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Achieving high-precision detection of time-dependent signals within noise is a ubiquitous issue in
physics and a critical task in metrology. Lock-in amplifiers are detectors that can extract alternating sig-
nals within extreme noise via a known carrier frequency. Here we present a protocol for achieving an
entanglement-enhanced lock-in amplifier via use of many-body multipulse quantum interferometry. The
many-body quantum lock-in amplifier is implemented by application of a periodic multi-π -pulse sequence
during the interrogation. Our analytic results show that, by our choosing suitable input states and readout
operations, the frequency and amplitude of an unknown alternating field can be simultaneously extracted
via population measurements. The lock-in point can be determined via the symmetry of the signal dur-
ing a single interrogation time or the time-averaged signals for multiple interrogation times. We find
that the measurement signal at the lock-in point is independent of the interrogation time. In particular,
if we input spin cat states and apply interaction-based readout operations, the measurement precisions
for frequency and amplitude can both approach the Heisenberg limit. Moreover, our many-body quantum
amplifier is also robust with regard to extreme stochastic noise. Our study paves a new way for measuring
time-dependent signals with many-body quantum systems, and provides a feasible method for achieving
Heisenberg-limited detection of alternating signals.
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I. INTRODUCTION

Detecting time-dependent alternating signals with high
precision is an important problem in fundamental physics
and a critical task in metrology [1–6]. Generally, the target
signal is submerged in stochastic noise, in which the target
signal and the stochastic noise couple to the probe through
the same physical channel. To obtain a high signal-to-
noise ratio, one has to choose an optimal trade-off between
decreasing the effect of noise and enhancing the response
to the target signal. Usually, a lock-in amplifier has been
used as a high-efficiency classical detector to extract a
signal from noise with a high signal-to-noise ratio. The
lock-in amplifier selects the signal with a specific fre-
quency and phase from a mixture of mostly unwanted
frequencies.
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Dynamical decoupling (DD) methods have been exten-
sively used to increase the signal-to-noise ratio of quantum
sensors for alternating signals [7–26]. In particular, a quan-
tum analog of the classical lock-in amplifier with a single
trapped Sr+ ion has been demonstrated [23], in which
noncommuting manipulations are performed to decouple
the quantum probe from noise, while increasing its sen-
sitivity. Quantum lock-in techniques are readily available
for other quantum probes [20–26]. However, to the best
of our knowledge, all existing studies of quantum lock-
in amplifiers concentrate on single-particle systems. Can
one achieve a quantum lock-in amplifier via a many-body
quantum system?

It is well known that many-body quantum entangle-
ment is a useful resource for increasing measurement
precision [15,27–32]. For N individual particles, the mea-
surement precision scales as the standard quantum limit
(SQL) (i.e., ∝ 1/

√
N ). The SQL can be surpassed by using

entanglement. Remarkably, entangled non-Gaussian states
(ENGSs), such as spin cat states or even Greenberger-
Horne-Zeilinger (GHZ) states, set a benchmark for beating
the SQL in metrology. The measurement precision can
be increased to the Heisenberg limit (HL) (i.e., ∝ 1/N )
[33–37]. With state-of-art techniques, the ENGS state can
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be generated in ultracold atomic gases [12,32,38,38–43],
trapped ions [44], and photonic systems [45]. Can one use
many-body quantum entanglement to increase the mea-
surement precision of a quantum lock-in amplifier? Fur-
thermore, is the entanglement-enhanced lock-in amplifier
robust with regard to extreme stochastic noise?

In this article, we present a general protocol for achiev-
ing a many-body quantum lock-in amplifier via quan-
tum interferometry under a periodic multipulse sequence.
Many-body quantum interferometry can be divided into
three steps: state preparation, signal interrogation, and
readout. To detect an unknown alternating signal, we apply
a train of π pulses with equidistant spacing in the sig-
nal interrogation stage. The modulation (i.e., the applied
π -pulse sequence) is noncommuting with the signal acqui-
sition, which is the key for achieving a quantum lock-in
amplifier. For a given evolution time T, the pulse spacing
τ = π/ωe is adjusted to probe the oscillating frequency ω

of the target signal. At resonance ωe = ω, when the sig-
nal and the modulation are locked in, the π pulses are
applied at every peak and valley of the signal and thus
the accumulated phase is close to zero, while for ωe �= ω,
the accumulated phase oscillates dramatically and is sensi-
tively dependent on the detuning ω − ωe. As this accumu-
lated phase determines the half-population, one may infer
the lock-in point ωe = ω by measuring the half-population
versus the detuning. Meanwhile, the signal amplitude can
also be extracted.

Moreover, we analytically study the measurement pre-
cisions for frequency and amplitude of an ac magnetic
field. For nonentangled states, the measurement precisions
only attain the SQL. Through use of entangled states, the
measurement precisions can be increased to the Heisen-
berg limit. In particular, by use of spin cat states and
suitable interaction-based readout operations [46–56], the
measurement precisions for frequency and amplitude can

simultaneously achieve the Heisenberg limit. Besides, our
many-body quantum amplifiers are robust with regard to
stochastic noise, even with highly entangled spin cat states.

This article is organized as follows. In Sec. II, we
introduce our general protocol for a many-body quantum
lock-in amplifier by applying a train of π pulses. In Sec.
III, we study the measurement precisions for different input
states. We demonstrate how to achieve the Heisenberg-
limited quantum lock-in amplifier via spin cat states and
discuss its robustness against stochastic noise. Finally, we
give a brief summary and discussion in Sec. IV.

II. GENERAL PROTOCOL

In this section, we present our general protocol for
achieving a many-body quantum lock-in amplifier. Clas-
sical lock-in amplifiers can extract a signal with a known
carrier frequency from noise; see Fig. 1(a). The noise is
mixed with the target signal (i.e., the target signal and the
noise couple to the probe through the same physical chan-
nel). In essence, a lock-in amplifier receives a target signal,
multiplies it by a reference signal, and performs integra-
tion over a specified time. After the integration, there is
almost no contribution from any signal that is not at the
same frequency as the reference signal. In analogy, a quan-
tum lock-in amplifier with many-body quantum systems
can be realized by use of quantum control techniques; see
Fig. 1(b). For the classical lock-in amplifier, the mix-down
process can generate the instantaneous product of the tar-
get signal and the reference signal and can be achieved
with a nonlinear device. Correspondingly, the key for real-
izing a quantum lock-in amplifier is to find a quantum
analog of the mix-down process [23]. Nonlinear dynam-
ics of the wave function cannot be introduced directly.
However, the dynamics is proportional to a product of

(a) (b)

FIG. 1. A classical lock-in amplifier and a many-body quantum lock-in amplifier. (a) The classical lock-in amplifier. Vs(t) is the
target signal submerged in extreme noise. Vr(t) is a known reference signal. Inputting the two signals through the classical lock-in
amplifier, one can extract the signal Vs(t). (b) The many-body quantum lock-in amplifier. The coupling between the probe and the
signal is described by Ĥ int = M (t)Ĵ z , with M (t) = S(t) + No(t), where S(t) is the target signal and No(t) is the stochastic noise. The
oscillating modulation term Ĥ mix, which is analogous to the reference signal Vr(t), does not commute with Ĥ int. Thus, the quantum
probe, obeying the HamiltonianĤ = Ĥ int +Ĥ mix, can be used to realize a quantum lock-in amplifier for extraction of the signal S(t).
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Hamiltonian terms if the total Hamiltonian does not com-
mute with itself at different times. Thus, the mix-down
process can be achieved by noncommutative operations,
and quantum lock-in amplifiers can be achieved.

To illustrate our protocol, we consider an ensemble of
N identical two-state bosonic particles. The two states
can be selected as any desired two levels, and here-
after we label them as spins |↑〉 and |↓〉, respectively.
The system states can be well characterized by the col-
lective spin operators: Ĵ x = 1

2 (â†b̂ + âb̂†), Ĵ y = 1
2i (â

†b̂ −
âb̂†), and Ĵ z = (1/2)(â†â − b̂†b̂), where â and b̂ denote
annihilation operators for spins |↑〉 and |↓〉, respectively.
The system states can be represented in terms of the
Dicke basis {|J , m〉}, where Ĵz|J , m〉 = m|J , m〉, with J =
N/2 and m = −J , −J + 1, . . . , J − 1, J . Given the probe
as an ensemble of two-mode bosonic particles, the cou-
pling between the probe and the target signal [an ac
magnetic field B(t) = B sin(ωt + β)ẑ] is described by
the Hamiltonian

Ĥ B(t) = γ B(t) · J = γ B sin(ωt + β)Ĵ z, (1)

where B corresponds to the magnetic field amplitude,
γ is the gyromagnetic ratio, ω denotes the oscillation
frequency, and β is the initial phase.

Similarly to other lock-in amplifiers, the target signal
and the noise couple to the probe through the same physical
channel. In the presence of stochastic noise, the interaction
between the system and the external ac field is described by
the Hamiltonian Ĥ int(t) = M (t)Ĵ z, where the external field
M (t) = S(t) + No(t) consists of the target signal S(t) =
S0 sin(ωt + β) and the stochastic noise No(t). The target
signal is modulated with time, ω corresponds to the oscil-
lation frequency, β is the initial phase of the signal, and
S0 = γ B stands for the strength of the signal.

To implement the quantum lock-in amplifier, we mix
the system with an induced modulation signal that does
not commute with Ĥ int (see Appendix A for more details).
Here we consider the mixing term Ĥ mix(t) = �(t)Ĵ x, and
the whole Hamiltonian becomes

Ĥ = Ĥ int(t) +Ĥ mix(t) = M (t)Ĵ z + �(t)Ĵ x. (2)

The noncommutativity of the two modulation terms Ĥ int
and Ĥ mix plays an important role for lock-in measurement.
In the unit of � = 1, the time evolution of system state
|�(t)〉 obeys the Schrödinger equation:

i
∂|�(t)〉

∂t
=
[
M (t)Ĵ z + �(t)Ĵ x

]
|�(t)〉. (3)

In the interaction picture with respect to Ĥ mix (see
Appendix B for the derivation), the time evolution is

described by

i
∂|�(t)〉I

∂t
= Ĥ I (t)|�(t)〉I

= M (t) cos(α)Ĵ z + sin(α)Ĵ y |�(t)〉I , (4)

where |�(t)〉I = ei
∫ t

0Ĥmix(t′)dt′ |�(t)〉 and α = ∫ t
0 �(t′)dt′.

At time T, the system state is

|�(T)〉I = T̂ e−i
∫ T

0 M (t) cos(α)Ĵ z+sin(α)Ĵ y dt|�(0)〉I

= T̂ e−i
(
ϕ1Ĵ z+ϕ2Ĵ y

)
|�(0)〉I , (5)

with the time-ordering operator T̂ , the initial state
|�(0)〉I = |�(0)〉, and the two phase factors

ϕ1 = S0

∫ T

0
sin(ωt + β) cos α dt +

∫ T

0
No(t) cos α dt (6)

and

ϕ2 = S0

∫ T

0
sin(ωt + β) sin α dt +

∫ T

0
No(t) sin α dt. (7)

If we apply a suitable modulation �(t) to make cos α

and sin α periodic and synchronized with the signal S(t),
the phase accumulated owing to S(t) adds up coherently,
whereas the phase accumulated owing to stochastic noise
No(t) can be averaged away. Especially, if the frequencies
of the noise spectral components are far from the signal fre-
quency ω, the noise spectral components can be removed
in the long-time integration. In this way, the signal-to-noise
ratio of the output can be significantly increased. DD is
an effective modulation method for quantum control. In
the following, we consider the mixing modulation �(t)
by DD techniques and demonstrate how to use many-body
entanglement to increase the measurement precision.

A. Mixing modulation

For convenience, we assume β = 0. Our goal is to deter-
mine the frequency ω and the amplitude B via a many-body
quantum lock-in amplifier. We first ignore the stochastic
noise No(t); its influences are discussed at the end.

In our scheme, the time-dependent modulation �(t)
is designed as a sequence of π pulses with equidistant
spacing. This technique has been widely used in a single-
particle lock-in amplifier for measuring an oscillating sig-
nal in the presence of noise [20,21,23–25]. Generally, a
single π pulse can be expressed by a rectangular wave-
form, i.e., �single(t) = π

a for t0 ≤ t ≤ t0 + a, with a the
width (duration) of the single π pulse. Ideally, the π

pulse is assumed to be sharp enough so that a → 0 and
�single(t) = πδ(t − t0), where δ(t) is the Dirac δ func-
tion. For simplicity, we approximate �(t) as a sequence
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(a) (b)

FIG. 2. The general protocol for a many-body quantum lock-in amplifier for detecting an ac magnetic field. (a) The many-body
quantum interferometry consists of three stages: (i) preparation, (ii) signal interrogation, and (iii) readout. In the initialization stage, an
input state |�〉in is prepared. Then the input state undergoes an interrogation stage for signal accumulation. At this stage, the system
state interacts with the magnetic field, and a train of π pulses with specific equidistant spacing τi is applied. In the readout stage,
a certain unitary operation Û is applied for recombination, and the half-population difference is measured. Here the pulse spacing
τi (i = 1, 2, . . . , M ) is adjusted to find the frequency locking point ω = ωe. (b) The half-population difference versus the detuning
ω − ωe can give the frequency locking point ω = ωe. Here, for illustration, we choose a GHZ state with N = 2, T = 4π , ω = 20π ,
and γ B = 2π .

of equidistant sharp π pulses so that it can be written as
follows:

�(t) =
L∑

m=1

�single

[
t −

(
m + 1 + k

2

)
τ

]

= π

L∑
m=1

δ

[
t −

(
m + 1 + k

2

)
τ

]
, k ∈ [−1, 1),

(8)

where τ is the spacing of the adjacent π pulses and
L denotes the number of pulses. We define the carrier
frequency ωe ≡ π/τ , which is analogous to the carrier fre-
quency for the classical lock-in amplifier. k determines the
relative phase with respect to the target signal. In the fol-
lowing, we consider k = 0, which is assumed to be the
lock-in condition. When ωe = ω, the π pulses are applied
at every peak and valley of the oscillating signal, resulting
in a tiny accumulated phase [i.e., Eq. (12)], which can be
used for frequency and phase locking. Here, k can be easily
tuned by adjusting the start point of the initial pulse. The
other condition, k = −1, is discussed in Appendix J.

By adjusting the carrier frequency ωe, we can extract
the frequency ω of the ac magnetic field according to the
population measurement. For every fixed carrier frequency
ωe, one can implement many-body quantum interferome-
try for measurement, which includes three stages: (i) probe
preparation, (ii) signal interrogation, and (iii) readout (see
Fig. 2). In the initialization stage, an input state |�〉in is

prepared. Then the input state undergoes an interrogation
stage for signal accumulation. At this stage, the system
state interacts with the ac magnetic field, and a train of π

pulses with equidistant spacing is applied at the same time.
In the readout stage, a certain unitary operationÛ is applied
for recombination, and the half-population difference is
measured.

To adjust the carrier frequency ωe, one can choose
M different pulse spacings τi (i = 1, 2, . . . , M ). The pat-
tern of the half-population difference measurement at time
t = T versus the detuning ω − ωe will tell us the fre-
quency locking point ω = ωe (the red cross in Fig. 2).
The pattern depends on the input states (the details for
different input states are discussed in Sec. III). Simi-
larly to a classical amplifier, one can also use the time
integral of the half-population difference measurement to
determine the frequency locking point; of course, this
would require many more data. In the following, we
consider both the signal for a single interrogation time
and the time-averaged signal for multiple interrogation
times.

We now discuss the signal interrogation stage. When
the evolution time T is fixed, for the ith pulse spacing, the
number of π pulses is L = [T/τi + 1/2], where [·] stands
for the greatest integer. Substituting Eq. (8) into Eqs. (4)
and (5), we obtain the Hamiltonian (1) in the interaction
picture:

Ĥ I = h(t) (γ B sin ωt) Ĵ z, (9)
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where h(t) is the square wave function,

h(t) =
{

1 ωet + π/2 mod 2π ∈ [0, π),
−1 ωet + π/2 mod 2π ∈ [π , 2π).

In experiments, one can tune ωe very close to ω (i.e.,
|ω − ωe|  ω). Under the conditions of |ω − ωe|  ω and
T � 2π/ω, the Hamiltonian (9) can be approximated by
an effective Hamiltonian [23,25]:

Ĥ
eff
I (t) = 2γ B

π
sin [(ω − ωe)t] Ĵ z. (10)

For example, for T = 2π , the approximation is valid
for |ω − ωe|/ω < 0.1 for ω ≥ 10π ; see Appendix C.
The output state after the interrogation stage (of

duration T) is given as |�〉I
out = e−i

∫ T
0 Ĥ

eff
I (t)dt |�〉in =

ei
∫ T

0 Ĥmix(t)dt|�〉out = eiαĴ x |�〉out, where |�〉out is the output
state in the Schrödinger picture. The two pictures are con-
nected via a unitary transformation UTr = eiαĴ x = eiLπĴ x .
The unitary transformation can be easily accomplished via
combining multiple π pulses, which is a mature technol-
ogy in quantum control [7–26]; see Appendix E for more
details. Moreover, to obtain the analytic calculations for
intuitively describing our protocol, we change our descrip-
tion from the Schrödinger picture to the interaction picture.
The numerical and analytic results are both very consistent
in the two pictures (see Appendix D for more details).

B. Readout

Finally, in the readout stage, a suitable unitary opera-
tion Û is performed for recombination. The selection of
the unitary operation Û depends on the input state and will
influence the measurement precisions, which is discussed
in the next section. The final state (in the Schrödinger pic-
ture) before the half-population difference measurement
can be written as

|�〉final = Û |�〉out = Ûe−iαĴ x |�〉I
out

= Ûe−iαĴ x e−i
∫ T

0 Ĥ
eff
I (t)dt |�〉in . (11)

Substituting Eq. (10) into Eq. (11), we have |�〉final =
Ûe−iαĴ x e−iφĴ z |�〉in. Here, the accumulated phase reads

φ = 2γ B
π

1 − cos [(ω − ωe)T]
ω − ωe

. (12)

The expectation of the half-population difference measure-
ment on the final state is

〈Ĵ z〉f =〈�|final Ĵ z |�〉final = 〈�|IoutÛ
†
I Ĵ

I
zÛI |�〉I

out

= 〈�|Ifinal Ĵ
I
z |�〉I

final , (13)

with Ĵ
I
z = eiαĴ x Ĵ ze−iαĴ x and ÛI = eiαĴ xÛe−iαĴ x . At time T,

we have α = Lπ and ÛI = eiLπĴ xÛe−iLπĴ x . When the pulse

number L is even, Ĵ
I
x = Ĵ x, Ĵ

I
y = Ĵ y , and Ĵ

I
z = Ĵ z; when L

is odd, Ĵ
I
x = Ĵ x, Ĵ

I
y = −Ĵ y , and Ĵ

I
z = −Ĵ z (see Appendix

E for more details). Thus, according to Eq. (13), one can
easily obtain the half-population difference measurement
on the final state via |�〉I

out. When the pulse number L
is even, 〈Ĵ z〉f = 〈�|Iout Ĵ z |�〉I

out. When L is odd, 〈Ĵ z〉f =
−〈�|Iout Ĵ z |�〉I

out. The odd-even nature of the pulse num-
ber influences the expectation of the half-population dif-
ference. This will cause a jump at the location whenever
the corresponding pulse number changes. Furthermore, to
eliminate the influence of the odd-even nature of L on
the half-population difference measurement, we define a
measurement signal Jz as

Jz = (−1)K〈Ĵ z〉f , (14)

with K = 0 for even L and K = 1 for odd L. The mea-
surement signal Jz is dependent on the half-population
difference measurement and the pulse number L, and thus
it does not add any complexity to existing measurement
techniques. Meanwhile, the square of the half-population
difference on the final state can also be explicitly written
via |�〉I

out, and it is 〈Ĵ 2
z 〉f = 〈�|Iout Ĵ

2
z |�〉I

out. We now illus-
trate the basis of the lock-in amplifier in detail. According
to Eq. (12), when ω − ωe → 0, the accumulated phase
φ → γ B(ω − ωe)T2/π ≈ 0 and the value of Jz is time
independent, while Ĵ z is time dependent for ω − ωe �= 0.
This property can be used to find the frequency lock-
ing point ω = ωe. For the property of amplification, we
consider the Hamiltonian for the system coupled to the
external ac magnetic field in noise and described as

Ĥ B = [γ B sin ωt + No(t)] Ĵ z, (15)

where No(t) is the stochastic noise. Because the modula-
tion termĤ mix = �(t)Ĵ x is a set of sharp π pulses, we have
α = ∫ t

0 �(t′)dt′ = Lπ , so cos α = ±1 and sin α = 0. From
Eqs. (6) and (7), we have

ϕ1 =
∫ T

0
[γ B sin ωt + No(t)] cos α dt

=
∫ T

0
γ B sin ωt cos α dt +

∫ T

0
No(t) cos α dt,

ϕ2 = 0. (16)

Thus,
∫ T

0 No(t) cos α dt ≈ 0, ϕ1 ≈ φ. The effects of the
stochastic noise No(t) are canceled out through the time
integral. Meanwhile, the contribution of the target signal
S0 sin ωt is imprinted on the phase φ, which is sensitively
dependent on the detuning ω − ωe. The signal-to-noise
ratio can be effectively increased with our many-body
quantum amplifier.
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III. MEASUREMENT PRECISIONS

In this section, we analyze the measurement precisions
of our many-body quantum lock-in amplifier and show
how entanglement can increase the measurement preci-
sions. Within our scheme, for individual particles without
entanglement, the measurement precisions can approach
the SQL. For entangled particles in a spin cat state, the
measurement precisions can be increased to the HL. We
also discuss the robustness of our many-body quantum
lock-in amplifier against stochastic noise.

According to the parameter quantum estimation the-
ory, the precision of the parameter is constrained by the
quantum Cramér-Rao bound (QCRB) [1,57–59],

�μ ≥ �μQCRB ≡ 1√
ηFμ

Q

(μ = ω, B), (17)

which is characterized by the quantum Fisher information
(QFI):

Fμ

Q = 4
(〈∂μ�out|∂μ�out〉 − |〈∂μ�out|�〉out|2

)
, (18)

where η corresponds to the number of trials and |∂μ�out〉
denotes the partial derivative of |�〉out with respect to the
parameter μ. Within our scheme, the expression for the
QFI can be simplified to

Fμ

Q = 4
(

∂φ

∂μ

)2 [
in〈�|Ĵ 2

z |�〉in −
(

in〈�|Ĵ z|�〉in

)2
]

= 4
(

∂φ

∂μ

)2

(�Ĵz)
2
in. (19)

Thus, the properties of initial states determine the ultimate
measurement precisions. As shown below, for individ-
ual particles, (�Ĵz)

2
in ∝ N , while for entangled particles,

(�Ĵz)
2
in ∝ N 2, showing the entanglement has the ability to

increase the measurement precision from the SQL to the
Heisenberg limit.

To further characterize the measurement precision of ω

and B, we use the error propagation formula [1,57–59]. The
measurement precisions for ω and B are

�ω = (�Ĵ z)f

|∂〈Ĵ z〉f /∂ωe|
(20)

and

�B = (�Jz)f

|∂〈Ĵ z〉f /∂B| , (21)

where

(�Ĵ z)f =
√

〈Ĵ 2
z 〉f − 〈Ĵ z〉2

f . (22)

A. Individual particles

We first consider individual particles without any entan-
glement. Suppose all the particles are prepared in the spin
coherent state (SCS) |�〉SCS = e−i(π/2)Ĵy |N/2, −N/2〉.
This input state can be easily generated by applying a
π/2 pulse on the state of all particles in the spin-down
state |↓〉. In this situation, one can choose ÛI = e−i(π/2)Ĵ y .
Then the final state before the half-population difference
measurement can be written as

|�〉I
final = e−i π

2Ĵ y e−iφĴz |�〉SCS . (23)

In an explicit form, the final state becomes

|�〉I
final =

J∑
m=−J

√
Cm

J

(
cos

φ

2

)J+m (
i sin

φ

2

)J−m

|J , m〉,

(24)

where Cm
J = [(2J )!/(J + m)!(J − m)!] is the binomial

coefficient. According to Eq. (19), the QFI for the two
parameter with SCS can be written as

Fω
Q =

[
2γ B
π

G
(ω − ωe)2

]2

N (25)

and

FB
Q = N

{
2γ

π

1 − cos [(ω − ωe)T]
ω − ωe

}2

, (26)

with

G = cos [(ω − ωe)T] + T(ω − ωe) sin [(ω − ωe)T] − 1.
(27)

Obviously, for both parameters ω and B, the ultimate pre-
cision bounds with individual particles can attain the SQL
(i.e., �ωQCRB ∝ 1/

√
N and �BQCRB ∝ 1/

√
N ). Further-

more, we consider the measurement precision via half-
population difference measurement. After some algebra,
the expectations of the half-population difference and the
square of the half-population difference on the final state
can be explicitly written as 〈Ĵz〉f = (−1)L(N/2) cos φ

and 〈Ĵ 2
z 〉f = (N/4) + [N (N − 1)/4] cos2 φ. Thus, accord-

ing to Eq. (14), the measurement signal Jz is given as

Jz = N
2

cos
{

2γ B
π

1 − cos[(ω − ωe)T]
ω − ωe

}
. (28)

The information for the estimated parameters ω and B can
be inferred from the pattern of the measurement signal
Jz. As Eq. (28) is exactly symmetric with respect to the
lock-in point ω − ωe = 0, one can determine the lock-in
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point from the symmetry of the measurement signal Jz with
respect to the lock-in point; see Figs. 3(a) and 3(d). The
analytic expression is consistent with the numerical result
(see Appendix D). In particular, the measurement signals
Jz for different evolution times T have the same value at
the lock-in point, and thus one can also determine the lock-
in point from this crossover point; see Fig. 3(a). Once the
value of ω is determined, one can extract B from Eq. (28)
via a fitting procedure. Therefore, the values of ω and B
can be simultaneously obtained by measuring only Jz in
experiments.

In general, for a large particle number, the pattern of the
measurement signal Jz becomes a high-frequency oscil-
lation and it is not easy to determine the lock-in point
from the pattern symmetry in experiments. To address this,
one can determine the lock-in point via the time-averaged
signal J̃z:

J̃z = 1
T2 − T1

∫ T2

T1

Jzdt. (29)

Substituting Eq. (28) into Eq. (29), in the vicinity of the
lock-in point ω − ωe = 0, one can analytically obtain

J̃z ≈ Nπ

2
√

2(T2 − T1)

√
1

γ B(ω − ωe)

×
{
FC

[√
γ B(ω − ωe)

2
T2

]
−FC

[√
γ B(ω − ωe)

2
T1

]}
,

(30)

where FC(·) is the Fresnel cosine integral function. For
a SCS, Eq. (30) is symmetric with respect to the lock-
in point for fixed B; see Fig. 3(g). The analytic results
(dashed red line) are very consistent with the numerical
results (solid blue line) in a wide region around the lock-in
point. This means that one can determine the values of ω

and B via the time-averaged signal J̃z in experiments; of
course, this would require more experimental data.

One can analytically obtain �ω and �B. They read

�ω= π

2γ B
√

N

(ω − ωe)
2

|G| (31)

(a) (b) (c)

(f)(e)(d)

(g) (h) (i)

|SCSÒ |catÒ |GHZÒ

FIG. 3. The lock-in signal of the many-body quantum lock-in amplifier. The measurement signal Jz versus the detuning ω − ωe for
(a),(d) the SCS, (b),(e) the spin cat state |�(θ = π/8)〉cat, and (c),(f) the GHZ state |�(θ = 0)〉cat for different evolution times T. The
measurement signals Jz are symmetric (or antisymmetric) with respect to the lock-in point ω − ωe = 0 and they are both consistent
with the analytic expressions [Eqs. (28), (38), and (41)]. The time-averaged signal J̃z = 1

T2−T1

∫ T2
T1

Jzdt versus the detuning ω − ωe for
(g) the SCS, (h) the spin cat state |�(θ = π/8)〉cat, and (i) the GHZ state |�(θ = 0)〉cat, with T1 = π and T2 = 3π . The time-averaged
signal J̃z is symmetric (or antisymmetric) with respect to the lock-in point ω − ωe = 0. The analytic results (dashed red line) fit well
with the numerical results (solid blue line) in a wide range around the lock-in point. Here ω = 20π , γ B = 2π , and N = 6.
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(a) (b)

|SCSÒ
|catÒ
|GHZÒ

|SCSÒ
|catÒ
|GHZÒ

In N In N

FIG. 4. Log-log scaling of the optimal measurement precisions
(a) �ω and (b) �B versus total particle number. The circles are
the results for a SCS withÛI = e−i π

2Ĵ y . The squares and triangles
denote the results for the spin cat state |�(θ = π/8)〉cat and the

GHZ state |�(θ = 0)〉cat, respectively, withÛI = ei π
2Ĵ x ei π

2Ĵ
2
z ei π

2Ĵ x .
The lines are the corresponding fitting curves. Here T = 2π , ω =
20π , |(ω − ωe)/ω| ∈ [0, 0.008], and γ B ∈ [0, 2π ].

and

�B = π

2γ
√

N

∣∣∣∣
ω − ωe

cos [(ω − ωe)T] − 1

∣∣∣∣ , (32)

From Eqs. (31) and (32), the measurement precisions �ω

and �B for individual particles exhibit only SQL scaling.
For fixed N , the measurement precision �ω is depen-
dent on the detuning ω − ωe, the signal amplitude B, and
the evolution time T (see Appendix H for more details).
When ω − ωe → 0, �ω → π/3γ BT2

√
N attains the opti-

mal value. However, the measurement precision �B is
dependent only on the detuning ω − ωe and T. When ω −
ωe → 0, �B → π/γ (ω − ωe)T2

√
N → ∞, the measure-

ment precision �B is diverged. When cos[(ω − ωe)T] +
(ω − ωe)T sin[(ω − ωe)T] = 1, �B attains its minimum.

We numerically find the optimal measurement preci-
sions in the range |(ω − ωe)/ω| ∈ [0, 0.008] and calculate
the corresponding scaling versus particle number for γ B =
2π . According to the fitting results (see Fig. 4), the log-
log measurement precisions ln (�ωmin/ω) ≈ −0.5 ln N −
8.51 and ln (γ�Bmin/ω) ≈ −0.5 ln N − 5.20. For the two
parameters, the optimal measurement precisions �ωmin
[purple circles in Fig. 4(a)] and �Bmin [purple circles in
Fig. 4(b)] both exhibit SQL scaling as expected.

B. Entangled particles

In this subsection, we discuss how to realize the
Heisenberg-limited measurement for ω and B within this
framework. Entanglement is a useful quantum resource to
increase the measurement precision. A spin cat state, as
a kind of non-Gaussian entangled state, is a promising
candidate for entanglement-enhanced metrology [32,36,
51,60–62]. Here we demonstrate how to use spin cat states
to realize an entanglement-enhanced quantum many-body
lock-in amplifier.

Spin cat states are typical kinds of macroscopic superpo-
sition of spin coherent states (MSSCS) [36,51]. For total
particle number N ≥ 6, when θ ≤ π/8 [51], the corre-
sponding MSSCS can be regarded as a spin cat state (see
Appendix G). Under this condition, we approximate the
spin cat states as

|�(θ)〉cat = 1√
2

[
J∑

m=−J

cJ
m(θ)(|J , m〉 + |J , −m〉)

]
, (33)

where cJ
m(θ) = √

[(2J )!/(J + m)!(J − m)!] cosJ+m(θ/2)

sinJ−m(θ/2). Especially, when θ = 0, the spin cat state
|�(0)〉cat = (1/

√
2) (|J , J 〉 + |J , −J 〉) corresponds to the

well-known GHZ state. According to Eq. (19), the QFI for
the two parameters with spin cat states can be written as

Fω
Q =

[
2γ B

πC(θ)

G
(ω − ωe)2

]2

N 2 (34)

and

FB
Q =

[
2γ

πC(θ)

1 − cos [(ω − ωe)T]
ω − ωe

]2

N 2. (35)

The coefficient C(θ) = 1 + [2 tan2(θ/2)/(1 + tan2(θ/2))]
does not depend on the particle number N [51]. By use of
entangled particles in spin cat states, the ultimate precision
bounds can be increased to the HL (i.e., �ωQCRB ∝ 1/N
and �BQCRB ∝ 1/N ).

Interaction-based readout is a powerful technique for
achieving the HL via spin cat states without single-
particle-resolved detection [46–56,63], which is now fea-
sible in experiments [14,55]. Similarly, we try to adopt an
interaction-based operation ÛI = ei(π/2)Ĵ x ei(π/2)Ĵ

2
z ei(π/2)Ĵ x in

the readout stage.
Therefore, the final state before measurement of the

half-population difference can be written as

|�〉I
final = ei π

2Ĵ x ei π
2Ĵ

2
z ei π

2Ĵ x e−iφ |�(θ)〉cat . (36)

When N is an even number, the final state |�〉I
final has an

analytic form that is written as

|�〉I
final =

√
2

4
(−1)J

m=J∑
m=−J

[
cJ

m(θ) + cJ
−m(θ)

]

× {
[1 + (−1)m](cos mφ + sin mφ)

× −i[1 − (−1)m](cos mφ − sin mφ)
} |J , m〉 .

(37)

The expectations of the half-population difference 〈Jz〉f =
(−1)L+1 ∑m=J

m=−J (−1)J−mm
∣∣cJ

m(θ)
∣∣2 sin 2mφ, and thus we
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have

Jz = −
m=J∑

m=−J

(−1)J−mm
∣∣cJ

m(θ)
∣∣2 sin 2mφ. (38)

Because of the entanglement, the oscillation of the mea-
surement signal Jz becomes related to 2m. The expectation
of Ĵ

2
z is 〈Ĵ 2

z 〉f = ∑m=J
m=−J m2

∣∣cJ
m(θ)

∣∣2. Equation (38) is also
exactly antisymmetric with respect to the lock-in point
ω − ωe = 0; see the example for a spin cat state with
θ = π/8 in Figs. 3(b) and 3(e). Obviously, the analytic
expression is very consistent with the numerical results
(see Appendix D). Correspondingly, one can determine the
lock-in point from the symmetry property of the measure-
ment signal Jz. Similarly, the measurement signals Jz for
different evolution times T have the same value at the lock-
in point. Substituting Eq. (38) into Eq. (29), in the vicinity
of the lock-in point ω − ωe = 0, we find the corresponding
time-averaged signal reads

J̃z ≈ − π

2(T2 − T1)

1√
γ B(ω − ωe)

×
m=J∑

m=−J

(−1)J−m√
m
∣∣cJ

m(θ)
∣∣2

×
{
FS

[√
2mγ B(ω − ωe)T2

]

− FS

[√
2mγ B(ω − ωe)T1

]}
, (39)

where FS(·) is the Fresnel sine integral function. For a spin
cat state, Eq. (39) is antisymmetric with respect to the lock-
in point for fixed B and the symmetry point is more obvious
and easy to extract, as shown in Fig. 3(h). The analytic
results (dashed red line) fit well with the numerical ones
(solid blue line) in a wide region around the lock-in point.
Thus, one can determine the values of ω and B via the time-
averaged signal J̃z in experiments.

When θ = 0, the spin cat state corresponds to the GHZ
state. According to Eq. (37), the final state |�〉I

final becomes

|�〉I
final = 1√

2
(cos Jφ − sin Jφ) |J , J 〉

+ 1√
2

(cos Jφ + sin Jφ) |J , −J 〉 . (40)

Thus the expectation 〈Jz〉f = −(N/2)(−1)L sin Nφ, and
the measurement signal reads

Jz = −N
2

sin Nφ. (41)

Clearly, the main frequency of the oscillation of Jz
becomes proportional to N = 2J . Equation (41) is anti-
symmetric with respect to ω − ωe, which can be used

to locate the zero detuning point ω = ωe, as shown in
Figs. 3(c) and 3(f). The analytic expression is consis-
tent with the numerical result (see Appendix D). The
time-averaged signal J̃z near the lock-in point becomes

J̃z ≈ − π

2
√

2(T2 − T1)

√
N

γ B(ω − ωe)

×
{
FS

[√
Nγ B(ω − ωe)

2
T2

]

× −FS

[√
Nγ B(ω − ωe)

2
T1

]}
. (42)

It is obvious that Eq. (42) is antisymmetric with respect
to the lock-in point for fixed B and the symmetry point
located at ω − ωe = 0, as shown in Fig. 3(i). Similarly, the
analytic results (dashed red line) fit well with the numerical
results (solid blue line) in a wide region around the lock-in
point. Thus, one can simultaneously determine the values
of ω and B via the time-averaged signal J̃z in experiments.
Moreover, the square of the half-population difference is
independent of the two parameters, i.e., 〈J 2

z 〉f = J 2 =
N 2/4. According to Eqs. (20) and (21), the measurement
precisions for ω and B can be analytically obtained:

�ω = π

2γ BN
(ω − ωe)

2

|G| , (43)

�B = π

2γ N

∣∣∣∣
(ω − ωe)

cos[(ω − ωe)T] − 1

∣∣∣∣ . (44)

Similarly to the case of a SCS, for fixed N , the measure-
ment precision �ω is dependent on the detuning ω − ωe,
the signal amplitude B, and the evolution time T (see
Appendix H for more details). When ω − ωe → 0, �ω →
π/3γ BT2N attains the optimal value, which achieves the
HL. The measurement precision �B is dependent only
on the detuning ω − ωe and the evolution time T. When
ω − ωe → 0, �B → π/γ (ω − ωe)T2N → ∞, the mea-
surement precision �B is diverged. Also, when cos[(ω −
ωe)T] + (ω − ωe)T sin[(ω − ωe)T] = 1, �B attains its
optimal value. For other spin cat states, one can analyti-
cally obtain the measurement precisions �ω and �B(see
Appendix H for more details). They are written as

�ω = Ãπ

2γ B
(ω − ωe)

2

|G| , (45)

�B = Ãπ

2γ

∣∣∣∣
ω − ωe

cos [(ω − ωe)T] − 1

∣∣∣∣ , (46)

where
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Ã =

√∑m=J
m=−J m2|cJ

m(θ)|2 −
[∑m=J

m=−J (−1)J−mm|cJ
m(θ)|2 sin 2mφ

]2

∣∣∣2∑m=J
m=−J m2(−1)J−m|cJ

m(θ)|2 cos 2mφ

∣∣∣
. (47)

In particular, when φ = (2γ B/π) {(1− cos [(ω −ωe)T])/
(ω − ωe)} = π/2, sin mπ = 0, and (−1)J−m cos mπ = 1,
the measurement precisions �ω and �B can be simpli-
fied as �ω|φ=π/2 = C(θ)(π/2γ BN )[(ω − ωe)

2/|G|] and
�B|φ = π/2 = C(θ)(π/2γ N ) |{(ω − ωe)/(cos[(ω − ωe)T]
−1)}|. The case of ω − ωe → 0 is discussed in
Appendix I.

Furthermore, we numerically find the optimal measure-
ment precisions in the range |(ω − ωe)/ω| ∈ [0, 0.008]
and calculate the corresponding scaling versus parti-
cle number for the spin cat state |�(θ = π/8)〉cat and
the GHZ state. As shown in Fig. 4, for the spin cat
state |�(θ = π/8)〉cat, the optimal log-log measurement
precisions �ωmin [yellow squares in Fig. 4(a)] and
�Bmin [yellow squares in Fig. 4(b)] are ln (�ωmin/ω) ≈
− ln N − 8.44 and ln (γ�Bmin/ω) ≈ − ln N − 5.09. For
the GHZ state, the optimal log-log measurement preci-
sions �ωmin [red triangles in Fig. 4(a)] and �Bmin [red
triangles in Fig. 4(b)] are ln (�ωmin/ω) ≈ − ln N − 8.51
and ln (γ�Bmin/ω) ≈ − ln N − 5.20. It is indicated that
the measurement precisions �ω and �B for spin cat states
can exhibit Heisenberg-limited scaling.

C. Robustness against stochastic noise

Below we verify the robustness of our many-body quan-
tum lock-in amplifier against stochastic noise by numerical
simulations. The signal noise, which is made up of extra-
neous information, will cause the target signal to fluctuate
and hence affect the signal extraction. It commonly exists
in precision measurement experiments [64–68]. Under the
influence of signal noise, the total signal M (t) becomes

M (t) = S(t) + No(t), (48)

with the target signal S(t) = S0 sin ωt and the noise No(t).
Given that the signal and the noise couple to the probe
through the same physical channel, if the initial state is a
pure state, one still can describe the time evolution via the
Schrödinger equation by substituting Eq. (48) into Eq. (3).

One of the most common and most dominant types of
signal noise is white noise [69]. To illustrate the robustness
of our scheme, we assume No(t) is white noise satisfy-
ing No(t) ∈ [−η, η], where η is the maximum fluctuation
strength. For such white noise, its long-time integration
No(t) = 0. The signal without noise and the noisy signals
with η = 5γ B and η = 25γ B are shown in Appendix F.

According to Eq. (16), the effect of white noise can
be canceled out. To verify the analytic results, we illus-
trate the robustness of our scheme directly. We numerically
calculate the measurement precision of �ω versus detun-
ing under different stochastic noise No(t) with η = 0, η =
5γ B, ∼ η = 25γ B; see Figs. 5(a) and 5(c). We choose
a small range in the vicinity of zero detuning and after
averaging 20 times. For the SCS and the GHZ state, with
modest noise strength η = 5γ B, �ω will blow up near the
locations where d〈Jz〉f /dωe = 0. However, the stochastic
noise hardly affects the measurement precisions at other
locations. For the spin cat state, with modest noise strength
η = 5γ B, the curves are almost identical to the ones for
the corresponding ideal cases. When the noise strength is
extremely strong η = 25γ B, only small fluctuations appear
and the negative impact of the noise can still be mostly
eliminated. Our numerical simulation clearly indicates that
even though extreme stochastic noise exist, our quantum
many-body lock-in amplifier can still be used for alter-
nating signal detection with a high signal-to-noise ratio.
Moreover, the spin cat states can still be exploited to
achieve the Heisenberg-limited quantum lock-in amplifier,
which is feasible in realistic experiments.

IV. SUMMARY AND DISCUSSION

In summary, we presented a general scheme for realizing
a quantum lock-in amplifier via many-body quantum inter-
ferometry under periodic modulations. On the basis of our
protocol, the frequency and amplitude of an alternating sig-
nal can be efficiently extracted with a high signal-to-noise
ratio, even in an extremely noisy environment. We ana-
lytically studied the measurement precisions for frequency
and amplitude of an ac magnetic field via nonentangled
and entangled many-body quantum states. For nonen-
tangled states, the measurement precisions exhibit SQL
scaling as expected. For entangled states such as spin cat
states, by application of suitable interaction-based read-
out operations, the measurement precisions can achieve
Heisenberg-limited scaling.

Moreover, we illustrated the robustness of our many-
body quantum amplifier against stochastic noise. In the
presence of stochastic noise, even for spin cat states,
many-body quantum amplifiers can still achieve high-
precision ac field sensing. Our scheme highlights the
multi-π -pulse sequence as a useful technique for quantum
sensing and provides a promising method for achiev-
ing Heisenberg-limited detection for alternating signals.
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(a) (b) (c)|SCSÒ |catÒ |GHZÒ

FIG. 5. The robustness of the many-body quantum amplifier against stochastic noise. The measurement precision �ω versus versus
the detuning ω − ωe for (a) the SCS, (b) the spin cat state |�(θ = π/8)〉cat, and (c) the GHZ state |�(θ = 0)〉cat. The solid blue lines
are the results without stochastic noise (η = 0). The dashed red lines and the dotted green lines are the results under stochastic noise
with η = 5γ B and η = 25γ B, respectively. Here T = 2π , ω = 20π , γ B = 2π , N = 6, and No(t) ∈ [−η, η]. These results are averaged
20 times.

Meanwhile, compared with classical lock-in amplifiers,
our scheme can realize different reference signals and resist
different types of noise [70] via application of suitable
periodic modulations.

In addition, our study may point to a new way for
achieving time-dependent signal measurement via a many-
body quantum lock-in amplifier. The amplifier demon-
strates the power of the quantum lock-in measurement
technique, which is readily available for various quan-
tum probes. Single-particle quantum lock-in measure-
ment techniques have been widely used for frequency
metrology [20], magnetic field sensing [21,23,25], vector
light shift detection [26], and force detection for the quan-
tum motion of magnetic mechanical resonators [24]. By
use of many-body quantum lock-in amplifiers, measure-
ment precisions may be further increased.

To realize the entanglement-enhanced lock-in amplifier
in experiments, one has to combine Ramsey interferometry
with multiple rapid π pulses in the interrogation stage. The
precise implementation of π pulses is a mature technology
in quantum control [7,11,15,17,20,21,71].

Furthermore, to achieve a Heisenberg-limited simul-
taneous measurement for frequency and amplitude, the
preparation of the desired spin cat state and the imple-
mentation of an interaction-based readout are two key pro-
cesses. Owing to the well-developed techniques in quan-
tum control, various multiparticle entangled states have
been generated in several systems, including nitrogen-
vacancy defect centers [72], Bose condensed atoms [12,
54,73–76], ultracold trapped ions [15,52], and solid-state
spin systems [77]. In particular, for an ensemble of Bose
condensed atoms occupying two hyperfine levels, it is fea-
sible to prepare the desired spin cat state and achieve
interaction-based readout via tuning the atom-atom

interaction. In general, one can prepare the desired spin
cat state via dynamical evolution [12,54,73,74] or an
adiabatic process [29,31,32,43,75,76,78] under a one-axis
twisting Hamiltonian Ĥ twist = χĴ

2
z + BxĴ x. The strength

and the sign of the nonlinearity χ , determined by the spa-
tial overlap between different spin components and the
s-wave scattering lengths, can be tuned via applying a spin-
dependent force [74,79] or the techniques of Feshbach
resonance [12,74,80]. Based on state-of-the-art techniques,
our study is beneficial for the development of practi-
cal entanglement-enhanced quantum technologies, even
in noise, such a, atomic clocks [81,82], magnetometers
[73,74,79,80,83], and weak-force detectors.
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APPENDIX A: NONCOMMUTATIVE
OPERATIONS IN A MANY-BODY QUANTUM

LOCK-IN AMPLIFIER

In this section, we illustrate the importance of the
noncommutative nature in the quantum lock-in amplifier.
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Because the quantum lock-in amplifier is analogous to the
classical lock-in amplifier, we introduce the basic theory of
the classical lock-in amplifier first, and then illustrate the
basis of the quantum lock-in amplifier. In general, the tar-
get signal in the classical lock-in amplifier can be written
as

V(t) = V0 sin ωt, (A1)

and the reference signal is

VR(t) = sin ωet. (A2)

The classical lock-in amplifier generates the output signal
via a mix-down process, i.e., V(t) is multiplied by VR(t)
and then integrated over an integration time T. Thus, the
output signal is

I =
∫ T

0
V(t)VR(t)dt

= V0

2T

∫ T

0
{cos[(ω − ωe)t] − cos[(ω + ωe)t]} dt. (A3)

It is obviously that if the two frequencies are different,
the average is zero. If the two frequencies are equal, the
average value is equal to half of the target signal ampli-
tude. Meanwhile, if the noise spectral components have
frequencies far from the frequency of the reference signal,
the negative effect will be averaged out in the integra-
tion. The mix-down process is essential for the classical
lock-in amplifier, which can be achieved with a nonlin-
ear device and generates the instantaneous product of the
target signal and the reference signal. The key to real-
izing a quantum lock-in amplifier is finding a quantum
analog of the mix-down process. Nonlinear dynamics of
the wave function cannot be introduced directly, due to
the linearity of the Schrödinger equation. However, the
wave-function dynamics will be proportional to a prod-
uct of Hamiltonian terms if the total Hamiltonian does not
commute with itself at different times, and can be used
to achieve a quantum mix-down process. Therefore, non-
commuting dynamical manipulations are the basis of the
quantum lock-in amplifier. In the main text, we choose Ĵ z
as the signal term, which is generally chosen in quantum
metrology [12,84], such as in magnetic field measurement
[21,23,25,83] and frequency measurement [20,81,82]. The
noncommuting dynamics is the key to the quantum lock-in
technique. For the signal term Ĵ z, one can choose Ĵ x, Ĵ y ,
or other operators that do not commute with Ĵ z as the mix-
ing term. For simplicity, we choose Ĵ x as the mixing term
in the main text. In the field of quantum control, DD is a
well-developed technique, and the sequence of π pulses is
ideal for realizing the mixing modulation.

APPENDIX B: TIME EVOLUTION IN THE
INTERACTION PICTURE

In this section, we give the proof of Eqs. (2) and (6). The
Schrödinger equation for an ensemble of two-level bosonic
particles evolving under the Hamiltonian Ĥ = M (t)Ĵ z +
�(t)Ĵ x can be written as

i
∂|�(t)〉

∂t
=
[
M (t)Ĵ z + �(t)Ĵ x

]
|�(t)〉. (B1)

For convenience, we move into the interaction picture
with respect to Ĥ mix = �(t)Ĵ x. In this case, we have
|�(t)〉 = e−i

∫ t
0Ĥmix(t′)dt′ |�(t)〉I , and thus the state evolution

for |�(t)〉I can be expressed as (� = 1)

i
∂|�(t)〉I

∂t
= ei

∫ t
0Ĥmix(t′)dt′

[
M (t)Ĵ z

]
e−i

∫ t
0Ĥmix(t′)dt′ |�(t)〉I

= ei
∫ t

0 �(t)Ĵ x(t′)dt′
[
M (t)Ĵ z

]
e−i

∫ t
0 �(t)Ĵ x(t′)dt′ |�(t)〉I .

(B2)

Defining α = ∫ t
0 �(t′)dt′, and since [Ĵ a, Ĵ b] = iεabcĴ c (εabc

is the Levi-Civita symbol, with a, b, c = x, y, z) and
eiβĴ x Ĵ ze−iβĴ x = cos(β)Ĵ z + sin(β)Ĵ y , we have

i
∂|�(t)〉I

∂t
= M (t) cos(α)Ĵ z + sin(α)Ĵ y |�(t)〉I . (B3)

After integration, at time T, the evolved state |�(T)〉I
becomes

|�(T)〉I = T̂ e−i
∫ T

0 M (t)(cos(α)Ĵ z+sin(α)Ĵ y )dt|�(0)〉I

= T̂ eÂ|�(0)〉I , (B4)

where T̂ is the time-ordering operator and the operator Â
can be written as

Â = −i
∫ T

0
M (t) cos(α)Ĵ z + M (t) sin(α)Ĵ ydt

= −i
∫ T

0
M (t) cos α dtĴ z + i

∫ T

0
M (t) sin α dtĴ y

= −i(ϕ1Ĵ z + ϕ2Ĵ y). (B5)

Thus, we have

|�(T)〉I = T̂ e−i(ϕ1Ĵ z+ϕ2Ĵ y )|�(0)〉I , (B6)

with |�(0)〉I = |�(0)〉 and the two phase factors

ϕ1 =
∫ T

0
M (t) cos α dt

=
∫ T

0
[S0 sin(ωt + β) + No(t)] cos α dt (B7)
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and

ϕ2 =
∫ T

0
M (t) sin α dt

=
∫ T

0
[S0 sin(ωt + β) + No(t)] sin α dt. (B8)

If one adds a suitable modulation �(t) to make cos α and
sin α periodic and synchronized with signal S(t), the phase
accumulated owing to S(t) adds up coherently, whereas the
phase accumulated owing to No(t) can average away.

APPENDIX C: VALIDITY OF THE EFFECTIVE
HAMILTONIAN

In the interaction picture, the Hamiltonian for the inter-
rogation stage reads

Ĥ I = h(t)(γ B sin ωt)Ĵ z, (C1)

where h(t) is the square wave function. When �(t) =
π
∑L

m=1 δ(t − (m + 1/2)τ ), the corresponding square
wave function is

h(t) =
{

1 ωet + π/2 mod 2π ∈ [0, π),
−1 ωet + π/2 mod 2π ∈ [π , 2π).

Under the condition |ω − ωe|  ω and T � 2π/ω, the
Hamiltonian (C1) can be approximated by an effective
Hamiltonian [23,25]:

Ĥ
eff
I = 2γ B

π
sin[(ω − ωe)t]Ĵ z. (C2)

To compare the two Hamiltonians, we denote the integrals
over time as

∫ T

0
Ĥ I = �1Ĵ z,

∫ T

0
Ĥ

eff
I = �2Ĵ z, (C3)

where �1 and �2 are two phases dependent on frequency
ω and amplitude B, which can be expressed as

�1 =
∫ T

0
h(t)(γ B sin ωt)dt,

�2 =
∫ T

0

2γ B
π

sin[(ω − ωe)t]dt. (C4)

We confirm the validity of the effective Hamiltonian
(C2) via numerical calculations. According to our numer-
ical results, the two phases are almost the same when
(|ω − ωe|/ω) ≤ 0.1, i.e., �1 ≈ �2, for evolution time T =
2π and ω ≥ 10π , as shown in Fig. 6.

APPENDIX D: VALIDITY OF THE ANALYTIC
RESULTS IN THE INTERACTION PICTURE

To illustrate the validity of the analytic results in the
main text. We compare the numerical results obtained from
the Schrödinger picture and the interaction picture with the
analytic results obtained from the effective Hamiltonian.
In our calculations, we plot the variation of the popula-
tion difference versus time in the Schrödinger picture and
the interaction picture and according to the analytic results
for different values of τ , as shown in Figs. 7 and 8. It is
obvious that the analytic results are consistent with the
numerical simulation from the Schrödinger picture as well
as the interaction picture. This confirms that the results
obtained from interaction picture are valid and the corre-
sponding analytic results from the effective Hamiltonian
are reasonable.

APPENDIX E: INFLUENCE OF PULSE NUMBER

Here we discuss the influence of the pulse number in
our scheme. Since we work in the interaction picture, the

(a) (b) (c)

FIG. 6. Variations of the two phases �1 and �2 versus ω − ωe for (a) ω = 10π , (b) ω = 15π , and (c) ω = 20π . Here T = 2π and
γ B = 1.
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(a) (b) (c)|SCSÒ |catÒ |GHZÒ

FIG. 7. Variation of half-population difference measurement versus time in the Schrödinger picture,in the interaction picture, and
according to the analytic results. (a) Individual particles in the SCS, (b) the spin cat state |�(θ = π/8)〉cat, and (c) the GHZ state
|�(θ = 0)〉cat. Here ω = 20π , γ B = 2π , N = 2, and τ1 = π/(ω + 0.001ω).

operator can be written as

Ô
I
(t) = eiαĴ x Ôe−iαĴ x , (E1)

where Ô is the operator in the Schrödinger picture. In our
scheme, we consider the modulation is a set of sharp π

pulses and can be approximated as �(t) = π
∑L

m=1 δ(t −
(m + 1/2)τ ). Thus, at time T, the operator in the interac-
tion picture can be written as

Ô
I
(T) = ei

∫ T
0 π

∑L
m=1 δ(t−(m+ 1

2 )τ )dtĴ x Ô

× e−i
∫ T

0 π
∑L

m=1 δ(t−(m+ 1
2 )τ )dtĴ x . (E2)

When the evolution time T is fixed, for the ith pulse
spacing τi, the number of π pulses is given by L =
[T/τi + 1/2], where [·] stands for the integer-valued
division. Because of the property

∫
δ(x)dx = 1, we

have
∫ T

0 π
∑L

m=1 δ(t − (m + 1/2)τ )dt = Lπ . Therefore,

the operator in the interaction picture becomes

Ô
I
(t) = eiLπĴ x Ôe−iLπĴ x . (E3)

For the collective spin operators, we have

Ĵ
I
x = eiLπĴ x Ĵ xe−iLπĴ x = Ĵ x,

Ĵ
I
y = eiLπĴ x Ĵ ye−iLπĴ x = cos(Lπ)Ĵ y − sin(Lπ)Ĵ z,

Ĵ
I
z = eiLπĴ x Ĵ ze−iLπĴ x = cos(Lπ)Ĵ z + sin(Lπ)Ĵ y . (E4)

According to Eq. (E4), we find that the parity of the pulse
number alters the operators. When L is an even number,
the collective spin operators in the interaction picture are

Ĵ
I
x = Ĵ x, Ĵ

I
y = Ĵ y , Ĵ

I
z = Ĵ z. (E5)

While L is an odd number, the operators become

Ĵ
I
x = Ĵ x, Ĵ

I
y = −Ĵ y , Ĵ

I
z = −Ĵ z. (E6)

In contrast to Ĵ
I
x, the operators Ĵ

I
y and Ĵ

I
z change sign when

L is odd. Thus, the half-population difference of the final

(a) (b) (c)|SCSÒ |catÒ |GHZÒ

FIG. 8. Variation of half-population difference measurement versus time in the Schrödinger picture, in the interaction picture, and
according to the analytic results. (a) Individual particles in the SCS, (b) the spin cat state |�(θ = π/8)〉cat, and (c) the GHZ state
|�(θ = 0)〉cat. Here ω = 20π , γ B = 2π , N = 2, and τ1 = π/(ω − 0.005ω).
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(a) (b) (c)

FIG. 9. Variation of the total signal versus time. (a) Total signal S(t) + No(t) with (a) η = 0, (b) η = 5γ B, and (c) 25γ B. Here
ω = 20π and No(t) ∈ [−η, η].

state 〈Ĵ z〉f is dependent on the parity of the pulse number
L. According to Eq. (E2), we give the expression for the
unitary operator ÛI in the Schrödinger picture. For the uni-
tary operator ÛI = e−i(π/2)Ĵ y , the corresponding expression
in the Schrödinger picture can be written as

Û = e−iLπĴ x e−i π
2Ĵ y eiLπĴ x . (E7)

For the unitary operator ÛI = ei(π/2)Ĵ x ei(π/2)Ĵ
2
z ei(π/2)Ĵ x , the

corresponding expression in the Schrödinger picture can
be written as

Û = e−i(L− 1
2 )πĴ x ei π

2Ĵ
2
z ei(L+ 1

2 )πĴ x . (E8)

APPENDIX F: THE TOTAL SIGNAL IN THE
PRESENCE OF NOISE

To demonstrate the robustness against stochastic noise
of the many-body quantum lock-in amplifier, we study
practical noisy signals. Without loss of generality, we
assume No(t) is the stochastic noise, No(t) ∈ [−η, η], and
its long-time integration No(t) = 0. Generally, the target
signal is submerged in noise. As shown in Fig. 9, we plot
the total signals S(t) + No(t) with η = 0, η = 5γ B, and
η = 25γ B.

(a) (b) (c)

FIG. 10. Husimi distributions for the spin cat state with
different θ . (a) Husimi distributions for (a) the GHZ state
|�(θ = 0)〉cat, (b) the spin cat state |�(θ = π/8)〉cat, and (c) the
spin cat state |�(θ = π/4)〉cat. Here N = 20.

APPENDIX G: SPIN CAT STATES

Spin cat states are typical kinds of MSSCS [36,51]. Here
we discuss MSSCS in the form

|�(θ , η)〉M = Nc(|θ , η〉 + |π − θ , η〉), (G1)

where Nc is the normalization and |θ , η〉 denotes the N -
particle SCS:

|θ , η〉 =
J∑

m=J

cJ
m(θ)e−i(J+m)η |J , m〉 , (G2)

where cJ
m(θ) = √

[(2J )!/(J + m)!(J − m)!] cosJ+m(θ/

2) sinJ−m(θ/2), and |J , m〉 represents the Dicke basis with
J = N/2 and m = −J , −J + 1, . . . , J − 1, J . Without loss
of generality, we assume η = 0 and consider the states in
the form

|�(θ)〉MSSCS = Nc [|�(θ)〉SCS + |�(π − θ)〉SCS]

= Nc

{
J∑

m=−J

[
cJ

m(θ) + cJ
m(π − θ)

] |J , m〉
}

= Nc

{
J∑

m=−J

cJ
m(θ) (|J , m〉 + |J , −m〉)

}
.

(G3)

Here the two SCSs have the same azimuthal angle η = 0
and the polar angles are symmetric about θ = π/2. Since
CJ

m(θ) = CJ
m(π − θ), the coefficients of the MSSCS are

symmetric about m = 0. It was shown that when the two
superposition SCSs are orthogonal or quasiorthogonal, the
corresponding MSSCS can be regarded as a spin cat state
[36,51]. The sufficient condition of spin cat states has been
studied in detail [36,51]. Mathematically, the sufficient
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condition of spin cat states can be expressed as

θ ≤ θc ≡ sin−1

⎛
⎝2

{
[(J − 1)!]2

2(2J )!

} 1
2J

⎞
⎠ . (G4)

For total particle number N ≥ 6, when θ ≤ π/8, the corre-
sponding MSSCS can be regarded as a spin cat state. Under
this condition, we approximate the spin cat states as

|�(θ)〉cat = 1√
2

[
J∑

m=−J

cJ
m(θ)(|J , m〉 + |J , −m〉)

]
. (G5)

According to Eq. (G5), the spin cat states can be under-
stood as a superposition of GHZ states with different spin
length. Especially, when θ = 0, the spin cat state corre-
sponds to the GHZ state. To illustrate the spin cat state
clearly, we show the Husimi distributions for the spin cat
state on the Bloch sphere in Fig. 10.

APPENDIX H: VARIATION OF THE
MEASUREMENT PRECISON

In the main text, we show only the optimal measurement
precision for the two parameters. In this section, we give
the variation of the measurement precision with detuning
ω − ωe and amplitude B in detail. According to the analytic
expression for the measurement precision, we find that
the measurement precisions �ω and �B are dependent on

both the frequency ω and the amplitude B simultane-
ously. For comparison, we choose three typical input
states: the SCS |�〉SCS, the spin cat state |�(π/8)〉cat,
and the GHZ state |�(0)〉cat. In Fig. 11, the variations
of �ω/ω and γ�B/ω versus B and ω − ωe with the
three input states are shown. When the input state is
a SCS or a GHZ state, the measurement precision �ω

attains its optimal value when cos[(ω − ωe)T][2 − (ω −
ωe)

2T2] + 2T(ω − ωe) sin[(ω − ωe)T] = 2 for fixed par-
ticle number N . Meanwhile, the measurement precision
�B is dependent only on the frequency ω. The mea-
surement precision of �B attains its optimal value when
cos[(ω − ωe)T] + (ω − ωe)T sin[(ω − ωe)T] = 1. In con-
trast, the dependence of �ω/ω and γ�B/ω on B and
ω − ωe with spin cat states |�(θ)〉cat (θ �= 0) is more
complicated; see, for example, Figs. 11(b) and 11(e).

APPENDIX I: MEASUREMENT PRECISIONS IN
TWO SPECIAL SITUATIONS FOR SPIN CAT

STATES

For a spin cat state, we give the general expressions for
the measurement precisions �ω and �B in the main text.
Here we discuss measurement precisions in two special
situations (φ → 0 and φ = π/2) for the spin cat state in
detail.

When ω −ωe → 0, φ = (2γ B/π)(1 − cos[(ω −ωe)T])/
(ω − ωe) → 0, sin 2mπ ≈ 0, and cos 2mπ ≈ 1, the mea-
surement precisions �ω and �B can be simplified as

�ω|φ=0 ≈ π

2γ B

√∑m=J
m=−J m2|cJ

m(θ)|2∣∣∣2∑m=J
m=−J m2(−1)J−m|cJ

m(θ)|2
∣∣∣
(ω − ωe)

2

|G| = B̃(J , θ)
π

2γ B
(ω − ωe)

2

|G|

= B̃(J , θ)
π

3γ BT2 , (I1)

�B|φ=0 ≈
√∑m=J

m=−J m2|cJ
m(θ)|2∣∣∣2∑m=J

m=−J m2(−1)J−m|cJ
m(θ)|2

∣∣∣
π

2γ

∣∣∣∣
ω − ωe

cos[(ω − ωe)T] − 1

∣∣∣∣

= B̃(J , θ)
π

2γ

ω − ωe

cos[(ω − ωe)T] − 1
= B̃(J , θ)

π

γ (ω − ωe)T2 . (I2)

When φ = (2γ B/π) {(1 − cos[(ω − ωe)T])/(ω − ωe)} = (π/2), sin mπ = 0, and (−1)J−m cos mπ = 1, the mea-
surement precisions �ω and �B can be simplified as

�ω|φ= π
2

= π

2γ B

√∑m=J
m=−J m2|cJ

m(θ)|2∣∣∣2∑m=J
m=−J m2|cJ

m(θ)|2
∣∣∣
(ω − ωe)

2

|G| = C(θ)
π

2γ BN
(ω − ωe)

2

|G| , (I3)

�B|φ= π
2

=
√∑m=J

m=−J m2|cJ
m(θ)|2∣∣∣2∑m=J

m=−J m2|cJ
m(θ)|2

∣∣∣
π

2γ

∣∣∣∣
ω − ωe

cos[(ω − ωe)T] − 1

∣∣∣∣ = C(θ)
π

2γ N

∣∣∣∣
ω − ωe

cos[(ω − ωe)T] − 1

∣∣∣∣ . (I4)
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(a) (b) (c)

(d) (e) (f)

|SCSÒ |catÒ |GHZÒ

FIG. 11. Variation of measurement precisions for individual particles and entangled particles for fixed N . (a) �ω/ω and (d) γ�B/ω

for a SCS with ÛI = e−i π
2Ĵ y . (b) �ω/ω and (e) γ�B/ω for a spin cat state with ÛI = ei π

2Ĵ x ei π
2Ĵ

2
z ei π

2Ĵ x and θ = π/8. (c) �ω/ω and (f)

γ�B/ω for a GHZ state withÛI = ei π
2Ĵ x ei π

2Ĵ
2
z ei π

2Ĵ x . Here T = 2π , ω = 20π , and N = 20.

The coefficient C(θ)= 1+ [2 tan2(θ/2)/(1+ tan2(θ/2))]
is independent of the particle number N [51]. According to
Eqs. (I3) and (I4), it is obvious that the measurement pre-
cisions �ω and �B both can approach Heisenberg-limited
scaling.

APPENDIX J: INFLUENCE OF INITIAL PHASE
SHIFT BETWEEN THE INPUT AND REFERENCE

SIGNALS

In our scheme, the modulation of �(t) is a set
of π pulses in the form of �(t) = π

∑L
m=1 δ(t − [m +

(1 + k/2)]τ ), where k ∈ [−1, 1). The parameter k corre-
sponds to the initial phase shift between the input and
reference signals. The lock-in case of k = 0 has been dis-
cussed. In the following, we consider the other condition,
where k = −1.

The Hamiltonian for the interrogation stage (after mov-
ing to the interaction picture with respect to the modula-
tion) reads

Ĥ I = h(t)[γ B sin(ωt)]Ĵ z, (J1)

where the square wave function h(t) becomes

h(t) =
{

1 ωet mod 2π ∈ [0, π),
−1 ωet mod 2π ∈ [π , 2π).

Similarly, one can easily tune ωe close to ω in an exper-
iment. When |ω − ωe|  ω and T � 2π/ω, the Hamilto-
nian (J1) can be approximated by an effective Hamiltonian
(the approximation is also valid for |ω − ωe|/ω < 0.1
when ω > 10π ):

Ĥ
eff
I = 2γ B

π
cos [(ω − ωe)t] Ĵ z. (J2)

After similar procedures as in the case of k = 1, the final
state before half-population difference measurement can be
written as

|�〉final = Ûe−iαĴ x e−iφ1Ĵ z |�〉in . (J3)

The analytic form of the phase is written as

φ1 = 2γ B
π

sin[(ω − ωe)T]
ω − ωe

. (J4)

We first consider individual particles without any entan-
glement and then discuss the case of spin cat states. For
the spin coherent state |�〉SCS, the final state before the
half-population difference measurement can be written as

|�〉I
final = e−i π

2Ĵ y e−iφ1 Ĵz |�〉SCS . (J5)

In an explicit form, the final state becomes
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(a) (b) |SCSÒ|catÒ|GHZÒ
|SCSÒ|catÒ|GHZÒ

FIG. 12. Variation of the measurement signal Jz versus detun-
ing ω − ωe for individual particles and entangled particles for
fixed B. The dotted green line show the results for a SCS with
ÛI = e−i π

2Ĵ y . The dashed orange line shows the results for a spin

cat state with ÛI = ei π
2Ĵ x ei π

2Ĵ
2
z ei π

2Ĵ x and θ = π/8. The solid blue

line show the results for a GHZ state with ÛI = ei π
2Ĵ x ei π

2Ĵ
2
z ei π

2Ĵ x .
These results indicate that the expectation of the half-population
difference is symmetric for detuning ω − ωe and the lock-in point
located at ω − ωe = 0, i.e., ω = ωe. Here T = 2π , ω = 20π ,
γ B = 2π , N = 6, and k = 0.

|�〉I
final =

J∑
m=−J

√
Cm

J

(
− cos

φ1

2

)J+m (
i sin

φ1

2

)J−m

|J , m〉,

where Cm
J = [(2J )!/(J + m)!(J − m)!] is the binomial

coefficient. After some algebra, the expectations of the
half-population difference and the square of the half-
population difference on the final state can be explicitly
written as

〈Jz〉f = (−1)L N
2

cos φ1, (J6)

〈J 2
z 〉f = N

4
+ N (N − 1)

4
cos2 φ1. (J7)

Thus, the measurement signal Jz is given by

Jz = N
2

cos φ1. (J8)

From Eq. (J8), it is found that the information for the
estimated parameters ω and B can be inferred from the
bisinusoidal oscillation of the measurement signal Jz. In
our calculation, we find Eq. (J8) with respect to detun-
ing ω − ωe is symmetric for fixed B and the lock-in point
located at ω − ωe = 0, i.e., ω = ωe, as shown in Fig. 12
(dotted green line). Thus, one can obtain the value of ω,
and further extract the value of B according to the ana-
lytic form of Eq. (J8). This implies that the values of ω

and B can be simultaneously obtained by means of only
the measurement signal Jz.

According to the quantum estimation theory [1,57–59],
the measurement precisions of the estimated parameters
can be given according to the error propagation formula.
The measurement precisions for ω and B are

�ω = (�Ĵ z)f

|∂〈Ĵ z〉f /∂ωe|
(J9)

and

�B = (�Ĵ z)f

|∂〈Ĵ z〉f /∂B| , (J10)

where

(�Ĵ z)f =
√

〈Ĵ 2
z 〉f − 〈Ĵ z〉2

f . (J11)

Substituting Eqs. (J6) and (J7) into Eqs. (J9) and (J10), one
can analytically obtain the measurement precisions �ω

and �B. They read

�ω = π

2γ B
√

N

(ω − ωe)
2

|sin [(ω − ωe)T] − T(ω − ωe) cos [(ω − ωe)T]| , (J12)

�B = π

2γ
√

N

∣∣∣∣
ω − ωe

sin [(ω − ωe)T]

∣∣∣∣ . (J13)

From Eqs. (J12) and (J13), the measurement pre-
cisions �ω and �B exhibit only SQL scaling. For
fixed N , the measurement precision �ω is depen-
dent on both the detuning ω − ωe and B, as shown
in Fig. 13(a). When sin[(ω − ωe)T][2 − (ω − ωe)

2T2] −
2T(ω − ωe) cos[(ω − ωe)T] = 0, �ω attains the optimal

value. However, the measurement precision �B is depen-
dent only on the detuning ω − ωe, as shown in Fig. 13(d).
When it is near resonance ω ≈ ωe, �B = π/2γ

√
NT is

optimal.
We numerically calculate the optimal measurement pre-

cisions versus particle number in the range |(ω − ωe)/ω| ∈
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(a) (b) (c)

(d) (e) (f)

|SCSÒ |catÒ |GHZÒ

FIG. 13. Variation of the measurement precisions for individual particles and entangled particles for fixed N . (a) �ω/ω and(d)

γ�B/ω for a SCS with ÛI = e−i π
2Ĵ y . (b) �ω/ω and (e) γ�B/ω for a spin cat state with ÛI = ei π

2Ĵ x ei π
2Ĵ

2
z ei π

2Ĵ x and θ = π/8. (c) �ω/ω

and (f) γ�B/ω for a GHZ state withÛI = ei π
2Ĵ x ei π

2Ĵ
2
z ei π

2Ĵ x . Here T = 2π , ω = 20π , N = 20, and k = 0.

[0, 0.008] and for γ B = 2π . According to the fitting
results (see Fig. 14), the log-log measurement precisions
ln (�ωmin/ω) ≈ −0.5 ln N − 8.37 and ln (γ�Bmin/ω) ≈
−0.5 ln N − 5.53. For the two parameters, the opti-
mal measurement precisions �ωmin [purple circles in
Fig. 14(a)] and �Bmin [purple circles in Fig. 14(b)] both
exhibit SQL scaling as expected.

Next we try to use the spin cat states to perform the mea-
surement. We choose an interaction-based operation ÛI =
Û = ei(π/2)Ĵ x ei(π/2)Ĵ

2
z ei(π/2)Ĵ x in the readout stage. Therefore,

the final state before the half-population difference can be
written as

|�〉I
final = ei π

2Ĵ x ei π
2Ĵ

2
z ei π

2Ĵ x e−iφ1Ĵ z |�(θ)〉cat . (J14)

The final state |�final〉 has an analytic form when N is an
even number and can be written as

|�〉I
final =

√
2

4
(−1)J

m=J∑
m=−J

[
cJ

m(θ) + cJ
−m(θ)

]

× {
[1 + (−1)m](cos mφ1+sin mφ1)

× −i [1 − (−1)m](cos mφ1 − sin mφ1)
} |J , m〉 .

(J15)

Thus, the expectation of the half-population difference
and the expectation of the square of the half-population

(a) (b)

|SCSÒ
|catÒ
|GHZÒ

|SCSÒ
|catÒ
|GHZÒ

In N In N

FIG. 14. Log-log plots of the scaling of the optimal measure-
ment precision versus total particle number for (a) frequency ω

and (b) amplitude B. The circles show the results for a SCS with
ÛI = e−i π

2Ĵ y and the lines are the corresponding fitting curves.
The squares show the results for a spin cat state with ÛI =
ei π

2Ĵ x ei π
2Ĵ

2
z ei π

2Ĵ x and θ = π/8 and the lines are the correspond-
ing fitting curves. The triangles show the results for a GHZ state

with ÛI = ei π
2Ĵ x ei π

2Ĵ
2
z ei π

2Ĵ x and the lines are the corresponding fit-
ting curves. Here T = 2π , ω = 20π , |(ω − ωe)/ω| ∈ [0, 0.008],
γ B ∈ [0, 2π ], and k = −1.
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difference are

〈Jz〉f = (−1)L+1
m=J∑

m=−J

(−1)J−mm|cJ
m(θ)|2 sin 2mφ1,

〈J 2
z 〉f =

m=J∑
m=−J

m2|cJ
m(θ)|2. (J16)

The derivative with respect to φ1 reads

〈dJz〉f

dφ1
= (−1)L+1

m=J∑
m=−J

m2(−1)J−m|cJ
m(θ)|2 cos 2mφ1.

(J17)

Correspondingly, the standard deviation of the half-
population difference is given by

(�Ĵ z)f =
√

〈J 2
z 〉f − (〈Jz〉f )2

=

√√√√√
m=J∑

m=−J

m2|cJ
m(θ)|2−

[
m=J∑

m=−J

(−1)J−mm|cJ
m(θ)|2 sin 2mφ1

]2

(J18)

The measurement signal Jz reads

Jz = −
m=J∑

m=−J

(−1)J−mm|cJ
m(θ)|2 sin 2mφ1. (J19)

According to Eq. (J19), the main frequencies of the
bisinusoidal oscillation of Jz becomes proportional to 2m.

Furthermore, we find Eq. (J19) with respect to detun-
ing ω − ωe is symmetric for fixed B and the lock-in
point located at ω − ωe = 0, i.e., ω = ωe, as shown in
Fig. 12 (dashed orange line). Substituting Eqs. (J17)
and (J18) into Eqs. (J9) and (J10), one can analytically
obtain the measurement precisions �ω and �B. They
read

�ω = Ã1π

2γ B
(ω − ωe)

2

|sin [(ω − ωe)T] − T(ω − ωe) cos [(ω − ωe)T]| , (J20)

�B = Ã1π

2γ

∣∣∣∣
ω − ωe

sin [(ω − ωe)T]

∣∣∣∣ , (J21)

where

Ã1 =

√∑m=J
m=−J m2|cJ

m(θ)|2−
[∑m=J

m=−J (−1)J−mm|cJ
m(θ)|2 sin 2mφ1

]2

|2∑m=J
m=−J m2(−1)J−m|cJ

m(θ)|2 cos 2mφ1|
. (J22)

Particularly, when φ1 = π/2, sin 2mφ1 = 0, and (−1)J−m cos 2mφ1 = 1, the measurement precisions �ω and �B can
be simplified as

�ω|φ1=π/2 = π

2γ B

√∑m=J
m=−J m2|cJ

m(θ)|2
|2∑m=J

m=−J m2|cJ
m(θ)|2|

(ω − ωe)
2

|sin [(ω − ωe)T] − T(ω − ωe) cos [(ω − ωe)T]|

= C(θ)
π

2γ BN
(ω − ωe)

2

|sin [(ω − ωe)T] − T(ω − ωe) cos [(ω − ωe)T]| , (J23)

�B|φ1=π/2 =
√

1
2

∑m=J
m=−J m2|cJ

m(θ)|2
|2∑m=J

m=−J m2|cJ
m(θ)|2|

π

2γ

∣∣∣∣
ω − ωe

sin [(ω − ωe)T]

∣∣∣∣ = C(θ)
π

2γ N

∣∣∣∣
ω − ωe

sin [(ω − ωe)T]

∣∣∣∣ . (J24)
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Here the coefficient C(θ) = 1 + [2 tan2(θ/2)/(1 +
tan2(θ/2))] is independent on the particle number N . It
is indicated that the measurement precisions �ω and �B
for spin cat states can exhibit Heisenberg-limited scaling.
Furthermore, we numerically calculate the optimal mea-
surement precisions versus particle number in the range
|(ω − ωe)/ω| ∈ [0, 0.008] and for γ B = 2π . According
to the fitting results (see Fig. 14), the log-log mea-
surement precisions ln (�ωmin/ω) ≈ − ln N − 8.26 and
ln (γ�Bmin/ω) ≈ −lnN − 5.46. The optimal measure-
ment precision �ωmin [yellow squares in Fig. 14(a)] and
�Bmin [yellow squares in Fig. 14(b)] are both beyond SQL
scaling and approach Heisenberg-limited scaling. Finally,
we also consider using the GHZ state as the input state,
i.e., θ = 0 in the spin cat state. According to Eqs. (J15)
and (J16), the final state |�〉I

final reads

|�〉I
final = 1√

2
(cos Jφ1 − sin Jφ1) |J , J 〉

+ 1√
2
(cos Jφ1 + sin Jφ1) |J , −J 〉 . (J25)

The expectation of the half-population difference and the
measurement signal are

〈Jz〉f = −N
2

(−1)L sin Nφ1,

Jz = −N
2

sin Nφ1. (J26)

Clearly, the main frequencies of the bisinusoidal oscilla-
tion of 〈Jz〉f become proportional to N = 2J . Similarly, we
find Eq. (J26) with respect to detuning ω − ωe is symmet-
ric for fixed B and the lock-in point located at ω − ωe = 0,
i.e., ω = ωe, as shown in Fig. 12 (blue lines). Moreover,
the square of the half-population difference is indepen-
dent of the two parameters, and becomes 〈J 2

z 〉f = J 2 =
N 2/4. According to Eqs. (J9) and (J10), the measurement
precisions for ω and B have an analytic form and they read

�ω

= π

2Nγ B
(ω − ωe)

2

|sin [(ω −ωe)T] − T(ω − ωe) cos [(ω − ωe)T]| ,

(J27)

�B = π

2Nγ

∣∣∣∣
ω − ωe

sin [(ω − ωe)T]

∣∣∣∣ . (J28)

From Eqs. (J27) and (J28), the measurement precisions
�ω and �B can exhibit Heisenberg-limited scaling. Mean-
while, for fixed N , the measurement precision �ω is
dependent on both the detuning ω − ωe and B, as shown
in Fig. 13(c). When sin[(ω − ωe)T](2 − (ω − ωe)

2T2)

− 2T(ω − ωe) cos[(ω − ωe)T] = 0, �ω attains its opti-
mal value. However, the measurement precision �B is
dependent only on the detuning ω − ωe. When it is near
resonance ω ≈ ωe, �B = π/γ NT is optimal. To confirm
the dependence of the measurement precisions on the par-
ticle number, we numerically calculate the optimal mea-
surement precisions versus particle number in the range
|(ω − ωe)/ω| ∈ [0, 0.008] and for γ B = 2π . According
to the fitting results (see Fig. 14), the log-log mea-
surement precisions ln (�ωmin/ω) ≈ − ln N − 8.37 and
ln (γ�Bmin/ω) ≈ − ln N − 5.53. For the two parameters,
the optimal measurement precisions �ωmin [red triangles
in Fig. 14(a)] and �Bmin [red triangles in Fig. 14(b)] both
exhibit Heisenberg-limited scaling.
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[70] Ł. Cywiński, R. M. Lutchyn, C. P. Nave, and S. D. Sarma,
How to enhance dephasing time in superconducting qubits,
Phys. Rev. B 77, 174509 (2008).

[71] G. Balasubramanian, I. Y. Chan, R. Kolesov, M. AlHmoud,
J. Tisler, C. Shin, C. Kim, A. Wojcik, P. R. Hemmer, A.
Krueger, T. Hanke, A. Leitenstorfer, R. Bratschitsch, F.
Jelezko, and J. Wrachtrup, Nanoscale imaging magnetom-
etry with diamond spins under ambient conditions, Nature
455, 648 (2008).

[72] F. Jelezko, T. Gaebel, I. Popa, M. Domhan, A. Gruber,
and J. Wrachtrup, Observation of Coherent Oscillation of
a Single Nuclear Spin and Realization of a Two-Qubit
Conditional Quantum Gate, Phys. Rev. Lett. 93, 130501
(2004).

[73] C. Gross, T. Zibold, E. Nicklas, J. Estève, and M. K.
Oberthaler, Nonlinear atom interferometer surpasses clas-
sical precision limit, Nature 464, 1165 (2010).

[74] M. F. Riedel, P. Böhi, Y. Li, T. W. Hänsch, A. Sinatra, and
P. Treutlein, Atom-chip-based generation of entanglement
for quantum metrology, Nature 464, 1170 (2010).

[75] X. Luo, Y. Zou, L. Wu, Q. Liu, M. Han, M. Tey, and
L. You, Deterministic entanglement generation from driv-
ing through quantum phase transitions, Science 355, 620
(2017).

[76] Y. Zou, L. Wu, Q. Liu, X. Luo, S. Guo, J. Cao, M. Tey,
and L. You, Beating the classical precision limit with spin-
1 dicke states of more than 10,000 atoms, Proc. Natl. Acad.
Sci. 115, 6381 (2018).

[77] S. Choi, N. Y. Yao, and M. D. Lukin, arXiv:1801.00042.
[78] Z. Zhang and L. M. Duan, Generation of Massive Entan-

glement through an Adiabatic Quantum Phase Transition
in a Spinor Condensate, Phys. Rev. Lett. 111, 180401
(2013).

[79] C. F. Ockeloen, R. Schmied, M. F. Riedel, and P.
Treutlein, Quantum Metrology with a Scanning Probe
Atom Interferometer, Phys. Rev. Lett. 111, 143001
(2013).

[80] W. Muessel, H. Strobel, D. Linnemann, D. B. Hume, and
M. K. Oberthaler, Scalable Spin Squeezing for Quantum-
Enhanced Magnetometry with Bose-Einstein Condensates,
Phys. Rev. Lett. 113, 103004 (2014).

[81] S. F. Huelga, C. Macchiavello, T. Pellizzari, A. K. Ekert,
M. B. Plenio, and J. I. Cirac, Improvement of Frequency
Standards with Quantum Entanglement, Phys. Rev. Lett.
79, 3865 (1997).

[82] L. Pezzè and A. Smerzi, Heisenberg-Limited Noisy Atomic
Clock Using a Hybrid Coherent and Squeezed State Proto-
col, Phys. Rev. Lett. 125, 210503 (2020).

[83] H. T. Ng, Quantum-limited measurement of magnetic-field
gradient with entangled atoms, Phys. Rev. A 87, 043602
(2013).

[84] L. Pezzè, A. Smerzi, M. K. Oberthaler, R. Schmied,
and P. Treutlein, Quantum metrology with nonclassical
states of atomic ensembles, Rev. Mod. Phys. 90, 035005
(2018).

040317-23

https://doi.org/10.1103/PhysRevLett.119.193601
https://doi.org/10.1103/PhysRevA.98.012129
https://doi.org/10.1126/science.aaf3397
https://doi.org/10.1103/PhysRevA.97.043813
https://doi.org/10.1103/PhysRevLett.117.013001
https://doi.org/10.1126/science.aaw2884
https://doi.org/10.1103/PhysRevA.97.053618
https://doi.org/10.1016/0375-9601(67)90366-0
https://doi.org/10.1142/S0219749909004839
https://doi.org/10.1103/PhysRevA.78.023606
https://doi.org/10.1103/PhysRevA.82.033621
https://doi.org/10.1103/PhysRevA.88.013606
https://doi.org/10.1364/JOSAB.396358
https://doi.org/10.1103/PhysRev.83.34
https://doi.org/10.1103/PhysRevB.77.174509
https://doi.org/10.1038/nature07278
https://doi.org/10.1103/PhysRevLett.93.130501
https://doi.org/10.1038/nature08919
https://doi.org/10.1038/nature08988
https://doi.org/10.1126/science.aag1106
https://doi.org/10.1073/pnas.1715105115
https://arxiv.org/abs/1801.00042
https://doi.org/10.1103/PhysRevLett.111.180401
https://doi.org/10.1103/PhysRevLett.111.143001
https://doi.org/10.1103/PhysRevLett.113.103004
https://doi.org/10.1103/PhysRevLett.79.3865
https://doi.org/10.1103/PhysRevLett.125.210503
https://doi.org/10.1103/PhysRevA.87.043602
https://doi.org/10.1103/RevModPhys.90.035005

	I.. INTRODUCTION
	II.. GENERAL PROTOCOL
	A.. Mixing modulation
	B.. Readout

	III.. MEASUREMENT PRECISIONS
	A.. Individual particles
	B.. Entangled particles
	C.. Robustness against stochastic noise

	IV.. SUMMARY AND DISCUSSION
	. ACKNOWLEDGMENTS
	. APPENDIX A: NONCOMMUTATIVE OPERATIONS IN A MANY-BODY QUANTUM LOCK-IN AMPLIFIER
	. APPENDIX B: TIME EVOLUTION IN THE INTERACTION PICTURE
	. APPENDIX C: VALIDITY OF THE EFFECTIVE HAMILTONIAN
	. APPENDIX D: VALIDITY OF THE ANALYTIC RESULTS IN THE INTERACTION PICTURE
	. APPENDIX E: INFLUENCE OF PULSE NUMBER
	. APPENDIX F: THE TOTAL SIGNAL IN THE PRESENCE OF NOISE
	. APPENDIX G: SPIN CAT STATES
	. APPENDIX H: VARIATION OF THE MEASUREMENT PRECISON
	. APPENDIX I: MEASUREMENT PRECISIONS IN TWO SPECIAL SITUATIONS FOR SPIN CAT STATES
	. APPENDIX J: INFLUENCE OF INITIAL PHASE SHIFT BETWEEN THE INPUT AND REFERENCE SIGNALS
	. REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


