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While artificially fabricated patterned metasurfaces are providing paradigm-shifting optical components
for classical light manipulation, strongly interacting, controllable, and deterministic quantum interfaces
between light and matter in free space remain an outstanding challenge. Here, we theoretically demonstrate
how to achieve quantum control of both the electric and magnetic components of an incident single-photon
pulse by engineering the collective response of a two-dimensional atomic array. High-fidelity absorption
and storage in a long-lived subradiant state, and its subsequent retrieval, are achieved by controlling clas-
sically or quantum-mechanically the ac Stark shifts of the atomic levels and suppressing the scattering
during the absorption. Quantum wave-front control of the transmitted photon with nearly zero reflection
is prepared by coupling the collective state of the array to another photon in a cavity and by engineer-
ing a Huygens’ surface of atoms using only a single coherent standing wave. The proposed schemes
allow for the generation of entanglement between the cavity, the lattice, and hence the state of the stored,
reflected, or transmitted light, and for quantum-state transfer between the cavity and propagating pho-
tons. Bipartite entanglement generation is explicitly calculated between a stored single-photon excitation
of the array and the cavity photon. We illustrate the control by manipulating the phase, phase superposi-
tion, polarization, and direction of a transmitted or reflected photon, providing quantum-optical switches
and functional quantum interfaces between light and atoms that could form links in a larger quantum
information platform.
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I. INTRODUCTION

Modular quantum networks require versatile quantum
systems to act as individual nodes, as well as coherent links
to transfer information between them [1–3]. Light-atom
interfaces utilizing two-dimensional (2D) atomic arrays
exhibit strong cooperative scattering, provide rich con-
trol of collective excitations [4–18], and are emerging as
key many-body quantum elements that could fill this role.
Highly collimated light emission allows for the arrays to
be efficiently linked in free space [19–21] and even to
form single-photon quantum antennas [20,22]. This elim-
inates a major loss channel of spontaneous emission in
undesired directions that limits the efficiency of single-
photon schemes employing single atoms or disordered
atom clouds in quantum information processing [23]. The
effective one-dimensional (1D) propagation also leads to
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greatly enhanced optical cross sections, which are not
achievable for single atoms in free space, while coupling
the single atom, e.g., to light propagation in 1D waveg-
uides is plagued with photon losses. Similarly, an efficient
light-matter interface is difficult to obtain using, e.g., the
Duan-Lukin-Cirac-Zoller (DLCZ) protocol of spin waves
in free-space disordered ensembles [23], which requires
very high optical thickness—a condition that can be expo-
nentially improved in cooperatively coupled atomic arrays
[12]. Moreover, atomic planar arrays can exhibit subradi-
ant states, with lifetimes many orders of magnitude longer
than in a single atom, that can be selectively targeted [6],
utilized in sensing [19], metrology [24,25], or in prepar-
ing Bell states [26]. Further information processing, such
as two-photon quantum gates, could potentially be engi-
neered using Rydberg-state nonlinearities [27–29]. Exper-
imental realizations of atom arrays are now achievable
with increasing positional control [30–36], with the sub-
radiant spectral narrowing of transmitted light below the
fundamental single-atom linewidth having recently been
observed [37].

The revolutionary potential of thin 2D surfaces in con-
trolling and manipulating the flow of classical light has
been recognized with artificial fabricated metasurfaces
[38–40], where versatile functionalities are obtained via
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microscopic patterned coating and not by modifying the
geometric shape of the material. However, the quest for
reaching the quantum regime in such systems is still an
outstanding challenge [41]. Artificial materials also suf-
fer from many disadvantages compared to natural atoms,
including absorptive heating losses and fabrication incon-
sistencies. Cooperatively interacting planar atomic arrays
can be engineered to exhibit optical properties previously
only attained with artificial metamaterials and not natural
media, such as strong magnetic interactions at optical fre-
quencies [42,43]. Moreover, an atomic surface consisting
of superpositions of induced synthetic electric and mag-
netic dipoles can generate a Huygens’ surface [42,44], rep-
resenting a physical implementation of Huygens’ principle
of light propagation [45,46].

Here, we expand the classical optics functionalities of
ultrathin flat 2D metasurfaces to the quantum regime by
employing planar atomic arrays. Instead of relying on the
manipulation of single-particle degrees of freedom, we
show how the collective radiative excitations of atoms can
be engineered to achieve single-photon quantum control
of both its electric and magnetic components. Exam-
ples include the deterministic absorption and storage of
a single-photon pulse as a subradiant excitation and the
manipulation of the phase, polarization, and direction of a
reflected or transmitted photon. We demonstrate how this
engineering can be achieved via an interacting qubit, such
as a cavity photon, generating entanglement and enabling
quantum-state transfer between the cavity and outgoing
photons. This allows for the storage, extreme wave-front
control, and coherent transfer of single photons as part of
a distributed quantum network.

We first show how a time-dependent single-photon pulse
can be fully absorbed, stored in, and deterministically
released from, a subradiant state in a 2D atomic lattice. Pre-
vious proposals have shown how excitations in 2D lattices
can be almost completely transferred into a strongly sub-
radiant state under continuous steady-state illumination by
controlling the orientations of the atomic dipoles by level
shifts [6,19] or by optimizing driving [47]. Experimen-
tally, substantial subradiant mode steady-state excitation
has been observed in planar dipolar arrays [37,48], while in
random atomic ensembles small numbers of photons have
exhibited very long radiative lifetimes [49,50]. Such tech-
niques, however, are not directly applicable for a specific
protocol of high-fidelity storage of a photon pulse where
the incoming photon is absorbed by first driving the tran-
sition dipole moment that necessarily radiates, resulting in
significant losses.

In our protocol, ac Stark shifts [51] of the atomic levels
create a linear Zeeman splitting during the pulse excita-
tion, causing the collective atomic polarization to rotate
until it points perpendicular to the plane, a subradiant state
where scattering is strongly suppressed. Full absorption
is achieved by first splitting the incident pulse at a beam

splitter and illuminating the lattice symmetrically from
both sides. The pulse duration is chosen such that the
incident and scattered light destructively interfere to sup-
presses any outgoing light. The excitation can be stored
with high efficiency by turning off the level shifts when the
subradiant state is maximally occupied and later retrieved
by turning them back on. Furthermore, a quantized cavity
photon can be used to induce the required shifts, generating
entanglement between the cavity and the lattice excitation.
We demonstrate this by calculating bipartite entanglement
generation between a stored single-photon excitation of the
array and the cavity photon in Appendix C.

Extreme wave-front control of a transmitted photon with
a quantum-coherent entanglement-preserving protocol can
be achieved with an interacting qubit tuning the resonance
of an atomic Huygens’ surface. This takes the ideas of
metasurfaces to the realm of quantum nanophotonics by
demonstrating a birefringent variable wave plate, photon
steering, and quantum-optical switch of the phase of a
reflected photon from the atoms that simultaneously act as
an ultrathin flat electric and magnetic mirror. The quantum
state of the auxiliary cavity photon can be used to switch
between two different wave-front-shaping configurations,
generating entanglement between the cavity photon and
the phase, polarization, and direction of the transmitted
light and allowing the quantum state to be transferred from
the cavity to the propagating photon. We propose a simple
scheme to realize an atomic Huygens’ surface—and there-
fore, a phased-array antenna with in-principle arbitrary
wave-front manipulation of the transmitted light—where
the required level shifts are prepared by only a single
standing-wave laser. Our scheme allows for single-photon
quantum control as part of a larger quantum architecture,
with the state of the cavity depending on prior operations,
and the photons stored, sorted, and redirected into outgoing
modes in a way that preserves entanglement.

II. ATOM-LIGHT INTERACTIONS

We consider a regular array of atoms, with one atom per
site, and a J = 0 → J ′ = 1 transition. Two different lat-
tice geometries are explored, shown in Fig. 1—a simple
square lattice and a bilayer lattice, both in the y-z plane,
while an incident single-photon probe field propagates in
the x direction. Since the z quantization axis of the J ′ = 1,
m = 0, ±1 levels is chosen to be orthogonal to the photon
propagation direction, the z-polarization component of the
incident field drives the transition to the m = 0 level, while
the y component drives a combination of the m = ±1
transitions.

The reduced many-body density matrix for atoms,
describing the evolution of a pure single-photon excitation,
can be decomposed as ρ = |�〉〈�| + pG|G〉〈G|, where
pG is the probability that the excitation has decayed to
the state |G〉 = ∏

j

∣
∣gj

〉
with all atoms in their respective
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FIG. 1. Example geometries of the atomic lattice and cavity. In all cases, level shifts can be engineered with quantized or classical
standing waves inducing ac Stark shifts to control (a) the storage, (b) reflection, or (c) the transmission properties of an incident single
photon along the x axis. (a) A regular square lattice with lattice constant d. High-fidelity absorption and storage of a single-photon
pulse is controlled by a spatially uniform shifting of the m = ±1 levels, which could be achieved with a quantized cavity field or a
classical standing wave, e.g., propagating in the lattice plane as shown. (b) A bilayer lattice consisting of a rectangular array of square
unit cells centered in the y-z plane. A cavity photon can be used to engineer a spatially uniform distribution of level shifts, changing
the resonant mode to control the phase of reflected light, or controlling an atomic Huygens’ surface to switch between different wave-
front-shaping configurations. (c) A simple scheme to engineer the atomic Huygens’ surface, controlled by the cavity photon in (b),
relying only on ac Stark shifts induced by a single classical standing wave.

electronic ground state
∣
∣gj

〉
and we ignore the effects of

recoil [52]. The single excitation sector is described by the
state [22] |�〉 = ∑

μj P (j )
μ σ̂+

μj |G〉, where σ̂+
μj = ∣

∣eμj
〉〈

gj
∣
∣ is

the raising operator to level m = μ on atom j . We write
the 3N excited-state amplitudes, corresponding to three
polarization components labeled by μ on N atoms labeled
by j , in terms of a single vector b3j +μ−1 = P (j )

μ , which
evolves according to ḃ = i(H + H′)b + ζ (t), where we
approximate the driving by the incident field by a coherent
single-photon pulse ζ3j +μ−1 = ê∗

μ · êinf (rj ) exp (−t2/τ 2),
with spatial amplitude f (r) and polarization êin [53].
The non-Hermitian coupling matrix [54] H has diago-
nal entries �� + iγ , where γ = D2k3/(6π�ε0) is the
single-atom linewidth, D is the reduced dipole matrix ele-
ment, and �� = � − ω is the experimentally controlled
detuning of the incident photon frequency � = ck from
the single-atom resonance ω. The off-diagonal elements
are given by H3j +μ−1,3k+ν−1 = iξ ê∗

μ · G(rj − rk)êν , where
ξ = 6πγ/k3 and G is the standard dipole radiation ker-
nel such that the field at a point r from a dipole d at
the origin is ε0E(r) = G(r)d [55]. Additional engineered
level shifts �

(j )
μ = ω − ω

(j )
μ for each level μ of atom j are

incorporated in the diagonal matrix H′.
The collective response of the array can be engineered

by using a control field, consisting of either a classi-
cal coherent laser or a quantized cavity mode, to induce
ac Stark shifts of the atomic levels [51]. We take this
field to be a standing wave Ês(r) = E0âs cos (ks · r + φ)ês

with E0 = √
�ωs/(2Vε0), wave vector ks, polarization ês,

frequency ωs, phase φ, and mode volume V. In the engi-
neering of the Huygens’ surface, and in the simplest case
of introducing level shifts to control single-photon stor-
age, we use coherent standing-wave laser fields E0âs → Es
with amplitude Es, while for coherent quantum control

of single-photon storage, reflection phase, and switch-
ing between Huygens’ surface configurations, the lattice
is placed in a cavity with photon annihilation operator
âs. The control field weakly couples the J ′ = 1 levels to
other high-lying states, leading to an effective dressing and
shifting of their resonance frequencies. The resulting inter-
action has the form Ĥ = ∑

μj U(rj , ωs, μ, ês)E2
0 â†

s âsσ̂
ee
μj ,

with σ̂ ee
μj = ∣

∣eμj
〉〈

eμj
∣
∣, where again for the classical beam

we take E2
0 â†

s âs → |Es|2. Here, the function U incorporates
an overall dependence on the spatial variation of the con-
trol field, as well as both the detuning of the frequency ωs
and the overlap of the polarization ês with the transition
from each level μ (see Appendix A) [56–58]. For the case
of quantum control, the cavity supports a single quantized
mode, initialized in a superposition of zero or one photon
states, i.e.,

∑
n=0,1 cn|n〉 with â†

s âs|n〉 = n|n〉.
To understand the response of the lattice and the effect

of the control field, we describe the dynamics in terms
of the collective excitation eigenmodes that are given by
the eigenvectors vn of H [4,54,59–61]. The corresponding
eigenvalues δn + iυn provide the collective line shifts δn
and the collective linewidths υn, with υn < γ defining sub-
radiant modes that, for sufficiently large arrays, can have
lifetimes many orders of magnitude longer than a single
atom. In the examples that we consider, the response is
well described by the interaction of only two modes. One is
the collective uniform in-phase mode P1, with all dipoles
oscillating in the y direction, in the plane of the lattice,
which couples strongly to normally incident y-polarized
plane-wave or Gaussian illumination. The other mode P2,
which may or may not couple directly to the incident
field, differs according to the particular application we con-
sider. The modes P1,2 of H are not eigenmodes of the full
evolution matrix H + H′ in the presence of nonuniform
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level shifts �
(j )
μ and for an appropriate choice of these

shifts, the two modes can be coupled together (see
Appendix B). This coupling is illustrated by the two-mode
model [6,19]

(Ṗ1

Ṗ2

)

= i
[
(HTM + ��I) + H′

TM

]
(P1
P2

)

+
(

ζ1(t)
ζ2(t)

)

,

(1)

where I is the 2 × 2 identity matrix and

HTM =
(

δ1 + iυ1 0
0 δ2 + iυ2

)

, H′
TM =

(
δ̃ −iδ̄
iδ̄ δ̃

)

.

(2)

The resonances are shifted by δ̃, resulting from a uniform
shift of all the levels, while the contribution of the variation
in the atomic level shifts is encapsulated in the effective
coupling δ̄. These parameters can be controlled by engi-
neering the level shifts across the lattice via either the
cavity photon or a classical field.

III. SINGLE-PHOTON STORAGE

We show how a pulsed single photon can be efficiently
absorbed and stored in a delocalized subradiant collec-
tive excitation by considering a single-layer square lattice
with spacing d. Unlike in the case of 1D chains of atoms
[62,63], in 2D arrays strongly subradiant modes cannot be
directly driven by incident fields. The process can be qual-
itatively modeled by Eq. (1) when we take P2 to be the
uniform in-phase oscillation of all dipoles in the x direc-
tion, perpendicular to the lattice plane [6]. This mode is
extremely subradiant because, in the limit of infinite atom
number, a subwavelength lattice can only scatter perpen-
dicular to the plane in the zeroth-order Bragg peak. When
the dipoles point out of the plane, however, they do not
radiate in this direction and so no scattering is possible
[21,64]. While the excitation can eventually decay from
a finite array, on average light is scattered many times
toward the edges of the lattice before it can escape, lead-
ing to a dramatic narrowing of the linewidth. However,
the mode is, in general, difficult to excite, as incident light
cannot match the uniform phase and x polarization. In the
two-mode model of Eq. (1), these conditions correspond to
ζ2 = 0, υ2 � γ (with limN→∞ υ2 = 0).

To efficiently absorb and store the photon, we take a
Gaussian y-polarized input pulse such that the incident
light strongly drives the in-plane P1. However, in the
absorption process light first induces the dipole moment
on the atoms and these dipole moments unavoidably start
radiating, leading to scattering and potential losses. When
the lattice is illuminated from one direction, the colli-
mated forward-scattered light from the 2D array overlaps

spatially with the incident field, leading to destructive
interference and reducing transmission, but the losses due
to backscattering can still be significant. In order to sup-
press radiation from the array in both directions while
absorption is ongoing, the pulse is passed through a beam
splitter to symmetrically illuminate the lattice from both
sides [65], as shown in Fig. 1(a). The pulse duration is
chosen so that the scattered field has approximately equal
magnitude to the incident field, to maximize destructive
interference. If δ̄ = 0 then, as the incident field falls away,
the scattering continues but the interference no longer
occurs and light is quickly reradiated from P1, with the
lattice returning to its ground state. However, an ac Stark
shift [51] can lift the degeneracy of the m = ±1 levels,
causing an effective linear Zeeman splitting and coupling
Py to Px at each atom. If the level splitting is uniform on
all atoms, the coherent phase of the dipoles is maintained
and the uniform in-plane mode is coupled to the similarly
uniform-phase out-of-plane mode P2, with the coupling
δ̄ = (�

(j )
+ − �

(j )
− )/2 depending on the strength of the Zee-

man splitting and δ̃ = (�
(j )
+ + �

(j )
− )/2 (see Appendix B)

[6,19]. The excitation can then be stored in this subradiant
mode by turning off the level shifts, removing the coupling
between P2 and P1.

We first assume that the uniform level shifts for m = ±1
for each atom are induced by a classical coherent control
field. As an example, we consider ks = (π/d)ẑ and circu-
lar polarization ês = ê+. This field has equal intensity on
all atoms but has opposite polarization projection onto the
m = ±1 states, causing the desired splitting [56–58]. The
resulting mode energy and transmitted power are shown
in Fig. 2 for the case where level shifts are present or
absent. At a time γ t = 2.3, when the P2 mode is max-
imally occupied, the level splittings are turned off and
the excitation is stored successfully. Numerically, we find
that 93% of the incident pulse is absorbed. While previ-
ous proposals [6,19] and experiments [37,48] have shown
how to drive steady-state subradiant modes of 2D dipo-
lar arrays under continuous illumination, the combination
here of symmetric illumination and the synchronization
of the level shifts with the time-dependent incident pulse
allows for the total deterministic absorption of a whole
single-photon pulse.

The stored single-photon excitation in the subradiant
state P2 can subsequently be retrieved in a similar scheme
by turning the level shifts on and coupling P2 to P1. Figure
3 shows (a) the remaining excitation energy at time t and
(b) the emitted pulse profile, starting from an initial energy
��. The release of the single-photon excitation can be
thought of as the time reversal of the absorption of the
incident pulse. However, the emitted pulse is not exactly
Gaussian, leading to a discrepancy between absorption
and the time-reversed release and resulting in the nonper-
fect 93% efficiency of storage. Tailoring the shape of the
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(a) (b)

FIG. 2. The storage of a single-photon pulse in a subradiant
state. (a) The energy Ei contained in each mode i, in units of ��,
in the case where level shifts δ̄ = 0.65γ are present (y) or not
present (n). In the former case, shifts are turned off at γ t = 2.3.
(b) The incident power (Pin) of single-photon pulse, in units of
γ��, and the outgoing power in both directions in the case where
shifts are present (Py ) or absent (Pn). Numerical simulations for
a 31 × 31 lattice with d = 0.54λ and γ τ = 1.9.

incident photon pulse to more closely match the retrieved
pulse, therefore, provides a simple means to optimize and
further improve the storage and retrieval fidelity. Numeri-
cal integration of Eq. (1), taking ζ2 to have the same time
dependence as the emitted single-photon pulse, shows an
efficiency of approximately 99.95%. A release of subradi-
ant excitations by applying spatially dependent level shifts
(causing inhomogeneous broadening, instead of rotation of
dipoles considered here) has been experimentally achieved
in Ref. [50].

While absorption, storage, and release of the single-
photon pulse can most simply be achieved by using a
classical field of a laser or microwave, we can extend the
scheme to quantum control by using the interaction with a
single qubit to induce the effective Zeeman splitting. This
leads to entanglement generation between the cavity and
the array and allows the storage and retrieval to form part

(a) (b)

FIG. 3. The release of a single-photon excitation initially
stored in the subradiant state. (a) The energy remaining in col-
lective excitation, in units of ��, for the uniform level shifts
generating δ̄ = 0.5γ and the out-coupling of the photon (solid
line), as well as in the absence of the shifts δ̄ = 0 (dashed and
inset). (b) The output power of a single-photon pulse, in units of
γ��, for δ̄ = 0.5γ (solid) and δ̄ = 0 (dashed and inset in units
γ�� × 10−3). Numerical simulation of a 31 × 31 atom array
with d = 0.54λ.

of a larger quantum-information processing architecture.
Here, we take this qubit to be a quantized cavity photon,
with ks = (π/d)ẑ and ês = ê+ as previously in this section,
as shown in Fig. 1(a). The initial state is a separable state
consisting of an incident single-photon pulse, ζ (t), and the
cavity superposition state, c0|0〉 + c1|1〉. The subspaces of
the combined system when the cavity is projected onto
the state with zero or one photon then evolve very differ-
ently, with the single-photon quickly being reradiated in
the absence of level shifts, or coupled into P2 and stored
successfully when the cavity is occupied. The state of the
cavity and the incident pulse become strongly entangled
(see Appendix C). While in the previous case the classi-
cal field controlling the level shift is switched off to store
the photon, this is not possible when a cavity photon gen-
erates the level shift. Instead, a classical field with equal
and opposite level shift can now be switched on, leading to
net-zero coupling. In the alternative case where the cavity
is empty, this classical field will lead to a nonzero coupling
−δ̄. However, while this will cause some temporary occu-
pation of P2, the two modes will remain coupled and the
excitation will not be stored. The cavity photon can also
be used to produce the level shifts necessary to release a
stored photon, resulting in entanglement between the cav-
ity mode and the single-photon pulse that is either stored
or retrieved.

IV. QUANTUM-COHERENT CONTROL OF
MAGNETIC RESPONSE

A. Engineering optical magnetism

So far, we have considered the excitation of uniform
electric dipole oscillations. Atomic arrays can also be
engineered to have higher multipole resonances, including
strong collective magnetic dipole and electric quadrupole
responses [42,43]. We now turn to the engineering and
control of these modes in a bilayer lattice, consisting
of square unit cells with atoms spaced at x = ±ax/2,
y = ndy ± ay/2, and z = mdz, for integer n, m, as shown
in Fig. 1(b). Here, we also take dy/ay to be an integer
such that the non-Bravais lattice could be realized by selec-
tively filling sites of a regular rectangular bilayer lattice
[66,67] but the proposed geometry could also be achieved
by using a double-well superlattice in the y direction [68]
or with optical tweezers [69]. Tightly spaced unit cells
could be achieved, for example, by using a transition anal-
ogous to 3P0 to 3D1 in bosonic 88Sr, with a wavelength
λ = 2.6 μm, allowing for deeply subwavelength atomic
positioning [70].

To analyze the collective response, we first consider
the scattering from an individual square unit cell con-
sisting of the four atoms around a fixed (ndy , mdz).
The scattered light from this subwavelength structure
can be decomposed into electric and magnetic multipole
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FIG. 4. Selected excitation modes of a square unit cell. The
arrows point to the direction of the excited electric dipoles of the
J = 0 → J ′ = 1 transition in each atom. (a) The electric dipole
mode with a combined electric dipole pointing in the y direction.
(b),(c) The magnetic dipole mode (b) and the electric quadrupole
mode (c) with multipole moment pointing in the z direction in
both cases. The labels show the order of the level shift parameters
given in Fig. 6.

contributions [55],

Es =
∞∑

l=0

l∑

m=−l

(
αE,lm�lm + αB,lm�lm

)
, (3)

for vector spherical harmonics �lm, �lm, with αE,lm giv-
ing the strength of the electric dipole (l = 1), quadrupole
(l = 2), etc. and αB,lm the corresponding magnetic multi-
poles. The formation of three of these multipole modes
in terms of the electric dipole moment of each individual
atom within a unit cell is shown in Fig. 4. In the first, uni-
form in-phase y polarization on each atom leads to a pure
electric dipole, when all four individual dipoles interfere
constructively. Another mode, shown in Fig. 4(b), has a
net-zero electric dipole moment but instead forms a mag-
netic dipole, with polarizations pointing in the azimuthal
direction around the unit cell approximating a current loop
[42,71,72], while Fig. 4(c) shows one of several possible
electric quadrupole modes. Strong light-mediated inter-
actions between unit cells lead to collective modes of
the entire lattice, consisting of a uniform repetition of a
single multipole on each unit cell. In the following discus-
sions, we refer to such collective modes, with the repeating
similar pattern at each unit cell, as the uniform electric
dipole, magnetic dipole, and electric quadrupole modes,
respectively.

B. Phase-cat state

Here, we show how the ac Stark shift of the cavity
field can be used to shift the resonances of the uniform
electric dipole mode and the synthesized magnetic dipole
mode. In this way, the system can act as a quantum-optical
switch that changes the phase of the reflected photon. In
a superposition state of the cavity photon, the coupling
then creates a phase-cat state for the reflected photon.
Total reflection from an array of electric dipoles occurs

with a well-known π phase shift [64,73–75], equivalent
to reflection from a perfect electrical conductor [73]. This
has been verified in experimental realizations in nanopho-
tonics, with reflection close to 100% [76,77], and has
similarly been highlighted for atoms [5,6,8] and observed
in an optical lattice [37]. Due to the antisymmetry of the y
component of the magnetic dipole or electric quadrupole
mode, the backscattered field amplitude is the negative
of the forward-scattered one and so this phase shift is
absent [72,78–82]. We consider an array coupled to a cav-
ity standing wave with ks = ksx̂ for arbitrary ks and φ = 0,
as shown in Fig. 1(b) or, alternatively, ks = (π/dz)ẑ, and
polarization êy . In either case, the linear polarization cre-
ates an equal shift of the m = ±1 levels on all atoms (the
m = 0 state does not play a role for the y-polarized inci-
dent light). This results in an incident forward-propagating
state

∣
∣ζ , x̂

〉
being reflected into a coherent state the phase

of which is entangled with the collective mode occupation,
and hence the cavity photon, with a respective amplitude
±ζ , i.e.,

∣
∣ζ , x̂

〉 → c0|0〉∣∣−ζ , −x̂
〉 + c1|1〉∣∣ζ , −x̂

〉
. (4)

The resulting standing wave, formed from interference
between the incident and reflected field, is shown in Fig. 5.
In Fig. 5(a), the cavity is empty and the electric dipole
mode is strongly excited, resulting in a π phase shift
in reflection and a node in the standing wave at x = 0.
In Fig. 5(b), the presence of a cavity photon shifts the
magnetic dipole mode on resonance at the same laser
frequency, resulting in zero phase shift in the reflected
light and an antinode at x = 0. The reflected intensities
in Fig. 5 are calculated for steady-state illumination but
for sufficiently slowly varying single-photon pulses, with
γ τ � 10, the images become indistinguishable. The effi-
ciency of the reflection can be increased by increasing
the lattice size, resulting in more collimated scattering
and a better spatial overlap with the Gaussian incident
field.

C. Huygens’ surface entanglement

An atomic Huygens’ surface, allowing for arbitrary
wave-front manipulation of transmitted light, can be engi-
neered by a nonuniform variation of the level shifts of
different atoms of the bilayer array. Here, we propose an
atomic Huygens’ surface that is considerably simpler and
more experimentally feasible than previous proposals [42],
being only based on the level shifts generated by a single
standing wave and selective filling of a fully regular rectan-
gular bilayer lattice, as described in Sec. IV A. Specifically,
we show how to achieve quantum control of the transmis-
sion by uniform level shifts, providing a quantum-optical
switch, able to manipulate, sort, and redirect light.
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(a)

(b)

FIG. 5. Incident and reflected light from the resonances of
(a) the electric and (b) the magnetic dipole modes, coupled to
a cavity photon to create a phase-cat superposition state of a
reflected photon. (a) The resulting standing wave for δ̃ = 0,
when no cavity photon is present on resonance with the elec-
tric dipole mode at δ1 ≈ 4γ (υ1 ≈ 1.4γ ) and (b) δ̃ = −3.6γ ,
shifting the resonance to the magnetic dipole mode at δ2 ≈ 7.6γ

(υ2 ≈ 0.16γ ). The position of the array is illustrated by a sin-
gle line of the bilayer, with polarization amplitude

∑
μ |P (j )

μ |2
ranging from 0 (black) to maximum (red). 21 × 21 × 4 lattice
with ay = ax = 0.15λ, dy = dz = 5ay , and Gaussian illumina-
tion with beam waist w0 = 6.4λ. To smooth divergent near-field
contributions, a Gaussian convolution of width λ/2 is applied to
all electric field data.

Huygens’ surfaces are based on Huygens’ principle:
each point in a propagating wave acts as an indepen-
dent source of spherical wave fronts, which interfere to
construct the observed field [45]. A more rigorous for-
mulation, which models each point as a pair of crossed
electric and magnetic dipoles, explains why these sources
only contribute to the forward-propagating wave [46,83],
as scattered light from each source interferes destructively
in the backward direction, suppressing the reflection. The
constructive interference between the dipoles in the for-
ward direction can then achieve full 2π phase control of
the transmitted light. The magnetic dipole can also be
replaced by a multipole of similar antisymmetry (electric
quadrupole, magnetic octopole, etc.), with the backscat-
tered light amplitude being the negative of the forward-
scattered one, allowing for the desired interference with
the electric dipole radiation [84].

Numerically, we find many different solutions that gen-
erate an atomic Huygens’ surface. For the simplified
geometry considered here, optimal solutions consist of
simultaneous excitation of the electric dipole mode and
the uniform electric quadrupole mode, shown in Fig. 4(c).
Interpreting the physics in terms of the two-mode model of
Eq. (1), we now take the uniform electric quadrupole mode
to be P2, while P1 denotes the uniform electric dipole
mode as before. A variation in the relative shifts of the
m = ±1 levels between different atoms in each unit cell is

then required to couple P1, for which all the dipoles in a
unit cell are parallel, to P2, for which this is not the case
(Appendix B). The level shifts lead to nonzero δ̄ in Eq. (1)
and allow both modes to be excited at the same resonance
frequency. To maintain experimental feasibility, we keep
these shifts identical in the x direction but varying between
the atoms at relative positions y = ±ay/2 and take the
quickly varying level shifts across a unit cell to be con-
trolled by a constant classical laser field. This leaves three
independent �

(j )
± , up to an overall shift in the resonance

frequency, which can be controlled by a standing wave
with ks = (π/dy)ŷ − (π/dz)ẑ, illustrated in Fig. 1(c), as
the phase φ directly controls the relative intensity across
the cell. While the level shifts vary only in the y direction,
this choice of ks allows for both linear and circular polar-
ization components in the x-y plane. Then, the intensity,
phase, and polarization of the standing wave, along with a
uniform linear Zeeman splitting from a background mag-
netic field, provide more than the necessary three degrees
of freedom.

Numerically calculated transmission is shown in
Fig. 6(a), demonstrating a full 2π phase range. The min-
imum transmission is 84% at the center of the resonance
but can be optimized close to 100% by allowing the level

(a)
(b)

(c)

FIG. 6. The operation and application of a quantum-controlled
Huygens’ surface. (a) The magnitude and phase of the trans-
mitted light as a function of the overall detuning ��. (b) The
unnormalized Stokes parameters V (solid), U (dashed), and Q
(dot-dashed) of transmitted light for the Huygens’ surface. As
the phase of the y component varies from 0 to 2π relative to
the z component, the polarization state also varies, as illustrated
above the figure. (c) Beam steering using a Huygens’ surface
controlled cavity photon. A 20 × 20 × 4 lattice with parameters
for (a) and (b) given by ay = ax = 0.11λ, dz = 0.8λ, and dy =
7ay , and incident plane wave E = 1 and for (c) given by ay =
0.11λ, ax = 0.22λ, dz = 0.75λ, and dy = 7ay and input Gaus-
sian beam with waist radius 6.4λ. �

(j )
+ = −2γ , �

(j )
− = −100γ

(j = 1, 2); �
(j )
+ = −88γ , �

(j )
− = −4γ (j = 3, 4), with atomic

labels illustrated in Fig. 4.
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shifts to vary in the x direction or allowing small shifts in
the atomic positions. While the incident light couples to
both modes, it primarily drives the uniform P1. Then, for
the solution presented in Fig. 6, the alternating sign of the
effective Zeeman splitting �

(j )
+ − �

(j )
− between the pair of

atoms labeled (1, 2) in Fig. 4 and the pair labeled (3, 4)

couples the uniform y polarization to the varying x polar-
ization of the quadrupole mode, producing an effective δ̄ in
Eq. (1) and allowing both modes to be excited at a single
resonance frequency.

Remarkably, an atomic Huygens’ surface allows quan-
tum control by a simple uniform level shift applied to all
the atoms, which could be achieved by an interacting qubit,
such as a resonance shift generated by a Rydberg atom
[27–29]. Here, we consider a cavity photon as in Secs. III
and IV B. While the classical field enables the operation of
the Huygens’ surface, the additional quantized cavity pho-
ton with ks = ksx̂, identical to that considered in Sec. IV B,
adds an overall shift δ̃, moving the resonance shown in
Fig. 6(a) and so allowing switching between two different
phases of transmission.

The overall phase control allows the Huygens’ surface
to be used as an effective variable wave plate by delay-
ing the incoming y polarization, which couples to the
Huygens’ surface resonance, relative to the z polarization,
which does not. The resulting Stokes polarization parame-
ters are shown in Fig. 6(b) as a function of the detuning
�� or, equivalently, for varying δ̃ at fixed ��. Here,
positive V, U, and Q correspond to right-circular, diago-
nal, and horizontal polarization, respectively, and negative
values to the respective orthogonal polarization. The wave
plate has full 2π control of the relative phase of the fast
and slow axes, allowing for the transmitted polarization to
vary over a full great circle on the Poincaré sphere. Then,
for diagonal polarized input êin = êy + êz, the ac Stark
shift of the cavity field can switch between two different
phase delays or, equivalently, two orthogonal polarizations
of the transmitted photon. A shift δ̃ = 0.3γ , for example,
leads to entanglement |ζ , d〉 → c0|0〉|ζ , −〉 + c1|1〉|ζ , +〉
where an incoming state, with amplitude ζ (t) and diago-
nal polarization, is converted to an entangled state of right-
or left-circular polarization.

More complex wave-front engineering can be achieved
if the level shifts also have some slowly varying spa-
tial dependence. This can be done by using a magnetic
field gradient or a classical field, which could be produced
by a spatial light modulator, to impart the spatial struc-
ture. The operation of the Huygens’ surface can still be
controlled by the cavity photon uniformly shifting the res-
onance. When the resonance is at �� = 0, level shifts
in a range between −γ and γ correspond to a full 2π

phase variation. When the resonance is shifted to |��| �
2γ , however, the same range of level shifts results in an
approximately constant zero phase, allowing the photon
to turn the wave-front shaping on or off. A linear phase

gradient leads to a deflection in the direction of the trans-
mitted beam [85–87], allowing the light to be sorted into
different directions for further processing, all dependent on
the presence of a cavity photon, which can itself depend on
the result of prior quantum calculations. Figure 6(c) shows
beam steering by the atomic array of 10◦. Other spatially
varying phase profiles could, in principle, also be used to
control beam focusing or the generation of orbital angu-
lar momentum [42], leading to similar entanglement of
outgoing coherent states transmitted into different modes
|ζ 〉 → c0|0〉|ζ , 0〉 + c1|1〉|ζ , 1〉, where |ζ , n〉 can refer to
two general outgoing modes labeled by n = 0, 1.

V. CONCLUDING REMARKS

We show how cooperative responses in planar arrays
of atoms can be harnessed for achieving optical manip-
ulation that is reminiscent of artificially fabricated meta-
surfaces but with single-photon quantum control based on
atomic physics technology. This allows for the engineering
of controllable many-atom quantum systems with light-
induced couplings between spatially delocalized collective
excitation eigenmodes that result from the scattered light
mediating strong interactions between the atoms. Despite
the complexity of the system, these collective modes,
however, can be coupled to qubits in ways that mathe-
matically are similar to single-particle coupling. Due to
their exceptional properties of effectively 1D collimated
light propagation, strong coupling to light with a large opti-
cal cross section, and the ability to manipulate the atomic
states, planar atomic arrays provide a promising light-
matter interface for quantum information processing plat-
forms. To illustrate this, we show how a time-dependent
single-photon pulse can be deterministically stored in, and
retrieved from, a subradiant mode of an atomic array,
with near-unit efficiency. Extreme wave-front control of a
photon is achieved with an atomic Huygens’ surface. A
quantized cavity field is then used to control the phase,
polarization, and direction of propagating photons. The
proposal allows for planar atomic arrays to form nodes as
part of a larger quantum-information architecture, trans-
mitting the quantum state of the cavity to the outgoing
light. As conventional metasurfaces have had extraordi-
nary success in controlling the classical properties of light,
the coherent quantum control of light by atomic arrays
opens new avenues for controlling and manipulating light
at the single-photon level.
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Note added.—A photon storage by an atomic array has
recently been further studied in Ref. [88].

APPENDIX A: ac STARK SHIFT

We assume an ac Stark shift due to either a classical
coherent field or a cavity photon, following from coupling
between the J ′ = 1, m = ±1, 0 states,

∣
∣eμj

〉
with frequency

ω
(j )
μ , and other off-resonant states, which we label |k〉,

with frequency ωk. The emergence of intensity-dependent
level shifts can be illustrated by adiabatically eliminating
the additional states in the Jaynes-Cummings Hamiltonian
consisting of the control field Ĥs, atom Ĥa, and light-atom
coupling Ĥint parts,

Ĥs = ωsâ†
s âs, Ĥint =

∑

μj ,k

g(j )
μk |k〉

〈
eμj

∣
∣âs + H.c.,

Ĥa =
∑

k

ωk|k〉〈k| +
∑

μj

ω(j )
μ

∣
∣eμj

〉〈
eμj

∣
∣,

where g(j )
μk is the light-induced coupling strength of the

transition from
∣
∣eμj

〉
to |k〉. For large detuning

∣
∣ωs − (

ωk −
ω

(j )
μ

)∣
∣ � g(j )

μk , the off-resonant states |k〉 are adiabatically
eliminated. This leaves the effective interaction contribu-
tion δ

(j )
μ â†

s âs
∣
∣eμj

〉〈
eμj

∣
∣ where δ

(j )
μ = ∑

k

(
g(j )

μk

)2
/(ωk − ωs).

For the classical control field, we can replace â†
s âs by the

classical intensity contribution and the larger level shifts
required in Sec. IV C can be achieved with high-intensity
lasers.

While the general form of the level shifts can be derived
from the Jaynes-Cummings Hamiltonian, the precise val-
ues of the transition strengths g(j )

μk depend on the selection
rules and intensity. A more rigorous second-order pertur-
bation calculation shows that for the classical standing
wave described in Sec. II, the general form of the ac
Stark shift can be decomposed into different components
as [56–58]

δω(j )
μ = −1

4
|Es|2 cos2 (ks · rj + φ)

[

αs(ω)

+ C
μ

2
αv(ω) − D

(3μ2 − 2)

2
αT(ω)

]

, (A1)

where C = |u−|2 − |u+|2 parametrizes the degree of cir-
cular polarization of ês = ∑

μ uμêμ, D = 1 − 3|u0|2, and
αs(ω), αv(ω), and αT(ω) are the scalar, vector, and ten-
sor polarizabilities, respectively. Thus, light with a com-
ponent of circular polarization in the x-y plane leads
to a μ-dependent splitting �

(j )
+ �= �

(j )
− , while a linear-

polarization component leads to an equal shift of the m =
±1 levels in the same direction. The different contributions
are captured in the function U in Sec. II.

APPENDIX B: TWO-MODE MODEL

The role of the level shifts on the mode coupling in
the two-mode model [Eq. (1)] can be illustrated for a sin-
gle atom with polarization amplitudes Pμ. In the basis of
circular polarization, the amplitudes evolve independently
as

∂tPμ = (i�μ + i�� − γ )Pμ + ζμ(t), (B1)

where ζμ(t) = ê∗
μ · êinf (r) exp (−t2/τ 2). We take êin = êy

and rewrite these equations in terms of the Cartesian
components to find

∂tPx = (iδ̃ + i�� − γ )Px + δ̄Py ,

∂tPy = (iδ̃ + i�� − γ )Py − δ̄Px + ζy(t),

where δ̃ = (�+ + �−)/2 and δ̄ = (�+ − �−)/2. The
incident light drives Py but the m = ±1 level shifts couple
Py to Px. The J = 0 → J ′ = 1 transition is isotropic in the
absence of level shifts and any orthogonal basis is equiva-
lent. This isotropy is broken by the level shifts and Px,y are
no longer eigenstates, causing the coupling between these
modes [6].

For a single-layer lattice, incident light with a uniform
phase profile almost uniquely drives the uniform mode,
with all atoms oscillating in phase along the y direction.
As in a single-atom case, the same level shifts in each
atom then couple Py and Px, leading to an overall cou-
pling between the uniform (in terms of the phase profile)
in-plane mode and the uniform out-of-plane mode. The
overall response of the array to light has been shown to be
well described by the two-mode model of Eq. (1) [6,19,22]
with P1,2 = Py,x and ζ2 = 0.

For the atomic bilayer, the coupling is more complicated
and the required level shifts must be found numerically
but we still find a good qualitative agreement with Eq. (1)
with P1 the uniform electric dipole mode and P2 being
one of either the uniform magnetic dipole mode or the
uniform electric quadrupole mode. The parameter δ̃ is
defined by the sum over the level shifts in a unit cell, δ̃ =
∑

μ=±1
∑4

j =1 �
(j )
μ /8. The coupling δ̄ depends on the par-

ticular solution and whether the magnetic dipole or electric
quadrupole mode is targeted but requires two key features;
a difference �

(j )
+ �= �

(j )
− to couple the y and x polariza-

tions on each atom, and a difference �
(j )
μ �= �(k)

μ for j �= k
between level shifts on different atoms within each unit
cell to couple the electric dipole mode, where the dipoles
are parallel, to the magnetic dipole or electric quadrupole
mode, where the orientations of the dipoles between the
atoms differ. For the case considered in Sec. IV C, where
the level shifts vary only in the y direction, the dif-
ference in level splitting δ̄ = (δ̄(1) − δ̄(3))/(2

√
2) where

δ̄(j ) = (�
(j )
+ − �

(j )
− )/2 with the atoms labeled as in Fig. 4.
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APPENDIX C: QUANTUM AND CLASSICAL
ENTANGLEMENT

We analyze the collective response of the arrays to a
single photon and therefore restrict the quantum dynam-
ics only to the single-excitation sector of the Hilbert
space. The single-excitation sector, described in Sec. II, is
represented by the entangled state [22]

|�〉 =
∑

μj

P (j )
μ σ̂+

μj |G〉

=
∑

μj

P (j )
μ

∣
∣g1, . . . , gj −1, ej ,μ, gj +1, . . . , gN

〉
. (C1)

The dynamical equations for this state (Sec. II), namely
ḃ = i(H + H′)b + ζ (t), can also describe the classical
response of the array to a coherent probe in the limit of
low light intensity (LLI). Here, we discuss the difference
between these two descriptions and show that only in the
quantum case do we develop entanglement between the
array and the cavity.

In the limit of LLI, the equations for atoms and light are
derived to first order in light-field amplitude by keeping
the terms that include at most one of the amplitudes for
the incident light or atomic polarization [89]. The resulting
dynamics constitutes a coupled-dipole model for a col-
lection of coupled linear harmonic oscillators (radiatively
coupled dipoles) in an incident field, providing an exact
solution for coherently driven stationary atoms in the limit
of LLI for any given atom statistics [54,90].

The equations for the LLI coupled-dipole model are
classical and the wave function for the state factorizes into
a product of separable contributions from different atoms:

|�〉 =
∏

j

(

c(j )
g

∣
∣gj

〉 +
∑

μ

c(j )
e,μ

∣
∣ej ,μ

〉
)

. (C2)

The limit of LLI (classical coupled-dipole model) then cor-
responds to keeping only terms to first order in c(j )

e,μ. This
yields |c(j )

e,μ|2 = 0 and |c(j )
g |2 = 1 when analyzing Eq. (C2).

For simplicity of the notation, in the following discussion
we drop the polarization label μ that refers to the different
hyperfine levels of the electronic excitation of the atoms.
The classical state then becomes a simple product state
of the amplitudes (c(j )

g
∣
∣gj

〉 + c(j )
e

∣
∣ej

〉
). These amplitudes

evolve according to the same dynamics as the quantum
amplitudes P (j ), with bj = [c(j )

g ]∗c(j )
e . In this description,

the amplitudes correspond to off-diagonal elements in the
single-particle density matrix

ρ̂(j )
a =

(
ρee ρeg
ρge ρgg

)

=
(

0 [c(j )
g ]∗c(j )

e

c(j )
g [c(j )

e ]∗ 1

)

,

(C3)

i.e.,
〈
ej

∣
∣ρ̂

(j )
a

∣
∣ej

〉 = 0 and
〈
gj

∣
∣ρ̂

(j )
a

∣
∣gj

〉 = 1. Then the collec-
tive atom state,

ρ̂a = ρ̂(1)
a ⊗ ρ̂(2)

a ⊗ . . . ⊗ ρ̂(N )
a , (C4)

analogously to Eq. (C2), factorizes into separable contribu-
tions from different atoms, with no quantum entanglement.
Hence, the probability of finding the array in the excited
state is zero and the amplitudes [c(j )

g ]∗c(j )
e give the coher-

ence only between the excited state
∣
∣ej

〉
and the collective

ground state, in contrast to the quantum state of Eq. (C1),
for which the probability of the lattice to contain a single
excitation is

∑
j |P (j )|2 = 1. When we include the finite

probability pG of the excitation to decay to the ground
state, we can write the quantum density matrix (Sec. II)
as ρ̂a = |�〉〈�| + pG|G〉〈G|.

The similarity of the dynamical equations of motion
for the quantum and classical cases can be considered
surprising taking into account the dramatically different
representations of the physical states in Eqs. (C1) and
(C2). Such differences are well recognized in quantum-
optics textbooks [91] and the collective scattering literature
[92] and do not mitigate the quantum properties of the
entangled Eq. (C1). The entanglement manifests itself in
particular in the coupling of the array excitation to the
cavity photon, as discussed in the examples of Secs. III,
IV B, and C. We show how the quantum treatment of a
single-photon excitation exhibits quantum entanglement,
while the classical coupled-dipole model does not. We
write the pure quantum state of a single-excitation atomic
array and a cavity as ρ̂ = ∑

nm cnc∗
m|�, n〉|n〉〈�, m|〈m|,

where |�, n〉 = ∑
j P (j ,n)σ+

j |G〉, and |n〉 is the cavity state.
Experimentally, such a state could be produced by single-
photon sources or by postselecting states obtained by weak
pulse excitations. The amplitudes P (j ,n) are solved sepa-
rately for n = 0, corresponding to no cavity photon, and
n = 1, when the photon and the resulting level shifts are
present. As in Sec. III, we consider a single layer with
coupling between the uniform in-plane mode P1 and the
uniform out-of-plane mode P2. Then, n = 0 results in
δ̄ = 0 in Eq. (1) and no coupling between the two modes,
while n = 1 corresponds to δ̄ �= 0, allowing the dipoles
to rotate and coupling P1 to P2. The full dynamics are
calculated separately for both cases and the two sets of
amplitudes used to reconstruct the full density matrix. The
classical state is similarly described by

〈
ej

∣
∣〈n|ρ̂|G〉|m〉 =

[c(j ,n)
g ]∗c(j ,n)

e , again calculated separately for n = 0, 1.
We can calculate the bipartite entanglement [93] that

provides the conditions for separability of the density
matrix by comparing the purity of the whole density matrix
ρ̂ with either the reduced density matrix ρ̂c = Tra(ρ̂) =∑

j

〈
ej

∣
∣ρ̂

∣
∣ej

〉 + 〈G|ρ̂|G〉 of the cavity subsystem when the
partial trace is taken over the atomic degrees of freedom
or the reduced density matrix ρ̂a = Trc(ρ̂) = ∑

n 〈n|ρ̂|n〉
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FIG. 7. The entanglement measure calculated numerically for
pure quantum single-photon excitation of a 27 × 27 lattice, with
δ̄ = 20γ and cavity state (|0〉 + |1〉)/√2.

of the atoms with the partial trace taken over the cav-
ity. If there is no entanglement and the density matrix
can be factorized into atomic and cavity subsystems, i.e.,
ρ̂ = ρ̂a ⊗ ρ̂c, then Tr(ρ̂2) ≤ Tr(ρ̂2

c ) [93,94].
We take the initial pure state at t = 0 to consist of

exactly one excitation in the out-of-plane mode P2, as
in Fig. 3. We show here the case of large level shifts
δ̄ = 20γ , such that coupling between the two modes
occurs on a time scale that is short compared to the decay
rate of either mode and the state remains approximately
pure. The result is shown in Fig. 7 for the density matrix
calculated numerically for a large lattice, both for the full
system and for the cavity subsystem. As the evolution of
the atoms depends on the state of the cavity, the density
matrix quickly shows entanglement between the atoms and
the cavity, with Tr(ρ̂2) > Tr(ρ̂2

c ). This result is explained
by the two-mode model given in Eq. (1). Solving this
equation in the same limit where decay is neglected and the
state remains pure and reconstructing the density matrix
gives

Tr(ρ̂2) � 1, Tr(ρ̂2
c ) � 1

[
1 + cos2(δ̄t)

]
, (C5)

which closely matches the numerical results in Fig. 7 for
short time scales. Taking the classical state and repeating
the calculation gives

Tr(ρ̂2) � 1 + O(|ce|2), Tr(ρ̂2
c ) � 1, (C6)

which, since the requirement for the classical limit of LLI
is to keep the amplitude terms ce only to first order, results
in Tr(ρ̂2) = Tr(ρ̂2

c ) = 1 corresponding to a pure separable
state.
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