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Many advanced quantum techniques feature non-Gaussian dynamics, and the ability to manipulate the
system in that domain is the next stage in many experiments. One example of meaningful non-Gaussian
dynamics is that of a double-well potential. Here we study the dynamics of a levitated nanoparticle under-
going the transition from a harmonic potential to a double well in a realistic setting, subjected to both
thermalization and localization. We characterize the dynamics of the nanoparticle from a thermodynamic
point of view, investigating the dynamics with the Wehrl entropy production and its rates. Furthermore, we
investigate coupling regimes where the the quantum effect and thermal effect are of the same magnitude,
and look at suitable squeezing of the initial state that provides the maximum coherence. The effects and
the competitions of the unitary and the dissipative parts onto the system are demonstrated. We quantify
the requirements to relate our results to a bonafide experiment with the presence of the environment, and
discuss the experimental interpretations of our results in the end.
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I. INTRODUCTION

The potential for enhanced performances above and
beyond the possibilities offered by classical devices under-
pins the development of quantum technologies for appli-
cations, in information and communication technology,
sensing, and computation [1—6]. Recently, it has been
realized that quantum laws could also be exploited to
manage more efficiently the energetics of nanoscale tech-
nologies, thus contributing to the emergence of a frame-
work for the thermodynamics of quantum processes
[7—13]. However, such advantages do not come easily
due to the unavoidable necessity to protect the mecha-
nisms responsible for the quantum process being stud-
ied from detrimental environmental effects [14—17]. Such
deleterious influences have a tendency to scale with
the size of the system being used, and become—in
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principle—prohibitively severe in the mesoscopic and
macroscopic regimes.

Fortunately, impressive progress on the experimental
control of quantum systems and dynamics have been
achieved in the course of the past 20 years. This has
allowed the design and implementation of effective strate-
gies for the control of mesoscopic systems such as cold
atoms [18], large arrays of superconducting systems [19,
20], and electro-, opto-, and magnetomechanical struc-
tures [21,22]. Levito dynamics [22], i.e., the levitation of
nano- and micro-objects in vacuum, holds the potential to
become a key experimental platform for the demonstra-
tion of quantum features at the mesoscopic scale. It enables
dynamical control over nearly arbitrary potentials as well
as high degrees of isolation from environmental influences.
Today, experiments based on optical-tweezer technology
[23] have allowed near Heisenberg-limited position read-
out, real-time control of motion and preparation in the
ground state of motion [24-26]. Also, dynamical shaping
of an optical potential for a levitated nanoparticle has been
demonstrated, with the scope to implement a logically irre-
versible transformation [27]. These developments pave the
way to the exploration of nonequilibrium phenomena in
open mesoscopic systems and thus the consolidation of
a framework of controllable quantum thermodynamics of
large-scale systems [28].

Published by the American Physical Society
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In this work, we make significant theoretical steps
towards the characterization of such a framework by
addressing thermodynamic irreversibility stemming from
the nonequilibrium process involving a levitated nanopar-
ticle—subjected to both thermalization and decoherence
mechanisms—in a potential landscape that is changing
from a quadratic to a double-well configuration, simi-
lar to the experimental situation in Ref. [27]. We focus
our attention on the quantification of irreversible entropy
production [29], a key quantity that characterizes logical
and thermodynamic irreversibility, constraints the perfor-
mances of quantum and classical engines, and appears to
be strongly related to the occurrence of nonequilibrium
quantum critical phenomena [29,30]. Our investigation
sets the methodological toolbox for the successful simu-
lation of nonequilibrium processes subjected to real-time
potential-shaping transformation, as envisioned in partic-
ular for levitated systems. It also establishes the context
for the quantification of potential thermodynamics-based
limitations to the efficiency of quantum memories.

The remainder of this paper is organized as follows.
In Sec. II we introduce the model and introduce a suit-
able angular-momentum algebra that allows for an agile
simulation of the dynamics of the system. We illustrate
such capabilities through significant numerical examples.
In Sec. III, we introduce the thermodynamic quantities of
interest, namely the Wehrl entropy, its production rate, and
the entropy flux rate [29]. These form a toolbox of fig-
ures of merit for the characterization of thermodynamic
irreversibility stemming from the nonequilibrium process
undergone by the system, and the energy-exchanging
mechanisms with the environment resulting from its open-
system dynamics. In Sec. IV, we focus on a quantitative
characterization of such quantities for a system undergo-
ing temporal shaping of its trapping potential from the
harmonic to double-well shape. An experimental perspec-
tive is given in Sec. V, while we draw our conclusions in
Sec. VL.

II. THE MODEL

We consider a mechanical system under the influences
of the surrounding environment. The dynamics of the sys-
tem can be accounted by the following master equation for
the density matrix p:

p= —%[Hs,p] + Dulp] + Dielp]- )

The second term in Eq. (1) is the thermalization dissipa-
tor Dw[p], which describes the effect of heat exchange
between system and environment and would eventually
lead to thermal equilibrium at the environmental tem-
perature. Such a term takes the form of the Lindblad

super-operator [7,11]

2n+1
Dul) = =P D 0 e, 11+ [ [ 1D
iy
+4_ﬁ([pa{xap}]_[xs{psp}])a (2)

where y is the coupling strength between system and its
thermal environment, which has a mean number of excita-
tions 7 = (/™ — 1)~! with B = 1/kgT being the inverse
temperature of the environment. Equivalently, at # = 0, the
thermal dissipator can be expressed in terms of the bosonic
annihilation and creation operators of a harmonic oscillator
of frequency a and af. By employing x = /h/2mw(a’ +
a)andp = i,/hma)/Z(aT —a), we find

Dulpl = v [+ D L) + Lyt (0],

where Lo(p) = 0pO" — {070, p}/2 for any operator O.
The last term in Eq. (1) quantifies the decoherence effects
of'the collision of the residual gas in the vacuum, and it can
be described through a localization term [17,31,32], which
reads

DIC[:O] = —A[.X', [X, p]]a (3)

where A is the coupling strength. Finally, H,(¢) in Eq. (1)
denotes the system Hamiltonian, whose time dependence
can be used to dynamically modify the potential. In partic-
ular, we focus on the following form:

2

1

Hy(t) = 2 + Zma?® + Hua(0). 4)
2m 2

Equation (4) describes a harmonic potential modified by
an additional time-dependent term whose form we take as

~ 2 2
Hyqa(t) = =€ (a(l‘) + %@%) e 207, %)
Here, £ is a suitably chosen energy scale. The proto-
col embodied by the time variation of H,yq(f) creates a
double-well potential from one of the forms of an inverted
Gaussian via a suitable change of «(¢) and & (7). Here, we
define a protocol that linearly switches the potential in time
fromOto 7,suchthata(®) =1 —a(®),anda(r) = 1 —t/7,
with t the characteristic time of the protocol, and we fix
€ = 10hw so that the ground-state energy is below the
central peak of the final double-well potential. The ini-
tial potential (at + = 0) well approximates the low-energy
sector of the harmonic oscillator. The total potential is
shown in Fig. 1(a) and we refer to Sec. V for experimental
considerations on the plausibility of the choices made here.

In order to analyze the dynamics of the system as the
shape of the trapping potential varies in time, we resort
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Time-varying potential and the instantaneous eigenenergies of the continuous and discretized Hamiltonians. Panel (a) shows

the potential and eigenenergies change in a continuous position picture. The potential starts from an inverted Gaussian form at # = 0,
then gradually deforms into a double well until # = 7. Panel (b) shows the discretized potential change by Egs. (13) and (14), with
dimension N = 25 (or j = 12) and expansion order x = 15. It captures the same dynamics as the continuous situation. Panel (c)
compares the first eight instantaneous eigenenergies of the continuous and discretized Hamiltonians, which are, respectively, shown

with dashed and solid lines.

to a spin-coherent state picture that provides an accu-
rate effective description of the dynamics of the system
in the low-energy sector of the Hilbert space. This is
done through the Holstein-Primakoff (HP) transformation,
shown as follows. The discretization of the quantum oscil-
lator system is helpful for numerical simulations, as well
as the assessment of the nonequilibrium thermodynamics
of the process, as we explain in Sec. III.

A. Transformation from harmonic to
angular-momentum description

Computing dynamics of a quantum system with a vary-
ing potential under the action of an environment is, in
general, difficult due to the infinite dimensions of the
Hilbert space. The general non-Gaussian nature of the
time-dependent potential prevents the use of techniques
typical of Gaussian-state analysis, requiring the considera-
tion of high-order moments of the position and momentum
operators for a faithful account of the features of the
system.

In order to bypass these bottlenecks and provide an agile
and physically intuitive picture of the dynamics at hand
and its consequences, we aim to describe the system and
the potential in Egs. (4) and (5) through an effective picture
based on the physics of angular momenta. With this aim in
mind, we proceed as follows: (1) we discretize the system,
and (2) we write the discretized system in terms of angular-
momentum operators.

Step 1: Discretization of the Hamiltonian can be
achieved through the HP transformation [33—35], which
introduces an effective bosonic system with a fixed dimen-
sion V. Such a HP bosonic system is built with annihilation
and creation operators b and o' such that

bln) =/nln—1) for
b'iny=~n+1n+1) for

1<n<N,

(6)
0<mn<N-—-1,

through which one can define the HP position and momen-
tum operators xpp = (b' + b)\/h/2mw and ppp = i(b' —
b)/hmw/2. Note that the commutation relation between
such an operator reads [b,b'] =1 — N |[N) (N|, where I is
the identity matrix. We are now able to discretize the sys-
tem by recasting Eqgs. (4) and (5) through the HP bosonic
operators as x — xygp and y — yyp. The mapping well
approximates the low-energy sector as far as the value of
N is sufficiently large. For N — oo the mapping is exact.

Step 2: Now, we consider a spin-J system with spin
operators {Jy,Jy, J-,J 2} (the same approach works for gen-
eral angular-momentum operators), we denote with j and
Jj- the quantum numbers of J2 and J., respectively, whose
simultaneous eigenstates |j,j,) are used as the computa-
tional basis of our problem. The action of J, and Jy =
J, £ iJ, is defined as usual through

JZ lj;jz) = hjZ lj’jZ) 5

Jeljoje) = G =G +je+ D) s
J_ V) =G +i)G =g+ D). (D)

Moreover, the standard commutation relations are satis-
fied [J;, Ji] = ih€ijmIm, Where {i,j,k} = {x,y,z} and €
is the Levi-Civita symbol. To connect this algebra to that
of the discrete system, we fix the value of j = (N — 1)/2,
while j, = —j,—j +1,...,j —1,j. Then, the HP trans-
formation imposes the relations between the HP bosonic
operators and the spin operators as

J.=h( —b'b);J, =h2j —btbb;J_=hb"\/2j — bTb.
®)

We notice that J, and J_ are, respectively, proportionally
mapped to b and b'. To express the HP bosonic opera-
tors with spin operators, we perform the Taylor expansion
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on the nonlinear term in Eq. (8) up to the order «, thus
obtaining

hy/2j —btb = M, + O[(b'b)*], ®

where M, is a «th-order polynomial in 5. To make an
explicit example, with an expansion up to the second order,
we have

i — Iyt P iy
M, = hy/2j Nz_jbb 8\/(27')3(171)). (10)

For any order «, M, is a real and diagonal matrix, whose
inverse matrix M_! can be calculated. Then, we can
approximate

b~M7'J., and b ~J M ' (11)
and correspondingly the position and momentum operators
become

1
Jo > — M+ M),
NG !

Jy = %(J_M;1 — M),

This approximation becomes exact for k — oo. Finally,
step 2 is performed by the following mapping xpp — Jy/
and ppp — J,/. Thus, we can rewrite the dynamics in terms
of the spin operators. In particular, the system Hamiltonian
defined in Egs. (4) and (5) becomes

(12)

J2
H (1) = ﬁ + Emwszz, + H (D) (13)

with
J2\
HP () = —& (a(t) + &(r)ﬁ) e w7, (14)

where the label sp stands for spin. Similarly, one can easily
recast the two dissipators with the spin ladder operators to

Dalpl =y [+ DL_(p) + ALy (0],  (15)

and

Die[p] = —AlJ, [, p]1- (16)

As we already pointed out, we are focusing on the low-
energy sector, thus the value of N can be rather low. To
have an accurate description of the first eight energy levels,
we can take the spin system with N = 25 levels (namely
j = 12) and the Taylor expansion to the order x = 15.

In Fig. 1(c), we compare the first eight energy levels of
the continuous Hamiltonian defined in Eq. (4) with those
of the Hamiltonian in terms of the discrete spin degrees of
freedom as constructed in Eq. (13), which underlines the
good approximation of our approach throughout the time
of the process.

III. WEHRL ENTROPY IN TERMS OF Q0
REPRESENTATION

To characterize the nonequilibrium dynamics of the sys-
tem, we focus on the entropy production of the process
under study. Here, we consider the Wehrl entropy [36],
which is qualitatively similar to the von Neumann entropy.
Generally, the Wehrl entropy provides an upper bound to
the von Neumann entropy, and the two coincide for coher-
ent states. The reason for taking this different approach is
because the decomposed rates of the von Neumann entropy
diverge at the zero temperature limit [37,38]. Such diver-
gences are circumvented by adopting the Wehrl entropy,
whose rates are well defined also in the zero temperature
limit [39,40]. The Wehrl entropy can be calculated through
spin-coherent states, which are defined as [29,39—41]

Q) = e e ) (17

Here |j,j) is the angular-momentum state with largest
quantum number of J;, and Q = {6, ¢} is the set of Euler
angles identifying the direction along which the coher-
ent state points. Thus, the Wehrl entropy for a system
N =2j 4+ 1 degrees of freedom, as it is the one under
investigation, reads [28,36,40]

N
So=—71- / dQ Q(Q) n 9(Q), (18)

where d2 = sin(0) d6 d¢, while Q(2) is the Husimi-Q
function associated with the state p, which is defined as

Q) = (2] p Q). (19)

Using the spin-coherent state picture, the key terms in the
dynamical equations of motion formulated in the density-
matrix representation can be mapped to the phase-space
representation, such that

[V1, 0] = T (Q) = € (0 + i cot0,) Q,
Vo, pl = T (Q) = —e (3 —icothdy)Q,
[z 0] = TA(Q) = —idy Q,

1
[Jx, 0] = T(Q) = 3 [TH(Q) +T(D].  (20)

With such correspondences at hand, we are allowed to
access thermodynamic aspects of the system, namely irre-
versible entropy production and entropy flux rates, as
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stated in the following. Equation (1) can now be reformu-
lated in terms of the Husimi function as

Q= (Qp1Q) =Ug +Dun(Q) +Di(Q)  (21)

with the terms related to the nonunitary mechanisms being
Di(Q) = (] Di[p]|R2) (i=th,Ic), and Ug the trans-
formed version of the term — % [Hs, p] inducing the unitary
evolution of the system. Correspondingly, one obtains
three contributions to the rate of the Wehrl entropy pro-
duction, which can be identified by merging the time
derivative of Eq. (18) with Eq. (21), thus finding

dSo
— = —— | dQ0,91
dl‘ 47_[ I‘Q n Qﬁ
_ dSy | dSp, | dSp,

=— . 22
dt dt dt 22)

The dissipative Wehrl entropy rates connected to the dis-
sipators can be further decomposed into the corresponding
irreversible entropy production rate I and entropy flux rate
@ as [29,40]

dSp

=1 - . 2
" (23)

The second thermodynamic law states an ever-increasing
irreversible entropy production rate IT, while the whole
entropy production rate of the system dSp/df can be neg-
ative if one has a sufficiently large positive entropy flux
rate . The explicit forms of these two terms for the
thermalization dissipation read [40]

@th:yj(zj——i_l) /dQ sin 6 <_2]Q¢ - 86Q> ,
4r 2n+1) —cosf
(24)
and
0 (2j+1)/@< ,[(27 4 1) cosf — 1]
=y 8 Q | Z-(Q)] tan @ sin 0

{2 Qsin6 + [cos H— (27 + 1)]9 Q}? 25
(2n+1) —cosf ) ()

For the localization process one has only the irreversible
entropy production with no entropy flux. Thus, dSp, /dt =
I1'°, where

e N[ IQP
I1 _A4n dQ—Q >

which was derived in Ref. [40] for the localization in J,
basis while we derive that in J, basis in Appendix A. Then,
the entropy associated to this process, strictly connected to
the loss of coherence in J, basis, is always increasing.

(26)

IV. ENTROPY PRODUCTION FOR SIMULATED
DYNAMICS

This section presents the main results of our study,
which are the numerical simulations of the dynamics of
the system and the corresponding analysis of its thermo-
dynamics. Throughout the simulations, we set the parame-
ters h = w = m = kp = 1, and the processing length time
Tw = 10.

The system is subject to the thermalization and local-
ization dissipators, and next we show the effects of these
dissipators in terms of their thermodynamic aspects, i.e.,
the Wehrl entropy, the irreversible entropy production rate
and the entropy flux rate. To fully understand their respec-
tive actions, we look at the thermodynamics in different
coupling regimes. When both the dissipators are con-
sidered, the system is driven to different nonequilibrium
steady states depending on the relative coupling strengths.

Before digging into the problem at hand, we start the
simulations with a study case of a spin system, which
is simulated under three different conditions: when it is
under the action of thermalization; that of localization;
and finally under the combined action of the two dissipa-
tors. Then, we move back to the quantum oscillator case,
where we instead focus on two cases: when the system is
isolated, where we highlight the effects of the dynamical
change in the potential, and when the system is subject to
the combined action of the two dissipators.

A. Spin-J systems

To understand the influences of the two dissipators, we
consider the study case of a four-level spin system, whose
Hamiltonian H; is given by

Hy = a)Jz’ (27)

where J, is the spin operator along z direction. The initial
state is prepared to be the thermal state p; = e # / Z(w, B)
with Z(w, B) = Y, e ¢ being the partition function, and
{e;} are the eigenvalues of the system Hamiltonian. The
system 1is initially prepared with inverse temperature § =
2/hw. In the following, we consider the processes of ther-
malization and localization separately, then we study their
combined action.

1. Thermalization

The system is attached to a thermal environment at
the inverse temperature Sg = 1/hw. This leads to a heat-
ing process where the system is asymptotically led to the
thermal state pg, = e #8% /Z(w, Bg) with respect to the
environmental temperature. The thermal dissipator is given
in Eq. (15) and we set y/w = 0.5. The corresponding
evolution of the populations of the system is shown in
Fig. 2(a). The increase of temperature leads to a system
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FIG. 2.

Study of a four-level spin system (j = 3/2) subjected to
tively, the evolution of the populations of the system under the action of only the thermalization, the localization, and both dissipators
together. The corresponding Wehrl entropies for each process are shown in (d). The entropy production rates for processes with single
dissipators are shown in (e), while those for the case with the combined action of both the dissipators are shown in ().

with less distinctive population distribution. Such a pro-
cess also changes the Wehrl entropy Sg of the system,
which is calculated in Eq. (18) and its evolution—always
increasing—is shown in Fig. 2(d). The decomposition of
the Wehrl entropy rate into the entropy production rate I1
and the entropy flux rate ® is shown in Fig. 2(e). They
can be, respectively, calculated from Egs. (24), and (25).
The trend of IT" shows that the production of irreversible
entropy of the system is slowing down, while that of ®
indicates that the flux of entropy from the environment
to the system is decreasing as the system is getting ther-
malized. One can see that the irreversible entropy and
the entropy flux pace differently during the growth of the
Wehrl entropy. Indeed, the irreversible entropy rate TT™ is
quickly suppressed while the entropy flux rate ®" lasts for
a longer time. For longer times, both the rates go to zero,
indicating that the state is fully thermalized.

2. Localization

Given any initial state, the localization dissipator in
Eq. (16) destroys the coherence of the system in positions,
namely in the J, basis. Since the system Hamiltonian in
Eq. (27) does not commute with J,, their combined action
drive the system into a mixed state. We start with the same
initial state considered in the previous case, and set the
localization parameter to A/w = 0.5. The corresponding
evolution of the populations of the system is shown in
Fig. 2(b), where the final state is found to be the completely
mixed state pf = [/4, which denotes that any coherence

different driving processes. Panels (a), (b), and (c) show, respec-

in the system is destroyed. The evolution of the Wehrl
entropy Slé for this process is shown in Fig. 2(d), and it
is increasing asymptotically towards the value that cor-
responds to the thermal state at infinite temperature. For
this process, we have that the entropy flux rate ®'° is null.
Thus, the Wehrl entropy only rate consists in the irre-
versible entropy production rate TT'. Its evolution in time
is shown in Fig. 2(e). Moreover, we notice that, although
we take y = A, the irreversible entropy production rates
of the localization and thermalization process are not equal
but the following relation holds IT'® > TT®.

3. Combined dynamics

Here we consider the dynamics of the system that is
subject to the combined action of the thermalization and
the localization dissipators. We consider the previous set-
tings, namely the couplings are ¥ /w = A/w = 0.5 and the
inverse temperature for the environment is Bz = 1/hw.
The corresponding evolution of the populations of the sys-
tem is shown in Fig. 2(c). Since two dissipators drive
asymptotically the system to different states, this will even-
tually end in a nonequilibrium steady state. This is mani-
fested by the evolution of its Wehrl entropy and production
rates. One can see in Fig. 2(d) that the Wehrl entropy grows
quickly at the beginning of the process, due to collective
action of both dissipators, and then it stabilizes to an aver-
age value between those of the two single processes. The
entropy production rates of the combined dynamics are
shown in Fig. 2(f). In contrast to the previous two cases
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with only one dissipator acting, here the rates no longer
approach zero but a stable positive value, underling that the
system has reached a nonequilibrium steady state. More-
over, since the localization dissipator is driving the system
toward an infinite temperature state, the system is over-
heated with respect to the temperature of the environment.
Thus, the environment plays the role of cooling the sys-
tem, which is indicated by the transition of the entropy
flux rate ® from negative (when still heating the sys-
tem) to positive values. On the other hand, the irreversible
entropy rates IT™ and IT'® remain positive throughout of the
process. Once a stable situation is attained, the following
relation holds:

I—[th _|_ I—Ilc _ (Dth — O, (28)

which indicates that the system has stabilized at a nonequi-
librium steady state. Here, the system is overheated, and
feeds to the environment the excessive entropy produced
by the positive irreversible entropy productions of the two
dissipators.

We now deepen the study of the nonequilibrium steady
state under the action of the combined dynamics by chang-
ing the relative strength of the coupling constants of the
two dissipators. Without loss of generality, we set again
y/w = 0.5 and let the value of A change. The first quan-
tity of interest is the coherence, which is quantified with a
/| measure in the basis of J; as [42]

Cy(p) =Y loxl- (29)

j#k

We observe that at the end of the process some coherence
is still present in the final nonequilibrium steady state as
shown in Fig. 3(a). Here, the two dissipators drive the sys-
tem in different bases: the system is prepared in basis of
J, and the Dy¢[p] localizes the system in basis of J;; due to

C))

_
(=2
N

their noncommutativity, the system is driven out of equilib-
rium during the process, thus maintaining some coherence.
Such a coherence would disappear if only the localization
dissipator Di¢[p] acts on the system. However, when both
dissipators are present, the thermalization dissipator D[]
prohibits the system from being fully localized in basis J,,
yet fails to fully thermalize the system, resulting in a final
nonequilibrium steady state containing nonzero coherence.
We see the coherence peaks at A/y =~ 2, and the coher-
ence disappears when A = 0 or co, where the dynamics is
dominated by one of the two dissipators.

We proceed by quantifying the influences of the thermal-
ization and localization dissipators in driving the system
towards the fully thermalized state oy, and the fully local-
ized state p, respectively. To quantify this driving, we
employ fidelity, which is defined as

F(p,0) = (Tr[ ﬁo\/ﬁDZ- (30)

In particular, Fig. 3(b) shows the fidelity F(por, pm)
between the final and the thermal state, with referencing
lines that represent py, (the red dot line) and p| (the gray
dot-dashed line). On the other hand, we also demonstrate
the Wehrl entropy of the final state with respect to differ-
ent coupling strengths, compared with Wehrl entropies of
ot and pi.. From both plots, one can observe a nonlinear
transition as A increases.

Finally, in Fig. 3(c) we compare the entropy produc-
tion rates for different values of the ratio of the couplings.
We analyze them at the end of the simulations, when the
system reaches the nonequilibrium final state and the rela-
tion in Eq. (28) holds true. As the ratio A/y increases,
one can observe an increase of the irreversible entropy
production rate TT" and the flux rate ®™ from the thermal-
ization dissipator. This is due to the localization dissipator,
which pushes the system toward an “infinite temperature”
state. On the other hand, one has a peak of the irreversible
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FIG. 3.

Ay Aly

Characteristics of the final nonequilibrium steady state given different coupling strengths y and A. Here we set y /o = 0.5

and we change the value of A. Panel (a) shows the coherence in the final state, (b) shows the Wehrl entropy Sg of the system and
quantifies the distance between the final state from the two-dissipator case and the final state from the thermalization-only case in
terms of the fidelity (o, pm) with respect to the thermal state py,. Here, the red dotted and the gray dot-dashed lines are references
to the thermal state oy, and localized state pj, respectively. Panel (c) shows the corresponding entropy production rates at the end of

different processes, for which Eq. (28) always holds true.

010322-7



QIONGYUAN WU et al.

PRX QUANTUM 3, 010322 (2022)

entropy production rate 1" from the localization dissipa-
tor at A/y = 2, for whose value the final state displays the
maximum coherence, as shown in Fig. 3(a).

B. Quantum oscillator with non-Gaussian potential

We now focus on the quantum oscillator with the time-
varying Hamiltonian redefined in Eqgs. (13) and (14), with
dimension N = 25 and Taylor expansion up to the order
k = 15. The initial state is prepared as the thermal state
with respect to H;"(0) at B = 2/hw (we recall below for
the analysis with different initial states). Here we analyze
two different situations: the case of the isolated system,
which is not as trivial as in the case of the spin system,
and the open dynamics under the influence of both the
dissipators.

1. Isolated dynamics

In the case of the isolated dynamics, we are interested in
verifying the effective splitting of the wave-function distri-
bution when going from the Gaussian-harmonic potential
to the double-well potential. Thus, we first verify, in the J,/
basis, the proper separation of the initial population in the
two peaks as the dynamics takes place. The plot in Fig. 4(a)
shows the effects of the time-varying potential in the popu-
lation distribution. Since at ¢t = 0 the system is prepared at

C))

a low temperature, the population initially resides mostly
in the lowest energy level, which is localized in a region
being small with respect to the distance of the double
well [cf. Fig. 1(a)]. Then, the population divides into two
peaks corresponding to the two minima of the double-well
potential at # = t. Since the double-well potential has a
shallower depth and larger eigenenergies [cf. Fig. 1(c)],
the energy of the system increases during the transition, as
described by Fig. 4(b). Also the coherence of the system,
which is quantified by Eq. (29) in the basis of J,/, grows
in time. Indeed, the double-well potential, by splitting the
population in two localized regions, generates coherence
between these two that results in its increasing behav-
ior reproduced in Fig. 4(b). Finally, we show the Wehrl
entropy of the system and its rate, respectively, in Figs. 4(c)
and 4(e). They both capture the nonequilibrium features
caused by the change in the potential. Initially, the small
deformation of the potential from its quadratic behavior
pushes the state slightly out of the equilibrium. Conse-
quently, the Wehrl entropy rate presents small oscillations,
which are captured in the first half of the evolution pre-
sented in Fig. 4(e). In the second half of such an evolution,
the potential starts to present the central peak character-
izing the double well. Subsequently, the nonequilibrium
driving becomes stronger and leads to a stronger increase
of the Wehrl entropy of the system and its rate.
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FIG. 4. Dynamics of a 25-level spin system with a Gaussian-to-

for the isolated and the combined dynamics in the spin basis. Th
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double-well potential. Panels (a) and (d) show the population changes
e respective features are shown in the other panels, where we use the

blue and red colors to identify, respectively, the isolated case and that of the combined dynamics. Panel (b) shows the mean energy
and the coherence, while the Wehrl entropy is displayed in (c). Panel (¢) shows the unitary contribution to Wehrl entropy production
rate, while (f) exhibits the corresponding irreversible entropy production rates IT", TT'® and the entropy flux rate & for the combined
dynamics at the beginning of the dynamics. Their entire evolution down to time ¢ =  is illustrated in its inset.
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2. Combined dynamics

We now consider the combined dynamics where the sys-
tem is under the action of both the thermalization and the
localization dissipators. Here, we set the coupling rates
to y/w = A/w = 0.5 and the inverse temperature for the
environment Sp = 1/hw, which are the same values con-
sidered in the study case considered in Sec. A. The main
effect of dissipators is to wash away all the quantum fea-
tures of the system, and thus it tries to nullify the action of
the transition to the double well. In Fig. 4(d), we show the
evolution of the population under this combined dynam-
ics. As one can see, the population is modified only in
the first moments of the evolution, where the distribu-
tion slightly broadens without splitting into the expected
two peaks. The first part of the evolution corresponds
to the initial increase of the energy driving the system
in a higher temperature state by the two dissipators [cf.
Fig. 4(b)]. After this initial change, the distribution in
position appears as “frozen” for the rest of the dynam-
ics. In Fig. 4(b), it is shown that the energy of the system
increases with an initial surge driven by the two dissipators
until the corresponding inverse temperature S is reached.
Then, the energy continues to increase but at a lower rate
only due to the change of the potential. Indeed, the com-
bined action of the two dissipators does not contribute to
the energy change: although the localization heats the sys-
tem, the thermalization cools it back to 8z. Alongside this,
the coherence becomes smaller, which reflects the illegi-
ble effect of the potential on the population distribution,
until it reaches a constant value as a result of the action
of the two dissipators driving the system in two differ-
ent basis [the same was noticed in the spin-study case, cf.
Fig. 3(a)]. The Wehrl entropy of the system and its rates
are shown, respectively, in Figs. 4(c) and 4(f). Similarly
as the spin situation, the Wehrl entropy increases due to the
thermalization and the localization. The latter overheats
the system with respect to the thermal dissipator, so that
the entropy flux rate ®™ changes from being negative to
positive. Eventually, the system reaches a nonequilibrium
steady state for which the decomposed rates then follow
Eq. (28) since the unitary rate dS;,/dt is negligible when
compared to the other rates.

a. Different coupling regimes. The action of the two dis-
sipators has prevented the generation of a population in
position characterized by two peaks relative to the minima
of the double-well potential. We thus proceed to analyze
which can be the suitable coupling strengths for which
such a two-peak distribution can still be observed even
though the two dissipators are present. Here, we consider
three scenarios: the one where one has only thermalization,
that with only localization, and that with both the dissipa-
tors being present. Today, optical levitation experiments

performed in low vacuum allow a condition to be reached
where photon recoil is significantly stronger than damping.
We thus explore this regime fixing A/y = 10 for the rest
of these simulations. See Sec. V for detailed discussions.
We consider two figures of merit to make a full com-
parison of these scenarios. The first one is the fidelity
F(pr, p}s) between the nonequilibrium steady state for the
considered dynamics and the final state for the isolated
dynamics, and it is shown in Fig. 5(a). One can infer
that the previous simulation (where A/w = y/w = 0.5)
reproduced a low-fidelity final state. To improve such a sit-
uation, one is required to reduce the values of A and y. In
particular, for being able to reach a fidelity of F' > 80%,
one needs to set the coupling strength y or A to approx-
imately 103w in the case of a scenario with a single
dissipator. The requirement becomes instead more strin-
gent, with y/w ~ 10™* and A/w ~ 1073, when both the
dissipators are involved in the dynamics. These values are
close to the current state-of-the-art experimental setting
(see Sec. V). Notably, the coherence C;,, which is defined
in Eq. (29), provides approximately the same behavior as

(@) 1o —=r= T
BN 18
0.8 RN
06 6 &
z — ywithA=10 N >
S o4 ' Dby 4 S
= o - )
02 - ==y (thermalization only) iD)
00L. """ A (localization only) 10
107 1074 1073 10°2 107!
y/worA/w
(b) : : : ‘ .
2.5F 2
2.0F
o 1.5
5
1.0F ywithA=10y
ost 7T y (thermalization only)
T = A (localization only)
0.0E.. : : . e
107 10 107 1072 107!
y/worA/w
FIG. 5. Analysis of the final state for different values of the

coupling constant for three scenarios: the case with only ther-
malization is represented with a dashed red line, that with only
localization with a purple dot-dashed line, while that with both
the dissipators with the fixed ratio A /y = 10 with the continuous
blue line. Panel (a) shows the fidelity between the final states of
different coupling strengths and the final state from the isolated
system, which is the target state. Panel (c) displays the Wehrl
entropy of the final states.
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the fidelity, up to a proportionality constant. We display its
scaling in the right vertical axis of Fig. 5(a). Finally, we
consider the Wehrl entropy of the final state as the second
figure of merit, which is shown in Fig. 5(c). When con-
sidering the two single-dissipator cases, one notices that
the thermalization has a milder action on the entropy com-
pared to that of the localization. Indeed, the thermalization
dissipator heats the system up to the inverse temperature
Bg, but not beyond that. On the other side, the localization
dissipator, which can be treated as a bath at infinite tem-
perature, keeps heating the system. Consequently, also its
action in terms of entropy is stronger. In the case where
both the dissipators are considered with the fixed relation
of A =10y, one can identify two different regimes: up
to ¥ /w ~ 1072 both dissipators slowly heat the system;
beyond that value, the thermalization works as a cooling
mechanism, in contrast to the localization that keeps heat-
ing the system. This results in a increasing behavior of the
Wehrl entropy up to y /w ~ 1072, after which it is slowly
descending.

b. Low-coupling regime. Given the results of the analysis
above, we consider a low-coupling regime that can poten-
tially showcase stronger quantum features at the end of
the protocol, and maintain them also after it. In particular,

we set A = 10y and consider two values for y: case (1)
y/w = 1073, and case (2) y /w = 1072, For both cases, we
extend the dynamics after the transformation protocol to
t = 4t. This gives an insight on the environmental effects
on the system also after the change of the potential.

In the low-coupling regimes, the first thing to notice is
that we observe again the double-well effect in the popula-
tion. See, for example, the population of case 1 in Fig. 6(a)
where one can see the double-peak distribution also for ¢ =
4. In both cases, the thermodynamics of the system gets
comparable influences both from the unitary dynamics due
to the potential and the action of the environment. Indeed,
the magnitude of the unitary contribution dS;,/df and the
dissipative one ‘%’ to the Wehrl entropy rate are compared
in Figs. 6(b) and 6(c), respectively, for cases 1 and 2. From
these figures, one observes that, for the larger coupling
strength, the difference between the unitary and the dissi-
pative contributions gets larger. This is the reason why, in
the previous simulation with y /w = 0.5, it was possible to
neglect the unitary part and investigate only the dissipative
contribution. Moreover, after the end of the transition to
the double-well potential, the system is still in contact with
the environment and it tends to the steady state with a rate
depending on the values of the coupling strengths. Such
a process suggests that the total rates of Wehrl entropy
production is going to zero asymptotically. However, with
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FIG. 6. Evolution with smaller coupling rates and different squeezed initial states. Here, we set A = 10y. Panel (a) shows the

evolution of the distribution in positions with coupling strengths y /@ = 1073 and evolution time ¢/ € [0,4]. Panels (b) and (c),
respectively, for y = 1073 and y = 1072, compare the unitary contribution dS, /dt (solid line) and the dissipative contribution dSp /dt

(dashed line) to the Wehrl entropy rate dj—tg. Panel (d) shows the position and momentum distribution of the initial state, and (¢) shows
the final system energy and coherence given the preparation of the initial state at different squeezing values. For the case where the
maximum coherence is achieved when ¢ = —0.2. Panel (f) shows the dynamics of the corresponding Wehrl entropy rates.
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smaller coupling strengths, one can no longer ignore the
unitary contribution dS;,/dt. This causes an interesting sit-
uation, which is shown in Fig. 6(c). The system tends to
a nonequilibrium steady state that is neither in equilibrium
with the system Hamiltonian nor the environment. Indeed,
one gets dSy/dt > 0 and dSp/dt < 0, which means that
the system keeps producing entropy due to nonequilibrium
with the Hamiltonian, while in the meantime it dissipates
the entropy in the environment.

c. Different initial states. Due to the Gaussian term in
the Hamiltonian in Eq. (5), the initial state of the single-
well potential is naturally slightly squeezed in position, as
shown in Fig. 6(d). Here, we want to quantify which are
the effects of such a squeezing on the performance of the
protocol under study. To this end, we consider other ini-
tial states by varying the amount of initial squeezing and
study if this can provide a better outcome. The squeezing
operator is given by [43]

1
S(¢) = exp (5[;*192 - gb”]) 31)

and the squeezed initial state is prepared by ,oisr? =
S()pinS()T with ¢ € [—1,1]. In particular, we consider
a similar simulation as above with the values of the param-
eters fixed at y = 1073, A = 10y. Firstly, we show in
Fig. 6(e) the energy and coherence of the system at r = 7
at different values of initial squeezing ¢. Regardless of
the quadrature being squeezed, the initial squeezing adds
energy to the system. On the other hand, a suitable squeez-
ing can increase the coherence. The maximum in coher-
ence is given by ¢ = —0.2, which corresponds to a small
squeezing in momentum. Taking such a squeezed state as
the initial state, we simulate the system and compute the
dynamics of unitary and dissipative Wehrl entropy rates,
which are shown in Fig. 6(f). Comparing them qualita-
tively to the nonsqueezed case [cf. Fig. 6(b)], the squeezing
induces huge oscillations to the unitary Wehrl entropy rate,
while it does not affect significantly the dissipative rate.
After the deformation of the potential, both rates approach
zero as in the nonsqueezed case.

V. EXPERIMENTAL PERSPECTIVE

The experimental implementation of time-controlled
double wells in the quantum regime is challenging. Yet,
recent experiments with optically levitated nanoparti-
cles provide the necessary ingredients. Quantum limited-
position readout and the preparation of nearly pure
quantum states of motion [24-26] as well as the dynam-
ical shaping of double-well potentials [27] have been
demonstrated. Thus, the protocol discussed here is, in
principle, implementable, once these two methods are

combined. This requires the implementation of existing
state-detection methods [25,26] to the detection of the
transversal motion [44], where the double-well poten-
tial landscape is realized. Yet, the downside in optical
levitation is the unavoidable decoherence due to recoil
of optical-tweezer photons, resulting predominantly in a
localization term. Additionally, thermalization with the
environment may be induced by collisions with the sur-
rounding gas molecules. In the following, we base the
discussion on the currently most favorable parameters in
this respect, achieved by the recent cryogenic implemen-
tation of an optical harmonic trap by Tebbenjohanns et al.
[26].

A. System and potential

We consider a silica nanoparticle of radius R = 50 nm
trapped in an dynamically controlled optical double-well
potential, created from a combination of a TEMy, and
TEMjy,; optical mode [27]. The trapping laser has a wave-
length of A = 1550 nm. We assume a frequency of w =
27 x 54.9 kHz in Eq. (4), which corresponds to an effec-
tive optical trapping frequency of 2w x 77.6 kHz when
we add also the contribution from H,qq with = 1. The
timescale of the protocol 7 is limited by the switching
times of the light field, which can be several orders of mag-
nitude faster than the mechanical frequency when done
with electro-optic modulators. It can therefore be consid-
ered near instantaneous. Using a numerical aperture of the
optical tweezer N = 0.75 the beam waist is W = 660 nm.
Assuming equal restoring forces contributing to H; and
H,gq we find € = 8 x 10°hw in Eq. (5).

B. Localization dissipator

The major effect of localization is due to the scatter-
ing of tweezer photons from the levitated nanoparticle. We
assume that this effect in the optical trap exceeds localiza-
tion due to blackbody radiation, which is expected to be
fulfilled in current experiments. The corresponding deco-
herence parameter at the maximum intensity of a Gaussian
beam is given by [45]

64 ;e R
= —n’— —w,
457 N2 )3
where €. = € — 1/3(e + 2) and € is the relative dielectric
constant of the nanoparticle. The above formula results in
A ~ 2.4 x 10~*w from photon recoil.

The surrounding gas pressure of 3 x 10~° mbar results
in a damping rate of yex, = 5.9 x 107> Hz at an envi-
ronmental temperature of 60 K (thermal occupation ny, =
107) resulting in a thermalization rate y = ngYexp ~ 2 X
10~3w. As a further reduction in pressure by 3 orders of
magnitude seems feasible [26], the thermalization rate can
still be significantly suppressed below the localization rate
as discussed in Appendix B.

(32)
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Accordingly, the effect of the environment is already
reduced to the relevant range considered in Fig. 5. Note,
however, that the experimental parameter for the strength
of the double-well Hamiltonian H,qq of £ = 8 x 10°hw
significantly exceed the value chosen for the simulations of
&€ = 10hw. On an experimental level, reducing the power
sufficiently to match that constraint corresponds to per-
forming the experiment at the level of w ~ 1 Hz. While the
normalized localization rate would not alter, a correspond-
ing reduction of the pressure by 5 orders of magnitude
would be required and also the feasibility of such opti-
cal traps is unclear. From a different perspective, this is
however not necessary, as it may be expected that sim-
ilar effects as discussed here will emerge also for large
&. Theoretical analysis of this behavior however requires
treatment of a significantly larger number of energy levels,
which is hard to treat numerically.

VI. CONCLUSIONS

In this paper, we constructed an approach to study the
thermodynamics of a nanoparticle under the combined
action of a time-varying potential, which reproduce the
transition from a harmonic to double-well landscape, and
external dissipative influences. To simulate numerically its
dynamics, we needed to discretize the system without los-
ing its dynamical features, a considerably complex task
due to the presence of the nontrivial time-varying potential.
Here, we provide a general approach to implement such
a discretization at a suitable level of approximation, and
that can be also used to characterize the nonequilibrium
thermodynamics of the system. The latter is here provided
in terms of the Wehrl entropy, which well captures the
non-Gaussian features of the system, and its production
rates. The analysis showed that, starting from a thermal ini-
tial state relative to the initial potential, a nonequilibrium
steady state is eventually achieved. Moreover, after suit-
ably setting the coupling strengths of the thermalization
and localization processes, one can arrive at a superpo-
sition state in position, namely a nonequilibrium high-
coherence steady state exhibiting two delocalized peaks
in its position distribution. We demonstrated that this state
survives the end of the variation of the potential and main-
tains its quantum features. By suitably squeezing the initial
thermal state, one can further improve the final coherence
value.

Finally, we investigated the feasibility of implement-
ing the proposed scheme in optical-levitation experi-
ments. While state-of-the-art experiments operate at the
relevant levels of decoherence, our study addresses a
change in the trapping potential—from quadratic to double
well—involving low-energy states that is currently exper-
imentally unexplored. It would be interesting to further
our analysis to extend it to the context of electrostatic or
magnetic levitation, and nanomechanical resonators (cf.,

for example, Ref. [46]), which might offer more favorable
working regimes.
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APPENDIX A: DERIVATION OF IRREVERSIBLE
ENTROPY PRODUCTION RATE FOR
LOCALIZATION

Here, we derive the irreversible entropy production rate
for the localization in Eq. (26) starting from Eq. (16). In the
original derivation, which is given in Ref. [40], one starts
from a different localization dissipator with respect to the
one in Eq. (16). In particular, it reads

A
D(,O) = _5[J27(Jzap)]a (Al)

which has J, exchanged with J, when compared to
Eq. (16).

Our first step in the derivation of Eq. (26) is to rewrite
Eq. (16) employing the relation J, = %(J+ +J_), which
gives

Die(p) = (A2)

| >

{V-.f 0] = ot "]}
where we define the superoperator currents

and fT(p) = —f (p).
(A3)

f(P) = _[JJra IO] - [J7’ p]a

The current —f T(p) =f (p) =0 when p is localized.
Then, we follow Sec. IV(B) in Ref. [40] where the
Takahashi-Shibata-Schwinger (TSS) approach was used
to simplify the derivation [47], although giving the same
result as in the main text.

The TSS approach maps the state |n,) of the spin system
into two bosonic modes |n,, n,) with the constraint »n, +
np = 2j. We refer to Ref. [34] for a detailed discussion on
the TSS mapping. With two bosonic modes, one can define
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the bosonic coherent state as

o, ) =& 72 i — £
’ =G —m G+ m)!

Jj—m,j+m).

(A4)

Here we let n, =j —m,n, =j +m with m being the
spin number, and denote the total amplitude as 7 =
la|? 4 | B|. Therefore, given a general common density
matrix p, the associated Husimi-Q function Q(«, 8) =

1 (o, Bl p o, B) reads [48]
e—I
Q(aaﬂ) = _Zv(a’ﬂ)9 (AS)
T

with V(e B) =3, O (@Y T (BY () = (B )
VG —m)\(G +m)!(G —m)\(j +m')!. Furthermore, define

6 . 0 .
o = vT cos Ee_’d’/z, B = /T sin Ee’wz, (A6)
such that two sets of variables are related as
Poa B = %I dT dS. (A7)

In this way, one can interchange the TSS and the spin-
coherent representations via the following relation [40,49]:

_ 2j
o, B) = % |€2) . (A8)
Therefore, one has that
—II2j
Q@) = 555, AR (A9)

In TSS representation, the derivative of Wehrl entropy
reads

ds

E'diss = - / dad’f D(Q)In Q, (A10)
and the following correspondences hold:
[J1, p] = TH(Q) = (@™ dp+ — o) Q,
[J-, p] = T-(Q) = (B 0ax — adp)Q. (ALT)
By applying them to Eq. (A2), one obtains
A
Di(Q) = (T IF (D1 - T:IF (7]}, (Al2)

with f (Q) = (058,3 —a*0gx + POy — ﬁ*Ba*) Q. By insert-
ing the latter relation in Eq. (A10) and integrating by parts,

we get
dS| o A/ dad’p
dt diss — 4 Q

We now use the relation f/ (Q) = —f (Q)* and f (Q)* =
J_(Q) + J+(Q), and obtain

I (DIT(Q) —f(D*T(Q)} .
(A13)

ds A f dPadp

U 2
E|dlss— 4 Q U[(QN .

(Al14)

Such an equation is quadratic in terms of the current f (Q)
without linear terms. However, only linear terms provide
the irreversible entropy production [40]. This means that
the localization dissipator is only associated to an entropy
flux but not an entropy production. Finally, when express-
ing Eq. (A14) back in the spin-coherent representation with
the help of Egs. (A7) and (A9), we get Eq. (26).

APPENDIX B: THE LOCALIZATION DISSIPATOR

In the Lamb-Dicke regime (koxzp < 1), the wave vector

ko = 2m /X and zero-point motion xzp = /h/(2mw,,). m is
the mass of the particle and w,, is the trapping frequencies.

1. Dissipator due to gas pressure

The pressure of the gas results in a combination of two
dissipators [50]

Dgas = Db[p] + Df [/0]’ (Bl)
with each of them being
kgT
Dilp) =~ . (v, )], (B2)
v
Drlp] = =iz Ix. . p)]. (B3)

T is the temperature of the chamber, y is the viscous
friction that can be calculated from kinetic gas theory [51]:

64 r*P
Y ==

B4
s (B4)

with the mean gas velocity vg,s = +/8kpT/(mg), and my
the atomic mass in kg. If the protocol takes a couple of
oscillation periods and the measurement time will show to
be on the order of less than a ms, the term Dy [p] does not
alter the state and the measurement in a detectable way,
which can be neglected.
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2. Dissipator due to photon recoil

Photon recoil is modeled by a position localization
dissipator as well [52]:

Dr[p] = —A:,[X, ()C, p)]: (BS)
with

,  Tmey (€. VEy 2 5

A = k, B

"7 30h ( 2 ) 0 (B6)

where V' the volume of the particle. So the total dissipator
takes the form

D[p] = Dgslp] + Dilp] = —I"[x, (x, p)],

with " = T, + A

(B7)

[1] M. A. Nielsen and 1. L. Chuang, Quantum Computa-
tion and Quantum Information: 10th Anniversary Edition
(Cambridge University Press, Cambridge, 2010).

[2] P. W. Shor, Polynomial-time algorithms for prime factoriza-
tion and discrete logarithms on a quantum computer, SIAM
J. Comput. 26, 1484 (1997).

[3] L. K. Grover, Quantum Mechanics Helps in Searching for
a Needle in a Haystack, Phys. Rev. Lett. 79, 325 (1997).

[4] V. Giovannetti, S. Lloyd, and L. Maccone, Quantum-
enhanced measurements: Beating the standard quantum
limit, Science 306, 1330 (2004).

[5] V. Giovannetti, S. Lloyd, and L. Maccone, Quantum
Metrology, Phys. Rev. Lett. 96, 010401 (2006).

[6] V. Giovannetti, S. Lloyd, and L. Maccone, Advances in
quantum metrology, Nat. Photon. 5, 222 (2011).

[7] R. Kosloff, Quantum thermodynamics: A dynamical view-
point, Entropy 15, 2100 (2013).

[8] A.del Campo, J. Goold, and M. Paternostro, More bang for
your buck: Super-adiabatic quantum engines, Sci. Rep. 4,
6208 (2014).

[9] J. RoBnagel, O. Abah, F. Schmidt-Kaler, K. Singer, and
E. Lutz, Nanoscale Heat Engine beyond the Carnot Limit,
Phys. Rev. Lett. 112, 030602 (2014).

[10] J. RoBnagel, S. T. Dawkins, K. N. Tolazzi, O. Abah, E.
Lutz, F. Schmidt-Kaler, and K. Singer, A single-atom heat
engine, Science 352, 325 (2016).

[11] S. Deffner and S. Campbell, Quantum Thermodynamics
(Morgan & Claypool Publishers, San Rafael, CA, 2019),
2053.

[12] S. Vinjanampathy and J. Anders, Quantum thermodynam-
ics, Contemp. Phys. 57, 545 (2016).

[13] J. Goold, M. Huber, A. Riera, L. del Rio, and P.
Skrzypczyk, The role of quantum information in thermo-
dynamics—a topical review, J. Phys. A: Math. Theor. 49,
143001 (2016).

[14] H. D. Zeh, On the interpretation of measurement in quan-
tum theory, Found. Phys. 1, 69 (1970).

[15] W. H. Zurek, Decoherence, einselection, and the quantum
origins of the classical, Rev. Mod. Phys. 75, 715 (2003).

[16] M. Schlosshauer, Decoherence, the measurement problem,
and interpretations of quantum mechanics, Rev. Mod. Phys.
76, 1267 (2005).

[17] M. Schlosshauer, Quantum decoherence, Phys. Rep. 831, 1
(2019).

[18] F. Schéfer, T. Fukuhara, S. Sugawa, T. Yosuke, and Y. Taka-
hashi, Tools for quantum simulation with ultracold atoms in
optical lattices, Nat. Rev. Phys. 2, 411 (2020).

[19] P. Krantz, M. Kjaergaard, F. Yan, T. P. Orlando, S. Gus-
tavsson, and W. D. Oliver, A quantum engineer’s guide to
superconducting qubits, Appl. Phys. Rev. 6,021318 (2019).

[20] I. Siddiqi, Engineering high-coherence superconducting
qubits, Nat. Rev. Mater. 6, 875 (2021).

[21] M. Aspelmeyer, T. J. Kippenberg, and F. Marquardt, Cavity
optomechanics, Rev. Mod. Phys. 86, 1391 (2014).

[22] C. Gonzalez-Ballestero, M. Aspelmeyer, L. Novotny,
R. Quidant, and O. Romero-Isart, Levitodynamics: Levita-
tion and control of microscopic objects in vacuum, Science
374, eabg3027 (2021).

[23] J. Gieseler and J. Millen, Levitated nanoparticles for micro-
scopic thermodynamics—a review, Entropy 20, 326 (2018).

[24] U. Deli¢, M. Reisenbauer, K. Dare, D. Grass, V. Vuletic,
N. Kiesel, and M. Aspelmeyer, Cooling of a levitated
nanoparticle to the motional quantum ground state, Science
367, 892 (2020).

[25] L. Magrini, P. Rosenzweig, C. Bach, A. Deutschmann-
Olek, S. G. Hofer, S. Hong, N. Kiesel, A. Kugi, and
M. Aspelmeyer, Real-time optimal quantum control of
mechanical motion at room temperature, Nature 595, 373
(2021).

[26] F. Tebbenjohanns, M. Mattana, M. Rossi, M. Frimmer, and
L. Novotny, Quantum control of a nanoparticle optically
levitated in cryogenic free space, Nature 595, 378 (2021).

[27] M. A. Ciampini, T. Wenzl, M. Konopik, G. Thalham-
mer, M. Aspelmeyer, E. Lutz, and N. Kiesel, Experimental
nonequilibrium memory erasure beyond landauer’s bound
(2021), ArXiv:2107.04429.

[28] M. Brunelli, L. Fusco, R. Landig, W. Wieczorek, J.
Hoelscher-Obermaier, G. Landi, F. L. Semido, A. Ferraro,
N. Kiesel, T. Donner, G. De Chiara, and M. Paternos-
tro, Experimental Determination of Irreversible Entropy
Production in Out-Of-Equilibrium Mesoscopic Quantum
Systems, Phys. Rev. Lett. 121, 160604 (2018).

[29] G. T. Landi and M. Paternostro, Irreversible entropy pro-
duction: From classical to quantum, Rev. Mod. Phys. 93,
035008 (2021).

[30] L. Fusco, S. Pigeon, T. J. G. Apollaro, A. Xuereb, L.
Mazzola, M. Campisi, A. Ferraro, M. Paternostro, and
G. De Chiara, Assessing the Nonequilibrium Thermody-
namics in a Quenched Quantum Many-Body System via
Single Projective Measurements, Phys. Rev. X 4, 031029
(2014).

[31] E. Joos and H. D. Zeh, The emergence of classical prop-
erties through interaction with the environment, Zeitschrift
fir Phys. B Condens. Matter 59, 223 (1985).

[32] C. Kiefer and E. Joos, in Quantum Future: From Volta and
Como to the Present and Beyond, Vol. 517, edited by P.
Blanchard and A. Jadczyk (1999), p. 105.

[33] T. Holstein and H. Primakoff, Field dependence of the
intrinsic domain magnetization of a ferromagnet, Phys.
Rev. 58, 1098 (1940).

010322-14


https://doi.org/10.1137/S0097539795293172
https://doi.org/10.1103/PhysRevLett.79.325
https://doi.org/10.1126/science.1104149
https://doi.org/10.1103/PhysRevLett.96.010401
https://doi.org/10.1038/nphoton.2011.35
https://doi.org/10.3390/e15062100
https://doi.org/10.1038/srep06208
https://doi.org/10.1103/PhysRevLett.112.030602
https://doi.org/10.1126/science.aad6320
https://doi.org/10.1080/00107514.2016.1201896
https://doi.org/10.1088/1751-8113/49/14/143001
https://doi.org/10.1007/BF00708656
https://doi.org/10.1103/RevModPhys.75.715
https://doi.org/10.1103/RevModPhys.76.1267
https://doi.org/quantum decoherence
https://doi.org/10.1038/s42254-020-0195-3
https://doi.org/10.1063/1.5089550
https://doi.org/10.1038/s41578-021-00370-4
https://doi.org/10.1103/RevModPhys.86.1391
https://doi.org/10.1126/science.abg3027
https://doi.org/10.3390/e20050326
https://doi.org/10.1126/science.aba3993
https://doi.org/10.1038/s41586-021-03602-3
https://doi.org/10.1038/s41586-021-03617-w
https://arxiv.org/abs/2107.04429
https://doi.org/10.1103/PhysRevLett.121.160604
https://doi.org/10.1103/RevModPhys.93.035008
https://doi.org/10.1103/PhysRevX.4.031029
https://doi.org/10.1007/BF01725541
https://doi.org/10.1103/PhysRev.58.1098

NONEQUILIBRIUM QUANTUM THERMODYNAMICS. ..

PRX QUANTUM 3, 010322 (2022)

[34] J. A. Gyamfi, An Introduction to the Holstein-Primakoff
Transformation, with Applications in Magnetic Resonance,
(2019), arXiv e-prints, eid ArXiv:1907.07122.

[35] M. Vogl, P. Laurell, H. Zhang, S. Okamoto, and G. A.
Fiete, Resummation of the holstein-primakoff expansion
and differential equation approach to operator square roots,
Phys. Rev. Res. 2, 043243 (2020).

[36] A. Wehrl, On the relation between classical and quantum-
mechanical entropy, Rep. Math. Phys. 16, 353 (1979).

[37] S. Abe, Nonadditive generalization of the quantum
Kullback-Leibler divergence for measuring the degree of
purification, Phys. Rev. A 68, 032302 (2003).

[38] K. M. R. Audenaert, Quantum skew divergence, J. Math.
Phys. 55, 112202 (2014).

[39] J. P. Santos, G. T. Landi, and M. Paternostro, Wigner
Entropy Production Rate, Phys. Rev. Lett. 118, 220601
(2017).

[40] J. P. Santos, L. C. Céleri, F. Brito, G. T. Landi, and M. Pater-
nostro, Spin-phase-space-entropy production, Phys. Rev. A
97, 052123 (2018).

[41] J. M. Radcliffe, Some properties of coherent spin states,
J. Phys. A: Math. Gen. 4, 313 (1971).

[42] T. Baumgratz, M. Cramer, and M. B. Plenio, Quantifying
Coherence, Phys. Rev. Lett. 113, 140401 (2014).

[43] C. Gerry and P. Knight, Introductory Quantum Optics
(Cambridge University Press, Cambridge, 2004).

[44] F. Tebbenjohanns, M. Frimmer, and L. Novotny, Optimal
position detection of a dipolar scatterer in a focused field,
Phys. Rev. A 100, 043821 (2019).

[45] T. Seberson and F. Robicheaux, Distribution of laser shot-
noise energy delivered to a levitated nanoparticle, Phys.
Rev. A 102, 033505 (2020).

[46] F. Pistolesi, A. N. Cleland, and A. Bachtold, Proposal for a
Nanomechanical Qubit, Phys. Rev. X 11, 031027 (2021).

[47] Y. Takahashi and F. Shibata, Spin coherent state representa-
tion in non-equilibrium statistical mechanics, J. Phys. Soc.
Jpn. 38, 656 (1975).

[48] M. O. Scully and K. Woédkiewicz, Spin quasi-distribution
functions, Found. Phys. 24, 85 (1994).

[49] A. Vershynina, Notes on coherent states (2012).

[50] A. Vinante, A. Pontin, M. Rashid, M. Toro$ P. F. Barker,
and H. Ulbricht, Testing collapse models with levitated
nanoparticles: Detection challenge, Phys. Rev. A 100,
012119 (2019).

[51] D. E. Chang, C. A. Regal, S. B. Papp, D. J. Wilson,
J. Ye, O. Painter, H. J. Kimble, and P. Zoller, Cavity opto-
mechanics using an optically levitated nanosphere, Proc.
National Acad. Sci. 107, 1005 (2010).

[52] C. Gardiner, P. Zoller, and P. Zoller, Quantum Noise: A
Handbook of Markovian and Non-Markovian Quantum
Stochastic Methods with Applications to Quantum Optics,
Springer Series in Synergetics (Springer, 2004).

010322-15


https://arxiv.org/abs/1907.07122
https://doi.org/10.1103/PhysRevResearch.2.043243
https://doi.org/10.1016/0034-4877(79)90070-3
https://doi.org/10.1103/PhysRevA.68.032302
https://doi.org/10.1063/1.4901039
https://doi.org/10.1103/PhysRevLett.118.220601
https://doi.org/10.1103/PhysRevA.97.052123
https://doi.org/10.1088/0305-4470/4/3/009
https://doi.org/10.1103/PhysRevLett.113.140401
https://doi.org/10.1103/PhysRevA.100.043821
https://doi.org/10.1103/PhysRevA.102.033505
https://doi.org/10.1103/PhysRevX.11.031027
https://doi.org/10.1143/JPSJ.38.656
https://doi.org/10.1007/BF02053909
https://doi.org/10.1103/PhysRevA.100.012119
https://doi.org/10.1073/pnas.0912969107

	I.. INTRODUCTION
	II.. THE MODEL
	A.. Transformation from harmonic to angular-momentum description

	III.. WEHRL ENTROPY IN TERMS OF Q REPRESENTATION
	IV.. ENTROPY PRODUCTION FOR SIMULATED DYNAMICS
	A.. Spin-J systems
	1.. Thermalization
	2.. Localization
	3.. Combined dynamics

	B.. Quantum oscillator with non-Gaussian potential
	1.. Isolated dynamics
	2.. Combined dynamics


	V.. EXPERIMENTAL PERSPECTIVE
	A.. System and potential
	B.. Localization dissipator

	VI.. CONCLUSIONS
	. ACKNOWLEDGMENTS
	. APPENDIX A: DERIVATION OF IRREVERSIBLE ENTROPY PRODUCTION RATE FOR LOCALIZATION
	. APPENDIX B: THE LOCALIZATION DISSIPATOR
	1.. Dissipator due to gas pressure
	2.. Dissipator due to photon recoil

	. REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


