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Preparing and measuring physical systems are the operational building blocks of any physical exper-
iment, and to describe them is the first purpose of any physical theory. Remarkably, even when only
uncharacterized preparation and measurement devices are present, it is sometimes possible to distinguish
between the behaviors of quantum and classical systems from only observational data. Certifying the
physical origin of measurement statistics in the prepare and measure scenario is of primal importance for
developing quantum networks, distributing quantum keys, and certifying randomness, to mention a few
applications, but, surprisingly, no general methods to do so are known. We progress on this problem by
crafting a general, sufficient condition to certify that a given set of preparations can only generate classi-
cal statistics, for any number of generalized measurements. As an application, we employ the method to
demonstrate nonclassicality activation in the prepare and measure scenario, also considering its applica-
tion in random access codes. Following that, we adapt our method to certify, again through a sufficient
condition, whether a given set of measurements can never give rise to nonclassical behaviors, irrespective
of what preparations they may act upon. This, in turn, allows us to find a large set of incompatible measure-
ments that cannot be used to demonstrate nonclassicality, thus showing incompatibility is not sufficient

for nonclassicality in the prepare and measure scenario.
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I. INTRODUCTION

Quantum theory, albeit ubiquitous and tested exten-
sively, still presents us with interesting and unintuitive
phenomena even for the simplest physical systems. The
paradigmatic examples are Bell nonlocality [1,2] and
Einstein-Podolsky-Rosen (EPR) steering [3—5]—manifest
as strong correlations between spacelike separated exper-
iments performed by independent observers—that can
unambiguously discern between classical and quantum
predictions. More recently, a similar division was found
to arise in a setup closely related to quantum commu-
nication tasks, the so-called prepare and measure (PAM)
scenario [6].

Descriptions of the preparation of physical systems
and of their measurements are the building blocks of
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any physical theory. Hence, it is notable that even in
a semi-device-independent approach—relying alone on
observational data and mild assumptions about the state
preparation—such a scenario is already enough to dis-
tinguish between quantum and classical behaviors. Apart
from its foundational relevance, certifying that the systems
employed are indeed quantum and behave as expected
is an essential task in applications of the PAM scenario,
ranging from communication in quantum networks [7,8]
and self-testing [9,10] to quantum key distribution [11],
randomness certification [12], and random access codes
(RACs) [13], while also figuring at the core of infor-
mational principles for quantum theory [14,15] and the
modeling of paradigmatic gedanken experiments such as
the so-called delayed choice experiment [16].

It has been long known that Holevo’s bound [17] lim-
its the amount of information that may be retrieved in
such a scenario, implying that quantum messages cannot
transmit more information than their classical counter-
parts. Notwithstanding, the nonclassicality of the mea-
surement outcomes can still be witnessed if one imposes
certain assumptions on the preparation device [6,18-22].
For instance, even though a qubit can transmit at most a bit
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of information, it can still generate measurement statistics
that cannot be reproduced by a classical bit [6,18]. On the
more applied side, such dimension assumptions can also be
used to derive device-independent witnesses for the Hilbert
space dimension of the prepared states [23—25].

A task of primal importance is to be able to decide
whether a given set of prepared states can give rise to
nonclassical behaviors. In a Bell scenario, for instance, it
has been long known that entanglement is a necessary but
insufficient ingredient for nonlocality, as there are entan-
gled states that cannot violate any Bell inequality [26,27],
giving rise to general methods for deciding whether an
entangled state is local [28,29]. More than its fundamen-
tal relevance, such criteria can also be employed to show
hidden nonlocality or activation of nonlocality, the former
related to the fact that local states can have their non-
locality activated if one performs local filtering prior to
measurements [30—32] and the latter related to measure-
ments on a number of copies of such states [33-35]. In
PAM scenarios, however, in spite of their relevance, the
question of whether a given set of preparations can lead
to nonclassical behaviors is yet to be investigated in more
depth. At this point, it is worth emphasizing that, in this
paper, we strictly refer to the notion of PAM classicality
as that defined in [6] and several of the previously cited
references, a precise definition of which is given in the
following section. It is also worth mentioning that similar
notions are studied in the formalism of ontological mod-
els [36]. Within this formalism, several results have been
obtained lately regarding the observation of nonclassical-
ity in quantum theory and, more generally, in generalized
probabilistic theories [37—42]. In a more applied side,
such nonclassicality has been identified as a resource in
state discrimination tasks [43]. Despite similarities, the
definitions of nonclassicality adopted within this formal-
ism differ considerably from that adopted in this paper:
whereas in the former one usually associates classicality
with noncontextuality, in the latter, classicality is associ-
ated with the existence of a different kind of ontological
model.

Regarding the PAM scenario, it was only recently that
the first test, though of limited applicability, has been pro-
posed in order to detect nonclassicality—in the strict sense
discussed previously and yet to be precisely defined—of
quantum state preparations [22]. Strikingly, however, as
opposed to the Bell case, no general methods are known
to provide such certification. That is precisely the prob-
lem we solve in this paper. Inspired by results crafted for
constructing local hidden variable models for entangled
states [28,29], we propose a general method allowing us
to certify whether the behaviors arising from a prepara-
tion set are always classically reproducible, irrespective
of what generalized measurements are applied on them.
Taking the measurements as the resource, we conversely
derive a method to test whether a measurement set can

be classically reproduced no matter what preparations they
act upon. We demonstrate the applicability of both meth-
ods in a number of cases, and in particular employ them to
show activation of nonclassicality of a given set of states,
and also prove the insufficiency of measurement incom-
patibility for observing nonclassical behaviors in the PAM
scenario.

II. PREPARE AND MEASURE SCENARIO

In the PAM scenario, a preparation device P takes a
random variable x € X as input and, subjected to it, pre-
pares a physical system in a specific physical state. A
second device, M, receives the prepared system and, given
an independently chosen random variable y € ) as the
choice of an observable, measures the system returning the
output b € B [see Fig. 1(a)]. Without further information
on the inner workings of these devices, the best possi-
ble description is given by the probabilities p (b, x,y) of
the observed events. Without loss of generality, and given
that the state preparation x and measurement choices y are
under control of the experimenters, one typically considers
the conditional distribution p (b|x, y) represented by the set
of behaviors p = {p (b|x,¥)}sxy

Classically, the state being prepared by the device P
is a random variable a € A, that can be understood as a
message being sent to the M device. Assuming that the
preparation and measurement devices might have some
preshared correlations, described by the random variable A
governed by a probability distribution & (/lambda), the most
general classical description of this experiment is given by

plvy) =3 [ wGptais p®lay.. (1)

To obtain the decomposition above, a set of causal assump-
tions is considered. First the independence of the preshared
correlations from the state preparation and measurement
choices, that is, p(x,y,A) = p(x,y)p(A); an assumption

(a) (b)

] N/
b A

FIG. 1. Operational and causal representations of a PAM sce-
nario. On the left, the black-box shows a preparation, conditioned
on input x, being sent to a measurement device with measurement
choice y and output b. On the right, the DAG turns explicit the
unobservable variables a and A in the causal structure.
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that in the context of Bell scenarios is referred as mea-
surement independence or “free-will” [44—46]. The second
causal assumption follows from the fact that, differently
from a Bell scenario, in the PAM case we deal with tem-
poral correlations. More precisely, the measurement device
lies in the future light cone of the preparation device.
Thus, the message a should only be causally dependent
on the input x and the shared correlations A. The final
causal assumption is given by the fact that even though
the outcome b can depend on the input x, such correla-
tions are mediated by the state being prepared, that is,
the correlations between b and x are screened-off once we
condition on the values of @ and A. Such causal assump-
tions can be faithfully and graphically represented using
the intuitive directed acyclic graph (DAG) shown in Fig.
1(b). In a quantum description, states from the set S =
{px}x are prepared and the possible observables are quan-
tum measurements M,, where each M, = (M}, }, is a
collection of positive operator-valued measure (POVM)
operators. The quantum experiment is then defined by £ =
{S, M}, where M = {M,},. Employing Born’s rule any
element p (b|x, y) in the behavior p of experiment & is then
given by

p(blx,y) = tr (Mpyypy) - (2)

Note that if |A| > |X|, a message a, even if classical,
may perfectly encode the choice x of preparation, and
any behavior p is then reproducible with no more than
classical communication. Only when some restriction is
imposed on the amount of communication, is that dif-
ferences between the classical and quantum predictions
can emerge [6,18-22]. Typically, then, the bound |A| <
|X| is imposed on the dimension of the classical mes-
sage. When each and every p (b|x,y) can be written as the
classical model (1), the quantum experiment £ is classi-
cally simulatable, meaning that the measurements statistics
can be obtained by transmitting |.4|-dimensional classical
messages. In principle, nothing precludes |.A| from being
different from the dimension of the quantum preparations.

II1. WITNESSING THE CLASSICALITY OF
PREPARATIONS

The first question one might ask in the PAM scenario
is whether a quantum experiment &, characterized by
prepared states and measurements, can be classically sim-
ulated. Similarly to what happens in a Bell scenario, if the
cardinalities of the sets of the variables a, b, x, and y are
fixed, the set of behaviors compatible with the classical
description (1) is a polytope that can be characterized in
terms of a finite number of linear (Bell-like) inequalities.
If one has a complete description of such inequalities for
a given scenario, then the compatibility of the quantum
experiment data with a classical description can be eas-
ily certified if no inequalities are violated. The problem of

this approach is twofold. First, determining all inequali-
ties becomes intractable as we increase the cardinality of
the variables. The second, more fundamental issue, stems
from the fact that states that can only give rise to classical
correlations if a given number of measurements are per-
formed, can indeed have their nonclassicality revealed if
we increase the number of possible measurements [22].
In the following Theorem, we address this problem by
deriving a sufficient condition to certify the classicality
of a given set of prepared states valid for any number of
projective measurements (PMs).

Theorem 1 (Preparation classicality for all PMs). Let
S = {/ox})lill be a set of d-dimensional quantum prepa-
rations and M be a finite set of projective, rank-1 mea-
surements on C?. Each projector in M is associated to a
generalized Bloch vector, in a generalized Bloch sphere.
Let n be the radius of the largest sphere inscribed in the
convex hull of these vectors associated to the projectors in
M. Define, for each x € {1,...,|X|}, the operators

o ! . 1,
x—;|:px_( —n)g]

If, for all O, and My, € M, the behavior p =
{tr (M;,|y0x)};%y can be reproduced by communicating
| A|-dimensional classical systems [Eq. (1)], then the set
S of preparations is classically simulatable for all PMs.

Proof. We begin by recalling that each Iy, € M may be
associated to a unit vector vy, € R =1 by means of

d>—1

Li+ca Y (pp)ioi | 3)

i=1

1
)y = 7

where ¢; = /d(d — 1)/2 and {oi}fdz_l) isasetofdxd
traceless operators generators of the SU(d) groupthat
together with 1,, form an orthonormal basis for the space
of d x d linear operators (with respect to the Hilbert-
Schmidt inner product).

With that in mind, let M = {1}, be a finite set of
PMs, where each I, is a rank-1 projector (we later show
that this leads to no loss of generality), and ), IT;), =
14, Vy. We write n for the radius of the largest sphere
that can be inscribed into conv(M) = conv({vp, }5,) and
{Ox }Lill for the set of operators implicitly defined by p, =
nOx + (1 = n)(1a/d).

When model (1) exist for preparations S and measure-
ments M, it also does for any convex combination of
the operators in M. In particular, then, classicality fol-
lows for any measurements in the largest sphere that can
be inscribed into conv(M) (see Fig. 2 for a representa-
tion in d = 2). As any measurement operator on such a
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FIG. 2. Representation of the method for d = 2. Each vertex
on the Bloch sphere represents a measurement operator. To every
Iy, we associate a corresponding antipodal IT;,. Measurements
inside the set enclosed by conv(M) can be simulated by mixing
these extremal ones. In particular, any measurement {an}b ina
ball with radius 7 inscribed in the polytope is simulatable in such
manner.

sphere is related to a valid rank-1 projector I, through
1‘[2‘“ = nllp, + (1 — n)1,/d, a simple calculation yields

tr <OXI"IZW) = tr (oTlpp), VX, b,u. 4)

Equation (4) tells us the result of applying any projec-
tion Iy, to a density operator p, is equivalent to applying
a depolarized projection HZ‘U to O,—an inflated instance
of p,.

With that in mind, suppose we probe each O, with every
Iy, € M and find the observed behavior has a classical
model as given by Eq. (1). In that case, as already noted,
the model would exist for all Hzlu, as they all can be writ-
ten as convex combinations of the IT,. Thereon, Eq. (4)
affirms the p, are classically simulatable for all rank-1
projectors.

To see this condition is also valid for arbitrary projec-
tions, first note that in C? all nontrivial projections are
unit-rank. Even though this is not true for d > 2, it is
true that any PM can be seen as a rank-1 PM with coarse
graining. Hence, the result holds for all PMs. |

Strikingly, by probing the statistics of only finitely
many measurements, Theorem 1 provides us with a suf-
ficient condition to certify that the set of prepared states
S = {,ox})lf1 can only exhibit classical correlations, even
if infinitely many PMs were to be performed. This suf-
ficient condition for classicality also becomes necessary

when n = 1, in which case we recover the brute-force
approach of testing all possible measurements. In addi-
tion, this classicality condition can be expressed as the
following feasibility problem

given S, M,n, {1} (5a)
find 7(%) (5b)
st. o =n0,+ (1 —1n) 17;1, Vx (5¢)

tr(Mp Oy) = Y w(A)p(alx, Mp (bla,y, ),

a,\
Vb,x,y (5d)
w(A) >0, (5¢)
Z () =1, (59
A

which is a linear program and thus can be solved effi-
ciently. In particular, condition (5d) enforces the existence
of the classical model (1), and Fine’s theorem was used to
cast the integral as a finite sum [47].

Dichotomic PMs are the extremal two-effect POVMs, so
Theorem 1 is also a condition for classicality under all such
measurements. To extend our result to generalized mea-
surements, we observe that any POVM collection M C
P(d,n) where P(d,n) is the set of generalized measure-
ments with n effects acting on d-dimensional preparations,
can be simulated by PMs and classical processing after a
certain amount ¢ of depolarization on its effects [48], which
leads to the following extension of Theorem 1.

Theorem 2 (Preparation classicality for all POVMs).
Let ®,(M), where ®,(-) =t(-) + (1 — ) (r(-)/d)1, is a
depolarizing channel acting on the effects of M, be
projective-simulatable for any M C P(d, n). If prepara-
tion p' = (1/H) {p — [(1 — 8)/d|14} has a classical model
for all PMs, then p is classically reproducible for all
POVMs.

Proof. Let p" be such that probabilities tr(ITy, 0") admit
description (1) for all projections Iy, and M = {Mp, };,
be a collection of POVMs. As the statistics gener-
ated by &,(M) for any M C P(d,n) can be repro-
duced by PMs and classical processing, it must be that
the behavior {tr[®,(Mp),)p']}s, is also classically repro-
ducible. But ®,(-) is self-dual, hence tr[®,(Mp,)p'] =
tr[ My, @:(p")] = tr(Mpy, p), Vb, y. Therefore, p has a clas-
sical model for all POVMs. |

Accordingly, showing that preparations p, have a clas-
sical description for all POVMs is equivalent to prov-
ing that preparations p, = (1/1) {px — [(1 — 1)/d]1,4} are
classically reproducible for all PMs, which can be done

030311-4



GENERAL METHOD FOR CLASSICALITY...

PRX QUANTUM 2, 030311 (2021)

by providing ¢ and the relevant additional restrictions to
program (5). Ford = 2,the POVM Aierra = {3 (1 + v; - 0)};
where v; are the vertices of a regular tetrahedron, have
the highest noise robustness, thus any 7 such that ®;(Aet,)
is projective-simulatable also makes so any 4 € P(2,n).
For qubits, ¢t = +/2/3 — € suffices [49]. On higher d,
t = 1/d is a lower bound on ¢ that can be tightened through
semidefinite programming [48].

A. Computational analysis

The computational bottleneck of program (5) lies in the
fact that decomposing the deterministic strategies A into
their extremal points results in an exponentially large set,
with Ny oc |B|MIY! extremal points. Consequently, regard-
less of the efficiency of linear programming algorithms, the
size of program (5) scales exponentially in the number of
measurements. In principle, this precludes us from using
too large sets of measurements, and consequently obtain-
ing larger values of n, where the drawback of a small 7 is
that we will only be able to certify classicality for reason-
ably mixed states. However, this issue can be circumvented
by adapting the procedure outlined in [50].

Our strategy will be to avoid working on all N, extremal
points at once, and instead iteratively exploring the deter-
ministic strategy space. Notice that the factibility pro-
gram (5) may be equivalently written as a maximization
program,

given S, M,n, {1} (6a)
max. o (6b)
w(A)

1 1
st ape+(1— oz)gd =10, + (1 — 1) gd, Vx (6¢)

tr(Mpy Ox) = Y w(M)p(alx, Mp (bla,y, h),

a,n
vb,x,y (6d)
0<a<l (6¢)
T(A) =0 (61)
(6g)

Zn(x): 1.
A

Allowing o = 0 guarantees a solution will always exist,
and obtaining @ = 1 amounts to (5) being factible. Any
o in between means that the state ap, + (1 — @)d,/d is
classically simulatable.

One may interpret the program above as a search for
the optimal weights (1) such that a convex combina-
tion of extremal points of the local polytope describe
the behavior of our system. Carathéodory’s theorem [51]
states that at most d + 1 extremal points are necessary
to optimally describe any point of a d-dimensional con-
vex set, hence most of the (1) found will be zero. We

cannot know, beforehand, which points make for an
optimal description, so we take N, > d + 1—but much
smaller than N,—points and optimize over them. To set
up the next iteration, all 7(A) = 0 in this result can be
discarded and replaced by previously unexplored deter-
ministic strategies, and we run program (6) again. As, at
each round, we are keeping all optimal A from the previous
round, the optimal value o will be nondecreasing between
iterations. Furthermore, for so large |)/| that it would be
prohibitive to enumerate and keep track of all previously
visited strategies, we observe that simply randomly sam-
pling A on each run of (6) makes our procedure rapidly
converge to o*, which assumes a constant value for all sub-
sequent iterations and is interpreted as a lower bound on
the maximum visibility imposed on the preparations such
that their behavior is classical.

To illustrate the application of Theorem 1 and the pro-
cedure just described, we consider the preparation set
SO, ¢) = {px> Pz Prv.g)} thatis |X| = 3 where p, denotes
a qubit state with Bloch vector v, and the unit vector
r(0, ¢) is given by its spherical polar and azimuthal angles,
respectively. Arranging our measurements operators as
those associated to the vertices of an icosahedron (|| = 6
with n & 0.79), we get a fairly small problem that can
be solved either directly or iteratively. Figure 3(a) shows
the result through the iterative procedure, which exactly
matches the direct approach. With twice the amount of
measurements arranged as the vertices of a rhombicuboc-
tahedron (n =~ 0.86), it is no longer possible to compute
3(b) in a direct manner. In fact, even enumerating all
deterministic strategies becomes too costly, let alone solv-
ing the program. Employing the procedure here described
allowed us to compute Fig. 3(b). The advantage of having
more measurements then becomes evident, with the rhom-
bicuboctahedron resulting in increased visibilities. We pay
for that with more computation time: although the model
for each preparation set in Fig. 3(a) takes less than a minute
to compute on a standard desktop computer, it takes around
7 min for Fig. 3(b) when using fairly robust parameters
[likewise for Figs. 5 and 3(b)]. Implementations for these
and all forthcoming applications can be found at a public
repository [52].

Although our results are fully general, moving on to
higher dimensions presents us with two considerable draw-
backs. Similarly to the example discussed above, qudits
will naturally lead to more extremal points in our classi-
cality polytope, and ultimately to more computation time.
Yet another considerable downside is that generating a
large depolarized Bloch ball in larger dimensions will be
costlier, while also the intuition brought by using polyhe-
dra (with antipodal vertices) as a measurements polytope
is lost. Howbeit, picking random 3-qutrits preparations
and 12 random PMs (average n =~ 0.26), we found the
mean computation time to be around 37 min for each
preparation set. Increasing the number of measurements
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FIG. 3.

Application of program (6) to S(6,¢) = {px, oz, Pre.¢)}- Levels are the maximum visibility o such that preparation set

aS (0, ¢) has a classical model. (a) For the | )| = 6 icosahedron measurements, n &~ 0.79, and program (6) can be applied directly. (b)
A rhombicuboctahedron corresponds to |)| = 12 PMs and n ~ 0.86. As the number of deterministic strategies scales exponentially,
the computation is only possible by iteratively optimizing over subsets of deterministic strategies.

and preparations is also possible by paying with more wait-
ing until convergence is reached. In all cases, as each
iteration returns a nondecreasing visibility «, one will
always obtain lower bounds even if convergence is not
quickly attained. These observations lead us to argue that,
with a clever selection of probe measurements, our method
could still be useful for future applications even in larger
dimensions.

FIG. 4. Preparations S(a,0) = {0, Pry. Pry» Pry} for @ = 0.8.
At 0 =0 all preparations are at ay. For 6 =x/2, S =
{—ax, ax, —az, oz}, presenting the largest violation of inequal-
ity (7).

B. Nonclassicality activation

In a Bell scenario, an entangled state that can only lead
to local correlations can have its nonlocality activated in
at least two manners: with a single copy, by proceed-
ing with local filtering (a phenomenon usually referred as
hidden nonlocality) [30—32], or by using many copies of
the quantum state [33—35]. In turn, in a PAM scenario a
new possibility is open. Consider a set of n + 1 prepared

1.00 -
0.95
0.90

& 0.85

0.80

0.75
S=4
Classicality lower bound

0.70

0.0 0.2 0.4 0.6 0.8

6 (rad)

1.0

1.2

14

FIG. 5. Nonclassicality activation for the preparations in Fig. 4
and measurements arranged in a thombicuboctahedron with cor-
responding n ~ 0.86. As S & «, every preparation set above the
S = 4 curve is nonclassical. On the other hand, the blue scatter
shows the maximum visibility such that any triad of states in the
preparation set are classical. The shaded region thence stands for
preparations that exhibit nonclassicality activation by increasing
the number of preparations.
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states such that any subset of n of them can only gen-
erate correlations describable by the classical model (1).
However, if the n 4+ 1 quantum states can lead to nonclas-
sical correlations then we can say the nonclassicality of the
other n states is activated by the preparation of this extra
(n + 1)th state. For our purposes, it will suffice to con-
sider the case where n = 3, that is, we have four possible
preparations (|X'| = 4) such that any combination of only
three of them will always lead to classical correlations. All
other variables are dichotomic, that is, |B| = |A| = || =
2.

In this specific PAM scenario, there are only two classes
of inequalities, the violation of which certify nonclassical-
ity. If we are able to find a set of four states, any three of
which only generate classical correlations according to our
criteria, but nonetheless violate one of these inequalities
when taken together, we would thus have proven the acti-
vation of nonclassicality. Towards that end, we consider
the inequality given by [11]

S=FEn —Ep—Ey
+Eyp —FE31 —Eyp+Eqy +Egn <4, (7)

where E,, = p(0|x,y) — p(1|x,y) is the expectation value
of observable y applied to preparation x. When prepa-
rations are quantum states and the measurements are
extremal, E,, = tr(Mo, px) — (M1,0x) =1y - g, where r,,
q, are the Bloch vectors that parametrize preparation x and
measurement y, respectively.

We define S(a,0) = {04, Ory» Pry» Pry} as the prepara-
tion set according to Fig. 4, where « is a shrinking fac-
tor from the surface of the Bloch sphere. In turn, we
choose PMs parameterized by the vectors ¢, = (—x +
7)/~/2 and H=x+2)/ V2, for which we obtain that
S = 4+2asin@. This shows that, for a large span of
o and O, this family of preparations violate the bound
S < 4, thus exhibiting nonclassicality.

To show this nonclassicality is a genuine nonclassical-
ity activation for dichotomic PMs, we employ our general
method to show the behaviors of any subset of three ele-
ments of S are classically reproducible. This was done by
applying program (6) with measurements arranged as a
rhombicuboctahedron, and corresponding 1 =~ 0.86. As a
result, for each 0, the optimal value o* stands for the maxi-
mum purity of the preparations such that there is a classical
model for all triadic subsets of S, and every a < a* rep-
resents classical preparations (Fig. 5). As shown in the
shaded region, we will have nonclassicality activation for
any value o < o* such that inequality S is violated.

C. Quantum advantage activation in RACs

These results also have implications for the application
of the PAM scenario in RACs. An (n,d) — m RAC can
be understood as a communication task where, at each

run, Alice receives a ditstring x = mm; . .. m,, with each
m; € {1,...,d}, which she then encodes in m < n d-level
systems that will be sent to Bob. Upon receiving this
limited communication from Alice and an uniformly sam-
pled query y € {1,...,n}, Bob is asked to determine the
letter m, from Alice’s string. Depending on the type of
systems used to encode information and the amount of
correlations allowed between the parties, several possible
implementations of this task arise. Quantum-RACs
(QRAC:S) are those which use quantum systems for com-
munication. They appeared in [53] and were later rediscov-
ered and linked to quantum automata in [54], and several
results regarding existence and advantage of QRACs over
their classical counterparts rapidly ensued [11,13,36,55—
59].

A PAM scenario can be seen as a physical implementa-
tion ofa (n,d) — 1 RAC where we associate each prepara-
tionin S = {x};‘f"=1 with the encoding of a unique ditstring
mymy . .. m,. When these preparations are quantum states,
we associate the PAM scenario to a QRAC where Bob’s
guess will be the output of a quantum measurement on the
received states. In this way, a (2,2) — 1 QRAC shall be
mapped to a PAM scenario with |X| = 4 qubit prepara-
tions encoding the bitstrings mm, € {00,01,10, 11} and
|V| = 2 dichotomic measurements that will be used to
guess either m; or m,. Likewise, a (classical) RAC of this
same sort will be linked to a PAM scenario with |A| = 2
possible classical states (i.e., a bit). Usually, the perfor-
mance of such protocol is measured through the worst-case
or the average-case success probabilities. The average
success probability of an (n,d) — 1 RAC is written as

avg __

psuc -

]’ldn Z p(mey|mla---amn:y)a (8)

where the factor 1/nd" comes from assuming that the input
dits as well as the variable y are uniformly distributed.

As shown in [11], the average probability of suc-
cess of an (2,2) — 1 RAC can be directly linked with
the inequality S =FE+En+Ey —Eyp—Ey +Ezpp—
E4 —Egp <4 in a way that poe = (S’ + 8)/16. Indeed
the classical PAM bound S’ =4 corresponds to pgs =
3/4, the maximum achievable for this RAC when Alice
sends a classical bit with shared randomness. On the other
hand, for any quantum violation of S, we do have a
corresponding advantage in the associated QRAC. Thus,
observing any pae > 3/4 in a (2,2) — 1 RAC certifies
the nonclassicality of the corresponding PAM scenario, or
can act as a dimension witness, depending on the available
information regarding the devices. Likewise, any violation
of & is a quantum advantage in the RAC protocol. But
S’ and S represent the same inequality class, that is, one
can be obtained from the other through change of labels.
Hence, in light of our nonclassicality activation result, we
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have thus identified sets of four qubit states being pre-
pared by Alice such that any three of them are classical, but
altogether offer an advantage in a relevant communication
task.

IV. WITNESSING THE CLASSICALITY OF
MEASUREMENTS

As much as quantum states may be seen as resources
in diverse correlation scenarios, one may also look the
other way around and inquire whether a given set of
quantum measurements are useful for unveiling nonclas-
sicality. For the former, we have shown that Theorem 1
allows to certify that a preparation set only generates clas-
sical statistics regardless of which and how many PMs
are applied. It may, however, be modified to treat mea-
surements as resources, and certify a set of PMs can only
given rise to classical statistics for all possible prepara-
tions.

Theorem 3 (PMs classicality for all preparations). Let
M = Ty }s, be a collection of PMs on C% and S =
{ox}x be a finite collection of pure d-dimensional quan-
tum preparations. For each measurement effect, define
operators Oy, through

1_[bly = nOb\y + (1 - 77)%1,
where 1 is the radius of the largest sphere that can be
inscribed into the convex hull of the Bloch vectors repre-
senting the preparations in S [cf. Eq. (3)]. If there exists
a probability distribution w()) such that all p(b|x,y) =
tr(Op)y px) can be written as Eq. (1) for classical com-
munication of dimension |A|, then measurements M can
never manifest nonclassical statistics for sets of quantum
preparations.

Proof. Noting that (i) whenever the classicality model
(1) may be used to describe the behavior of S under a
given set of measurements, then any preparation set in
conv(S) is also classically reproducible when probed by
those same measurements, (ii) that any density operator on
the shrunken Bloch sphere of radius n can be written as
ou = npu + (1 —n)1,/d and is in conv(S), and (iii) that,
for rank-1 projectors, tr(Ob‘y,oZ) = tr(ITp}, o), the argu-
ment follows analogously to Theorem 1: if by probing
operators Oy, with a finite set S of preparations we find
out a classical PAM model [Eq. (1)] exists, then by (i) and
(ii) the model exists for all Oy, and any p,, which by (iii)
means it exists for M and all pure preparations. Invok-
ing the same reasoning as before, we can extend the result
for projections of any rank. Observing that, if M is classi-
cally reproducible for all pure states, it also is for convex
combinations of pure states, then this test certifies M is
classically reproducible for all quantum states. ]

Theorem 3 shows that by probing the behavior of a given
set M of measurements on a finite set of preparations, we
may certify M is PAM classical, meaning it never gener-
ates nonclassical statistics in the PAM scenario, regardless
what preparation set it acts upon. The choice of the probe
preparations p, should be done as to maximize 7, similarly
to how we have done when choosing the probe measure-
ments in Fig. 2. When those are given, we arrive at the
following linear factibility program:

given S, M,n (92)
find 7)) (9b)
1

st Ty = 70y + (1 — ”)gd’ Vb, y (9¢)

tr(Opype) = Y w()p(alx, p (bla,y, ),

a,h
VY b,x,y (9d)
w(A) >0, (9e)
2w =1, )
A

which can also be cast as a maximization program [cf.
Eq. (6)] to which the procedure of iteratively exploring the
A-space may likewise be applied. Withal, analogous con-
siderations to those in Theorem 2 extend this certification
of measurement classicality to generalized measurements.

Theorem 4 (POVMs classicality for all preparations).
If a generalized measurements set M is projective-
simulatable for a given amount t of depolarization, and
measurements ¢;(M) are certifiably classical for all oper-
ators in an inflated, generalized Bloch ball of radius 1/t,
then M is classical for all quantum preparations.

Proof. Given a set 8" = {p'}, = [(1/) {px — [(1 — 1)/d]
14}]x of probe operators where the p, are pure quantum
states, Theorem 3 may be employed to determine whether
the projective-simulatable ¢,(M) are classical in relation
to all operators p’ on the 1/z-radius Bloch sphere where
the operators in S’ lie. Observing that tr[¢,(Mp),)p'] =
tr[ My, ¢ (p")] = tr(Mp), p), Yp', this is equivalent to deter-
mining the classicality of generalized measurements M
in relation to any p, which are all possible quantum
preparations. |

We finally remark that, although Theorem 3 was stated
in regard to pure probes, in principle there is no issue in
probing with the p’ € &', as all quantum states are more
mixed than these operators.
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A. Incompatible classical measurements

Quantum formalism is inlaid with the existence of quan-
tities that may not simultaneously be known with arbi-
trary precision, which is one of many ways it defies our
intuition. Any set of measurements with this property is
called an incompatible measurement set, with compati-
bility being the opposite concept. Measurement incom-
patibility is known to be a necessary but insufficient
condition for nonclassicality manifestations in Bell non-
locality [60,61], and it was also shown to be necessary and
sufficient for quantum advantage in EPR steering scenarios
[62,63]. Relations between incompatibility and PAM sce-
narios with quantum inputs [64] and in the context of onto-
logical models [65] have also been studied. Furthermore,
RACs have been proposed as a measure of incompatibil-
ity of observables, and it is known that incompatibility is a
necessary and sufficient condition for quantum advantage
in 2 — 1 binary RACs [66,67]. The observations in Sec.
III C show us incompatibility is thereby necessary and suf-
ficient for nonclassicality in the aforementioned |X| = 4,
|B| = | A|] = || = 2 PAM scenario. That sufficiency does
not hold in general for PAM scenarios with shared classi-
cal randomness will be shown through an application of
our measurements classicality certification method.

Measurement compatibility may be understood as joint
measurability. Let M = {My,};, be any set of measure-
ments, with each having the same number of outcomes for
convenience. Whenever a Jy, with £ = £,€,...¢,)| and
each £; € {1,...,|B]|}, is a positive semidefinite operator
suchthat 3", Jy = 1and ), Jy8¢, o = My, then M is said
to be jointly measurable, in the sense that the so-called

z
!

FIG. 6. Mirror-symmetric measurements used to show the
existence of incompatible measurements that do not exhibit
nonclassical statistics for any preparation set.

parent measurement J, is a single, well-defined measure-
ment from which every M, may be recovered. Whenever
such a Jy does not exist, M is incompatible, or not jointly
measurable.

Another invaluable concept is that of incompatibil-
ity robustness x}, [68-70], measuring how compatible
measurements M are through

Xm = sup  {x | x{iMpy} + (1 = ) {Npy} € IM}.

x€[0,1]
{Np)y }EN(M)

(10)

In this definition, JM is the set of jointly measurable mea-
surements, and N is a noise model that, possibly depending
on the Mp,, determines the noise set, which must contain
at least one jointly measurable set of measurements. Given
N, the lower the x},, the more incompatible the measure-
ments are, with xx, = 1 if and only if our measurement
set is jointly measurable. For closed noise sets, Eq. (10)
turns into a maximization problem that may be written
as a semidefinite program (see Appendix E in [70]). This
is true, in particular, for the identity noise, N, = 1/|B],
which is a common choice when unbiased noise is of
interest.

Determining x, thence amounts to choosing a noise
model with the required properties and optimizing (10)
via semidefinite programming. Defining M as the mirror-
symmetric measurements shown in Fig. 6 and choosing a
random noise map, xx, behaves as shown in Fig. 7. Any
value of x above the incompatibility robustness curve rep-
resents incompatible measurements. Applying program (9)

1.00 » .

° °

095

Measurement classicality lower bound
Incompatibility robustness

0.90
~ 0.85
0.80 b

0.75 ‘33

0.70 200

0.0 0.2 0.4 0.6 0.8 1.0 1.2 14

FIG. 7. Incompatibility is insufficient for nonclassicality in
the PAM scenario. For each 0 (see Fig. 6), any x above the
incompatibility robustness curve stands for an incompatible mea-
surement set, and any « below the measurement classicality
lower bound represents measurements that certifiedly do not gen-
erate nonclassical statistics, regardless what preparations they
act upon. Thenceforth, the shaded region contains incompatible
albeit classical measurements.
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as a maximization problem to these same measurements,
we obtain lower bounds for their classicality, meaning
that everything under the measurement classicality curve
stands for measurements which are not able to generate
nonclassical statistics, irrespective of the preparation set
we choose. As, in the shaded region, this is above the
incompatibility curve, we conclude there are incompatible
measurement sets for which no preparations can exhibit
advantage over communicating through two-dimensional
classical systems. Put in other words, incompatibility is
not, in general, sufficient for nonclassicality in the PAM
scenario.

V. CONCLUSION

The ability to certify classicality is essential to known
applications of the PAM scenario, which range from com-
munication in quantum networks and self-testing of quan-
tum channels to randomness certification and beyond.
Although Bell-like inequalities for some modest settings
in the PAM scenario were already known, and activation
phenomena were found for quantum preparations under
two PMs, a method to certify classicality for a scenario
with shared randomness and any number of measurements
remained elusive.

We have contributed to this problem devising a suffi-
cient criterion to certify classicality for both projective and
generalized measurements by only probing the statistics of
finitely many measurements, then showing an activation
phenomenon indeed happens for all dichotomic measure-
ments in a large set of quantum preparations—a result inti-
mately connected to quantum advantages in RACs. Using
an optimization strategy inspired by [50], we were able
to increase the number of measurements we probe—an
indispensable ingredient to our method—to otherwise
intractable values. This was essential to the applications
we have shown, and is straightforwardly adaptable to
other scenarios such as Bell nonlocality and EPR steering
[28,29].

In turn, studying measurements as resources has been an
active research topic [71,72], and following this trend we
adapted our method to certify a given set of measurements
is never able to generate nonclassical behaviors, irrespec-
tive of what preparation set they are applied to. We showed
the value of this tool by proving there are incompatible
measurements which can only lead to classical correla-
tions, which means measurement incompatibility is not
sufficient for nonclassicality in the PAM scenario.

Further interesting possibilities are that of activation
phenomena under generalized measurements with more
than two effects, and activation of measurements non-
classicality (similarly to what we have proven for the
nonclassicality activation of states). We were not able to
show they happen for our targeted scenarios, but investi-
gating larger settings is an interesting next step to which

our methods are readily applicable. On a more conceptual
aspect, investigating the relationship between our clas-
sicality model and the one studied in the formalism of
ontological models could also lead to interesting results. In
addition, Figs. 5 and 7 shows our results are both noise and
preparation error resistant for a large span of states, and
experimental implementation would require no entangled
states. Consequently, we believe our results are verifiable
in practice.
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