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Fault-tolerant schemes can use error correction to make a quantum computation arbitrarily accurate,
provided that errors per physical component are smaller than a certain threshold and independent of the
computer size. However, in current experiments, physical-resource limitations such as energy, volume,
or available bandwidth induce error rates that typically grow as the computer grows. We analyse how
error correction performs under such constraints and show that the amount of error correction can be
optimized, leading to a maximum attainable computational accuracy. We find this maximum for generic
situations where noise is scale dependent. By inverting the logic, we provide experimenters with a tool for
finding the minimum resources required to run an algorithm with a given computational accuracy. When
combined with a full-stack quantum computing model, this provides the basis for energetic estimates of

future large-scale quantum computers.
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I. INTRODUCTION

With the advent of small-scale quantum computing
devices from companies such as IBM and the myriad
of software and hardware quantum startups, the interest
in building quantum computers is at an all-time high.
The latest declaration of quantum supremacy by Google
[1] begs the question: How do we make our quantum
computers more powerful? The answer is, of course,
to have larger quantum computers. But larger also usu-
ally means noisier, with more fragile quantum compo-
nents that can go wrong, leading to more computational
errors. The way out of this conundrum is fault-tolerant
quantum computation (FTQC), the only known route to
scaling up quantum computers while keeping errors in
check.

FTQC schemes have been known since the early days
of the field [2—8] and are widely reviewed [9—12]. They
remain an active field of research, especially in the context
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of surface codes: see, e.g., Refs. [13—15] or Ref. [16] for
an older review. Underlying all FTQC schemes are basic
assumptions about the nature of the quantum devices and
the noise afflicting them. Many of these assumptions, laid
down long before experimental devices came about, were
based on general physical expectations not specific to any
one implementation. As we learn more about the shape
of quantum computers to come, it is important to revisit
those assumptions, to update them to properly describe
real devices, so that the schemes remain relevant to our
progress toward large-scale useful quantum computers.

FTQC tells us how to improve computational accuracy
by scaling up the size of the computer. The computational
state is carried by more and more physical qubits, encoded
using more and more powerful quantum error-correcting
(QEC) codes, and thus capable of removing more and more
errors. One key assumption is that the physical error prob-
ability n—the maximum probability that an error occurs
in a physical qubit or gate—remains constant as the com-
puter scales up. Then, so long as the error is below a
certain threshold (typically, an error probability per gate
of less than 10~*), one can perform more accurate calcula-
tions by investing more physical resources to scale up the
size of the computer (adding more qubits, gates, etc.). In
principle, this can be repeated until computational errors
are arbitrarily rare.

Published by the American Physical Society
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FIG. 1.

How resource constraints can lead to increased computational errors. Each gate operation on a physical qubit (blob) requires

a certain amount of physical resource (fence) for good control. If the number of physical qubits increases as the computer grows,
without a proportionate increase in control resource, errors will increase.

Unfortunately, this key assumption is observed to be
violated in most current quantum devices, where n is
found to grow with scale. We argue that this is a con-
sequence of resource limitations, so that the resources
per physical component (qubit, gate, etc.) shrink as the
scale of the computer grows, leading to more errors
per gate operation (see Fig. 1). For instance, in ion-
trap experiments, the gate fidelity drops rapidly if more
and more ions are put into the same trap. This volume
constraint is currently a technological bottleneck, even
if it is motivating a push toward networked ion traps
and flying qubits to communicate between traps (see,
e.g., Ref. [17]). Another example is provided by qubits
that are coherently controlled, by resonantly addressing
their transition. Here, a constraint on the total available
energy to perform gates results in lower gate fidelity
[18]. Finally, a constraint on the available bandwidth
makes the qubit transition frequencies closer and closer
as the computer size grows, causing more and more
crosstalk between qubits when performing gates [1].
These three typical examples lead to a scale-dependent
noise.

If the physical error probability 7 is scale dependent, so
that it grows as the computer scales up, we cannot expect
quantum error correction to keep up with the rapid accu-
mulation of errors, so it should come as no surprise that the
standard threshold for fault tolerance [2—8]—and its gener-
alizations to correlated and long-range noise [19-28]—no
longer apply (see, e.g., Refs. [20,29]). This calls for a revis-
iting of our expectations for FTQC within this realistic
context.

In this work, we examine the consequences on FTQC
of growing physical error probability n as the computer
scales up. The absence of a threshold means that arbitrar-
ily accurate computation is unattainable but it does not
mean that quantum error correction is useless. We find
generic situations where a certain amount of error correc-
tion is good but too much is bad. Hence, the amount of
error correction should be optimized, leading to a maximal

achievable computational accuracy. We provide experi-
menters with a methodology to estimate this maximum for
a given scale-dependent noise and show the importance of
adjusting the experimental design to control this scaling.
Inverting the perspective allows us to estimate the mini-
mum required resource cost to perform a computation with
a given accuracy.

The standard theory of FTQC applies when noise does
not grow with scale. It has to be replaced by our theory pre-
sented here in two generic situations: (1) if a technological
bottleneck stops one from increasing the resources (energy,
volume, bandwidth, etc.) in proportion to the number of
physical components (qubits, gates, etc.) in the quantum
computer; or (2) if one wants to minimize the resources
consumed by the quantum computer. We give examples
of both situations here; we use our theory to maximize
the computational accuracy for the available resources in
the first situation and we minimize the resources for a
prescribed accuracy in the second.

Our paper is structured as follows. After recalling the
basics of FTQC, we present our general strategy. We exem-
plify it with a toy model that captures the main features
of FTQC in the presence of scale-dependent noise. We
then focus on three physically motivated situations where
resource constraints such as energy, volume, or bandwidth
lead to scale-dependent noise and examine the feasibil-
ity of FTQC in the limit of large quantum computers. We
finally provide first methodological steps toward minimiz-
ing the energetic costs to run an algorithm with a given
accuracy. This suggests the possibility of a detailed ener-
getic analysis for a full-stack quantum computer—which,
however, goes beyond the scope of this paper.

II. ACCURATE QUANTUM COMPUTING

To be concrete, we examine the FTQC scheme of Ref.
[7], built on the idea of concatenating a QEC code put
forth in earlier works. This has formed the foundation of
many subsequent FTQC proposals; our results are hence
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applicable to those based on concatenated codes. Such
schemes have more well-established and complete theoret-
ical analyses than some of the more recent developments
such as surface codes. Hence they are a good starting point
for our investigation here.

Universal quantum computation in the scheme of Ref.
[7] is built upon the seven-qubit code [30], using seven
physical qubits to encode one (logical) qubit of informa-
tion. We refer to the seven physical qubits used to encode
the logical qubit as a “code block,” and to gates on the
logical qubit as “encoded gates.” At the lowest level of
protection against errors, which we refer to as “level-1
concatenation,” each logical qubit is encoded using the
seven-qubit code into one code block and every com-
putational gate is done as an encoded gate on the code
blocks. Every encoded gate is immediately followed by a
QEC box, comprising syndrome measurements to (attempt
to) correct errors in the preceding gate. Faults can occur
in any of the physical components—physical qubits and
gates—including those in the QEC boxes, so the error cor-
rection may not always successfully remove the errors.
Faulty components in the QEC box may even add errors to
the computer. A critical part of the construction of Ref. [7]
is to ensure that the QEC boxes, even when faulty, do not
cause or spread errors on the physical qubits in an uncon-
trolled manner provided that not too many faults occur, a
realization of the notion of fault tolerance.

At level-1 concatenation, the ability of the code to
remove errors is limited. The seven-qubit code ideally
removes errors in at most one of the seven physical qubits
in the code block. To increase the QEC power, we raise
the concatenation level of the circuit: every physical qubit
in the lower concatenation level is encoded into seven
physical qubits; and every physical gate is replaced by its
seven-physical-qubit encoded version, followed by a QEC
box. In this manner, level-k concatenation is promoted to
level-(k + 1) concatenation, for k = 0,1,2,.... The QEC
ability of each level of concatenation increases in a hier-
archical manner. For example, at level-2 concatenation,
every logical qubit is stored in 7°> = 49 physical qubits
organized into two layers of protection, with the topmost
layer comprising seven blocks of seven physical qubits
each. Each block of seven physical qubits is protected
using the seven-qubit code; the seven blocks of qubits are
themselves protected by QEC in the second layer. This
logic extends to higher levels of concatenation.

The concatenation endows the overall computational
circuit with a recursive structure (see Fig. 2), a crucial
ingredient in the proof of the quantum accuracy thresh-
old theorem. The increase in computational resource as
the concatenation level grows is beneficial only if the
increased noise due to the larger circuit is less than the
increased ability to remove errors. This leads to the con-
cept of a fault-tolerance threshold condition. The quan-
tum accuracy threshold theorem gives a prescription for

increasing the accuracy of quantum computation with no
more than a polynomial increase in resources, provided
that the physical error probability is below a threshold
level. Specifically, for the FTQC scheme of Ref. [7], the
error probability per logical gate at level-k concatenation
is upper bounded by

1
p® = 2B (M

Here, 1 is the physical error probability and p©@ =15. B
is a numerical constant, determined by the fault-tolerance
scheme, that captures the increase in complexity (number
of physical components) of the circuit used to implement a
single logical gate as one increases k for increased protec-
tion. Equation (1) expresses quantitatively the idea of the
accuracy threshold theorem: as long as

1

n< E = MNthres» (2

p® decreases as k increases. Equation (2) is the thresh-
old condition, i.e., the physical error probability n in the
quantum computer has to be below the threshold level
Ninres Tor FTQC to work. The number of physical gates
in the circuit that implements the level-k logical gate is
G® = 4(4)*!, where 4’ and A4 are integers given by
circuit details; the well-known scheme of Ref. [7] has
A =575 and A" =291 [31]. From 4 and A4’, one counts
the number of fault locations, B. A simple overestimate of
the integer B is (’;) ~ 10°, with a more careful counting
giving an improved value of B ~ 10* [7].

The quantum accuracy threshold theorem [2—8] shows
that a double-exponential decrease in p® with k can be
achieved with only an exponential increase in resources,

Level-(k—2)
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FIG. 2. The accuracy of a quantum computation can be
increased by a FTQC scheme that makes use of concatenation
and recursive simulation. Circuits are designed to be hierar-
chical, with high-level gate components built from lower-level
components in a self-similar manner.
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giving the no-more-than-polynomial increase in resource
costs claimed in the accuracy threshold theorem. The
theorem assumes that the value of #n, the physical error
probability, remains constant even as the level of concate-
nation k increases. However, as mentioned, as k increases
and the physical size of the computer grows, current exper-
iments suggest that 5 also increases. Our goal here is thus
to examine how the conclusions on quantum accuracy are
modified if n grows with k. Then it is intuitively clear that
as k is increased in an attempt to reduce the logical error
probability, the underlying noise per physical component
increases to thwart that reduction. We will see that there
is a maximum k beyond which further concatenation only
serves to worsen the computational accuracy.

II1. EFFECT OF SCALE-DEPENDENT NOISE

We examine the consequences of a k-dependent phys-
ical error probability n®, illustrating it first with a toy
model, before analyzing the more realistic situation where
a constraint on the total resource available for the compu-
tation leads to a shrinking amount of resource per physical
gate as the computer scales up. The general effect of a -
dependent physical error probability can be summarized
in the schematic of Fig. 3. We also show how to obtain
the maximum computational accuracy available for a given
model of scale-dependent error.

A. Toy model

We first illustrate this with a simple model in which
n® =@ +ck), for k=0,1,2,..., where n® is the
physical error probability per gate in a computer large
enough to perform level-k concatenation. Here, ¢ > 0 and
n©® > 0 are constants governed by the physical system in
question. Although this is a toy model, one can think of it
as the affine approximation of any 7® function with weak
k dependence, expanded about n® = »n© (see also the
long-range noise with z = d in Table I of the Supplemental
Material [32]). For this ®, Eq. (1) gives

1 ok k
P =2 [BnV(+eb] =p ek Q)
Here, we define

k
P = < (B1) @
which would be the value of the error probability per log-
ical gate if the error probability per physical gate were
k independent. If ¢ = 0, p® /p*=D = p® /p*=D - 1 g5
long as ¥ < 1/B, as in Eq. (2); if ¢ > 0, the multiplica-
tive factor (1 + ck) grows with k so, eventually, p **1 >
p® for k beyond some kg value. Figure 4(a) shows an
example of how p® varies as k increases, for different ¢

N
7

USUAL THRéOD/

-N Error per logical gate p(*¥)

V

o
—_
[\
w

Concatenation level k

FIG. 3. The black dotted curves are a schematic of the con-
ventional situation, where the physical error probability 5 is
independent of the scale—the concatenation level k&— of the
computer. The red solid curves are a schematic of the consid-
eration in this work, where n grows with £ (each red curve is
for a different value of p©' = p). If 5 is k independent, standard
FTQC analysis says that the error per logical gate p® can be
brought as close to 0 as desired by increasing k, provided that
one starts below the threshold (solid horizontal line) at k£ = 0.
If n depends on k, even if one starts below the threshold, p®
eventually turns around for large enough k. p® cannot reach 0;
there is a maximum concatenation level and a further increase in
k only increases the logical error. All examples in this work have
at most one minimum in each red curve but, in general, there can
be multiple minima.

values. As long as ¢ > 0, p® decreases (if at all) before
rising again, above some kp,, value.

Corresponding to this maximum useful level of concate-
nation, kpyax, 1S the minimum attainable error probability,
Pmin = pY%ma0) | giving the limit to computational accuracy
attainable for given values of ¢ and Bn®, quantities that
give information about the noise scaling and the fault-
tolerance overheads. Figure 4(b) shows the kp.x values
for different ¢ and Bn® values [cf. Fig. 3(b)]. Clearly,
kmax decreases as ¢ grows (stronger k dependence). Current
experiments have Bn® > 1; for example, the IBM Quan-
tum Experience system has n® > 1073, giving Bn©® >
10 for B = 10*. In near- to middle-term experiments, we
expect Bn® to not be far below 1, i.e., the error probabil-
ity is just below the ¢ = 0 threshold value [see Eq. (2)].
In this case, Fig. 4(b) suggests that one quickly loses the
advantage of concatenating to higher levels even for small
¢ values. In fact, for encoding to be helpful at all, i.e.,
for k = 1, we must have pV = B[n©@]*(1 +¢)?> < p© =
n©®, which in turn requires

~ 1 (5)
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FIG. 4. (a) Anexample of how p® varies as the concatenation
level k increases, for the affine model with ¢ = 0 (lightest color),
0.5,1,...,10 (darkest color), B = 10*, and n® = 5 x 107°, for
which Bn©® = 0.05, far below the threshold for ¢ =0. All
curves, apart from that for ¢ = 0, turn around for large enough
k. (b) The maximum k value, knpay, such that p®+D < p®  with
p©@ =13, the unencoded error probability, for different val-
ues of Bp® < landc € {0,0.1,0.2,...,10}. In every case, kmax
eventually falls to zero for large enough ¢, i.e., it is better to have
no encoding.

If Bn©® = 0.8, say, this amounts to the requirement that
¢ < 0.1, so that a very weak dependence on % is necessary
for even one level of encoding to help at all in reducing the
error probability.

B. General case

More generally, consider the physical error probabil-
ity growing as a monotonic function of k: n® = n©@f(k),
with (k) > 1 monotonically growing with £ and f(0) =
1. Then, the error probability per logical gate is p® =
p(()k)f(k)zk, where Eq. (4) gives pék). Treating & as a con-
tinuous variable, let us assume there is only one minimum,
which we define as £ = kg (with “st” for stationary point).
Then the minimal attainable error will occur at an integer
kmax, Which is one of the two integers nearest to the mini-
mum kg, so the minimal error will occur at kpax < kg + 1.
If there are multiple minima, we define &y as the minimum

with the largest k. A priori, we do not know which mini-
mum will be the best but we still know that kpay < kg + 1.
Combining this with a little algebra for & yields

1
kmax < 1+fl<B_T]0>’ (6)

with £ ~!() the inverse of f(:). If f(k— o0) is finite,
p® can be made arbitrarily small only if n© < [Bf (k—
00)]~!. However, in many cases (such as the above toy
model and the example in the following section), one has
f(k— 00)— 0o. Then, the minimum p® will occur at
finite kmayx, no matter how small n@ is. In this case, one
can never attain arbitrarily small logical error probability
by concatenating further.

IV. EXAMPLES OF RESOURCE CONSTRAINTS

We now give examples of how specific physical-
resource constraints can lead to the scale-dependent noise
discussed in the previous section. In the first example,
the constraints lead to a scale-dependent local noise on
each physical component, so the above theory applies
directly. In the second example, the constraints lead to
scale-dependent crosstalk between qubits, which can be
mapped to the above theory, using a mapping in Refs.
[20,25].

A. Resource constraints affecting local noise

This section considers local noise on each qubit n®
scaling with a total number of physical components N (k)
that grows exponentially with £. Let us assume that adding
a level of concatenation involves replacing each physical
component by D physical components, so N (k) = D*. For
the noise, we take n® o« N (k)? for some positive constant
exponent S, so

U(k) — n(O)Dﬂk. (7)

There could be various origins for such a scaling. A com-
mon one is total resource constraint. One expects the
resources needed to maintain a given quality of physical
gate operations to scale with N, so a constraint on the
total available resource will result in a fall in the resource
per physical component as the computer scales up. This
gives a consequential drop in the quality of the gate or,
equivalently, a rise in the physical error probability 7.

The error probability per logical gate is then p® =
po(k)Dﬁzkk, where Eq. (4) gives p.". Going from (k — 1) to
k levels of concatenation reduces the logical error proba-
bility when p® /p*~1 < 1. This is satisfied for the model
of Eq. (7) only when k < kyax, Where kp,x 1s the largest
positive integer satisfying (see Sec. A of the Supplemental
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Material [32])
kinax < —In (Bn”D?) / In (DP). (®)

If no positive integer kmax satisfies this inequality, then
kmax = 0 and concatenation is not useful at all. This is
because concatenation is useful only if p" < 5@, which
requires

n® <B~'D7. ©9)

This is often a much more stringent condition than n©® <
Nimres 1N EqQ. (2). For example, if the noise scales with the
number of gates in a concatenated FTQC scheme, we can
take N (k) = G® = 4(4')*~! [see the paragraph following
Eq. (2) above]. This means that we set D = 4’, where 4’ =
291 as in Ref. [7]. One sees that, for § = 1, concatenation
is useful only if @ < B=1472 ~ 107, which is 10° times
smaller than the usual threshold nyes.

This condition is so stringent because D is so large. If the
noise scales with a different physical parameter (number of
qubits, number of wires, or similar), the value of D will be
different but it will still typically be large. Equation (9) then
makes it clear that the larger D is for a given parameter, the
more important it is to minimize the scaling of the noise
with that parameter (i.e., to minimize ).

The minimal attainable error probability per logical gate
is given by taking k = kpqx in the above formula for p®.
For fixed system parameters (D, B, 1, B), this p%ma) jg
easily found by taking p® for different integers k to see
which is smallest. However, to see its dependence on those
parameters, Sec. A of the Supplemental Material [32] gives
algebraic formulas for upper and lower bounds on p max)

B. Resource constraints affecting crosstalk

A common problem in existing prototype quantum com-
puters is crosstalk between qubits. This is an example of
a more general problem of nonlocal non-Markovian noise,
usually called long-range correlated noise. To treat this, we
follow Refs. [20,25] and define Hj; as the arbitrary (and
potentially noisy) unwanted interaction between physical
qubits i and j. This interaction could be direct or it could
be mediated by other degrees of freedom (which one traces
out). In the latter case, it could be non-Markovian, meaning
that it can account for interactions mediated by sub-Ohmic,
Ohmic, or super-Ohmic baths [33]. One then defines the
error strength

(10)

N
A =ml?1X<21:||Hy||)
J=

for a computer containing N physical qubits. References
[20,25] have shown that # A is a good measure of the error

per gate, where f; is the duration of the slowest physi-
cal gate, although it should not be interpreted directly as
the error probability per gate; see, e.g., Ref. [34]. They
have then shown that fault tolerance holds when f{HA <
Qe*t1/ept)~1 ~ 107 for N — oo.

Here, in contrast, we consider cases where A diverges
for N — oo, violating the condition for fault tolerance in
Refs. [20,25]. This growth of A with N will often occur
due to resource constraints. A simple example would be
a constraint on the physical volume of the quantum com-
puter, which is a current limitation in qubit technologies
based on ion traps [35]. Then the density of qubits must
scale like N. If each qubit has unwanted interactions with
all other qubits within a given radius, one would have
A «x N. A second example—relevant to multiple tech-
nologies—is a bandwidth constraint, i.e., a limit on the
available range of transition frequencies of the qubits. This
is particularly a problem for existing superconducting and
ion-trap qubit technologies. There, each two-qubit gate
corresponds to a different transition frequency and a given
gate is performed by sending a driving signal (typically a
microwave signal) into the quantum computer with the fre-
quency of that gate. This means that the driving signal for
a two-qubit gate between qubits » and m will also cause
an unwanted interaction /;; for pairs of qubits i and j with
frequencies too close to that for » and m [36]. In some tech-
nologies, all qubits feel the driving signal. The number of
qubits suffering this unwanted interaction then grows with
the number of qubits in any given window of transition
frequencies, which grows like N. In this case, A o« N. Of
course, clever engineering may well reduce the scaling of
A with N, so we prefer to consider A o« Nf with some
[37].

We now study how the physics depends on the scaling
of A with N. By taking A o« N, we have A oc DP¥ for
k levels of concatenation, where the number of physical
qubits increases by a factor of D with each level of con-
catenated error correction. We then use the method of Refs.
[20,25], which involves taking all results in Sec. III above
and replacing n® by e'*1/@9 /21)A, where fyA o DP¥
(see Sec. B of the Supplemental Material [32]). Defining
Ag‘) as the upper bound on effective long-range correlated
noise between logical qubits performing a given algorithm
with & levels of concatenation, Sec. B of the Supplemental
Material [32] shows that

(262+1/eth0A(0)
De2t1/ep2

)

AP = D%, (11)
Here, A® is the magnitude of the long-range noise
between physical qubits performing the same algorithm
without error correction (so its logical qubits are its phys-
ical qubits). Equation (11) gives an overestimate of the
true error, but no better bound exists at present. Thus the &
that minimizes this bound gives the best existing bound on
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the achievable accuracy in the presence of such noise. For
example, if A© is the crosstalk between physical qubits
in a computer performing a given calculation without error
correction, then Aék) is an upper bound on the crosstalk
between logical qubits in a computer performing the same
calculation with & levels of concatenation. Since Eq. (11)
has the same & dependence as in Sec. [V A, all results there
and in Sec. A of the Supplemental Material [32] hold for
this long-range noise, upon replacing B by 2¢**t1/°B2. As
a quick estimate, one can set D ~ A" = 291 as done in
the local-noise example; a more careful calculation [38]
confirms that D is of order 4’.

The good news is that this shows that error correction
can reduce errors to a certain extent, even for noise too long
ranged to have a fault-tolerance threshold. The bad news is
that one requires /pA® < [2¢1!/ eBzDzﬂ]_] for error cor-
rection to be useful in reducing crosstalk between qubits.
This is always tiny: it is of order 10~° for small g and
of order 10~ for B = 1. If one achieves noise as weak as
this, one can already do huge quantum calculations without
worrying about errors.

In this section, we treat scale-dependent crosstalk
induced by resource constraints but our conclusions apply
to long-range correlated noise of any origin. One example
is unwanted long-range interactions, which decay with the
distance r between qubits i and 7, so that /7; o< (1/r)*. Ref-
erence [20] has considered this example in a d-dimensional
lattice of qubits for z > d but we treat longer-ranged noise
(z <d) in Sec. B of the Supplemental Material [32], for
which A o« NU=%/9_ This example is then the same as
those treated above, with 8 = (1 — z/d).

C. Energy constraint for resonant gates performing
Shor’s algorithm

As a concrete example of the situation described in
Sec. IV A (with 8 = 1), we examine a resource constraint
in a specific type of quantum gate implementation, per-
forming a specific quantum algorithm. We take the gate
implementation to be resonant qubit gates and assume that
there are limited energy resources available to perform
a given computation (see also a related early analysis in
Ref. [29]). We take the desired computation to be Shor’s
algorithm and investigate how big a computation can be
performed (with a given calculational accuracy) when
there are limited energy resources.

We consider qubits embedded in waveguides, i.e., a
continuum of electromagnetic modes prepared at zero tem-
perature. Gates are activated by resonant propagating light
pulses with a well-defined average energy or, equiva-
lently, an average photon number 7, [see Fig. 5(a)]. This
describes the situation in superconducting circuits [39,40]
and integrated photonics [41]. It is also the paradigm of
quantum networks and light-matter interfaces, with suc-
cessful implementations in atomic qubits [42]. Here, we

()
photon
[\ pulse4
b . —
(b) Optimal 6 l__:'
level of 4l oo
error 1
correction H
k max — _'r
1)
10> 10° 10" 10°
Number of photons 77,
(c)

SN
10°F k=0 k=1k=2

Error probability with optimal
level of error correction p(kmax)

Number of photons 7,

FIG. 5. (a) A qubit-in-waveguide schematic: the photon pulse
for gate operations. (b) kmax as a function of number of photons
per logical gate 7y = 7,0i/R? (see text). (c) The lowest possi-
ble error per logical gate p*m) as a function of 7y = 7 /R?,
for Shor’s factoring algorithm. The horizontal red dashed lines
correspond to the different target (pe) values for different R
values.

maximize the accuracy of a computation for a given energy
constraint. Then, by inverting the logic, we use this to
find the minimal energy budget necessary to realize a
specific computation with desired accuracy. For our illus-
trative goals, we treat only single-qubit gates subjected to
noise from spontaneous emission. In doing so, we neglect
dephasing noise. While this is a fair approximation for
atomic qubits, it is more demanding for solid-state qubits
but within eventual reach of superconducting circuits and
spin qubits.

The dynamics of the qubit follow the Lindblad equation,
0 = —(/R)[H(), p] + D(p), with the total Hamiltonian
H(t) = Hy + Hp(¢). Here, Hy = —(1/2) hwyo is the bare
Hamiltonian of the qubit, with o, =]0)(0] — |1)(1]. We
assume that the gates are designed as resonant driving,
in the rotating-wave approximation (RWA), described by
the Hamiltonian Hp(t) = (h/2)QA(r) (|0) (1] e’ + |1)
(O|e’i“’0t), with the Rabi frequency Q2 < wy. We take /4(¢)
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as a square function, nonzero only for the duration of the
gate: h(f) = 1 for t € [0, t] and O otherwise. The unitary
evolution induced by this Hamiltonian is a rotation around
the x axis of the Bloch sphere by an angle 6 = Q. This
rotation is our single-qubit gate. In addition, the Lindblad
dissipator D(p) = y[o_pos — (1/2){p,o,0_}] accounts
for the spontaneous emission in the waveguide. Here,
o_ = |0)(1] is the lowering operator, o, = ol = [1)(0]
the raising operator, and y the spontaneous emission rate.

Note that  and y are not independent, typical of
waveguide quantum electrodynamics, where the driving
and the relaxation take place through the same one-
dimensional electromagnetic channel. Spontaneous emis-
sion events while the driving Hamiltonian is turned on
cause errors in the gate implementation. Their impact is
reduced if the qubit is driven faster, i.e., if the Rabi fre-
quency is larger. Conversely, the Rabi frequency is related
to the mean number of photons inside the driving pulse
through Q = (4y/0)n, (see Sec. C of the Supplemental
Material [32]). In principle, pulses containing more pho-
tons induce better gates, with perfect gates for an infinite
number of photons. However, if one designs the gates to
work within RWA (to avoid the complicated pulse-shaping
issues that come with finite counter-rotating terms), then
there cannot be too many photons: 7, < wo/y. Then, the
remnant noise, for a & = m gate, has physical error prob-
ability (see Sec. C of the Supplemental Material [32])
n = (w?/16)(1/7,), with a minimal noise of order y /wy.

We now assume a constraint on the total number of pho-
tons 7y, available to run the whole computation. As we
show below, taking this constraint into account allows us
to minimize the resource needed, for a target level of tol-
erable computational error. At level-k concatenation, the
number of physical gates needed to implement a compu-
tation with L (logical) gates is LG® = LA*. Assuming a
distinct pulse for each gate, the number of photons avail-
able per physical gate, given the total energetic constraint,
is7ig = Mo (LA*) ™", Thus, the physical error probability for
the & = 7 gate acquires an exponential £ dependence:

® _ w? LA*

16 A

(12)

Thus this is a concrete example corresponding to the § = 1
case in Eq. (7) above.

To better grasp the consequences of this k-dependent
n, which we take as the generic behavior for all gates,
we consider carrying out Shor’s factoring algorithm [43].
Shor’s factoring algorithm is touted as the reason why
the RSA public-key encryption system will be insecure
when large-scale quantum computers become available.
The current RSA key length is R = 2048 bits. The expo-
nential speed-up of Shor’s algorithm over known classical
methods comes from the fact that we can do the discrete
Fourier transform on an R-bit string using O(R?) gates

on a quantum computer (see, e.g., Ref. [10]), compared
to O(R2R) gates on a classical computer. The discrete
Fourier transform gives a period-finding routine within
the factoring algorithm, the only step that cannot be done
efficiently classically. Thus, to run Shor’s algorithm, one
needs L ~ R? nonidentity logical quantum gates for the
discrete Fourier transform. The exact number of computa-
tional gates, including the identity gate operations, which
can be noisy, for the full Shor’s algorithm depends on the
chosen circuit design and architecture. We will take the
lower limit of L ~ R? in what follows. The concatenation
values we find below are thus likely optimistic estimates.
A standard strategy is to demand that the computation
runs correctly with probability Pigeer > 1/2; once this is
true, the computation can be repeated to exponentially
increase the success probability toward 1. For Piger =
2/3, with L logical gates, each with error probability
Pere (K 1), we require (1 — per)” > Prarger = 2/3, giving
a target error probability per logical gate of pey < (3L)7.
Figure 5(b) presents kp,x, the maximum concatenation
level, as an increasing function of the photon budget per
logical gate 77; = 7iy/R* (approximately 72¢/L) (note that
;, = G®ny = A*ny). For fixed total resource, in this case,
the photon budget per logical gate, as the concatenation
level increases, the available photon count per physical
component falls and we recover the behavior observed
in earlier sections, giving a finite ky,x and, consequently,
a limit to the computational accuracy. The solid bold
black line in Fig. 5(c) gives the corresponding minimum
attainable error per logical gate as a function of ;.

V. MINIMIZING THE RESOURCE COSTS OF AN
ALGORITHM

One can turn our results for resource constraints around,
to enable us to answer the following question: What are
the minimum resources needed for a target computational
accuracy, sufficient for a given problem?

As an illustration, we answer this question for Shor’s
algorithm for an R-bit string in Sec. IV C. The number of
gates in the algorithm grows with R, requiring a smaller pe,,
for the algorithm to be successful. This demands a larger
photon budget to implement the algorithm using resonant
gates. For the parameters in Fig. 5(c), R = 10° requires
no concatenation and the minimum photon budget is 7, =
10%; for R = 10°, we need k=1 and n; = 10°; for R =
107, we need k = 2 and 77; = 10'!. Recall that the gates
are assumed to be designed within the RWA; hence wy >
yng. For R = 103, this translates to the condition wg >>
yng = yny/A° = 107y; for R = 107, we need wy > 10°y
for A = 575 (this 4 is from Ref. [7]). These conditions
are attained for atomic qubits. They are within reach of
future generations of superconducting qubits, where y ~
10 Hz for qubit frequency wy ~ 10 GHz. Today, the best
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coherence time for a superconducting qubit is within the
millisecond range: y ~ 1 kHz [44,45].

Our analysis also provides an estimate of the energy
needed to run the gates involved in Shor’s algorithm,
namely, Ei; ~ hwoLnz (R). For R = 10°, with the above
photon budget of 10°, this translates into Ey,; ~ 1 pJ. Tak-
ing into account the parallelization of the computation
(see Sec. D of the Supplemental Material [32]), this cor-
responds to a typical power consumption of about 1 pW,
while the R = 107 case requires only 10 nW of power.

Thus for a realistic constraint on the photon power to
perform quantum gate operations, error correction would
allow one to perform large quantum computations. This
is a surprising and positive conclusion, when one consid-
ers that the constraint causes scale-dependent errors for
which there is no fault-tolerance threshold. It clearly shows
that the absence of a threshold is not necessarily a sig-
nificant impediment to using error correction in quantum
computing.

Above, we calculated the energy of photons arriving at
the qubits for a gate operation. However, that energy is a
fraction of the energy for signal generation, because there
is typically an attenuator between the signal generator and
the qubit. The job of this attenuator is to absorb ther-
mal photons to avoid perturbing the qubit. However, this
means that it also absorbs most of the photons in the signal
sent to perform the gate operation. To calculate the signal-
generation energy from the above discussion, one must
multiply those results by the attenuation factor. Unfortu-
nately, the attenuation depends on design choices beyond
the discussion here (such as the temperature at which the
signal generation occurs). Furthermore, there is a large
cryogenic energy budget for keeping the qubits and atten-
uators cool, which depends on the photon energy absorbed
by the attenuator. Elsewhere [38], we will perform a full
energetic optimization of all of these interlinked compo-
nents, along with other critical components of a quantum
computer, in a full-stack analysis of a large-scale quantum
computer.

Nevertheless, the above example does show that the fun-
damental ingredient in the minimization of energy, or any
other resource, is the calculation of the scale dependence of
the noise that occurs when that resource is constrained. To
go from this to a full-stack analysis is largely an issue of
optimizing cryogenics, control circuitry (including signal
generation), and the quantum algorithm for the calculation
in question.

VI. CONCLUSIONS

Many quantum computing technologies currently
exhibit physical gate errors that grow with the size and
complexity of the quantum computer. Standard fault-
tolerance discussions do not apply in such situations and
no rigorous threshold exists. Despite this, we show that a

certain amount of error correction can increase compu-
tational accuracy but that this accuracy decreases again
with too much error correction. We show how to find the
amount of error correction that optimizes this accuracy. For
concreteness, we consider fault tolerance based on con-
catenated seven-qubit codes here. However, our approach
could be applied to other fault-tolerance schemes, includ-
ing the currently popular surface codes [46], where we also
expect scale dependence of noise on physical components
to lead to situations where a little error correction is good
but too much is bad.

We explore the optimization of computational accu-
racy in the presence of resource constraints, whereby the
resources per physical component go down as the number
of components grows. We do this in increasing levels of
practical relevance, from a simple toy example, to physi-
cal qubits in waveguides. We identify some cases, such as
reasonable energy constraints for gate operations, where
optimization gives a maximum accuracy good enough for
large quantum computations. In other cases, such as vol-
ume or bandwidth constraints causing long-range crosstalk
between qubits, error correction is only useful against
such crosstalk when the error strength per physical gate
is already so small (ranging from 10~ to 10~'?) that one
could perform huge quantum computations without any
error correction.

Our analysis suggests three priorities for experimenters
working toward useful quantum computers: (1) that they
should try to characterize the scale dependence of the
errors for their technology; (2) that they should strive
to make this scale dependence as weak as possible; and
(3) that they should reduce the physical error probabil-
ity significantly below the standard threshold. Point (3) is
necessary for standard fault tolerance to work well but it
becomes critical when errors are scale dependent. In this
context, the optimization in this work will enable experi-
menters to see the size of quantum computation that can be
achieved with their error magnitude and scale dependence.
In our upcoming work [38], we further address these points
through a full-stack model of a quantum computer build
from the theory presented here.
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