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Achieving high-precision detection of time-dependent signals within noise is a ubiquitous issue in
physics and a critical task in metrology. Lock-in amplifiers are detectors that can extract alternating sig-
nals within extreme noise via a known carrier frequency. Here we present a protocol for achieving an
entanglement-enhanced lock-in amplifier via use of many-body multipulse quantum interferometry. The
many-body quantum lock-in amplifier is implemented by application of a periodic multi-z -pulse sequence
during the interrogation. Our analytic results show that, by our choosing suitable input states and readout
operations, the frequency and amplitude of an unknown alternating field can be simultaneously extracted
via population measurements. The lock-in point can be determined via the symmetry of the signal dur-
ing a single interrogation time or the time-averaged signals for multiple interrogation times. We find
that the measurement signal at the lock-in point is independent of the interrogation time. In particular,
if we input spin cat states and apply interaction-based readout operations, the measurement precisions
for frequency and amplitude can both approach the Heisenberg limit. Moreover, our many-body quantum
amplifier is also robust with regard to extreme stochastic noise. Our study paves a new way for measuring
time-dependent signals with many-body quantum systems, and provides a feasible method for achieving
Heisenberg-limited detection of alternating signals.
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L. INTRODUCTION

Detecting time-dependent alternating signals with high
precision is an important problem in fundamental physics
and a critical task in metrology [1—6]. Generally, the target
signal is submerged in stochastic noise, in which the target
signal and the stochastic noise couple to the probe through
the same physical channel. To obtain a high signal-to-
noise ratio, one has to choose an optimal trade-off between
decreasing the effect of noise and enhancing the response
to the target signal. Usually, a lock-in amplifier has been
used as a high-efficiency classical detector to extract a
signal from noise with a high signal-to-noise ratio. The
lock-in amplifier selects the signal with a specific fre-
quency and phase from a mixture of mostly unwanted
frequencies.
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Dynamical decoupling (DD) methods have been exten-
sively used to increase the signal-to-noise ratio of quantum
sensors for alternating signals [7-26]. In particular, a quan-
tum analog of the classical lock-in amplifier with a single
trapped Sr™ ion has been demonstrated [23], in which
noncommuting manipulations are performed to decouple
the quantum probe from noise, while increasing its sen-
sitivity. Quantum lock-in techniques are readily available
for other quantum probes [20—26]. However, to the best
of our knowledge, all existing studies of quantum lock-
in amplifiers concentrate on single-particle systems. Can
one achieve a quantum lock-in amplifier via a many-body
quantum system?

It is well known that many-body quantum entangle-
ment is a useful resource for increasing measurement
precision [15,27-32]. For N individual particles, the mea-
surement precision scales as the standard quantum limit
(SQL) (i.e., o< 1/4/N). The SQL can be surpassed by using
entanglement. Remarkably, entangled non-Gaussian states
(ENGSs), such as spin cat states or even Greenberger-
Horne-Zeilinger (GHZ) states, set a benchmark for beating
the SQL in metrology. The measurement precision can
be increased to the Heisenberg limit (HL) (i.e., « 1/N)
[33—37]. With state-of-art techniques, the ENGS state can
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be generated in ultracold atomic gases [12,32,38,38—43],
trapped ions [44], and photonic systems [45]. Can one use
many-body quantum entanglement to increase the mea-
surement precision of a quantum lock-in amplifier? Fur-
thermore, is the entanglement-enhanced lock-in amplifier
robust with regard to extreme stochastic noise?

In this article, we present a general protocol for achiev-
ing a many-body quantum lock-in amplifier via quan-
tum interferometry under a periodic multipulse sequence.
Many-body quantum interferometry can be divided into
three steps: state preparation, signal interrogation, and
readout. To detect an unknown alternating signal, we apply
a train of m pulses with equidistant spacing in the sig-
nal interrogation stage. The modulation (i.e., the applied
m-pulse sequence) is noncommuting with the signal acqui-
sition, which is the key for achieving a quantum lock-in
amplifier. For a given evolution time 7, the pulse spacing
T = m/w, is adjusted to probe the oscillating frequency w
of the target signal. At resonance w, = w, when the sig-
nal and the modulation are locked in, the 7w pulses are
applied at every peak and valley of the signal and thus
the accumulated phase is close to zero, while for w, # w,
the accumulated phase oscillates dramatically and is sensi-
tively dependent on the detuning @ — w,. As this accumu-
lated phase determines the half-population, one may infer
the lock-in point w, = w by measuring the half-population
versus the detuning. Meanwhile, the signal amplitude can
also be extracted.

Moreover, we analytically study the measurement pre-
cisions for frequency and amplitude of an ac magnetic
field. For nonentangled states, the measurement precisions
only attain the SQL. Through use of entangled states, the
measurement precisions can be increased to the Heisen-
berg limit. In particular, by use of spin cat states and
suitable interaction-based readout operations [46—56], the
measurement precisions for frequency and amplitude can
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simultaneously achieve the Heisenberg limit. Besides, our
many-body quantum amplifiers are robust with regard to
stochastic noise, even with highly entangled spin cat states.

This article is organized as follows. In Sec. II, we
introduce our general protocol for a many-body quantum
lock-in amplifier by applying a train of 7 pulses. In Sec.
II, we study the measurement precisions for different input
states. We demonstrate how to achieve the Heisenberg-
limited quantum lock-in amplifier via spin cat states and
discuss its robustness against stochastic noise. Finally, we
give a brief summary and discussion in Sec. [V.

II. GENERAL PROTOCOL

In this section, we present our general protocol for
achieving a many-body quantum lock-in amplifier. Clas-
sical lock-in amplifiers can extract a signal with a known
carrier frequency from noise; see Fig. 1(a). The noise is
mixed with the target signal (i.e., the target signal and the
noise couple to the probe through the same physical chan-
nel). In essence, a lock-in amplifier receives a target signal,
multiplies it by a reference signal, and performs integra-
tion over a specified time. After the integration, there is
almost no contribution from any signal that is not at the
same frequency as the reference signal. In analogy, a quan-
tum lock-in amplifier with many-body quantum systems
can be realized by use of quantum control techniques; see
Fig. 1(b). For the classical lock-in amplifier, the mix-down
process can generate the instantaneous product of the tar-
get signal and the reference signal and can be achieved
with a nonlinear device. Correspondingly, the key for real-
izing a quantum lock-in amplifier is to find a quantum
analog of the mix-down process [23]. Nonlinear dynam-
ics of the wave function cannot be introduced directly.
However, the dynamics is proportional to a product of
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A classical lock-in amplifier and a many-body quantum lock-in amplifier. (a) The classical lock-in amplifier. V(¢) is the

target signal submerged in extreme noise. V,(f) is a known reference signal. Inputting the two signals through the classical lock-in
amplifier, one can extract the 51gnal Vs(t). (b) The many-body quantum lock-in amplifier. The coupling between the probe and the
signal is described by Huy=M (t)Jz, with M (f) = S(¢) + N,(¢), where S(?) is the target signal and N,(¢) is the stochastic noise. The
oscillating modulation term Jas mix, Which is analogous to the reference signal V,.(f), does not commute with H, int- Thus, the quantum
probe, obeying the Hamiltonian & = A int +H mix» can be used to realize a quantum lock-in amplifier for extraction of the signal S(7).

040317-2



MANY-BODY QUANTUM...

PRX QUANTUM 2, 040317 (2021)

Hamiltonian terms if the total Hamiltonian does not com-
mute with itself at different times. Thus, the mix-down
process can be achieved by noncommutative operations,
and quantum lock-in amplifiers can be achieved.

To illustrate our protocol, we consider an ensemble of
N identical two-state bosonic particles. The two states
can be selected as any desired two levels, and here-
after we label them as spins |1) and || ), respectively.
The system states can be well characterized by the col-
lective spin operators: J, = %(&73 +abh, J, = zll.(iﬂl; -
abt), and J, = (1/2)@ta — b'h), where & and b denote
annihilation operators for spins [1) and || ), respectively.
The system states can be represented in terms of the
Dicke basis {|J,m)}, where jZIJ,m) =m|J,m), with J =
N/2andm=—-J,—J +1,...,J —1,J. Given the probe
as an ensemble of two-mode bosonic particles, the cou-
pling between the probe and the target signal [an ac
magnetic field B(f) = Bsin(wt + B)z] is described by
the Hamiltonian

Hy(®) = yB() - J = yBsin(wt + B)J., (1)

where B corresponds to the magnetic field amplitude,
y 1is the gyromagnetic ratio, w denotes the oscillation
frequency, and g is the initial phase.

Similarly to other lock-in amplifiers, the target signal
and the noise couple to the probe through the same physical
channel. In the presence of stochastic noise, the interaction
between the system and the external ac field is described by
the Hamiltonian A it =M (t)j ., where the external field
M () = S(¢) + N,(¢) consists of the target signal S(r) =
So sin(wt 4+ B) and the stochastic noise N, (7). The target
signal is modulated with time, w corresponds to the oscil-
lation frequency, B is the initial phase of the signal, and
So = y B stands for the strength of the signal.

To implement the quantum lock-in amplifier, we mix
the system with an induced modulation signal that does
not commute with Ay (see Appendix A for more details).
Here we consider the mixing term H mix(f) = Q (t)j +, and
the whole Hamiltonian becomes

H=Hu®) +Hux(®) = M@)J. +Q20JT,. ()

The noncommutativity of the two modulation terms Hine
and H pix plays an important role for lock-in measurement.
In the unit of A = 1, the time evolution of system state
|W (7)) obeys the Schrodinger equation:

AW ()
at

i - [M(t)jz + sz(r).}x] W (1)). 3)

In the interaction picture with respect to Hmix (see
Appendix B for the derivation), the time evolution is

described by

V@)

T =H (1) ¥(2)),

= M (D) cos(@)J . + sin(@)J, W (0);,  (4)

where |W (1), = & ifmxO% W (1)) and « = [} Q()dr .
At time T, the system state is

|\I-’ (D>[ — tj’e—ifOTM(t) COS(a)jz+Sin(a)fydt|\Ij(O)>[

o R )

with the time-ordering operator 7, the initial state
W (0)); = |W(0)), and the two phase factors

T T
= SO/ sin(wt + B) cos « dt —1—/ Ny(t) cosadt (6)
0 0

and

T T
=S / sin(wt + B) sina dt + / Ny(®)sinadt. (7)
0 0

If we apply a suitable modulation () to make cos«
and sin« periodic and synchronized with the signal S(7),
the phase accumulated owing to S(¢) adds up coherently,
whereas the phase accumulated owing to stochastic noise
N,(?) can be averaged away. Especially, if the frequencies
of the noise spectral components are far from the signal fre-
quency w, the noise spectral components can be removed
in the long-time integration. In this way, the signal-to-noise
ratio of the output can be significantly increased. DD is
an effective modulation method for quantum control. In
the following, we consider the mixing modulation €2 (7)
by DD techniques and demonstrate how to use many-body
entanglement to increase the measurement precision.

A. Mixing modulation

For convenience, we assume = 0. Our goal is to deter-
mine the frequency w and the amplitude B via a many-body
quantum lock-in amplifier. We first ignore the stochastic
noise N, (f); its influences are discussed at the end.

In our scheme, the time-dependent modulation €2 (7)
is designed as a sequence of m pulses with equidistant
spacing. This technique has been widely used in a single-
particle lock-in amplifier for measuring an oscillating sig-
nal in the presence of noise [20,21,23-25]. Generally, a
single  pulse can be expressed by a rectangular wave-
form, i.e., Qingle(t) = Z for tp <t <ty +a, with a the
width (duration) of the single m pulse. Ideally, the 7
pulse is assumed to be sharp enough so that ¢ — 0 and
Qgingle () = wd(t — t9), where 8(f) is the Dirac § func-
tion. For simplicity, we approximate €2(¢) as a sequence
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FIG. 2. The general protocol for a many-body quantum lock-in amplifier for detecting an ac magnetic field. (a) The many-body
quantum interferometry consists of three stages: (i) preparation, (ii) signal interrogation, and (iii) readout. In the initialization stage, an
input state |W);, is prepared. Then the input state undergoes an interrogation stage for signal accumulation. At this stage, the system
state interacts with the magnetic field, and a train of & pulses with specific equidistant spacing t; is applied. In the readout stage,
a certain unitary operation U is applied for recombination, and the half-population difference is measured. Here the pulse spacing
7 (i=1,2,...,M) is adjusted to find the frequency locking point @ = w,. (b) The half-population difference versus the detuning
w — w, can give the frequency locking point w = w,. Here, for illustration, we choose a GHZ state with N =2, T'= 4w, w = 207,

and yB = 2.

of equidistant sharp 7 pulses so that it can be written as
follows:

L
Q0 = Y L [t— <m+ %‘) T]
m=1
- 1 +k
:nZS[l— (m+T> r], kel[-1,1),

m=1
®)

where t is the spacing of the adjacent m pulses and
L denotes the number of pulses. We define the carrier
frequency w, = 7 /t, which is analogous to the carrier fre-
quency for the classical lock-in amplifier. £ determines the
relative phase with respect to the target signal. In the fol-
lowing, we consider £ = 0, which is assumed to be the
lock-in condition. When w, = w, the 7 pulses are applied
at every peak and valley of the oscillating signal, resulting
in a tiny accumulated phase [i.e., Eq. (12)], which can be
used for frequency and phase locking. Here, k can be easily
tuned by adjusting the start point of the initial pulse. The
other condition, £k = —1, is discussed in Appendix J.

By adjusting the carrier frequency w,, we can extract
the frequency w of the ac magnetic field according to the
population measurement. For every fixed carrier frequency
e, One can implement many-body quantum interferome-
try for measurement, which includes three stages: (i) probe
preparation, (ii) signal interrogation, and (iii) readout (see
Fig. 2). In the initialization stage, an input state |W)y, is

prepared. Then the input state undergoes an interrogation
stage for signal accumulation. At this stage, the system
state interacts with the ac magnetic field, and a train of &
pulses with equidistant spacing is applied at the same time.
In the readout stage, a certain unitary operation U is applied
for recombination, and the half-population difference is
measured.

To adjust the carrier frequency w,., one can choose
M different pulse spacings 7; (i = 1,2,...,M). The pat-
tern of the half-population difference measurement at time
t =T versus the detuning @ — w, will tell us the fre-
quency locking point @ = w, (the red cross in Fig. 2).
The pattern depends on the input states (the details for
different input states are discussed in Sec. III). Simi-
larly to a classical amplifier, one can also use the time
integral of the half-population difference measurement to
determine the frequency locking point; of course, this
would require many more data. In the following, we
consider both the signal for a single interrogation time
and the time-averaged signal for multiple interrogation
times.

We now discuss the signal interrogation stage. When
the evolution time 7 is fixed, for the ith pulse spacing, the
number of 7 pulses is L = [T/t; + 1/2], where [-] stands
for the greatest integer. Substituting Eq. (8) into Egs. (4)
and (5), we obtain the Hamiltonian (1) in the interaction
picture:

H; = h(t) (yBsinwi)J,, 9)
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where A(1) is the square wave function,

h(t) = 1 w.t+m/2 mod 2w e[0,m),
-1 wet+m/2 mod 2w € [m,2m).

In experiments, one can tune w, very close to w (i.e.,
|w — w.| < w). Under the conditions of |w — w.| < w and
T > 27 /w, the Hamiltonian (9) can be approximated by
an effective Hamiltonian [23,25]:

a5 = 27’;—3 sin [(w — we)1]J-. (10)

For example, for 7 = 2m, the approximation is valid

for |w — w.|/w < 0.1 for @ > 107; see Appendix C.

The output state after the interrogation stage (of
. rTreff

duration 7) is given as |W)! = e tJofr Wdi |y, —

ey Hmix 0d |y = e@x ) where |W),,, is the output

state in the Schrodinger picture. The two pictures are con-
il

out

nected via a unitary transformation Ur, = e¥x = ¢
The unitary transformation can be easily accomplished via
combining multiple 7 pulses, which is a mature technol-
ogy in quantum control [7-26]; see Appendix E for more
details. Moreover, to obtain the analytic calculations for
intuitively describing our protocol, we change our descrip-
tion from the Schrddinger picture to the interaction picture.
The numerical and analytic results are both very consistent
in the two pictures (see Appendix D for more details).

B. Readout

Finally, in the readout stage, a suitable unitary opera-
tion U is performed for recombination. The selection of
the unitary operation U depends on the input state and will
influence the measurement precisions, which is discussed
in the next section. The final state (in the Schrédinger pic-
ture) before the half-population difference measurement
can be written as

|\Ij>ﬁnal =

— Ge v [T 04 gy (11)

U1W) g = U™ |0)!

out

Substltutmg Eq. (10) into Eq. (11), we have |W)ga =
Ue=i@/xe=i#/z |\). . Here, the accumulated phase reads

6= ZyBl—cos[(w—we)T]. (12)

14 W — W,

The expectation of the half-population difference measure-
ment on the final state is

A

< )f —<qj|ﬁnal‘] |q}>ﬁna1 - <\p|0utU1J Ull\lj>

out
= (W, W) (13)
final z final »

SRS S SO . R .
with J_ = e¥~J e~ and U; = ®*Ue™x. At time T,
we have o = L and U; = €27~Ue"Lx When the pulse

numberLlsevenJ _Jx,Jy_J andJ _J when L

is odd, JX :Jx, Jy = —Jy, and JZ = —JZ (see Appendix
E for more details). Thus, according to Eq. (13), one can
easily obtain the half-population difference measurement
on the final state via |lIJ)0ut When the pulse number L
is even, <j )= (| J |[w). . When L is odd, (jz)f =

— (WL . J.|W)! . The odd-even nature of the pulse num-
ber influences the expectation of the half-population dif-
ference. This will cause a jump at the location whenever
the corresponding pulse number changes. Furthermore, to
eliminate the influence of the odd-even nature of L on
the half-population difference measurement, we define a
measurement signal J, as

out out*

J = (=DXJ.),, (14)

with K =0 for even L and K =1 for odd L. The mea-
surement signal J. is dependent on the half-population
difference measurement and the pulse number L, and thus
it does not add any complexity to existing measurement
techniques. Meanwhile, the square of the half-population
difference on the ﬁnal state can also be explicitly written
via |W)! , and it is (J )= (\IfloutJ |¥)! .. We now illus-
trate the basis of the lock-in amplifier in detail. According
to Eq. (12), when w — w, — 0, the accumulated phase
¢ — yB(w — w,)T?/m ~ 0 and the value of J. is time
independent, while J, is time dependent for w — w, # 0.
This property can be used to find the frequency lock-
ing point w = w,. For the property of amplification, we
consider the Hamiltonian for the system coupled to the
external ac magnetic field in noise and described as

Hg = [yBsinot + Ny(1)]J>, (15)

where N, (¢) is the stochastic noise. Because the modula-
tion term H mix = (t)j 18 a set of sharp 7 pulses, we have
o= fotQ(t’)df = Lmw,socosa = £1 and sina = 0. From
Egs. (6) and (7), we have

T
¥ =/ [yBsinwt + N,(f)] cos o dt
0

T T
= / yBsinwtcos a dt + / N,(f) cos « dt,
0 0
02 =0, (16)

Thus, fOTNO(t) cosadt ~ 0, ¢; ~ ¢. The effects of the
stochastic noise N,(#) are canceled out through the time
integral. Meanwhile, the contribution of the target signal
So sin wt is imprinted on the phase ¢, which is sensitively
dependent on the detuning w — w,. The signal-to-noise
ratio can be effectively increased with our many-body
quantum amplifier.
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III. MEASUREMENT PRECISIONS

In this section, we analyze the measurement precisions
of our many-body quantum lock-in amplifier and show
how entanglement can increase the measurement preci-
sions. Within our scheme, for individual particles without
entanglement, the measurement precisions can approach
the SQL. For entangled particles in a spin cat state, the
measurement precisions can be increased to the HL. We
also discuss the robustness of our many-body quantum
lock-in amplifier against stochastic noise.

According to the parameter quantum estimation the-
ory, the precision of the parameter is constrained by the
quantum Cramér-Rao bound (QCRB) [1,57-59],

1
A > Apgers = —
,/UFQ

which is characterized by the quantum Fisher information

(QFI):
Fly =4 ({0, Woul 9 Wou) — (8, Woul W)outl®) . (18)

(W =w,B), a7

where n corresponds to the number of trials and |9, Woy)
denotes the partial derivative of | W),y with respect to the
parameter w. Within our scheme, the expression for the
QFI can be simplified to

- 96\ » R 2
Fi=4 <@) [inwuzmm — (nwHw)) }

2
_4 <a_¢) (AT, (19)
ou

Thus, the properties of initial states determine the ultimate
measurement precisions. As shown below, for individ-
ual particles, (Ajz)izn o N, while for entangled particles,
(Ajz)izn o N?, showing the entanglement has the ability to
increase the measurement precision from the SQL to the
Heisenberg limit.

To further characterize the measurement precision of w
and B, we use the error propagation formula [1,57—59]. The
measurement precisions for w and B are

Aw= B (20)
10(/2)s /0]
and
ap= _BFr @1
|0(/2)r /0B|
where
(AT = Uy — U2 (22)

A. Individual particles

We first consider individual particles without any entan-
glement. Suppose all the particles are prepared in the spin
coherent state (SCS) |W)gcg = e /2 |N /2, —N/2).
This input state can be easily generated by applying a
/2 pulse on the state of all particles in the spin-down
state | ). In this situation, one can choose U; = ="/,
Then the final state before the half-population difference
measurement can be written as

9o = €3¢ W) s (23)
In an explicit form, the final state becomes

|w)L =iﬁ <cos £>J+m (i sin ?>
final = J 2 2

J—m

|J,m),

24)

where C7 =[Q2))!/(J +m)!(J —m)!] is the binomial
coefficient. According to Eq. (19), the QFI for the two
parameter with SCS can be written as

2vB G 7?
FO=|———| N 25
¢ [n (w—we)Z] =

and
2y 1— —w)T1)?
FS:N{—V cos [(w a))T]} ’ 26)
T w— W,
with

G=cos[(w—w.)T]+ T(w — w,) sin[(w — w.)T] — 1.
(27)

Obviously, for both parameters w and B, the ultimate pre-
cision bounds with individual particles can attain the SQL
(i.e., Awqcrp X 1/+/N and ABgcrp X 1/+/N). Further-
more, we consider the measurement precision via half-
population difference measurement. After some algebra,
the expectations of the half-population difference and the
square of the half-population difference on the final state
can be explicitly written as (jz)f = (=1L /2) cosp
and (J2); = (N/4) + [N(N — 1)/4] cos’ ¢. Thus, accord-
ing to Eq. (14), the measurement signal J, is given as

N {ZyB 1 — cos[(w — w,)T]
J, = —cos

: }. (28)

T w — We

The information for the estimated parameters @ and B can
be inferred from the pattern of the measurement signal
J.. As Eq. (28) is exactly symmetric with respect to the
lock-in point w — w, = 0, one can determine the lock-in
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point from the symmetry of the measurement signal J, with  Substituting Eq. (28) into Eq. (29), in the vicinity of the
respect to the lock-in point; see Figs. 3(a) and 3(d). The  lock-in point w — w, = 0, one can analytically obtain
analytic expression is consistent with the numerical result

(see Appendix D). In particular, the measurement signals - N 1

J, for different evolution times 7" have the same value at z ™

the lock-in point, and thus one can also determine the lock- 22T =T\ 7Bl =)
in point from this crossover point; see Fig. 3(a). Once the YB(w — w,) yB(w — w,)
value of w is determined, one can extract B from Eq. (28) x18c fT 2| =S¢ fT L (>
via a fitting procedure. Therefore, the values of w and B

can be simultaneously obtained by measuring only J; in
experiments.

In general, for a large particle number, the pattern of the
measurement signal J, becomes a high-frequency oscil-
lation and it is not easy to determine the lock-in point
from the pattern symmetry in experiments. To address this,
one can determine the lock-in point via the time-averaged
signal J.:

where §c(-) is the Fresnel cosine integral function. For
a SCS, Eq. (30) is symmetric with respect to the lock-
in point for fixed B; see Fig. 3(g). The analytic results
(dashed red line) are very consistent with the numerical
results (solid blue line) in a wide region around the lock-in
point. This means that one can determine the values of w
and B via the time-averaged signal J. in experiments; of
course, this would require more experimental data.
One can analytically obtain Aw and AB. They read

J.dt. (29) w=
] 2yBJN |G|

T 2
o 1 /‘ 2 A T (0—w) 31)
T

[cat) |GHZ)
l(c)

.000
(f) nd
i
i
oy
bl
, ; f pEQ i
. 0.005 -0.005 0.000 0.005 -0.005 0.000
3 3 3
—— Numerical result —— Numerical result H —— Numerical result
2 (g) --------- Analytic result | (h) --------- Analytic result 4 + (I) --------- Analytic result
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FIG. 3. The lock-in signal of the many-body quantum lock-in amplifier. The measurement signal J, versus the detuning w — w, for
(a),(d) the SCS, (b),(e) the spin cat state |V (0 = 7/8)) . and (c),() the GHZ state |V (6 = 0)),, for different evolution times 7. The
measurement signals J, are symmetric (or antisymmetric) with respect to the lock-in point w — w, = 0 and they are both consistent

with the analytic expressions [Eqgs. (28), (38), and (41)]. The time-averaged signal J. = T21T1 fTTl 2 J.dt versus the detuning @ — w, for
(g) the SCS, (h) the spin cat state |V (0 = 7/8)) ., and (i) the GHZ state | ¥ (0 = 0)).,, With T = m and T, = 3. The time-averaged
signal J; is symmetric (or antisymmetric) with respect to the lock-in point @ — w, = 0. The analytic results (dashed red line) fit well

with the numerical results (solid blue line) in a wide range around the lock-in point. Here w = 20, yB = 2w, and N = 6.
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FIG. 4. Log-logscaling of the optimal measurement precisions
(a) Aw and (b) AB versus total particle number. The circles are

the results for a SCS with U, = e~ %y The squares and triangles
denote the results for the spin cat state |V (0 = 7/8))., and the
GHZ state |¥ (6 = 0)).,,, respectively, withU; = ¥/ ¥z ¢! ¥x.
The lines are the corresponding fitting curves. Here 7' = 27, w =
207, |(w — w.)/w| € [0,0.008], and y B € [0, 2x].

and

T w — W,

AB =
2y+/N |cos[(w — w)T]1— 1]’

(32)

From Egs. (31) and (32), the measurement precisions Aw
and AB for individual particles exhibit only SQL scaling.
For fixed N, the measurement precision Aw is depen-
dent on the detuning w — w,, the signal amplitude B, and
the evolution time 7 (see Appendix H for more details).
When w — w, — 0, Aw — /3y BT*\/N attains the opti-
mal value. However, the measurement precision AB is
dependent only on the detuning w — w, and 7. When w —
we — 0, AB — 71/y(w — w.)T>/N — 00, the measure-
ment precision AB is diverged. When cos[(w — w,)T] +
(w — w)T'sin[(w — w,)T] = 1, AB attains its minimum.

We numerically find the optimal measurement preci-
sions in the range |(w — w,)/w| € [0,0.008] and calculate
the corresponding scaling versus particle number for y B =
27. According to the fitting results (see Fig. 4), the log-
log measurement precisions In (Awmyin/w) ~ —0.5In N —
8.51 and In (y ABpin/®) =~ —0.5In N — 5.20. For the two
parameters, the optimal measurement precisions Ay
[purple circles in Fig. 4(a)] and ABpi, [purple circles in
Fig. 4(b)] both exhibit SQL scaling as expected.

B. Entangled particles

In this subsection, we discuss how to realize the
Heisenberg-limited measurement for w and B within this
framework. Entanglement is a useful quantum resource to
increase the measurement precision. A spin cat state, as
a kind of non-Gaussian entangled state, is a promising
candidate for entanglement-enhanced metrology [32,36,
51,60—-62]. Here we demonstrate how to use spin cat states
to realize an entanglement-enhanced quantum many-body
lock-in amplifier.

Spin cat states are typical kinds of macroscopic superpo-
sition of spin coherent states (MSSCS) [36,51]. For total
particle number N > 6, when 0 < /8 [51], the corre-
sponding MSSCS can be regarded as a spin cat state (see
Appendix G). Under this condition, we approximate the
spin cat states as

J
VO = —= | D chOT.m)+1J, —m>>} . (33)

m=—J

L
V2

where ¢ (0) = VIQN'/(J +m)!(J —m)!]cos’ T (6/2)
sin’ (9 /2). Especially, when 6 = 0, the spin cat state
[W(0))eat = (1/«/5) (J,J) + |J,—=J)) corresponds to the
well-known GHZ state. According to Eq. (19), the QFI for
the two parameters with spin cat states can be written as

» 2yB G
6=

2
_ 2
nCO) (0 — we)2i| N B9

and

2
1 —cos[(w— a)e)T]:| N2 (35)

B __ [ 2y
27 [ mC®) w — @,
The coefficient C(8) = 1 + [2tan?(9/2)/(1 + tan?(6/2))]
does not depend on the particle number N [51]. By use of
entangled particles in spin cat states, the ultimate precision
bounds can be increased to the HL (i.e., Awqcrp o< 1/N
and ABQCRB X I/N)

Interaction-based readout is a powerful technique for
achieving the HL via spin cat states without single-
particle-resolved detection [46—56,63], which is now fea-
sible in experiments [14,55]. Similarly, we try to adopt an
interaction-based operation U; = ¢//?Vx¢i(n/ 272 gitr/2x i
the readout stage.

Therefore, the final state before measurement of the
half-population difference can be written as

i mi? omj i
|‘1’)1 = &5 ol 5z i 5 x o it W (0)) cat - (36)

final

When N is an even number, the final state |‘~IJ)§m,(11 has an
analytic form that is written as

ﬁ m=J
5 1)’ m;J [c]©) + O]

x {[1 4 (=1)"1(cos m¢ + sin me)

x —i[l — (=1)"](cosm¢ — sinmep)} |/, m) .
(37)

|\I")final =

The expectations of the half-population difference (J.); =
(—DEH ZZiJ_J(—I)J””m |c*,’n(9)|2 sin 2m¢, and thus we
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have
m=J )
J, = — Z(_l)J*mm\cjl(e)} sin2m¢g.  (38)
m=—J

Because of the entanglement, the oscillation of the mea-
surement signal J, becomes related to 2m. The expectation
ofji is (jf)f =Y m?|c)6)|*. Equation (38) is also
exactly antisymmetric with respect to the lock-in point
w — w, = 0; see the example for a spin cat state with
0 = /8 in Figs. 3(b) and 3(e). Obviously, the analytic
expression is very consistent with the numerical results
(see Appendix D). Correspondingly, one can determine the
lock-in point from the symmetry property of the measure-
ment signal J;. Similarly, the measurement signals J, for
different evolution times 7 have the same value at the lock-
in point. Substituting Eq. (38) into Eq. (29), in the vicinity
of'the lock-in point w — w, = 0, we find the corresponding
time-averaged signal reads

- T 1

~
~

AR —T) VB — w)
m=J
x Y (=1 m e

m=—J

X {55‘ [\/mTz]
- §s[VamyBw—woni ]}, (9

where §s(-) is the Fresnel sine integral function. For a spin
cat state, Eq. (39) is antisymmetric with respect to the lock-
in point for fixed B and the symmetry point is more obvious
and easy to extract, as shown in Fig. 3(h). The analytic
results (dashed red line) fit well with the numerical ones
(solid blue line) in a wide region around the lock-in point.
Thus, one can determine the values of w and B via the time-
averaged signal J. in experiments.

When 6 = 0, the spin cat state corresponds to the GHZ
state. According to Eq. (37), the final state |W)% | becomes

1
|\Ij>{ina] ==
V2

+ % (cosJ¢p +sinJo) |J,—J). (40)

Thus the expectation (J.); = —(V /2)(=1)tsinN¢, and
the measurement signal reads

(cosJp —sinJo) |J,J)

N
J. = —3 sin N¢. (41)

Clearly, the main frequency of the oscillation of J,
becomes proportional to N = 2J. Equation (41) is anti-
symmetric with respect to w — w,, which can be used

to locate the zero detuning point w = w,, as shown in
Figs. 3(c) and 3(f). The analytic expression is consis-
tent with the numerical result (see Appendix D). The
time-averaged signal J. near the lock-in point becomes

F o T N
: 22T, — )\ ¥B(@ — w.)
5 {ss [ /NyB(az) ) Tz}
% —&9[ /wﬂ]}' (42)

It is obvious that Eq. (42) is antisymmetric with respect
to the lock-in point for fixed B and the symmetry point
located at w — w, = 0, as shown in Fig. 3(i). Similarly, the
analytic results (dashed red line) fit well with the numerical
results (solid blue line) in a wide region around the lock-in
point. Thus, one can simultaneously determine the values
of w and B via the time-averaged signal J. in experiments.
Moreover, the square of the half-population difference is
independent of the two parameters, ie., (J2); =J? =
N?/4. According to Egs. (20) and (21), the measurement
precisions for w and B can be analytically obtained:

o (w- w,)?
" 2yBN |G|

b4 (w0 — w,)
- 2y N |cos[(w — w)T] — 1|

Aw , (43)

AB

(44)

Similarly to the case of a SCS, for fixed N, the measure-
ment precision Aw is dependent on the detuning w — w,,
the signal amplitude B, and the evolution time T (see
Appendix H for more details). When v — w, — 0, Aw —
7 /3y BTN attains the optimal value, which achieves the
HL. The measurement precision AB is dependent only
on the detuning w — w, and the evolution time 7. When
w—w.— 0, AB— 1/y(w — w,)T*N — 00, the mea-
surement precision AB is diverged. Also, when cos[(w —
w) T+ (0 — w)Tsin[(w — w.)T] =1, AB attains its
optimal value. For other spin cat states, one can analyti-
cally obtain the measurement precisions Aw and AB(see
Appendix H for more details). They are written as

Am (0 — w,)?
w=——)

2yB |G
_;lrr w — W,
T2y |cos[(w — w)T]— 1|

(45)

AB

(46)

where
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i \/Zﬁi; m2|c),(0)]% — [Z’,ZiJ_J(—l)J—mm|c,{1(9)|2 sin2m¢]2
A = .

‘2 Y= w2 (= 1) mel (6) ]2 cos 2m¢‘

In particular, when ¢ = 2y B/m) {(1—cos[(w — w.)T])/
(0 —w)} =m/2, sinmm =0, and (—1)’ " cosmm =1,
the measurement precisions Aw and AB can be simpli-
fied as Awly—rp = CO) (7 /2y BN)[(® — ».)*/|G|] and
ABlg = o = C(0)(r/2yN) {(@ — we)/(cos[(w — we)T]
—1)}|. The case of w—w,— 0 is discussed in
Appendix I.

Furthermore, we numerically find the optimal measure-
ment precisions in the range |(w — w.)/w| € [0,0.008]
and calculate the corresponding scaling versus parti-
cle number for the spin cat state |W (6 = 7 /8))., and
the GHZ state. As shown in Fig. 4, for the spin cat
state |W(0 = 1/8)). the optimal log-log measurement
precisions Awyi, [yellow squares in Fig. 4(a)] and
ABuin [yellow squares in Fig. 4(b)] are In (Awmyin/w) =
—InN —8.44 and In(y ABpin/w) ® —InN — 5.09. For
the GHZ state, the optimal log-log measurement preci-
sions Awpin [red triangles in Fig. 4(a)] and ABp, [red
triangles in Fig. 4(b)] are In (Awpin/w) =& —InN — 8.51
and In (Y ABpjn/w) = —InN — 5.20. It is indicated that
the measurement precisions Aw and AB for spin cat states
can exhibit Heisenberg-limited scaling.

C. Robustness against stochastic noise

Below we verify the robustness of our many-body quan-
tum lock-in amplifier against stochastic noise by numerical
simulations. The signal noise, which is made up of extra-
neous information, will cause the target signal to fluctuate
and hence affect the signal extraction. It commonly exists
in precision measurement experiments [64—68]. Under the
influence of signal noise, the total signal M (f) becomes

M(Z) = S(t) + N(,(t), (48)

with the target signal S(¢) = Sp sin w? and the noise N, (7).
Given that the signal and the noise couple to the probe
through the same physical channel, if the initial state is a
pure state, one still can describe the time evolution via the
Schrédinger equation by substituting Eq. (48) into Eq. (3).
One of the most common and most dominant types of
signal noise is white noise [69]. To illustrate the robustness
of our scheme, we assume N,(#) is white noise satisfy-
ing N,(t) € [—n,n], where n is the maximum fluctuation
strength. For such white noise, its long-time integration
N,(f) = 0. The signal without noise and the noisy signals
with n = 5y B and n = 25y B are shown in Appendix F.

(47)

(

According to Eq. (16), the effect of white noise can
be canceled out. To verify the analytic results, we illus-
trate the robustness of our scheme directly. We numerically
calculate the measurement precision of Aw versus detun-
ing under different stochastic noise N,(¢) with n =0, n =
SyB, ~n =25yB; see Figs. 5(a) and 5(c). We choose
a small range in the vicinity of zero detuning and after
averaging 20 times. For the SCS and the GHZ state, with
modest noise strength n = 5y B, Aw will blow up near the
locations where d(J.); /dw. = 0. However, the stochastic
noise hardly affects the measurement precisions at other
locations. For the spin cat state, with modest noise strength
n = Sy B, the curves are almost identical to the ones for
the corresponding ideal cases. When the noise strength is
extremely strong n = 25y B, only small fluctuations appear
and the negative impact of the noise can still be mostly
eliminated. Our numerical simulation clearly indicates that
even though extreme stochastic noise exist, our quantum
many-body lock-in amplifier can still be used for alter-
nating signal detection with a high signal-to-noise ratio.
Moreover, the spin cat states can still be exploited to
achieve the Heisenberg-limited quantum lock-in amplifier,
which is feasible in realistic experiments.

IV. SUMMARY AND DISCUSSION

In summary, we presented a general scheme for realizing
a quantum lock-in amplifier via many-body quantum inter-
ferometry under periodic modulations. On the basis of our
protocol, the frequency and amplitude of an alternating sig-
nal can be efficiently extracted with a high signal-to-noise
ratio, even in an extremely noisy environment. We ana-
lytically studied the measurement precisions for frequency
and amplitude of an ac magnetic field via nonentangled
and entangled many-body quantum states. For nonen-
tangled states, the measurement precisions exhibit SQL
scaling as expected. For entangled states such as spin cat
states, by application of suitable interaction-based read-
out operations, the measurement precisions can achieve
Heisenberg-limited scaling.

Moreover, we illustrated the robustness of our many-
body quantum amplifier against stochastic noise. In the
presence of stochastic noise, even for spin cat states,
many-body quantum amplifiers can still achieve high-
precision ac field sensing. Our scheme highlights the
multi-z -pulse sequence as a useful technique for quantum
sensing and provides a promising method for achiev-
ing Heisenberg-limited detection for alternating signals.
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FIG. 5. The robustness of the many-body quantum amplifier against stochastic noise. The measurement precision Aw versus versus

the detuning w — w, for (a) the SCS, (b) the spin cat state | W (0 = 7/8)) 4

and (c) the GHZ state [ (0 = 0)).,. The solid blue lines

are the results without stochastic noise (7 = 0). The dashed red lines and the dotted green lines are the results under stochastic noise
with n = Sy B and n = 25y B, respectively. Here T = 2w, w = 207, yB = 2w, N = 6, and N, (f) € [—n, n]. These results are averaged

20 times.

Meanwhile, compared with classical lock-in amplifiers,
our scheme can realize different reference signals and resist
different types of noise [70] via application of suitable
periodic modulations.

In addition, our study may point to a new way for
achieving time-dependent signal measurement via a many-
body quantum lock-in amplifier. The amplifier demon-
strates the power of the quantum lock-in measurement
technique, which is readily available for various quan-
tum probes. Single-particle quantum lock-in measure-
ment techniques have been widely used for frequency
metrology [20], magnetic field sensing [21,23,25], vector
light shift detection [26], and force detection for the quan-
tum motion of magnetic mechanical resonators [24]. By
use of many-body quantum lock-in amplifiers, measure-
ment precisions may be further increased.

To realize the entanglement-enhanced lock-in amplifier
in experiments, one has to combine Ramsey interferometry
with multiple rapid 7 pulses in the interrogation stage. The
precise implementation of 7 pulses is a mature technology
in quantum control [7,11,15,17,20,21,71].

Furthermore, to achieve a Heisenberg-limited simul-
taneous measurement for frequency and amplitude, the
preparation of the desired spin cat state and the imple-
mentation of an interaction-based readout are two key pro-
cesses. Owing to the well-developed techniques in quan-
tum control, various multiparticle entangled states have
been generated in several systems, including nitrogen-
vacancy defect centers [72], Bose condensed atoms [12,
54,73-76], ultracold trapped ions [15,52], and solid-state
spin systems [77]. In particular, for an ensemble of Bose
condensed atoms occupying two hyperfine levels, it is fea-
sible to prepare the desired spin cat state and achieve
interaction-based readout via tuning the atom-atom

interaction. In general, one can prepare the desired spin
cat state via dynamical evolution [12,54,73,74] or an
adiabatic process [29,31,32,43,75,76,78] under a one-axis

twisting Hamiltonian H twist = Xj f + ijx. The strength
and the sign of the nonlinearity y, determined by the spa-
tial overlap between different spin components and the
s-wave scattering lengths, can be tuned via applying a spin-
dependent force [74,79] or the techniques of Feshbach
resonance [12,74,80]. Based on state-of-the-art techniques,
our study is beneficial for the development of practi-
cal entanglement-enhanced quantum technologies, even
in noise, such a, atomic clocks [81,82], magnetometers
[73,74,79,80,83], and weak-force detectors.
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APPENDIX A: NONCOMMUTATIVE
OPERATIONS IN A MANY-BODY QUANTUM
LOCK-IN AMPLIFIER

In this section, we illustrate the importance of the
noncommutative nature in the quantum lock-in amplifier.
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Because the quantum lock-in amplifier is analogous to the
classical lock-in amplifier, we introduce the basic theory of
the classical lock-in amplifier first, and then illustrate the
basis of the quantum lock-in amplifier. In general, the tar-
get signal in the classical lock-in amplifier can be written
as

V(t) = Vysinwt, (A1)
and the reference signal is
Vr(t) = sin w,t. (A2)

The classical lock-in amplifier generates the output signal
via a mix-down process, i.e., V(f) is multiplied by Vz(¢)
and then integrated over an integration time 7. Thus, the
output signal is

T
I:/ V() Ve (t)dt
0
Vo (T
= — / {cos[(w — w,)t] — cos[(w + w,)t]} dt. (A3)
2T Jo

It is obviously that if the two frequencies are different,
the average is zero. If the two frequencies are equal, the
average value is equal to half of the target signal ampli-
tude. Meanwhile, if the noise spectral components have
frequencies far from the frequency of the reference signal,
the negative effect will be averaged out in the integra-
tion. The mix-down process is essential for the classical
lock-in amplifier, which can be achieved with a nonlin-
ear device and generates the instantaneous product of the
target signal and the reference signal. The key to real-
izing a quantum lock-in amplifier is finding a quantum
analog of the mix-down process. Nonlinear dynamics of
the wave function cannot be introduced directly, due to
the linearity of the Schrédinger equation. However, the
wave-function dynamics will be proportional to a prod-
uct of Hamiltonian terms if the total Hamiltonian does not
commute with itself at different times, and can be used
to achieve a quantum mix-down process. Therefore, non-
commuting dynamical manipulations are the basis of the
quantum lock-in amplifier. In the main text, we choose J.
as the signal term, which is generally chosen in quantum
metrology [12,84], such as in magnetic field measurement
[21,23,25,83] and frequency measurement [20,81,82]. The
noncommuting dynamics is the key to the quantum lock-in
technique. For the signal term jz, one can choose jx, J Vs
or other operators that do not commute with J . as the mix-
ing term. For simplicity, we choose J, as the mixing term
in the main text. In the field of quantum control, DD is a
well-developed technique, and the sequence of 7 pulses is
ideal for realizing the mixing modulation.

APPENDIX B: TIME EVOLUTION IN THE
INTERACTION PICTURE

In this section, we give the proof of Eqs. (2) and (6). The
Schrédinger equation for an ensemble of two-level bosonic
particles evolving under the Hamiltonian A = M (1)J, +
Q (t)j » can be written as

AW ()
at

i = [M(z)]Z + Q(t)jx] W), (Bl

For convenience, we move into the interaction picture
with respect to Huyix = (). In this case, we have

W (£)) = e~ Jolmix ! |\g (7)) 7, and thus the state evolution
for |W(#)); can be expressed as (A = 1)

la|\pa(tt)>[ — eif(;[-?mix(t’)dt’ [M(t)jz] e—if(;ﬂmix(ll)dt,lly(t»[

— o fiewi@ar [M(t)jz] e—ifg QW ()dt W ().
(B2)

Defining o = fot Q(7)dt, and since [J 4,J »] = i€ape] ¢ (€ane

is the Levi-Civita symbol, with a,b,c =x,y,z) and

] e Hx = cos(B) . + sin(,B)jy, we have

@)

=M@ cos(@)J + sin(e)J, W (5);.

(B3)

After integration, at time 7, the evolved state |V (7)),
becomes

|\II(D>[ — Ij’e—ifOTM(l)(COS(Oé)iz+Sin(a)i}v)df|\Ij (0))1
=T 1w ), (B4)

where 7 is the time-ordering operator and the operator A
can be written as

T
A= —i/ M (1) cos(a)jz + M) sin(a)jydt
0

T T
= —i/ M(t)cosadtjz—l-i/ M (%) sinadtjy
0 0

= —i(pJ. + @), (BS)
Thus, we have
(D)), = Te =407 1w (0)),, (B6)

with |W(0)); = |W(0)) and the two phase factors
T
0 = / M (f) cosa dt
0

T
= / [So sin(wt + B) + N,(f)] cos o dt (B7)
0

040317-12



MANY-BODY QUANTUM...

PRX QUANTUM 2, 040317 (2021)

and
T
0y = / M () sina dt
0
T
= / [So sin(wt + B) + N, (¢)] sin« dt. (B8)
0

If one adds a suitable modulation €2 (f) to make cos « and
sin & periodic and synchronized with signal S(#), the phase
accumulated owing to S(¢) adds up coherently, whereas the
phase accumulated owing to N, (f) can average away.

APPENDIX C: VALIDITY OF THE EFFECTIVE
HAMILTONIAN

In the interaction picture, the Hamiltonian for the inter-
rogation stage reads
H; = h(t)(yBsinwt)J., (C1)
where h(f) is the square wave function. When Q(¢) =
b4 Zan=1 8(t— (m+1/2)t), the corresponding square
wave function is

ht) = 1 wet+m/2 mod 2w e€[0,1),
I | wet+m/2 mod 2w € [m,2m).

Under the condition |w — w,| < @ and T > 27 /w, the
Hamiltonian (C1) can be approximated by an effective
Hamiltonian [23,25]:

2yB

A= % sin[(@ — @)} (2)

To compare the two Hamiltonians, we denote the integrals
over time as

T R . T noff R
/ Ay = ®.J., / H; = d,J., (C3)
0 0

where ®; and &, are two phases dependent on frequency
o and amplitude B, which can be expressed as

T
D, =/ h(f)(yBsinwi)dt,
0

T
Dy = / 2B sin[(w — w,)f]dt. (C4)
0 T

We confirm the validity of the effective Hamiltonian
(C2) via numerical calculations. According to our numer-
ical results, the two phases are almost the same when
(o — w.|/w) < 0.1, 1.e., D & ,, for evolution time 7 =
27 and w > 107, as shown in Fig. 6.

APPENDIX D: VALIDITY OF THE ANALYTIC
RESULTS IN THE INTERACTION PICTURE

To illustrate the validity of the analytic results in the
main text. We compare the numerical results obtained from
the Schrodinger picture and the interaction picture with the
analytic results obtained from the effective Hamiltonian.
In our calculations, we plot the variation of the popula-
tion difference versus time in the Schrédinger picture and
the interaction picture and according to the analytic results
for different values of 7, as shown in Figs. 7 and 8. It is
obvious that the analytic results are consistent with the
numerical simulation from the Schrédinger picture as well
as the interaction picture. This confirms that the results
obtained from interaction picture are valid and the corre-
sponding analytic results from the effective Hamiltonian
are reasonable.

APPENDIX E: INFLUENCE OF PULSE NUMBER

Here we discuss the influence of the pulse number in
our scheme. Since we work in the interaction picture, the

3 3 3
(a) (b) (c)
2 2 2
1 1 1
&0 0 0
-1 -1 -1
-2 2 -2

-3 . : :
-0.10 -0.05 0.00 0.05
((D - we)/w

-3 : .
0.10 -0.10 -0.05 0.00
((D - we)/w

-3 : . .
0.10 -0.10 -0.05 0.00 0.05
(0) - O)e)/(/.)

0.05 0.10

FIG. 6. Variations of the two phases ®; and &, versus w — w, for (a) @ = 107, (b) @ = 157, and (¢) w = 20x. Here T = 2w and

yB=1.
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7, =7/(w + 0.001w)
(b) |cat)

(@) |

(c) |cHzZ)

o

— Analy&ic‘result

== == = Schrodinger picture
...... Interaction picture

A

— Anafytic result ’
== == = Schrodinger picture
...... Interaction picture

m— Analytic result

= == = Schrodinger picture

Interaction picture

1 2 3 4
t

0

FIG. 7.

Variation of half-population difference measurement versus time in the Schrodinger picture,in the interaction picture, and

according to the analytic results. (a) Individual particles in the SCS, (b) the spin cat state |W¥ (0 = 7/8)).,, and (c) the GHZ state
W (0 = 0)).u Here w = 207, yB =27, N = 2,and 11 = 7/(w + 0.001w).

operator can be written as

0 (1) = e¥r Qe (E1)

where O is the operator in the Schrodinger picture. In our
scheme, we consider the modulation is a set of sharp &
pulses and can be approximated as Q(¢f) = 7 an:l 3(t —
(m+ 1/2)t). Thus, at time 7, the operator in the interac-
tion picture can be written as

OI(T) — oo T Lk 8=+ Hnydd ()

% o=t o T ey 8=t )T (E2)

When the evolution time 7 is fixed, for the ith pulse
spacing 1;, the number of m pulses is given by L =
[T/t; 4+ 1/2], where [-] stands for the integer-valued
division. Because of the property [d(x)dx =1, we

have fOTJT Zi=1 8(t— (m+ 1/2)t)dt = L. Therefore,

T, = 1/(w — 0.005w)

the operator in the interaction picture becomes
N A A s
O (1) = &"x0e ", (E3)

For the collective spin operators, we have

Al

J, = elLmx J. e iLnlx J..
j; = eiL"ijye_iL”jx = cos(Ln)]y - sin(er)jZ,
ji = eiL"fije_iL"iX = cos(Lm)J, + sin(Lm)J y.  (E4)

According to Eq. (E4), we find that the parity of the pulse
number alters the operators. When L is an even number,
the collective spin operators in the interaction picture are

Jo=Jo gl =0, T =T (E5)
While L is an odd number, the operators become
NN | A Al N
Jo=Jy, J, ==y, J,=—J.. (E6)

In contrast toJ i, the operators j; andJ i change sign when
L is odd. Thus, the half-population difference of the final

0.5

@@, , Iscs) (b) |cat) () [cuz)

: " ) 'Alnalytic r‘esult o — Analytic result _' Lnaiytic‘resl}lt o

== == = Schrodinger picture = == Schrédinger picture = === Schrodinger picture

----- Interaction picture ====2s Interaction picture ====: Interaction picture

0

i

1 2 3 4 5 6 0 1 2 4 5 6 0 1 2 3 4 5 6
t t t

FIG. 8. Variation of half-population difference measurement versus time in the Schrédinger picture, in the interaction picture, and
according to the analytic results. (a) Individual particles in the SCS, (b) the spin cat state | (0 = 7/8)).,, and (c) the GHZ state
[W(O@ = 0))cy. Here w =207, yB =2n, N =2,and 11 = 7/(w — 0.005w).
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200

(©)

n=0 n=>5yB

-

00

S(®) + No ()
o

-100

n = 25yB

—-200
0

t

t t

FIG. 9. Variation of the total signal versus time. (a) Total signal S(f) + N,(¢) with (a) n =0, (b) n = 5y B, and (c) 25y B. Here

o = 207 and N,(?) € [—n,n].

~

state (J.); is dependent on the parity of the pulse number
L. According to Eq. (E2), we give the expression for the
unitary operator U, in the Schrodinger picture. For the uni-
tary operator U; = e~*"/?/» the corresponding expression
in the Schrodinger picture can be written as

0 _ e—iLnix e—i%jy eiLnix

(E7)

~ . P 22 R
For the unitary operator U; = /"/2Vxi(/2V: git/2Vx ' the
corresponding expression in the Schrodinger picture can
be written as

A . A g2 . IS
0= e—z(L—%)n/xez%Jz ez(L+%)nIx. (ES)

APPENDIX F: THE TOTAL SIGNAL IN THE
PRESENCE OF NOISE

To demonstrate the robustness against stochastic noise
of the many-body quantum lock-in amplifier, we study
practical noisy signals. Without loss of generality, we
assume N, (¢) is the stochastic noise, N,(f) € [—n, ], and
its long-time integration N,(f) = 0. Generally, the target
signal is submerged in noise. As shown in Fig. 9, we plot
the total signals S(¢#) + N,(¢) with n =0, n = 5y B, and
n =25yB.

(@) ©) g © -

6=0 6=m/8

0=mn/4

FIG. 10. Husimi distributions for the spin cat state with
different 6. (a) Husimi distributions for (a) the GHZ state
[W (O = 0))ca> (b) the spin cat state | W (0 = 7/8)).,, and (c) the
spin cat state |V (0 = 7 /4)) . Here N = 20.

APPENDIX G: SPIN CAT STATES

Spin cat states are typical kinds of MSSCS [36,51]. Here
we discuss MSSCS in the form

W@, m)y =N(10,m) + 1 —0,n),  (Gl)

where N, is the normalization and |6, n) denotes the N-
particle SCS:

J
10.7) = ) @)1 m),

m=J

(G2)

where ¢/ (0) = VIQN'/T +m)!(J —m)!]cos’ ™ (0/
2) sin’ (0 /2), and |J, m) represents the Dicke basis with
J=N2andm=—-J,—J +1,...,J —1,J. Without loss
of generality, we assume 1 = 0 and consider the states in
the form

W (0))msscs = Ne [1W(0))scs + W (mr — 0))scs]

J
N, { Y [ + e = 6)] |J,m>}

m=—J

m=—J

J
=NC{ D an©) (J,m)+1J, —m>>}.
(G3)

Here the two SCSs have the same azimuthal angle n = 0
and the polar angles are symmetric about 8 = /2. Since
¢/ (0) = C/(w — 0), the coefficients of the MSSCS are
symmetric about m = 0. It was shown that when the two
superposition SCSs are orthogonal or quasiorthogonal, the
corresponding MSSCS can be regarded as a spin cat state
[36,51]. The sufficient condition of spin cat states has been
studied in detail [36,51]. Mathematically, the sufficient
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condition of spin cat states can be expressed as

BRI
[/ 1)!]} (Ga)

0<6.=sin"'|2
2(2J)!

For total particle number N > 6, when 6 < /8, the corre-
sponding MSSCS can be regarded as a spin cat state. Under
this condition, we approximate the spin cat states as

J
W (0))car = % [ > @) m) + 1, —m>)] (G5)

m=—J

According to Eq. (G5), the spin cat states can be under-
stood as a superposition of GHZ states with different spin
length. Especially, when 6 = 0, the spin cat state corre-
sponds to the GHZ state. To illustrate the spin cat state
clearly, we show the Husimi distributions for the spin cat
state on the Bloch sphere in Fig. 10.

APPENDIX H: VARIATION OF THE
MEASUREMENT PRECISON

In the main text, we show only the optimal measurement
precision for the two parameters. In this section, we give
the variation of the measurement precision with detuning
o — w, and amplitude B in detail. According to the analytic
expression for the measurement precision, we find that

the measurement precisions Aw and AB are dependent on
|

both the frequency w and the amplitude B simultane-
ously. For comparison, we choose three typical input
states: the SCS |W)gcs, the spin cat state |W(r/8))cat,
and the GHZ state |W(0))e. In Fig. 11, the variations
of Aw/w and yAB/w versus B and w — w, with the
three input states are shown. When the input state is
a SCS or a GHZ state, the measurement precision Aw
attains its optimal value when cos[(w — w.)T][2 — (v —
we)*T*] 4 2T(w — w,) sin[(w — w,)T] =2 for fixed par-
ticle number N. Meanwhile, the measurement precision
AB is dependent only on the frequency w. The mea-
surement precision of AB attains its optimal value when
cos[(w — w )T + (w — we) Tsin[(w — w.)T] = 1. In con-
trast, the dependence of Aw/w and y AB/w on B and
w — w, with spin cat states |W(0))cat (6 7~ 0) is more
complicated; see, for example, Figs. 11(b) and 11(e).

APPENDIX I: MEASUREMENT PRECISIONS IN
TWO SPECIAL SITUATIONS FOR SPIN CAT
STATES

For a spin cat state, we give the general expressions for
the measurement precisions Aw and AB in the main text.
Here we discuss measurement precisions in two special
situations (¢ — 0 and ¢ = 7 /2) for the spin cat state in
detail.

Whenw —w, — 0,9 =Q2yB/7m)(1 — cos[(w — w,.)T])/
(w — w.) — 0, sin2mmx ~ 0, and cos2mm ~ 1, the mea-
surement precisions Aw and AB can be simplified as

VI GO w0 . x @-w
Awlpoo ~ = BU,6) 2
2B oy n -1y @F| 19 2vB Gl
~ b4
= B(J,e)—3pr, (I1)
N > = O oo
¢=0 ‘Zzziij mz(—l)J7m|c,]n(9)|2‘ 2y |cos[(w — w)T] — 1
— BU,0) - D~ e B, — (12)
T 2y cos[(@ —w)T] =1 T y(w — w) T

When ¢ = 2yB/7) {(1 — cos[(w — @) T]) /(®w — w.)} = (7/2), sinmm =0, and (—1)’ " cosmm = 1, the mea-

surement precisions Aw and AB can be simplified as

T \/Z:ZiJm2|cr]n(9)|2 (0 — w,)?

7 (0— a)e)z

Awly—z = =C(0 . I3

R 2yl micor| 10 M "

AB| _ \/Z:;Jm2|c,ﬁ(0)|2 Ea ®— w, ' _ o) T w— w, (14)
b=7 — ‘22211 m2|0,fq(9)|2’ 2y |cos[(w — w)T]— 1| 2yN |cos[(w — w)T] — 1|~
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0.08 X 10 X 10

BT |x 1072

(c)

3
~ 0.04
a0

0.00

0.08

3
& 0.04
.

0'00—8 -4 0 4 8_3 8-3 -8 -4 0 4 8_3

(0 — we)/w w10 (0 — we)/w =10 (0 — we)/w A
FIG. 11. Variation of measurement precisions for individual particles and entangled particles for fixed N. (a) Aw/w and (d) y AB/w

A .7 2
for a SCS with U; = e'7. (b) Aw/w and (e) ¥ AB/w for a spin cat state with U = e/ %1%+

%+ and 6 = /8. (¢) Aw/w and (f)

¥ AB/w for a GHZ state with U; = ¢’ Hrei3 2 ¥ Here T = 27, w = 207, and N = 20.

The coefficient C(9) = 1+ [2 tan?(6/2) /(14 tan?(6/2))]
is independent of the particle number N [51]. According to
Egs. (I3) and (I4), it is obvious that the measurement pre-
cisions Aw and AB both can approach Heisenberg-limited
scaling.

APPENDIX J: INFLUENCE OF INITIAL PHASE
SHIFT BETWEEN THE INPUT AND REFERENCE
SIGNALS

In our scheme, the modulation of Q(f) is a set
of 7 pulses in the form of Q(f) = Y- _, 8(t— [m+
(1+k/2)]t), where k € [—1,1). The parameter k corre-
sponds to the initial phase shift between the input and
reference signals. The lock-in case of k¥ = 0 has been dis-
cussed. In the following, we consider the other condition,
where k = —1.

The Hamiltonian for the interrogation stage (after mov-
ing to the interaction picture with respect to the modula-
tion) reads

H; = h(®)]yBsin()}., J1)
where the square wave function 4(#) becomes

mod 2m €[0,7),
mod 2w € [m,27).

1 wel

h(t) = {—1 Wt

Similarly, one can easily tune w, close to @ in an exper-
iment. When |w — w.| < w and T > 27 /w, the Hamilto-
nian (J1) can be approximated by an effective Hamiltonian
(the approximation is also valid for | — w.|/®w < 0.1
when o > 107):

2yB .
A" =12 cos[(@ — wol .. (J2)
T

After similar procedures as in the case of £ = 1, the final
state before half-population difference measurement can be
written as

W) = U™ eV W), (13)
The analytic form of the phase is written as

b = 2y B sin[(w — a)e)T]. (14)

b4 w— W,

We first consider individual particles without any entan-
glement and then discuss the case of spin cat states. For
the spin coherent state |\W)gcg, the final state before the
half-population difference measurement can be written as

W) it = BT [W)scs - J5)

In an explicit form, the final state becomes

040317-17



ZHUANG, HUANG, and LEE

PRX QUANTUM 2, 040317 (2021)

(b) —icHz) ---|cat) ~ISCS)
(?) — [GHZ) -~ |cat) ~-|SCS) S

0.000 0.001

(@ — we)/w

—61)025 0.0000 0.0025
(0 —we)/w

FIG. 12. Variation of the measurement signal J; versus detun-
ing w — w, for individual particles and entangled particles for
fixed B. The dotted green line show the results for a SCS with
U; = ¢7'%» . The dashed orange line shows the results for a spin

A TF w2 amh .

cat state with U, = '2've'?’z¢'2?* and 6 = 7/8. The solid blue
N wr w2 ms

line show the results for a GHZ state with U; = ¢/ 2/x¢/2/z¢/%/x

These results indicate that the expectation of the half-population
difference is symmetric for detuning w — w, and the lock-in point
located at w — w, =0, i.e.,, ® = w,. Here T=2nm, w = 207w,
yB=2m,N =6,and k = 0.

Thus, the measurement signal J; is given by

J, = %vcos 1. J8)
From Eq. (J8), it is found that the information for the
estimated parameters @ and B can be inferred from the
bisinusoidal oscillation of the measurement signal J,. In
our calculation, we find Eq. (J8) with respect to detun-
ing w — w, is symmetric for fixed B and the lock-in point
located at w — w, = 0, i.e., ® = w,, as shown in Fig. 12
(dotted green line). Thus, one can obtain the value of w,
and further extract the value of B according to the ana-
lytic form of Eq. (J8). This implies that the values of w
and B can be simultaneously obtained by means of only
the measurement signal J..
According to the quantum estimation theory [1,57-59],

the measurement precisions of the estimated parameters
can be given according to the error propagation formula.

The measurement precisions for w and B are

AJ.
Ao= —2I (19)
p 10/ 2)r /el
¢1 J+n o ¢1 J—m
|\IJ)final :Z,/C’J" (— cos ?> (z sin 7) |J, m), and
m=J
: o _ Wy J10
where C" = [(2))!/(J +m)!(J —m)!] is the binomial = 900 /0Bl (J10)
coefficient. After some algebra, the expectations of the I
half-population difference and the square of the half- ..
population difference on the final state can be explicitly
written as R 2 R
(A)p =\ U2y — V27 (J11)
1N
(J2)r = (=1)"— cos ¢y, (J6) " :
2 Substituting Eqs. (J6) and (J7) into Egs. (J9) and (J10), one
N NWN-1) can analytically obtain the measurement precisions Aw
2y _ 2
Wl = i 4 cos” 1. U7 and AB. They read
2
w— T : ((U a)e) , (J12)
2yBJ/NIsin[(w — 0)T] — T(® — w) cos [(w — @) T]|
T ®— w,
AB = . . J13
2y /N |sin[(© — w,)T] o13)

From Egs. (J12) and (J13), the measurement pre-
cisions Aw and AB exhibit only SQL scaling. For
fixed N, the measurement precision Aw is depen-
dent on both the detuning w — w, and B, as shown
in Fig. 13(a). When sin[(w — w.)T][2 — (0 — @,)*T*] —
2T (w — w,) cos[(w — w.)T] =0, Aw attains the optimal

(

value. However, the measurement precision AB is depen-
dent only on the detuning w — w,, as shown in Fig. 13(d).
When it is near resonance ® ~ w., AB = 1/2y~/NT is
optimal.

We numerically calculate the optimal measurement pre-
cisions versus particle number in the range |(w — w,)/w| €

040317-18



MANY-BODY QUANTUM...

PRX QUANTUM 2, 040317 (2021)
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FIG. 13. Variation of the measurement precisions for individual particles and entangled particles for fixed N. (a) Aw/w and(d)

v ABJw for a SCS with U; = e ¥ (b) Aw/w and (e) ¥ AB/ for a spin cat state with U; = e/ ¥+¢'¥ ¥ and § = /8. (c) Aw/w
and (f) y AB/w for a GHZ state with U1 = o ¥xel Z‘IZe’ % Here T = 2w, w =207, N =20,and k = 0.

[0,0.008] and for yB =2m. According to the fitting
results (see Fig. 14), the log-log measurement precisions
In (Awpin/®) =~ —0.5InN — 8.37 and In (y ABpin/w) ~
—0.5InN — 5.53. For the two parameters, the opti-
mal measurement precisions Awpi, [purple circles in
Fig. 14(a)] and ABpu, [purple circles in Fig. 14(b)] both
exhibit SQL scaling as expected.

Next we try to use the spin cat states to perform the mea-
surement. We choose an interaction-based operation U; =

~ . s 22 N

U = &'"/2Vxl(t/2Vz ¢i(m/2Vx i the readout stage. Therefore,
the final state before the half-population difference can be
written as

W) = EF T [ W(0)) . (T14)

fina

The final state |Wgp,) has an analytic form when N is an
even number and can be written as

ﬁ m=J
R DN ACELMO)

m=—J
x {[1 + (=1)"1(cos me; +sin me,)

x —i [1 = (=1)"](cos mp; — sinmey)} |J,m).
(J15)

|\Ij)1{‘mal =

Thus, the expectation of the half-population difference
and the expectation of the square of the half-population

a b
» @] - (b)
- 3
g1 3
H o
3 3
E 12 -9
-0 ISCS) -0 ISCS)
O [cat) ~10 [ |cat)
_13}—=<¢ IcHn & IGHZ)
25 30 35 40 45 25 30 35 40 45

In N In N

FIG. 14. Log-log plots of the scaling of the optimal measure-
ment precision versus total particle number for (a) frequency w
and (b) amphtude B. The circles show the results for a SCS with
U =e! %y and the lines are the corresponding fitting curves.

The squares show the results for a spin cat state with U; =

VeV ¥ and 6 = /8 and the lines are the correspond-

ing fitting curves. The triangles show the results for a GHZ state
N S TN

with U; = e'7¥¢'?z¢/ 7+ and the lines are the corresponding fit-

ting curves. Here 7' = 27, w = 207, |(®w — w.)/w| € [0,0.008],

yB €[0,2n],and k = —1.
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difference are

m=J
(L = (=DM Y (=1 mle),0) sin 2mey,

m=—J
m=J
U2y =Y mle, )P (J16)
m=—J

The derivative with respect to ¢; reads

(dJ) m=J
d(;lf — (=D)L Z m*(—= 1)’ 7" |c) (0) | cos 2mep.
m=—J

(J17)

Correspondingly, the standard deviation of the half-
population difference is given by

(AT)r = /W2y — (()r)?
m=J

= | Y. m2c, O
m=—J

The measurement signal J, reads

m=J
Jo == > (=1)"mlc;,(©)]” sin2mé,.

m=—J

(J19)

According to Eq. (J19), the main frequencies of the
bisinusoidal oscillation of J, becomes proportional to 2m.

J

=J 2
> 1 mlc],©)]? sin 2m¢1}

n=—J

(J18)

(

Furthermore, we find Eq. (J19) with respect to detun-
ing w —w, is symmetric for fixed B and the lock-in
point located at w — w, = 0, i.e., ® = w,, as shown in
Fig. 12 (dashed orange line). Substituting Eqgs. (J17)
and (J18) into Eqgs. (J9) and (J10), one can analytically
obtain the measurement precisions Aw and AB. They
read

y . 2
- A ' (0 — w,) ’ (J20)
2yBlsin[(@ — w ) T] — T(w — w,) cos [(w — w)T]|
;117'[ w — We
AB = - , J21)
2y |sin[(w — w,)T]
where
2
] \/zzzf_,m2|c,{,<9)|2—[Zzz’_,(—l)mm|c,’n<e)|2sin2m¢>1]
Ay = . J22)

1230 m2(—=1)7=m|c (0)]2 cos 2me |

Particularly, when ¢ = /2, sin 2m¢; = 0, and (—1)’ =" cos 2m¢; = 1, the measurement precisions Aw and AB can

be simplified as

r o o))

(a) - we)z

A= = S By e @] S (@ — w0 T] — T(@ — wp) cos [(@ — wo)T]|
— T (a) - we)z
= CO) 2 BN sin [(@ — wo) 71 = T@ — wu) cos [(@ — o) 711" (123)
Ism=l mlel (0)2 _ ~
ABlgy=njy = \/22_‘ ! T |__87% | _ el | 2T | (124)
2Y 0=, m|cl, )| 2y [sin[(@ — wo)T] 27N |sin[(@ — wo)T]
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Here the coefficient C(9) =1+ [2tan?(6/2)/(1 +
tan®(/2))] is independent on the particle number N. It
is indicated that the measurement precisions Aw and AB
for spin cat states can exhibit Heisenberg-limited scaling.
Furthermore, we numerically calculate the optimal mea-
surement precisions versus particle number in the range
[(w — w.)/w| € [0,0.008] and for yB = 2m. According
to the fitting results (see Fig. 14), the log-log mea-
surement precisions In (Awmpin/®w) &~ —InN — 8.26 and
In (y ABuin/®) = —InN — 5.46. The optimal measure-
ment precision Awpi, [yellow squares in Fig. 14(a)] and
ABnin [yellow squares in Fig. 14(b)] are both beyond SQL
scaling and approach Heisenberg-limited scaling. Finally,
we also consider using the GHZ state as the input state,
i.e., & = 0 in the spin cat state. According to Egs. (J15)

and (J16), the final state |¥)% | reads
(WL = i(congb —sinJ¢y) |J,J)
final \/E 1 1 s

+ %(coqubl +sinJ¢y) |J,—=J)y.  (J25)

The expectation of the half-population difference and the
measurement signal are

N o,
) = —3(—1) sinN¢y,

N .
J, = Y sinN¢;. (J26)
Clearly, the main frequencies of the bisinusoidal oscilla-
tion of (J.); become proportional to N = 2.J. Similarly, we
find Eq. (J26) with respect to detuning w — w, is symmet-
ric for fixed B and the lock-in point located at w — w, = 0,
i.e., ® = w,, as shown in Fig. 12 (blue lines). Moreover,
the square of the half-population difference is indepen-
dent of the two parameters, and becomes (Jzz)f =J? =
N?/4. According to Egs. (J9) and (J10), the measurement
precisions for w and B have an analytic form and they read

Aw
_ T (w - we)z
" 2NyBlsin[(@ — 0) 7] — T(@ — ;) cos [(@ — ) T1|’
J27)
AB= 1 |27 ® | (J28)
2Ny |sin[(w — w,)T]

From Egs. (J27) and (J28), the measurement precisions
Aw and AB can exhibit Heisenberg-limited scaling. Mean-
while, for fixed N, the measurement precision Aw is
dependent on both the detuning w — w, and B, as shown
in Fig. 13(c). When sin[(® — @.)T](2 — (® — @,)*T?)

—2T(w — w,) cos[(w — w.)T] = 0, Aw attains its opti-
mal value. However, the measurement precision AB is
dependent only on the detuning @ — w,. When it is near
resonance o ~ w,, AB = 7w /yNT is optimal. To confirm
the dependence of the measurement precisions on the par-
ticle number, we numerically calculate the optimal mea-
surement precisions versus particle number in the range
[(w — w.)/w| € [0,0.008] and for yB = 2m. According
to the fitting results (see Fig. 14), the log-log mea-
surement precisions In (Awmyin/®) &~ —InN — 8.37 and
In (y ABumin/®) = —In N — 5.53. For the two parameters,
the optimal measurement precisions Awpi, [red triangles
in Fig. 14(a)] and ABui, [red triangles in Fig. 14(b)] both
exhibit Heisenberg-limited scaling.
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