair of molecules (shaded areas). As before, a laser pulse will excite the atom to the Rydberg state when its molecule neighbor
is in state |0), but not when in state |1). (b) Pulse sequence and level scheme for gate operation using two atoms. Red pulses
are applied to atom 1, blue pulse to atom 2. (c) Pulse sequence and level scheme for gate operation using three atoms. Red
pulses are applied to both outer atoms, blue pulse to central atom. (d) Gate error for the two-atom and three-atom protocols. Here,
we use the example of a Rb atom located 0.6 um from a CaF molecule, resulting in Vpp/2 =27 x 9.5 MHz, as discussed in

Appendix E.

dynamics illustrated in Fig. 2. If the initial state of the
two molecules is |00), both outer atoms are excited and
complete a Rabi cycle. If the state is |01) or |10), only
one of the outer atoms is excited, and if the state is |11)
only the central atom is excited. In all cases, all three
atoms return to the ground state at the end of the pulse
sequence. The protocol implements a long-range CZ gate
U; =100)(00] — [01)(01] — |10)(10] — |11){11].

Figure 4(d) shows the gate error as a function of dis-
tance for these long-range gates. For separations below
10 wm the two-atom gate has the lower error. That error
is dominated by Rydberg decay at short distance, and by
imperfect Rydberg blockade at longer distances. The three-
atom gate works well for distances between 12 and 25 pum.
At shorter distances the van der Waals interaction (Ryd-
berg blockade) inhibits the simultaneous excitation of the
two outer atoms, while at longer distances it is harder to
maintain the nonadiabatic condition, leading to longer gate
times and increased Rydberg decay. More details about
these long-range gates and their errors can be found in
Appendix E.

IV. RYDBERG-ASSISTED QUBIT READOUT AND
INITIALIZATION

We have focussed on the two-qubit gate, but the same
methods can also be used to initialize and read out the
molecular qubits without any direct laser interaction with
the molecules. This is a major advantage, because direct
methods for detecting the state of a molecule are typ-
ically destructive. Ultracold molecules formed by atom
association are typically detected by dissociating them
back into atoms. Laser-cooled molecules can be detected
by laser-induced fluorescence, but this results in heating
and potentially the loss of molecules from the tweezer
traps. These destructive methods can be circumvented by
using the resonant dipole-dipole interaction between the
molecule and a Rydberg atom.

Figure 5(a) shows an example of how to read out the
qubit state using the atom. The atom has a pair of hyper-
fine components |g) and |g’), which are coupled by lasers

to the same Rydberg level |r). The atom is initially in
|g). Stimulated Raman adiabatic passage (STIRAP) using
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FIG. 5. (a) Qubit readout. The atom has two hyperfine ground states |g) and |g’). Two laser fields, | and €2,, couple |g) <> |r) and

lg’) <> |r), respectively. The STIRAP pulse sequence shown in the plot is applied. The atom initially in |g) is adiabatically transferred
to |g’) when the molecule is in |0) (left), but this transfer is suppressed by the dipole-dipole interaction (blue arrow) when the molecule
isin |1). Subsequently, the state of the atom is read out using a fluorescence measurement. (b) Qubit initialization. Two laser fields €2,
and 2, couple |g) <> |r) and an excited state (not a Rydberg state) |e) <> |R) with the same detuning. We first map |0) to |2). The state
|1g) is resonantly coupled to |2¢) by 2, Vpp and 2,, and |2e) decays rapidly to |2g). The system cannot be excited out of |2g) due to

the large detuning. Finally, |2) is mapped back to |0).

the pulse sequence shown in the figure transfers the atom
to |g’) when the qubit state is |0). We calculate a prob-
ability exceeding 0.9999 for this step. When the qubit
state is |1) the STIRAP is blocked by Vpp and the atom
remains in |g). Here again, the probability is greater than
0.9999. Subsequently the state of the atom is measured
with high fidelity by laser-induced fluorescence detection
on a cycling transition.

The method described above can also be used to ini-
tialize the qubit state—after the measurement all qubits
that are in |1) are rotated to |0). An alternative initial-
ization scheme that does not rely on detection is shown
in Fig. 5(b). Here, we introduce an additional state of the
atom, |e), which is a state that decays rapidly to |g). The
method is as follows. First, we transfer molecules from |0)
to |2). Next, we use two laser fields (Rabi frequencies €2;
and €2,) to connect |g) to |r) and |e) to |R) with identi-
cal detuning A. When the molecule is in state [1), |1g)
is resonantly coupled to |2e) through the combination of
Q1, Vpp and 2,. Since |e) decays rapidly, the system is
optically pumped to |2g). Once the molecule reaches state
|2) nothing further happens since |2g) is sufficiently far
detuned from |2r). Finally, we map |2) back to |0) so that
all molecules are now initialized in |0).

V. CONCLUSIONS

We have presented a hybrid system that combines the
advantages of molecules and Rydberg atoms for quan-
tum computing. Our two-qubit gate takes about 1 us,
which is 10°>—10* times faster than other gate protocols
for molecules. A gate fidelity as high as 99.9% is feasi-
ble. The gate protocol is robust to motion—the molecules
can be in thermal motional states and the atoms do not
need to be trapped during Rydberg excitation. The gate
does not heat up the qubits and the gradual heating of

the atoms has a negligible effect since they are not car-
rying the quantum information. The principle of the gate
is simple and it can be applied to a wide range of polar
molecules produced in tweezers either by atom associa-
tion [17] or direct cooling [15]. We have shown how to
extend this gate to long range, and find that it can work
well for separations of at least 25 pum, and longer for higher
Rydberg states or at cryogenic temperatures. This provides
connectivity of qubits across a large array without ever
needing to move them. We have shown how the atoms can
be used to initialize and read out the qubits, avoiding the
need to dissociate or scatter photons from the molecules,
thus circumventing completely the difficulties associated
with complex molecular energy-level structures. Together,
these techniques provide a complete set of operations for
fast and scalable quantum computation using molecules.
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APPENDIX A: HAMILTONIAN

States of the molecule are labeled |0), |1), and |2). States
of the atom are labeled |g), |R), and |r). States |0) and
|g) have zero energy. In cases where we need to distin-
guish between the states of the two molecules, we write the
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states of the second molecule as |0'), |1’), and |2"). Ener-
gies are w; with i € {1,2,R,r}. The |1) <> |2) transition is
near resonant with the |R) <> |r) transition and we define
Aam = (w; — w1) — (w, — wg). A laser of frequency w;
is near resonant with the |g) <> |r) transition with detun-
ing A; = wyp — w, and Rabi frequency 2, (#). The atomic
and molecular parts of the Hamiltonian are

Hy = wy|r) (rl + or [R) (R], (Al)
Hy = w1 |1) (1] + @2 12) (2. (A2)
The atom-light interaction is
QL iwrt —iwt
HaL = == (et Ig) (rl 4 e~ |r) (gl) - (A3)
The dipole-dipole interaction is
1 dy-dy —3(dy - m)(dyy -
Hop = 4 - dy — 3(dy 113)(M n) (A4
4meg X4 — Xp]

where d,, are the electric dipole moments for the atom
(4) and molecule (M), x4, are their positions, and n is
a unit vector in the direction of x4 — x;;. Hpp does not
change the energies of the atoms or molecules to first order,
but couples different pair states. The interaction between
molecule 1 and the atom is

V14
Hiy = N (I1r) (2R| + 12R) (1r]), (AS)

where

Via =2 (1r| Hpp |2R) , (A6)
and we neglect the off-resonant part of the interaction
[terms |1R) (2r| and |2R) {1r|]. A similar term describes the
interaction between molecule 2 and the atom, with coeffi-
cient V4. When the atom is exactly half way between the
two molecules, V14 = Vo4 = Vpp. We use Vpp throughout
the main part of the paper. We can neglect the molecule-
molecule interaction, which is about 4 orders of magni-
tude smaller than the molecule-atom interaction. This is
because the molecules are twice as far apart and, for a typ-
ical choice of Rydberg state, the atomic transition dipole
moment is roughly 1000 times larger than the molecular
one.

We transform the Hamiltonian using the operator U =
UMUMUA, where

Un = exp (io2|1) (1] + it [2) (2]), (A7)

Uy = exp (iogt |r) (r| + i(op + w1 — @2)1|R) (R]) . (A8)

The transformed Hamiltonian is
H=—AL]r) (rl + (Aam — AL [R) (R

Q V
+ TL (Ig) {rl 4 1) (gD + % (I11r) (2R + |12R) (17])

Va4

+ (IUr) ('R + 12'R) (1'7]) .

(A9)

Consider the subsystem formed by |01’g), |02’R), and
|01'r), and introduce the new states

lc) = cos@|01'g) + sin® [02'R),
lu) = —sinf |01'g) + cos O |02'R) ,

le) =01'r),
1%
tanf = ﬂ.
Q;

In the case where A; = Ay the Hamiltonian can be
expressed as

Q2+ V3,
——— (le) (el + |e) (c]).

H=—ALle) (e] + 3
(A10)
The state |u) is an eigenstate of this Hamiltonian with zero
energy. If the system starts in |01’g), which is identical to
|u) when 2 = 0, and €2 changes adiabatically, first increas-
ing and then decreasing back to zero, the system remains
in |u) throughout, returning to |01’g) without acquiring any
phase.
Similarly, we can consider the subsystem formed
by [11’g), |11'r) and |¥T) = (VM [21'R) + V2y |12’R))/

Vi, + V3,. As above, we introduce the new states

lc) = cos@ [11'g) +sinf |UT),
lu) = —sin@ |11'g) + cosh |¥T),

le) = [117),
. VVia+Viy
an = ———,
Q

so that, when A; = Aanm, the Hamiltonian becomes

VRV +VE,

H=—ALle) (el + 3

(le) (el + le) (cl) -
(A1)

Once again, since |u) is an eigenstate, if the system starts
in |u) it will remain in |u) and acquire no phase as long as
(1) changes adiabatically. Note that this does not require
equal coupling of the atom to the two molecules, so their
separations do not have to be identical.
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APPENDIX B: CHOICE OF ATOMIC AND
MOLECULAR STATES AND APPLIED ELECTRIC
FIELD

Let us consider the properties that the qubit and auxil-
iary states should have. First, the qubit states |0) and |1)
should ideally have identical Zeeman shifts and identical
light shifts so that the qubit frequency is insensitive to
fluctuations of the magnetic field and the tweezer inten-
sity. Second, the transition dipole moment between |0) and
|1) should be zero so that |00), [01), |10), and |11) are all
eigenstates of the two-molecule Hamiltonian including the
dipole-dipole interaction. A third requirement is a strong
transition dipole moment between |1) and |2), implying
that they should be in neighboring rotational states of the
molecule, and a strong transition dipole moment between
|7) and |R). This will ensure a large resonant dipole-dipole
interaction leading to fast and robust gates. To understand
the fourth requirement, note that while the atom-molecule
pair state |17) can be coupled to other pair states without
affecting the adiabatic following of the uncoupled state,
near-resonant coupling between |2R) and any other pair
states can shift the energy of the uncoupled state or elimi-
nate it altogether. Thus, we should ensure that Hpp cannot
couple |2R) to |1”#") where |1”) and |’} are Zeeman sub-
levels degenerate with |1) and |r), respectively. To work
out how to satisfy this last requirement, we need to analyze
Hpp for our choice of geometry. We choose the applied
electric field (which is along z) to be perpendicular to the
plane of the 2D array. The x axis can then be anywhere in
the plane, and we choose it to be along n, the line joining
the atom and molecule. The dipole-dipole interaction, Eq.
(A4), then has the form

1
— (dA,odM,o + E(dA,—ldM,+l + dy1dm,—1)

3
- E(dA,fldM,—l + dA,+ldM,+l)) , (B1)

where xam = |X4 — Xyr| and dyar), is the spherical ten-
sor component p of the dipole operator for the atom
(molecule). This form makes it clear that a 7 transition
on the atom couples only to a 7 transition in the molecule,
while a o* transition of the atom will couple to both a o *
and a o7 transition of the molecule.

Tensor Stark shifts are often large for molecules. They
lead to decoherence due to fluctuations of the tweezer
intensity or motion in the trap, so it is best to choose
qubit states where these shifts are small, as noted above.
Conversely, the tensor shifts can be very useful for driv-
ing single-qubit and two-qubit gates on targeted molecules
within an array. Thus, it is useful for state |2) to have
a substantial tensor Stark shift. By changing the tweezer
intensity, targeted molecules can be selectively brought

into resonance with a microwave field used to drive single-
qubit operations, or selectively brought into resonance
with a neighboring Rydberg atom for two-qubit operations.
The tensor Stark shift also lifts the degeneracy with respect
to |mp|, which can be useful in shifting unwanted dipole-
dipole couplings out of resonance. To set the scale, we note
that a typical tweezer trap with trap frequency of order
200 kHz and waist size close to the tweezer wavelength
will have a trap depth of roughly 40 MHz. When nonzero,
the tensor Stark shifts are typically 10-20% of the scalar
shifts. Thus, changes in transition frequencies of a few
MHz can be achieved by doubling or halving the tweezer
intensity.

With these criteria in mind, we now look at the spe-
cific example of a CaF molecule and a Rb atom. Figure
6 shows the relevant energy levels. On the left-hand side,
we see the hyperfine structure within the first two rota-
tional states of the molecule. Here, N and F are the
quantum numbers for the rotational angular momentum
and total angular momentum, respectively [48]. We label
the states using the notation |N, F,mg). The figure shows
two different choices for the qubit and gate states, and
we consider each in turn. In Fig. 6(a) we choose |0) =
[1,0,0), [1) =10,0,0) and |2+) = |1,1, £1). As desired,
the qubit states have no first-order Zeeman shifts, small
differential light shifts, and no transition dipole moment
between them. State |2) has a large tensor Stark shift,
and this can be used to tune the next-nearest-neighbor
interactions out of resonance by changing the tweezer
intensity for the targeted molecules. The transition fre-
quency from [1) to |2.) is shown by the dashed line
in Fig. 6(c). Many Rydberg transitions of Rb are close
to this frequency. Here, we focus on the ns <> np and
np < (n+ 1)s transitions because they have large transi-
tion dipole moments. The figure shows the Stark shifts of
several Rydberg transitions of interest, which can all be
brought into resonance with the molecule by applying an
electric field between 1 and 2 V/ecm. We choose [49] |r) =
|59S1/2’_1/2) and |R> = |58p3/2,_3/2>. USiIlg the informa-
tion about the allowed couplings given above, we see that
Hpp couples |17) to both |2, R) and |2_R), but that [2LR)
have no near-resonant couplings to any other pair state.
Using the values of the transition dipole moments given in
Fig. 6(a), together with Eq. (B1), we find that when xay =
lpum, (Vpp+)/2 = (lr|Hpp|24+R) = —27 x 0.64 MHz
and (Vpp,—)/2 = (1r|Hpp|2_R) = 27 x 1.91 MHz. Intro-
ducing [2) = 1/\/ Vbp ++ Vo) (Vop,+124) + VoD~ 2-)),
we see that |[17) is coupled to |2R) with an interaction
strength of ¥pp/2 = (1r|Hpp|2R) = 1/2,/Vp . + Vip —
=27 x 2.02 MHz.

Figure 6(b) shows a second possible implementation.
Here, we choose |0) = 10,0,0) and |1*) = |0, 1, 0) as qubit
states. Again, these satisfy the criteria of having no first-
order Zeeman shifts, no vector or tensor light shifts, and
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Rb FIG. 6. (a),(b) Two possible
implementations using CaF and
Rb showing the relevant energy
levels and choices of states. The
Rydberg states |r) and |R) are the

(a) CaF

N=1,F=2

N=1F=1*

N=1,F=0 o 122.9MHz |147-6MHz
N=1,F=1"

dy,—=1.72Debye dw,,= 1.72Debye [20528.261 MHz

ds=4911Debye

195.6 MHz 58P3/2

595172 same in both implementations. In
(a), |0) and |1) are qubit states,
while |1) <> |2) is used for the gate.
Individual molecules are targeted
by changing the intensity of the
tweezer, utilizing the tensor Stark
shift of the gate transition. In (b),
|0) and |1*) are qubit states, while
1) < |2) is used for the gate.
Individual molecules are targeted
by mapping [1*) to |1) prior to
the gate. (c¢) Tuning the Rydberg
transitions to resonance with the
molecule transition. The dashed

N=0,F=1 e —F
122.6MHz R)
N=0,F=0 0
E=1.676V/cm
(b)
N=1,F=2 12)
N=1,F=1* Ir)
N=1,F=0 e
N=1,F=1"
dy = 1.77 Debye 20 553.528 MHz [d, = 4911Debye
N=0,F=1 R
DR 1) [1%)
122.6 MHz
N=0,F=0 o
E=1.697V/cm
(c)
21500/

21000

20500

Transition frequency / MHz

0.0 0.5 1.0 1.5 2.0

Electric field / V cm™

no transition dipole moment between them. For the gate,
we choose [1) =10,1,—1) and |2) = [1,2,-2). A two-
photon transition is used to map [1*) <> |1) before and
after the gate. This targets the molecules of interest, elim-
inating interactions from other molecules in the array.
We use the same Rydberg transition as before. In this
case, Hpp couples |17) to |2R) and also to |2”R) where
|2”)y = |1,2,0). This latter coupling is 7.3 times smaller
and is shifted off resonance by the tensor part of the ac
Stark shift. For a typical trap depth of 40 MHz, the shift
is about 9 MHz, meaning that this extra coupling can be

195.6 MHz 58p3/2

5951/2
line marks the frequency of the

molecular transition |[1) <> |2).
The Stark shift of this transition is
invisible on this scale. The slight
difference between the molecular
transition frequencies in (a),(b)
is not shown. Colored curves are
Rydberg transitions, which are
easily tuned into resonance with the
molecular transition. |1) <> |2) is
resonant with |r) <> |R) when the
electric field is close to 1.7 V/cm.

565112,412=56P112,4112
58p112,412-59812,1112
5651/2,1172=56P312, 1112
5651/2,412=56P372,1372
58p312,+12—-5981/2,1112

58D3/2,+32=59S 112, 2112

neglected. Thus, considering only the transitions shown
in Fig. 6(b), we calculate Vpp/2 =27 x 1.96 MHz at
xam = 1 um. The coupling strengths are almost the same
in the two schemes, so in analyzing the performance of the
gate we typically do not need to distinguish between the
two implementations.

In this section we have looked at a specific exam-
ple, which illustrates the practicality of the gate.
However, we emphasize that our gate scheme will
work for a wide range of molecules and Rydberg
atoms.
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TABLE I. Gate error and scaling with molecule properties.

Scaling® Error for CaF
1.4 %1073

Error source  Simplified expression®

(.70, +09T%)/Vop  f32dy,}

Rydberg state
decay
Nonadiabatic
transitions
van der Waals
interaction®
Detuning?
Next-nearest
neighbors®
Molecule- e dﬁ,,
molecule
interaction
External
field-
induced
interaction
Total error

978/ (16T 55x 107

0.52Vhp/(Erye)  f1Pdy  1x 1076
3.0x 1073

72 %1074

224NV,
1.8 x 10713,/ Adan

o
fdy,

< 10710

fd, <107

57 x 1073

2The expressions are simplified by setting VppT = 10 to fix the
adiabatic condition. See the complete expressions in text.

® Vpp o dydyr o ndyy, level spacing AE, o< n—3, rotational fre-
quency needs to match Rydberg transition frequency, so f
n~3. The decay rates I o« n~>/? (this is the relevant scaling at
T = 300K for 50 < n < 80, which corresponds to 7GHz < f* <
33 GHz. At T = 0, the scaling is close to n73).

°We assume 8x/xapm = 0.2.

4 Assuming electric field fluctuations dominate and the fractional
error in the electric field is fixed.

®This error applies when the tensor Stark shift is used to detune
the next-nearest neighbors. We assume Anyy = 27 x 2 MHz.

APPENDIX C: GATE-ERROR ANALYSIS

In this Appendix we calculate the gate error from vari-
ous sources. The gate error is defined as

2
e=1- (TI‘ \//_)ptarget\/ﬁ> > (Cl)

where e 18 the target state and p is the final state
after the gate. The laser pulse is Q7 (f) = Quax sin(wt/7),
where T is the gate time and Q. = 72/7. The results are
summarized in Table I.

1. Rydberg state decay

The gate error caused by Rydberg state decay is
> T [ pr(t)dt where the sum is over all relevant Ryd-
berg states #/, p,-(¢) is the probability of the system being
in 7/ at time ¢, and T, is the decay rate of r.

The initial state |00g) is resonantly coupled to [00r)
by the laser, and the population in |») (or |00r)) is

Poor(f) = sin? ( fot QLT(/) dr ) The integrated population is
Poor = Ji poor(t)dt = 1/2 (1 + Jo()) T, where J,(x) is

the Bessel function. When starting in [01g) or |10g), the
state follows the dark eigenstate Vpp|01g) — 21()|02R)
and the population in the Rydberg state is popg(f) =
QL)?/(V3p + Qu(H?). The integrated population is
Poor = ¢(VppT) T where

1
=
72
1+ ()
A similar expression can be written for the case where the

initial state is |11g). After accounting for the probabilities
of being in each of the initial states, the total decay error is

() =1- (C2)

1
r=g (Poor I 4 2Pporl'g + P12rT'R)

1
= S (AN T+ ; (2600 T) +£(/2Vo0T))

TxT. (C3)
In our example of CaF and Rb, the Rydberg state lifetimes
are 7, = 97 us and g = 126 us when the environment
temperature is 293 K. For a gate time 7 = 1.25 us, this
error is around 1.4 x 1073,

2. Breakdown of adiabatic condition

In our gate protocol, the initial states |01g), |10g), and
[11g) should adiabatically follow the uncoupled eigen-
states, returning to the intial state without acquiring a
phase. Here, we calculate the error due to nonadiabatic
transitions. We assume there is no laser detuning (A, = 0);
a detuning causes a different gate error, which is discussed
in Appendix C 3.

We consider the case where the initial state is
|[01g). The dynamics can be described in the basis
of |u), |c), and |e), which are formed from |0lg),
|[017), and |02R) as described in Appendix A. The
Hamiltonian is Eq. (A10) (with A; = 0), whose eigen-
states are |u) and |£) = 1/4/2(|c) % |e)) with energies
0,£1/2,/ V2, + Q.(t)2. Since the Hamiltonian is time
dependent, so too are the eigenstates. The rate of change
of |u) is d/dtlu) = (—cosf|01g) — sinO|02R))d6 /dt =
—|c)ydO/dt, where tan6 = Vpp/ 2, (f). This change cou-
ples |u) to |£) with a coupling strength Ci=

(£|d/dtlu) = — 1/ ——1/[V2 f;;’ i > cos (%). The

resulting loss of population from lu) is Pnaoig =
| fOT CL(d) exp[ifot E. (1) dt]dt|> where E. are the energy
differences between |u) and the |L) eigenstates [50].
This can be approximated to Pnagig ~ CL/4EL =
w®/ (V4DDT4 ) when Vpp > Q7 (7). When the initial state is
[11g), the population loss is a factor of 4 smaller because
the interaction strength is V2Vpp. Taking into account
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the probabilities of the initial states, we find that the total
nonadiabatic error is

9 xf

ENA

Using the parameters from Appendix B and a gate time
T = 1.25 ps, this error is 5.5 x 1074,

3. Detuning

The ideal gate has the laser on resonance with |g) <> |},
and the pair states |17) and |2R) are tuned to be degenerate.
Unwanted detunings arise from laser frequency fluctua-
tion or imperfect control of the Rydberg energies (w; r).
We use the definitions in Appendix A: the energies of |g),
|0), and |1) are zero, Aam = (wr — w1) — (w, — wg), and
AL = o — w,.

When the initial state is |00g), a laser detuning shifts
the energy of |007) by —A,, giving rise to an extra phase
Of5¢00 = _ALPOOM where Poor = 1/2 (1 + J()(JT)) Tis the
integrated probability given in Appendix C 1. This phase,
when it is small, results in a gate error of 3/ (16)5¢§0.
Similarly, when the initial state is |01) or |10), the sys-
tem passes through the state |02R) and acquires a phase
8¢o1,10 = (Aam — Ap)Por. The phase is the same for the
two states leading to a gate error of 1/(4)8¢g, 1o. A simi-
lar result is obtained when the initial state is |11). Adding
together the gate errors due to detunings, we obtain

€n = 3 a2p2 + (Aam — AL)? Tp + 3 p2

3
= (1 4+ Jo(m))> A2T?

1 3
+ (ZC(VDDDZ + EC(\/EVDDT)2> (Aam — AT

(C5)

In reality the phase changes are correlated, which reduces
the total error, so the above expression can be taken as an
upper limit.

The largest contribution to the detuning is likely to come
from changes, AFE, in the applied electric field, £. The
change in laser detuning with electric field comes from the
change in the energy of |r) with electric field, which for our
choice of states and operating field is —457AE/E MHz.
Similarly, the change in (Aam — Az) with electric field
comes from the change in the energy of |R) with electric
field, —2400AE/E MHz. If the electric field is stable to 1
part in 10%, the resulting gate error will be e, =3 x 1073,
Better stability, and thus smaller errors, could be achieved
by using higher Rydberg states as electric field sensors and
actively correcting the applied field.

4. van der Waals interaction

As discussed in Appendix C 3, detunings contribute to
the gate error. The energy of an atom-molecule pair state
such as |07) or |2R) can be shifted by off-resonant cou-
plings with other pair states; this is the van der Waals
interaction, which is the second-order effect of Hpp. The
energy shifts due to the van der Waals interaction can be
compensated by tuning the laser frequency and electric
field so that the detunings at the equilibrium positions are
tuned to zero. However, the interaction is strongly depen-
dent on the separation of the particles (Vyqw ng,[). The
tweezer trap for the atom is turned off for the gate, result-
ing in a position uncertainty §x, which is approximately
the size of the motional wave function prior to turning
off the trap. Consequently, the interaction shifts the ener-
gies differently at different positions leading to a dephasing
error.

For our choice of states in CaF and Rb, we estimate the
van der Waals shifts for all the relevant pair states. For
each pair state of interest, 7, we calculate the energy defects
AEj; and the dipole-dipole coupling V; /2 for all other
atom-molecule pair states (j) with AE; <5 GHz. The
van der Waals shift of i is then Vyaw,; =Y, Vi /(AAEy).
For xam =1 um, we calculate Vygwor-/h =~ —1.1 kHz,
Viawor/h ~ 31 kHz, Viaw,1r/h ~ 1.9 kHz, Vigwor/h ~
0.9 kHz. The gate error due to these small shifts is neg-
ligible.

However, for molecules with lower rotational frequen-
cies (corresponding to higher Rydberg states), the van der
Waals interaction can be much larger due to the smaller
level spacing and larger transition dipole moments. We
find an approximate expression that shows how the error
caused by this interaction scales with the rotational fre-
quency of the molecule. Here, we neglect hyperfine struc-
ture since its size can be radically different for different
molecules, and because it does not scale with rotational
frequency.

The variation of V4w arising from the spread of posi-
tions 6x is §Vygw = 6Vyawdx/xam. The interaction tends
to be dominated by pair states with couplings similar to
the |17) <> |2R) coupling, V;; ~ Vpp, which scales as n?.
The energy defect is typically the difference between the
(n — 1)p <> ns and the ns <> np transitions of the Rydberg
atom, which we denote as Egyq. It is approximately 3 GHz
at n = 59 and it scales roughly as n~>. With these approxi-
mations, we have § Vyqw ~ 3/2( VzDD/ERyd) (6x/xam). If we
assume that Vpp > Qumax, the integrated probabilities are
dominated by Py, and we obtain an approximate gate error
of

Evdw ~
XAM

21, [ 8x \ )
ey (—) A+ 4@V (C6)

030340-12



QUANTUM COMPUTATION IN A HYBRID ARRAY...

PRX QUANTUM 3, 030340 (2022)

The gate time is inversely proportional to Vpp. As an
example, let us take Vpp 7T = 107, giving

VDD 2 ox 2
Eygw ~ 13| — —) .
ERryd XAM

Finally, we note that Vpp scales as E];yzdﬁ resulting in

(€7

Evdw X Elzyl(? &8 Using this scaling, and taking a typical
value of dx/xam = 0.2, we estimate that the gate error
will exceed 107° when Egyq < 0.4 GHz, corresponding to
rotational frequencies below about 3 GHz.

The van der Waals interaction can also be viewed as
a state-dependent heating of the atom’s motion, lead-
ing to a reduction in the overlap between the initial and
final motional states of the atom, which then reduces the
coherence in the reduced density matrix of the molecule
pair. Using the values of the van der Waals shifts given
above, together with the integrated populations in the
Rydberg states, we estimate that this reduction is about
4 x 107° when the two-qubit state is [10) or |01), and
much smaller for the other two states. This is a differ-
ent way of viewing the same error already considered
above.

5. Interactions with other molecules in the array

We consider a square array of molecules separated by
2 um, with an atom located half way between one pair
such that xopy = 1 wm. The interaction of the atom with
its two nearest neighbors is Vpp/2 = 2w x 2 MHz. The
coupling strength of the atom with one of its NNNs is
Vann/2 = Vop/(2 x 53/%). The effect of this unwanted
coupling is reduced by changing the tweezer intensity for
the target molecules relative to all other molecules in the
array, so that only the target molecules are resonant with
the atom. Then, the dipole-dipole interaction with the NNN
is detuned by Annn. This uses the differential light shift of
states |1) and |2) (see the discussion in Appendix B). The
main influence of this off-resonant coupling occurs when
the qubit state is |00), so that the atom undergoes a Rabi
oscillation. In the limit where Axnn > Vann, the effect
can be modeled as a detuning of the Rabi oscillation by
SNNN = VTZ\TNN/4ANNN. This results in a detuning error of
exactly the same form as discussed in Appendix C 3. After
accounting for the fact that there are four NNNs, but the
error occurs only when a NNN is in state |1), we obtain a
gate error of

€ —i(1+J( 252w T C8
NNN—32 o))" T (C8)
When the qubit state is not |00), the error arising from the
other molecules in the array is negligible compared to this
error. A numerical model that includes the influence of the
NNNs confirms this simple model when Axnn > 27 X 2

MHz. Taking Axnn = 27 X 2 MHz, and other parameters
the same as previously, we find exyny = 7.2 X 1074,

The alternative way to remove the influence of other
molecules in the array is to separate the gate states from
the qubit states. This strategy does not require a change
to the tweezer intensity when driving two-qubit gates. An
example of this is illustrated in Fig. 6(b). In that example,
the interaction with the NNNs is not completely eliminated
because |1) and |1*) are degenerate and |1*) can couple to
[1,2,£1) through the dipole-dipole interaction. For a trap
depth of 40 MHz, this coupling is detuned by about 8 MHz
and the gate error is much smaller than the one calculated
above.

6. Molecule-molecule interaction

The dipole-dipole interaction between two molecules
with dy; =~ 2 Debye separated by 2 um is about 75 Hz.
Couplings and level shifts of such small size contribute a
negligible gate error.

7. External field-induced interaction

An external electric field, E, is applied to shift the
Rydberg transition into resonance with the molecular tran-
sition. This field polarizes both the atom and molecule,
leading to a state-dependent, field-induced dipolar inter-
action.

Let o, and «; be the polarizabilities of states |r) and
|1), respectively. The Stark shift of |r) is AW, = 1/2a,E?,
and the induced dipole moment is u, = o, E = /20, AW,.
Similarly, the induced dipole moment of the molecule

is w1 = 01 E = /2a? AW, /a,.. The resulting dipole-dipole
interaction between an atom in |7) and a molecule in |1)
is Vo & ppr /4w eoxsy = a1 AW, /2megxyy,. The result is
similar for other atom-molecule states. The polarizability
of the rotational ground state of the molecule is /L(z) /(3B)
where (4 is the dipole moment in the frame of the molecule
and B is the rotational constant. Other rotational states
have a similar (somewhat smaller) polarizability. Thus
we obtain V1 ~ pu3/(6megxsy) AW, /B. The Stark shift of
either Rydberg state is similar in magnitude to the Stark
shift of the |r) <> |R) transition frequency, and this is a
small fraction of the molecule’s rotational frequency. In
our example of CaF and Rb, the shift of the transition fre-
quency is roughly B/10. Thus, we take AW,/B~ 1/10
to be typical and obtain V,; = ,u,(z) /607T€0XZM. For o =3
Debye and xay = 1 wm, this is roughly 100 Hz. Such
a small interaction energy contributes negligibly to the
gate error. This result is largely independent of rotational
frequency and Rydberg principal quantum number so we
expect it to hold for any reasonable choice of molecule and
Rydberg atom.

030340-13



CHI ZHANG and M. R. TARBUTT

PRX QUANTUM 3, 030340 (2022)

APPENDIX D: NUMERICAL SIMULATION
INCLUDING MOTIONAL DEGREES OF
FREEDOM

We have simulated the gate numerically to demonstrate
that it has little sensitivity to motion and to confirm our
error analysis. The model includes two molecules, each
with three levels {|0),|1),]2)}, and an atom with three
levels {|g), |7}, |R)}. The initial state is 1/4(]00) + |01) +
[10) 4+ |11))|g). The Hamiltonian for the gate is Eq. (A9)
with Q;(f) = Qmax sint/T. The distances between the
atom and the two molecules are x; and x,, which can be
different. We do not include the decay of the Rydberg state
in the simulation.

We first set x; =x, =1 wm and use the parameters
Vop/2 =2 x 2.02 MHz, Qu.x = 27 x 1.3 MHz, and
T =1.25 us. After the gate sequence, we see that the
final state is 1/4(—]00) + |01) + |10) + |11))|g) with an
error of 5 x 1074, This is the nonadiabatic error. Then,
we change x;, by £0.1 um, or make them time depen-
dent, e.g., x; = (1 £ 0.1 sinw?) um, where the frequency
w < 200 kHz. The additional error caused by motion in
this simulation is always less than 1074,

Next, to describe the motional states more accurately,
we assume that the molecules are trapped in harmonic
potentials with a trapping frequency w,,, whereas the
atom is not trapped. We include three collective phonon
modes in the x direction (along the line between the
molecules). Mode a is the center-of-mass mode of the
three particles, mode b is a stretch mode in which the
two molecules oscillate in phase with each other but out
of phase with the atom, and mode ¢ is another stretch
mode where the two molecules oscillate out of phase
and the atom does not move. All three modes, a, b,
and ¢, have the same trapping frequency. A superposi-
tion of modes a and b has zero trapping frequency and
describes the motion of the untrapped atom. The devia-
tion of the molecule-atom distances from their equilibrium
values, x;, = 1 um, can be expressed as éx; = dx, + 6x,
and 8x, = 8x; — 8x., where 8x;, = ao[(b + b")/2], sx. =
ao[(c + c") /2], ay is the harmonic oscillator length and
b,b",c, c’ are the creation and annihilation operators of the
b, ¢ phonon modes. The dipole-dipole interaction between
molecule i and the atom is Vi (6x;) = C3/(x; + 6x;)° ~
(C3/x3) — (3C3/xH)8x; + (6C3/x7)8x?, where we use a
series expansion around &x; = 0. This result can then
be expressed in terms of the phonon operators. The
total Hamiltonian is A + Hphonon, Where H is Eq. (A9)
and Hphonon = ) getap.) (d'd + 1/2). We solve the time-

dependent Schrodinger equation numerically for a thermal
distribution of motional states with mean » and w,, =
50 kHz or 100 kHz. We find that the additional gate
error arising from the distribution of motional states scales
approximately as +/7 and is 2 x 107 at 7 = 1. When
w, = 100 kHz, n =1 corresponds to a temperature of
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FIG. 7. Interactions between atoms as a function of the dis-

tance between them. The green dashed line marks the interaction
between the atom and the molecule at a separation of 0.6 pm.
The Rydberg states are the ones used in our example of CaF
interacting with Rb.

5 uK. We can expect molecules formed from atoms or
directly laser cooled to be at or below this temperature,
so we conclude that the error due to motion is negligible
for molecules in readily achievable thermal states. We also
see in this simulation that the gate does not result in any
detectable heating—the change in 7 is below 1073,

APPENDIX E: LONG-RANGE GATE USING TWO
OR THREE ATOMS

1. Interactions between Rydberg atoms

In the main text, we explain how the two-qubit gate can
be extended to long range by using two or three atoms.
The gate using two atoms uses the van der Waals interac-
tion between atoms in |r) to block the double excitation to
|7r). This works well for a separation smaller than 10 um.
For the gate using three atoms, the resonant dipole-dipole
interaction between |rR) and |Rr) is used to suppress exci-
tation of the middle atom to |R) when at least one of the
edge atoms is in |r). It works for large separations where
the dipole-dipole interaction |#R) <> |Rr) is much stronger
than the van der Waals interaction shift of |77) (this energy
shift causes gate error in the three-atom case). Figure 7
compares the strengths of these two interactions.

2. Gate error

Here we focus on the decay error and nonadibaticity
error, and the new error sources that arise when using two
or three atoms. We fix the molecule rotational frequency to
20.5 GHz (the value for CaF) and investigate the error as
a function of distance between qubits. The van der Waals
error is negligible for this rotational frequency. It becomes
important for frequencies below about 3 GHz.
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For two atoms, the gate consists of a sinusoidal & pulse,
Q) = m? /2T, sin(xwt/T;), on the first atom, a sinusoidal 27
pulse, Q, = w2/ T, sin(7rt/T>), on the second atom, then a
second identical sinusoidal = pulse on the first atom. The
error sources include the following.

1. Rydberg decay error. The integrated population of
the first atom in |r) is (77 + 72)/2 (1/2 is the prob-
ability of starting in |0g) and 7} 4+ T, is the total
time in |r)). The integrated population of the first
atom in |R) during the adiabatic process is similar
to the one-atom case, 1/2¢(2VppT1) 7). Similarly,
the integrated population of the second atom in |»)
and |R) are 1/8 (1 + Jo()) T2 and 1/4¢ (VppT2) T,
respectively. The total decay error is

T+ T 1
6r2=< ‘2 2 +§(1+Jo(7f))T2> T,

1 1
+ <§§(2VDDT1)T1 + ZC(VDDTz)T2> [g.
(ED)

2. Nonadiabatic error.
The total nonadiabatic error due to the two 7 pulses
applied to the first atom and the 2 pulse applied to
the second atom is

6 6

T
4VpT!

T
2Ty

€NA 2 = +

3. Imperfect blockade. Both atoms may be excited
to |r) if the energy shift V,, on |rr) is not much
larger than the Rabi frequency of the excitation laser
72/ T. The resulting gate error is

7.[4

TN o

We find that if we retain an atom-molecule separation
of xam =1 um the error is higher than for the short-
range gate and approaches 1072, mostly because there are
now two atoms to decay and they spend a longer time
in Rydberg states. It is preferable to reduce xay a lit-
tle. Since there is no longer a constraint that the atom
should be between two molecules, and since the atom and
molecule are in independent tweezers, closer spacings can
be achieved. Here, we take xap = 0.6 um (see Appendix
E 3 for further discussion). This is much larger than the
Rydberg wave function so the dominant interaction is still
the dipole-dipole interaction. For our example of CaF and
Rb, this leads to an interaction strength of Vpp/2 = 27 %
9.5 MHz. Using 7| = T, = 0.3 us, the total gate error as
a function of distance between the two atoms is plotted
in Fig. 4 of the main text. The error is below 10~2 for
distances up to about 10 um.

For longer distances, the interaction (which falls off as
x~%) becomes too weak, and the gate error becomes large
because of imperfect Rydberg blockade. In this regime
where both atoms can be excited, we can place a third
atom half way between the other two, and excite it to
|R). This three-atom gate consists of a sinusoidal 7 pulse,
72 /2T, sin(t/T)), resonant with |g) <> |r) and applied
simultaneously to both outer atoms, followed by a sinu-
soidal 2 pulse, 72 /T, sin(rt/T»), applied to the middle
atom and coupling |g) < |R), then finally another identical
7 pulse applied to the two outer atoms. The error sources
include the following.

1. Rydberg state decay. Similar to previous calcula-
tions this is

1 1
€r3 = (T1+T2 + EC(VrRTz)Tz + ZC(\/EVrRTZ)T2> r,

1
+ (((ZVDDTl)Tl + 3 (1 + Jo(r)) T2> [g,
(E2)

where Vg is the dipole-dipole interaction between
|[FR) <> |Rr).
2. Nonadiabatic error. Each of the t6wo outer atoms
sees a 7w pulse, and the error is —F—. For the cen-
2Whp Tt

ter atom the situation is identical to the one-atom
case, but the interaction is replaced by V,z. The total
nonadiabatic error is

0 970

WT 161 T

ENA 3 =

3. Interaction between two outer atoms. When the dis-
tance is too small, the interaction between the two
outer atoms detunes the |7r) state, which is the inter-
mediate state of the two atoms when the molecules
are in |00). This results in an error of

_ 3 212
€13 = E(Tl + 1)V,
where V,, is the energy shift due to the van der Waals
interaction.

Using 71 = 0.3 us and 7, = 0.1 us, the total gate error
as a function of the distance between the two outer atoms
is plotted in Fig. 4 of the main text. The error is below
102 for distances up to 25 um at 300 K, and up to 40 um
at 0 K.

3. Controlling the separation between the molecule
and the atom

If the atom tweezer produces a negligible light shift for
the molecule, and the molecule tweezer a negligible light
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shift for the atom, they can be trapped independently and
thus be separated by arbitrarily small distances. This may
be achieved for some atoms and molecules if the zero-
polarizability wavelength of one particle can trap the other
particle. This is not possible for our example of CaF and
Rb, but such an ideal situation is not needed. For example,
one can make a molecule trap that is repulsive for the atom
(e.g., 700 nm for our example) and an atom trap that is only
weakly attractive for the molecule (e.g., 850 nm). The par-
ticles can then be brought to small separations without the
traps merging. A more sophisticated and general approach
is to use two-color optical tweezers. For example, consider
a trap formed from 734 and 850 nm beams of equal inten-
sity. This trap is attractive for CaF, but has little effect on
Rb since its polarizability is roughly equal and opposite at
these two wavelengths. Similarly, 554 and 850 nm have
equal and opposite polarizabilities for CaF, but their com-
bination can trap Rb whose polarizability is much larger
at 850 nm. This brief discussion illustrates that there are
many possibilities for reducing xan to 0.6 um (as assumed
in our analysis of the long-range gate), or even closer.
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