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Non-Gaussianity as a Signature of a Quantum Theory of Gravity
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Tabletop tests of quantum gravity (QG) have long been thought to be practically impossible. How-
ever, remarkably, because of rapid progress in quantum information science (QIS), such tests may soon
be achievable. Here we uncover an exciting new theoretical link between QG and QIS that also leads
to a radical new way of testing QG with QIS experiments. Specifically, we find that only a quantum,
not classical, theory of gravity can create non-Gaussianity, a QIS resource that is necessary for universal
quantum computation, in the quantum field state of matter. This allows tests based on QIS in which non-
Gaussianity in matter is used as a signature of QG. In comparison with previous studies testing QG with
QIS where entanglement is used to witness QG when all other quantum interactions are excluded, our
non-Gaussianity witness cannot be created by direct classical gravity interactions, facilitating tests that are
not constrained by the existence of such processes. Our new signature of QG also enables tests that are
based on just a single quantum system rather than a multipartite quantum system, simplifying previously
considered experimental setups. We describe a tabletop test of QG that uses our non-Gaussianity signa-
ture and that is based on just a single quantum system, a Bose-Einstein condensate, in a single location.
In contrast to proposals based on optomechanical setups, Bose-Einstein condensates have already been

manipulated into massive nonclassical states, aiding the prospect of testing QG soon.
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I. INTRODUCTION

Shortly after Einstein formulated general relativity
(GR), he wondered how quantum theory (QT) would mod-
ify it [1]. Yet, more than 100 years later, there is still no
consensus on how these two fundamental theories should
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be unified [2—6]. The conventional approach is to apply
the principles of QT to gravity [7], resulting in a quan-
tum gravity (QG) theory, such as string theory [8—11] or
loop QG [12—14]. However, since it is not as straightfor-
ward to apply QT to gravity as compared with the other
fundamental forces [15,16], an alternative class of unify-
ing theories has been developed, classical gravity (CG)
theories, such as semiclassical gravity [15,17—19], where
matter is quantized but gravity remains fundamentally
classical [16].

The hope has been that theoretical study alone would
allow us to discover how GR and QT are unified in
nature. However, the fact that there are several proposals
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illustrates that this is unlikely to happen and that exper-
imental intervention is required [16]. Until recently, the
common view was that there is little hope of laboratory
tests of QG since we need to probe GR near a small length
scale, the Planck length, where QT effects of spacetime
become relevant [20], but for which we would likely need
to build a Milky Way—sized particle accelerator [20,21].
However, there is another important scale, the Planck mass
scale, where gravitational effects of massive quantum sys-
tems become relevant, allowing us, in particular, to distin-
guish QG from CG [22]. This mass scale should be within
reach soon in laboratory settings due to the rapidly devel-
oping field of quantum information science (QIS) [23,24].
This has led to several proposals being developed recently
for tests of QG using techniques of QIS [23,25-33]. Of
these, a particularly promising experimental proposal is the
Bose-Marletto-Vedral (BMV) experiment [27—30], where,
under the condition that all other quantum interactions can
be excluded, the creation of entanglement between two
microspheres, each in a superposition of two locations, is
used as a witness of QG. Because of the strength of this
effect, and the hope of mesoscopic superposition states
in optomechanical systems [34,35], it is thought that this
QIS-inspired experimental test of QG could be possible
soon [27-30].

An issue with an entanglement-based test of QG, how-
ever, is that classical, as well as quantum, theories of
gravity can create entanglement. For example, modes of
a quantum field can become entangled by a classically
expanding universe [36—43]. This has resulted in ques-
tions concerning the reliability of using entanglement as
a witness of QG [44—47]. In particular, in the BMV pro-
posal, entanglement as a witness of QG is based on the
assumption that CG acts as a local operations and com-
munication channel (LOCC) [27,28] or, more generally, as
a local classical-information mediator [29,30,47], which
can never create entanglement. However, it is in theory
possible that CG could cause two spatially separated quan-
tum matter systems to directly couple with one another,
invalidating the LOCC and classical-information media-
tor arguments and leading to entanglement generation in
experiments [27—30]. For instance, such direct CG inter-
actions could be due to nonlocal effects associated with
CG [27-30], or quasilocal CG effects, such as tunneling
between two quantum matter systems, which we consider
in Sec. IVB.

Here we take a radically different approach to testing
QG with QIS. Rather than concentrating on how QG can
act as a quantum-information mediator in comparison with
a classical communication channel [27,28] or a classical-
information mediator [29,30], we consider how just the
simple process of adding a “hat” to classical gravita-
tional degrees of freedom (i.e., turning them into quantum
operators) results in a theory that, in contrast to its classical
counterpart, can create non-Gaussianity in the quantum

(@ (b)
\ &T \ &T
| 2 »
| iL/l,u ' hl"V
\ \
MAAVAAY) PAVAVAVAVAVS
’ ’
1. 4.
Y ;@
’ ’
’ ’
FIG. 1. (a)Basic Feynman diagram for matter interacting with

QG where matter emits a graviton, which is associated with
it,w. For simplicity, we represent matter by a real scalar field
such that @' and & are the creation and annihilation operators
of matter. The interaction is then associated with three quan-
tum operators and, therefore, can induce non-Gaussianity. (b)
We can illustrate the analogous interaction between matter and
classical gravity with a similar diagram except that now the
gravitational leg represents a classical gravitational wave #,,
rather than a graviton. Since this CG interaction is associated
with just two quantum operators a' and 4, it cannot, in contrast
to the QG interaction, induce non-Gaussianity. Although these
diagrams represent weak-field, perturbative gravitational interac-
tions, the fact that CG cannot create non-Gaussianity also applies
to the strong-field, nonperturbative regime of gravity, as shown
in Sec. II.

field of matter. Non-Gaussianity is a key resource in
continuous-variable QIS (CVQIS), where quantum infor-
mation is encoded in degrees of freedom with a continuous
spectrum. For example, it is necessary in order to perform
universal quantum computation [48,49], and the reason
that, in the exclusion of all other quantum interactions,
only a quantum rather than a classical theory of gravity can
create non-Gaussianity in the quantum field state of mat-
ter is for the same reason that non-Guassianity is required
for universal quantum computation: non-Gaussianity is
created by processes that are nonquadratic in quantum
operators [50-53], and only QG, compared with CG, can
contain such processes. Although our argument applies to
both the weak-field regime and the strong-field regime of
gravity, it is perhaps most intuitively understood from a
perturbative weak-field perspective. In this case, the sim-
plest interaction between matter and gravity in QG is
where matter creates a graviton. As illustrated in Fig. 1,
the corresponding Feynman diagram contains three quan-
tum operators and, therefore, induces non-Gaussianity. On
the other hand, in CG, we would remove the “hat” of
the gravitational degrees of freedom, leaving a quadratic
Hamiltonian, which preserves Gaussianity [54].

In comparison to entanglement, since our
non-Gaussianity indicator is not based on LOCC or
classical-information mediator arguments, this indicator of
QG is not reliant on the nonexistence of direct CG inter-
actions, which we illustrate in Sec. IV B. Therefore, as
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long as we are working in an experimental situation where
nongravitational quantum interactions can be ignored (just
as in tests based on entanglement [27—30]) and where
matter can be well represented by a quantum field, non-
Gaussianity can be used as a signature of QG in experi-
mental tests without the need for the additional assumption
of there being no direct CG interactions [27—30]. A further
advantage of a non-Gaussianity signature is that a single
system can be non-Gaussian, allowing tests of QG that are
based on just a single system rather than a multipartite
system. We illustrate this with a tabletop test of QG that
uses a single Bose-Einstein condensate (BEC) in a single
location.

In addition to being just a single quantum system with-
out any spatial superposition, our experimental proposal
also uses a type of quantum technology (BECs) for which
certain massive quantum states have already been created
[55-59]. This is in contrast to proposals based on optome-
chanical setups, where massive nonclassical states have yet
to be generated. BECs also offer a contrasting method to
distinguish the QG signal from electromagnetic noise. As
with previous proposals, such as the BMV proposal, it is
vital that we can attribute the sought QG effect from the
analogous effect that is generated through electromagnetic
interactions. For the BMV proposal this effect is entan-
glement, which electromagnetic as well as gravitational
interactions will naturally generate, whereas in the test pro-
posed here this is non-Gaussianity, which electromagnetic
interactions would also naturally generate since they are
fundamentally quantum interactions.

To isolate the gravitational non-Gaussian signal from an
electromagnetic one, we use the fact that only the elec-
tromagnetic interaction can be screened and, in particular,
that BECs generically have Feshbach resonances. Electro-
magnetism can be screened since it has both positive and
negative charges, whereas gravity is universal, coupling
to all forms of energy in the same way. In BECs, this is
immediately apparent since the atoms have zero overall
electromagnetic charge, resulting in them naturally inter-
acting only through van der Waals interactions and, in
most cases, magnetic dipole-dipole interactions (MDDIs)
at very low temperatures. This allows the use of an extraor-
dinary property of BEC and cold atom experiments to
distinguish the electromagnetic and gravitational effects.
This property is the presence of optical and magnetic Fes-
hbach resonances, which are used in BEC experiments
to control the strength of the electromagnetic interactions
between the atoms by the application of an external mag-
netic or optical field. This has become a vital tool of BEC
experiments that has facilitated numerous explorations of
fundamental physics [60,61].

By applying a magnetic or optical field to the BEC, we
can in principle set the overall strength of the electromag-
netic interactions to zero without affecting the strength of
the gravitational interactions [60,61]. Then a non-Gaussian

signal can be attributed to only gravitational interactions.
This method contrasts with that used in optomechani-
cal proposals, where the distance between micro-objects
is increased to a level where gravitational interactions
are greater than the electromagnetic van der Waals inter-
actions. In that case, both the electromagnetic interac-
tions and the gravitational interactions are suppressed
by increasing the distance, whereas applying an external
magnetic or optical field to a BEC affects only the former.

II. NON-GAUSSIANITY AS A SIGNATURE OF
QUANTUM GRAVITY

Consider a free, real scalar quantum field. The Hamilto-
nian of this system can be written as a collection of quan-

tum simple harmonic oscillators: H = > hwk[&Z&k+

1/2], where &,t and a; are creation and annihilation opera-
tors of mode &, wy is the angular frequency, and we assume
a discrete mode spectrum for simplicity [62]. For each
oscillator we can associate positionlike and momentum-
like operators, X := a; + &}: and py; := i(&;[ — a), known
as quadrature operators, which are observables, with a
continuous eigenspectrum: X|x); = xg|x)x and prlp)r =
Prlp)k. The quadrature eigenvalues, x; and pj, can be
used as continuous variables to describe the entire quan-
tum field system, and we can view this as a continuous
phase space on which we encode our quantum information
[54]. This approach to encoding quantum information can
also be straightforwardly extended to general bosonic and
fermionic quantum fields [63—66].

Rather than describing this system using a density
operator p, an equivalent representation is provided by
the Wigner function [67]. This is a quasi-probability-
distribution defined over phase space, analogous to prob-
ability distributions used in classical statistical mechanics.
For example, for a single mode, the Wigner function can
be obtained through [68]

1 . R
Witep) = 5 /dy P ylp—y). (1)

W (x, p) is a quasi-probability-distribution since, although
it takes on real values and is normalized to unity, it can
also take on negative values. The states for which the
Wigner function takes on negative values, therefore, have
no classical counterpart, and are considered to be highly
nonclassical states [69].

The only states that have negative Wigner functions are
non-Gaussian states, such as Fock states or Schrédinger
cat states [70]. Gaussian states, on the other hand, such as
coherent states, squeezed states, and thermal states, have
only positive Wigner functions [54,71]. Here a Gaussian
state of a quantum field is defined as one for which its
Wigner function is a Gaussian distribution [54]. Such a
state is fully characterized by the first and second moments
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of the quadrature operators or, equivalently, by the one-
point and two-point correlation functions of the quantum
field [50,52,54].

The classification of Gaussian and non-Gaussian states
is very important in CVQIS. For example, universal quan-
tum computation with pure states is possible only with
non-Gaussian states or operations [48,49], while Gaussian
states and operations can be efficiently simulated on a clas-
sical computer [72—75]. Furthermore, non-Gaussian states
or operations are required for violation of Bell inequal-
ities [76—83]. These and additional examples, such as
implementing entanglement distillation [75], have led to
non-Gaussianity being classified as a CVQIS resource for
which measures and witnesses have been derived [84-93],
just as for entanglement.

Given the significance of Gaussian and non-Gaussian
states in CVQIS, it is important to distinguish the type
of Hamiltonians that can create such states: a Hamiltonian
that is at most quadratic in quadratures, or equivalently in
annihilation and creation operators, can only ever map a
Gaussian state to another Gaussian state [65,94-98]. That
is, the Hamiltonian must be of the form

H=>"00%+ Y Xy, )
k ol

where fc,f = (X, pr), and Ag(f) and py(f) are 2 x 1 and
2 x 2 real-valued matrices of arbitrary functions of time.
Although we assume a discrete, finite mode spectrum here
for simplicity, the extension to infinite and continuous
modes is straightforward [50-53].

The Hamiltonian (2) preserves Gaussianity since it
is associated with a general Bogoliubov transformation,
which is a linear transformation of the quadratures (and,
therefore, phase space) that preserves their commutation
relations [54]. Any other Hamiltonian (i.e., one that is not
linear or quadratic in quantum operators) will in general
create non-Gaussianity [48,49,54].

A free quantum field has a Hamiltonian that is of the
form of Eq. (2) since it contains only the kinetic and mass
terms, and so is necessarily quadratic in the field. For
example, the free Hamiltonian for a real scalar quantum
field ¢ is [62]

q

3 [ erf@dr+ @i end]. o
where m is the mass of the field. Expanding the field
in annihilation and creation operators ¢ = Y oluk(Hay +
v(t)&}:] results in a Hamiltonian of the form of Eq. (2) [62].

Now consider interacting this quantum field with a clas-
sical entity G, which could depend on space and time.
If we take the classical interaction to not induce quan-
tum self-interactions of (ﬁ, then G and (ﬁ can interact only
through Hamiltonian terms that are linear or quadratic in

qAﬁ [99]. For example, the classical interaction could occur
through a Hamiltonian term such as (V¢)2f [G], where f
is a real functional of G. Then expanding ¢ in annihilation
and creation operators, we would still find a Hamiltonian
that is of the form of Eq. (2), with G just absorbed into the
time-dependent coupling constants. That is, the Hamilto-
nian of the classical interaction preserves Gaussianity, and
this would apply to a classical interaction with any type of
quantum field, not just a real scalar field ¢.

In contrast, if we quantize G such that we interact ¢ (or
any other type of quantum field) with a quantum entity,
then it is possible for the resulting Hamiltonian to be of
higher order than quadratic in quantum operators, and thus
induce non-Gaussianity. Therefore, any sign of the creation
of non-Gaussianity in the state of a quantum field would be
evidence of a quantum interaction.

Because of the universal coupling of gravity, we can
apply this argument to determine whether gravity obeys a
quantum or classical theory. In this case, if we are working
in a situation where all other quantum interactions can be
ignored, the matter Hamiltonian contains only the kinetic
and mass terms of the matter quantum field, to which
gravity couples. If there were terms that were neither lin-
ear nor quadratic in the quantum matter field, and which
thus induce quantum self-interactions of matter, then these
would have to be associated with a nongravitational force
since these terms must also be present in flat space. There-
fore, as we are assuming a situation where all interactions
other than gravity can be ignored, these terms are not
present.

For example, if, for simplicity, we used a real scalar field
 to describe matter and ignored a possible quadratic Ricci
scalar coupling term [100], then the Hamiltonian of CG
would be given by Eq. (3) but with /g multiplying each
term, where g is the determinant of the spatial metric tensor
[14,101-103]. This Hamiltonian would preserve Gaussian-
ity. In contrast, in QG there must be an operator associated
with the gravitational field, which would result in Gaus-
sianity no longer being preserved. For instance, in loop
QG, g would be quantized in this example [14,101-103],
and in linearized QG, we would perturb the gravitational
metric around a classical spacetime background metric and
quantize only the perturbation [104—107]. Similarly, in the
nonrelativistic Newtonian limit, only the temporal com-
ponent of the perturbed metric would be used, which is
quantized and associated with the Newtonian gravitational
potential ® [108].

In summary, creation of non-Gaussianity would provide
evidence for a quantum theory of gravity. Since all known
fundamental interactions with matter, such as electromag-
netism, have interaction Hamiltonians with terms that are
quadratic in matter fields [62,102], non-Gaussianity could
also be used to evidence that these are indeed quantum
interactions [109].
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(a)

FIG. 2. Illustration of the proposal for a tabletop test of QG.
(a) A single spherical BEC of 10° atoms and radius R = 200 um
is left to self-interact gravitationally for around # = 2 s. If QG
acts, non-Gaussianity is induced in its quantum state, whereas
if CG acts, Gaussianity is preserved. Each atom is equally delo-
calized across the extent of the BEC but, since the BEC is in a
spherical harmonic trap, the density of the BEC is greatest at its
center and drops off to zero asymptomatically, as illustrated. The
BEC is initially in a Gaussian state, and its Wigner function W
is displayed in (b). Here, for simplicity, a coherent state |«) is
assumed, but this can also be squeezed to increase the signal-
to-noise ratio, as discussed in the main text. If QG acts, and the
interaction time were long enough, then gravity could even force
the coherent state to a Yurke-Stoler cat state (o) + i — «))/ V2.
The Wigner function for such a non-Gaussian state is illustrated
in (c). If, however, CG acts, then the state will remain Gaussian.
In the nonrelativistic CG limit, the state will remain a coherent
state, whereas relativistic CG effects would, in principle, squeeze
the state but keep it Gaussian. In practice, the interaction time
would not be long enough for such a dramatic effect as a coher-
ent state changing to a Yurke-Stoler state, and instead smaller
deviations from a Gaussian distribution are sought (see the main
text). « = 2 is used in the plots, whereas in practice the BEC will
have an amplitude of around |«| = 10*°, the square root of the
number of atoms.

III. TESTING QUANTUM GRAVITY WITH A
SINGLE QUANTUM SYSTEM

We now consider a tabletop test of QG that uses our non-
Gaussianity witness (Fig. 2). This experiment is based on
a single BEC that is in a single location, and is an exper-
iment to which an entanglement witness of QG could not
be applied.

A. Non-Gaussianity as a signature of quantum gravity
in a Bose-Einstein condensate

A Bose gas can be described by a nonrelativistic scalar
quantum field \il(r), which creates an atom at position r
[61]. Assuming that we are working at low enough tem-
peratures such that the ground state is macroscopically
occupied, we ignore the thermal component of the gas and
take W(r) ~ ¥ (r)a, where ¥ (r) is the wave function of
a condensed atom and a is the annihilation operator for
the condensate [61]. The identical atoms are then all in the
same state, have the same wave function, and are equally
delocalized across the BEC.

These atoms will interact gravitationally with each
other, and since this is a nonrelativistic system, it is appro-
priate to take the nonrelativistic (Newtonian) limit of grav-
ity, which all gravitational theories must contain. The fully
classical interaction Hamiltonian for Newtonian gravity is

1
Hin = 5 / Erome(r), 4)

where @ (r) is the classical Newtonian potential and p () is
the classical mass density. If gravity obeys quantum theory,
then we must quantize both p(r) and @ (r), whereas if we
have CG, then we quantize only the former. Since o(r) =
m\iﬁ(r)\iﬁ(r) for a BEC, this results in the respective QG
and CG interaction Hamiltonians

fIQG = %m/opr : liﬁ(r)\if(r)fiD(r) 5 ®)]
&n=m/fAWﬂMmqwmﬁ, (6)

where :: refers to normal ordering, m is the mass of the
atoms, and we have made explicit that the classical poten-
tial ® can be a functional of the quantum state ¥ of the
BEC, for which we have dropped a factor of 1/2 [110].
Solving the quantized version of Poisson’s equation, we
have

Ut )b ()

d(r) = —Gm | &*F
@ =—Gn [ er S0

(7
where G is the gravitational constant. In contrast, depend-
ing on the CG theory chosen, @ is a certain quantum aver-
age of this expression (e.g., in the CG Schrédinger-Newton
theory, which is the Newtonian limit of the semiclassical
CG theory, ® = (®) [111-114]).

If we use W (r) = ¥ (r)a, the above interaction Hamilto-
nians for the BEC reduce to

R L tntns
HQG = EA,QGa a'aa, (8)
Heg = AealW]a'a, ©)
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where [115,116]

2 2
)"QG = —Gm2/d3rd3r’|]//(r,)| hh(r)l , (10)
r—7|
anWKo:=<hn/?ﬁﬂwooﬁ¢nvuan. (11)

The QG interaction Hamiltonian (8) can also be derived
as the nonrelativistic limit of linearized QG where we
consider the four-point Feynman diagram with a single vir-
tual graviton propagator, and then effectively integrate out
gravitational degrees of freedom [108,117—121]. All QG
theories must contain the above quantum Newtonian limit
of gravity and so Eq. (8) is the Hamiltonian for general QG
self-interactions of a BEC. Likewise, all CG theories must
contain the above classical Newtonian limit of gravity for
CG self-interactions of a BEC, and so Egs. (8) and (9) are
not dependent on a specific model of CG or QG. Simi-
lar Hamiltonians have been derived using cold atoms in
a double-well potential [122], and the QG Hamiltonian
(8) is analogous to the Kerr interaction, which induces
non-Gaussianity in quantum optics [123].

From the Hamiltonians (8) and (9), we can see that as
long as all other quantum interactions can be ignored (see
Sec. Il C), only the QG Hamiltonian (8) can induce non-
Gaussianity in the quantum state of the BEC field, with
the CG Hamiltonian (9) preserving Gaussianity since it
is quadratic in quantum operators. Therefore, any sign of
non-Gaussianity being created in the BEC would be evi-
dence of QG. In contrast, entanglement cannot be used
as a witness here since this is just a single-mode system
[124,125].

B. Measurement scheme

As shown above, measuring creation of non-Gaussianity
in the BEC would provide evidence of QG. To detect
non-Gaussianity, we consider measurements of high-order
cumulants [90]. For a Gaussian distribution, all cumulants
higher than second order vanish and, therefore, a nonzero
value of such cumulants is a signature of non-Gaussianity.
Here we concentrate on the fourth-order cumulant x4, since
k3 is also zero for a symmetric non-Gaussian distribu-
tion. Defining a generalized quadrature as §(p) = ae ™ +
a'e'?, we have

~ ~ A3)

Ka = (G%) — H@P) — 3D + 12(60(@)° — 6(@)*.

(12)

In an experiment, only a finite sample can be used to
estimate x4 and we desire unbiased estimators, which are
the k statistics: (k,) = «, [126]. The noise in the estima-
tion of x4 is then the standard deviation of k4 [127], such
that the signal-to-noise ratio (SNR) for the measurement is

given by

lical /v var ks, (13)

where for a large number of independent measurements
M, varky o< 1/ M.

To make the SNR as large as possible, we use quan-
tum metrology, where highly quantum states can improve
the estimation of parameters that are not associated with
observables [128]. This is also effectively used in the BMV
proposal, where the initial quantum states are NOON-like
states (|NO) + |ON))/«/§ [122,129—131]. However, rather
than using a NOON state, here we consider a squeezed state,
which is a Gaussian state that often provides similar per-
formance in quantum metrology to NOON states but which
is usually far less demanding to create [132]. Assuming
that QG acts [i.e., that the gravitational interaction has
the Hamiltonian of QG, Eq. (8)] and taking the limit that
X :=|Aqgl/h is small and that the number of atoms N of
the BEC is large, we find that the SNR can be of order
xIN*/ M, where ¢ is the interaction time [133]. Assum-
ing a weakly interacting BEC of mass M in a spherical
harmonic trap with frequency wy, the BEC wave function
is [61]

1 2 nR?
=y )
V) = e (14)

where R := \/h/mwy is the effective radius of the spherical
BEC and r := |r|. With use of Eq. (10), this results in [134]

N 2 GM*t
X =NVT ThR

(15)

which is ¢/ h times the gravitational self-energy of the BEC.
With the replacement of R with d, and ignoring the numer-
ical factor, this expression is the same as the relative phase
generated in the BMV proposal between the two micro-
spheres that are separated by the smallest possible distance
d that, when all other distances are ignored, leads to an
entangled state [27-30]. It is demonstrated in the BMV
proposal that a value on the order of 1 for this phase is
achieved when d = 200 um, t~ 2 s, and M = 10~1* kg
[27]. However, since the SNR here scales with v/ M, we
can lower the total mass required by increasing the num-
ber of measurements. For example, to achieve a SNR of 5
for a 133Cs BEC, we could use R &~ 200 um, ¢ ~ 2 s, and
M = 10~" kg with around 40 000 measurements. Such a
mass corresponds to around 4 x 10° atoms, which is only
a little larger than what has been achieved so far: in 1998
a '"H BEC was created with more than 10° atoms [135],
and in 2006 a 2Na BEC had more than 10® atoms [136].
However, the number of atoms required can be reduced by
further increasing M.
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An experimental implementation of this scheme would
be to use a spin-1 BEC where the mp = +£1 states are pre-
pared in large coherent states and then a magnetic field is
used to drive spin-mixing collisions to generate a quadra-
ture squeezed state in the mp = 0 condensate. In a spin-1
BEC, the interaction Hamiltonian is [137—139]

. 2
i =l [agalai +(a}) a+a_]
nin LN [ata o atoa
+ hi | agao — 3 <a+a+—|-a_a_)
+ hg (a1a++&i&,) : (16)

where ag is the annihilation operator of the mr = 0 mode
and ay are the annihilation operators of the mp = %1
modes. If g is dynamically tuned with a magnetic field,
the quadratic Zeeman shift (third term) cancels collisional
shifts due to s-wave scattering of the three modes (second
term) [139,140]. Then, if we further take the mp = +1
modes to be in large coherent states (N1 > 1) so that
a+ ~ /Ny, Eq. (16) acts as effectively

i1 = v [ag + (az;)z} , (17)

where N := ,/N,N_, which results in a single-mode
quadrature squeezed state for the mp = 0 mode [141].
Spin-squeezing experiments have already been performed
in cold atoms and BECs [59], where normally it is the
myp = 0 mode that is taken to be the large coherent mode
and then a two-mode squeezed state is created for the
mr = £1 modes.

After the system has evolved for a time ¢, the non-
Gaussianity of the BEC field would then be measured. To
achieve this, a homodyne or heterodyne scheme could be
used [142—145], where moments up to fourth order are
sought in the intensity difference, providing a direct map
for obtaining k4. Observing a nonzero value for 3, which
requires only the third-order moment in homodyne detec-
tion, would be sufficient for detecting non-Gaussianity, and
the third-order correlation function of atoms due to elec-
tromagnetic self-interactions has already been measured in
experiments [146]. However, 3 is predicted to be zero if
the initial state of the BEC is a squeezed vacuum state,
in which case k4 needs to be analyzed. For k4, the tech-
niques used in Ref. [146] could be extended to measure the
fourth-order correlations to obtain x4 through homodyne
detection [123]. This would require single-atom counting
in a quantum gas with high efficiency on small length
scales, and recent advances have opened up very promis-
ing approaches to single-atom counting (see Appendix B 2
for more details). Rather than performing a homodyne
or heterodyne measurement, another option would be to

determine the Wigner function of the BEC, either using full
state tomography with projective measurements (see, e.g.,
Refs. [142,147—150] for such measurements on cold atoms
and BECs) or through “direct” measurement with weak
measurements of the position quadrature and projective
measurements of the momentum quadrature [151—154]
(this has so far been achieved with photons [151,155—158]
but could be extended to atoms [151]).

C. Distinguishing quantum gravity from the
electromagnetic interaction

So far we have discussed how the desired input state can
be generated and how non-Gaussianity could be measured.
Additionally, it is imperative that we ensure that all noise
can be distinguished from the signal. An advantage in
considering a non-Gaussian signal is that we can immedi-
ately ignore all processes generating Gaussian noise since
these will not affect the non-Gaussian measurement. The
largest contributing non-Gaussian noise would be expected
to come from the electromagnetic interactions between the
atoms of the BEC. A BEC is very dilute and the atoms are
neutral overall, but there are still, in general, weak elec-
tromagnetic interactions between the atoms due to van der
Waals interactions and MDDIs. At the low temperatures
at which BECs operate, the Hamiltonian for a BEC with
electromagnetic interactions is [159—163]

A

2
H= fd3r( — %@T(r)vzxi:(r) + V)V ()W (r)

n % fd%’{\iﬁ(r)\iﬁ(/)xif(r)\i:(/) [gS(s@)(r — )

1—3cos219]})’

PRt (18)

+ 84

where the first term is the kinetic part, Vy(r) = mw§r2 /2
is the spherical trapping potential, g, := 4mh?a,/m is
the s-wave scattering coupling constant, g; := pou?/4m
parametrizes the strength of the MDDISs, and # is the polar
angle of r — ¥, with a, the s-wave scattering length, u the
magnetic moment of the atom, and w( the permeability of
free space. With use of \fJ(r) = Y (r)a and Eq. (14), the
above Hamiltonian reduces to

N 1
H = hod'a + Exseﬂa*aa, (19)
where
3 ap

ho = hwy + meoR , (20)

2 agh?
=2 = 2O @1

232732 R3 T mR3

The MDDIs have canceled out due to the spherical symme-
try of the BEC, leaving behind only the s-wave interactions
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[160,162]. This interaction term has the same form as the
quantum gravitational interaction (8), and so we need to be
able to distinguish between the electromagnetic and gravi-
tational interactions in order to attribute non-Gaussianity
to only gravitational interactions. One way to achieve
this is to use magnetic or optical Feshbach resonances,
which are extraordinary processes particular to cold atom
and BEC experiments. Here an external magnetic or opti-
cal field is used to resonantly couple a molecular bound
state to a colliding atom pair, enabling the strength of the
electromagnetic interactions to be controlled [60,61].

Usually Feshbach resonances are used to increase the
electromagnetic interaction strength between atoms in
BECs. However, they also allow the electromagnetic inter-
action to be, in principle, switched off, (i.e., A, = 0) with-
out affecting the strength of the gravitational interaction.
This is achieved by applying a magnetic field of strength B
to the BEC, which results in the s-wave scattering length
becoming a function of B [60,61]:

IS

ay(B) = a?G(l -
where aP9 is the background scattering length, By denotes
the resonance position, and A is the resonance width.
The s-wave interactions can then be turned off by setting
B = By + A [164]. For '33Cs, this would be achieved when
B =17 G [165,166], leaving behind only the QG interac-
tions (8), which are unaffected by the applied magnetic
field. With the electromagnetic interactions in the BEC
turned off, non-Gaussianity can, in principle, be attributed
solely to QG interactions in the BEC [167].

IV. DISCUSSION

A. Role of Planck mass in the proposed experiment

We have argued that, as long as we are working in a
situation where all other nongravitational quantum inter-
actions can be excluded, the production or change in
non-Gaussianity in the state of the quantum field of matter
would be sufficient evidence of QG, and we have demon-
strated how this could be used in a test that is based on just
a single-well BEC. The size of the effect in the BEC exper-
iment appears to be similar to that observed in the BMV
proposal; see Eq. (15) and Refs. [27-30]. This illustrates
how the experiment is related to the Planck mass since,
using Eq. (15), we can write the SNR for one measurement
in this case as [22,168]

M bt
——, (23)
Mp tp

where Mp is the Planck mass, 7p is the Planck time, and
8T := /2/m GMt/Rc?*. This expression can also be derived
by dividing the BEC into two halves, considering the grav-
itational interaction of one with the other and the time

dilation 7 induced in GR in the center of each half. If we
fix this SNR of one measurement, then Eq. (23) illustrates
that as M gets closer to Mp, it seems that we can probe
more minute gravitational field intensities and thus further
access its possible quantum properties.

B. Direct classical gravity interactions can create
entanglement between two quantum field systems but
not non-Gaussianity

A classical interaction can create entanglement if this
involves the respective quantum systems directly inter-
acting with each other [27-30]. For example, consider
two BECs that are in the two spatial arms of a double-
well potential. In the two-mode approximation, we can
write the full quantum field of the atoms as \il(r) =
Yr(rar + Yr(r)ag, where a; and ag destroy an atom in
the left well and an atom in the right well, respectively,
and vy and Y are the corresponding mode wave func-
tions [61,169]. In the case of CG, and taking the Newto-
nian approximation for simplicity, there will, in principle,
be terms of the form ALR&Z&R +h.c. in the Hamilto-
nian, where A;z := mfd3r1//2‘(r)wg(r)d>[W](r, 7). These
are beam-splitting terms such that if A; 5 is nonzero due to,
for example, the mode wave functions overlapping, and
either BEC is in a nonclassical state, then the terms will
induce entanglement between the BECs. There is an elec-
tromagnetic analogue of this effect where a double-well
trapping potential, which is approximated to be classical,
causes or contributes to entanglement between the two
wells. This entangling process is often referred to as “quan-
tum tunneling” in cold atom experiments [61]. However,
since the entangling-inducing terms are quadratic, they
will not induce non-Gaussianity, illustrating that although
a direct classical interaction with matter can create entan-
glement, it cannot create non-Gaussianity in the quantum
field of matter.

Note that here we are working with “mode” entangle-
ment (i.e., entanglement between modes of a quantum
field). If instead we attempted to use a first-quantization
picture and describe the full system using a many-body
wave function, then it is possible to argue that the ini-
tial state of the full system is already entangled and that
Newtonian CG is not creating entanglement in this picture
[56-58]. This is because there is so-called particle entan-
glement before and after the effective CG beam splitter
[132,170]. For example, the initial state could be |a)7|&)r,
with |«) a coherent state and |£) a squeezed state, which, in
a quasi first-quantization picture, is particle entangled but
not mode entangled [132]. This occurs because in the first-
quantization picture a beam splitter does not couple the
left and right wells. However, in the relativistic CG limit
we would also have, in principle, two-mode squeezing
operations such as d;ax + a, iy, which can result in a two-
mode squeezed state, which is particle entangled [132].
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Therefore, in full generality and in either picture, CG
can, in principle, create entanglement. In contrast, in the
first-quantization picture, it is possible for Newtonian CG
to create non-Gaussian “particle” Wigner functions. For
example, the many-body wave function of our single-well
BEC experiment could start off Gaussian but become non-
Gaussian under CG (see Appendix A 2 a for more details).
However, in the more fundamental second-quantization
picture, the state of matter (i.e., the state of the quantum
field of matter) always remains Gaussian under CG, as
shown in Sec. II.

C. Nonquantum interactions and continuous-time
measurements

Above we defined a classical interaction as an interac-
tion with an entity G that takes on real and well-defined
values, such as the gravitational field of GR. We now
consider whether non-Gaussianity can also be used to
distinguish other, more general, nonquantum interactions
from their quantized counterparts. First we consider that G
takes on complex values. This allows the possibility that,
most generally, the interaction can give rise to a Hamilto-
nian of the form of Eq. (2) but where now the coupling
constants A; and p, are complex valued. Although this,
in general, leads to a non-Hermitian Hamiltonian, a mat-
ter state with a Gaussian Wigner function will continue
to have a Wigner function of Gaussian form [171-173],
and so non-Gaussianity can also distinguish this interaction
from a quantum interaction [174].

Another possibility is that G could be a nonquantum
but stochastic quantity. For example, a relativistic theory
of gravity coupled to matter has been proposed where
the nonquantum gravitational field is stochastic [175]. It
is found that gravity and matter interact through a Gaus-
sian completely positive channel, and so non-Gaussianity
should also rule out this nonquantum theory of gravity
[176]. More generally, interacting a stochastic entity G
with a quantum field will still result in a Gaussian state of
the quantum field remaining Gaussian if we now broaden
our definition of a Gaussian state to include states that are
a statistical mixture of pure states with Gaussian Wigner
functions (the so-called Gaussian convex hull [92,177]).
This is because a Gaussian state evolves to a state in the
Gaussian convex hull if there is a combination of Gaussian
operations and statistical randomization (i.e. stochasticity)
[93], see Appendix F for more details.

The preservation of this broader definition of Gaus-
sianity also applies if the entity G is both stochastic and
complex valued. However, in this case the norm will
not, in general, be preserved, and so we have a mixture
of unnormalized states with Wigner functions of Gaus-
sian form [171—173]. To ensure that the theory is norm
preserving, the physical state vector can be redefined as

&) /||¥)]|, which then allows for a convex mixture of prop-
erly normalized Gaussian states. However, this, in general,
results in a theory that is nonlinear in the density matrix,
leading to superluminal signaling [179]. Such an issue is
also found in objective-collapse theories, and to rectify it,
a new higher-order process is applied to the evolution of
the quantum system [180,181], which would here be asso-
ciated with a quantum (self) interaction of matter (i.e., a
new force): see Appendix F for more details, and in partic-
ular, Appendix F 2. For example, if we represented matter
by a real scalar field ¢, the Hamiltonian of this new pro-
cess would involve terms that are quartic in ¢. This new
quantum process can, in general, induce non-Gaussianity.
However, in the conventional case that the noise term of
the objective-collapse theory has a Gaussian profile and
is anti-Hermitian (equivalent here to only the imaginary
component of G being stochastic), Gaussianity in the mat-
ter field is still preserved. This is also analogous to a
continuous-time measurement being performed on matter
by the stochastic entity G, which could be a stochastic
gravitational field, and the new quantum self-interaction
[182—185].

D. Alternative theories of gravity

Einstein’s GR can be formulated as an action theory
with the action principle being used to derive the field
equations. The action S of GR can be decomposed into the
Einstein-Hilbert action Sgy, which contains only gravita-
tional degrees of freedom, and the matter action S;,, which
tells us how matter and gravity interact:

S = Seu + Sy, (24)
where
So = / d*x /2R (25)
EH = 162G X/ 81

with R the Ricci scalar, and for a real scalar matter field ¢,

1
Su =3 / @[g"vau¢8v¢ —(m*+ gR)¢2], (26)

with ¢ a numerical factor. The matter actions for spin-1/2
and spin-1 fields are provided in Appendix A.

The argument that we have presented for non-
Gaussianity being an indicator of QG uses only the matter
action Sy, and says nothing of the purely gravitational
action Sgy. It relies on the fact that Sj, must be, in
the absence of all nongravitational quantum interactions,
quadratic in the matter fields such that a classical the-
ory of gravity will preserve Gaussianity. If S), had terms
that coupled gravitational degrees of freedom with nonlin-
ear or nonquadratic functions of the matter fields, then in
flat spacetime such terms would still exist and this would
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result in a new nongravitational interaction, which we have
excluded.

Many theories of gravity have been suggested as alter-
natives to Einstein’s GR [186]. These tend to consider
alternative forms for the gravitational action Sgy. For
example, in f (R) theories of gravity [187], the R in Sgy is
replaced with some function of the Ricci scalar /' (R). With
use of the argument above, as long as we can exclude all
other relevant quantum interactions, non-Gaussianity can
still be used as evidence of a quantum version rather than
a classical version of these alternative theories of gravity.

E. Non-Gaussianity in cosmology

Non-Gaussianity is often considered in the context of
cosmology. Here studies predominately concentrate on
how the temperature fluctuations of the cosmic microwave
background (CMB) could follow a non-Gaussian distri-
bution. So far measurements are consistent with a Gaus-
sian distribution, but with the ever-increasing precision of
CMB measurements, it is possible that non-Gaussianity
could be detected soon, providing important insights into
structure formation in our universe.

Perhaps the most important mechanisms responsible
for generating a non-Gaussian distribution of temperature
fluctuations are inflationary mechanisms, which involve
processes that occur at the surface of last scattering or
before. These are often referred to as “primary effects”
or “primordial effects,” and can be further subcategorized
into quantum mechanical effects at or before horizon exit
and classical nonlinear effects after horizon exit (see, e.g.,
Ref. [188]). The most primitive physical mechanism for
inflation assumes a single scalar field, the inflaton, that
couples to gravity and acquires a nonzero vacuum expec-
tation value, leading to exponential expansion of space.
The Hamiltonian for this model is similar to the one we
used to illustrate that non-Gaussianity in the quantum state
of matter can be used as evidence of QG [see Egs. (3)
and (A5)]. An important difference, however, is that the
inflaton, unlike normal matter (Standard Model leptons
and quarks), has a nonquadratic potential V(¢) and thus
self-interacts.

If the vacuum state is initially assumed, then at second
order in quantum fluctuations of the inflaton and grav-
itational fields, a squeezed Gaussian state of curvature
perturbations is created, which is the leading-order effect
and can explain the Gaussian nature of the CMB that has
been observed so far (see, e.g., Refs. [188,189]). At the
next order, non-Gaussian effects occur due to the coupling
between QG and the inflaton as well as self-interactions
of the inflaton [190]. The former effect is analogous to
the interaction we have considered between QG and mat-
ter that generates non-Gaussianity in the quantum state
of matter. The latter effect means that, in principle, it
would be possible for purely classical gravitational effects

to enhance non-Gaussianity in this inflaton model since
gravity will couple to the non-Gaussian-generating self-
interaction of the inflaton. This further illustrates that only
if we are able to work in a situation where all other
quantum mechanical interactions can be ignored can we
use non-Gaussianity as evidence of a quantum theory
of gravity. In this case, we are not ignoring the quan-
tum self-interaction of the inflaton. Furthermore, unless
a proper measure of non-Gaussianity is used, then even
if we can ignore the inflaton self-interactions, CG effects
can give the appearance of enhancing any already present
non-Gaussianity in the inflaton. This is because the Hamil-
tonian (3) can lead to an increase or a decrease in higher-
order cumulants, such as ky4, if the scalar field is already
in a non-Gaussian state. However, when a proper measure
of non-Gaussianity is used, such as the SNR defined in
Eq. (13) or that based on quantum relative entropy [86],
these measures do not change, and so non-Gaussianity is
not really increasing or deceasing.

As mentioned above, non-Gaussianity in quantum cur-
vature perturbations can also occur after horizon exit. In
this case, a nonlinear classical evolution can result in
a nonlinear relationship between the quantum curvature
perturbations and the inflaton field, which results in non-
Gaussian statistics for the curvature perturbations even if
the inflaton is in a Gaussian state (see, e.g., Ref. [188]).
Here the non-Gaussianity is in the quantum curvature per-
turbations not in the inflaton field, which, if we ignore its
self-interactions, is analogous to the matter field ¢ we use
in Sec. Il to illustrate our argument that CG cannot create
non-Gaussianity in the quantum field state of matter.

The reason that non-Gaussianity in the quantum state of
curvature perturbations is related to non-Gaussianity in the
temperature fluctuations of the CMB is due to the Sachs-
Wolfe effect [191]. This is a classically treated effect where
the curvature fluctuations result in redshifts of the radia-
tion such that there is a direct map between correlation
functions of the curvature perturbations and correlation
functions of temperature fluctuations in the CMB. Any
non-Gaussianity in the CMB due to a single-field model
of inflation is expected to be very small and outside the
realms of near-future observations of the CMB. Instead,
more complex models are needed for observable levels of
non-Gaussianity, such as multifield inflation [192]. Detec-
tion of non-Gaussianity would, therefore, potentially pro-
vide crucial knowledge of the mechanisms responsible for
structure formation.

However, there are many other mechanisms responsi-
ble for creating a non-Gaussian distribution of temperature
fluctuations in the CMB besides the inflationary ones.
These include so-called secondary effects, which involve
processes that occur between the last scattering surface
and the observer (see, e.g., Refs. [193,194]). Secondary
effects can be broadly divided into scattering of the CMB
radiation with hot gas and classical effects mediated by
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gravity subsequent to the last scattering surface, such as the
time-integrated Sachs-Wolfe effect [191] and gravitational
lensing. Other effects that can be responsible for non-
Gaussian temperature fluctuations include nonlinear effects
at recombination (see, e.g., Refs. [193,194]). Although
detection of these nonprimordial effects would provide
important information for distinguishing structure forma-
tion scenarios, they are often regarded as noise associated
with the primary inflationary effects.

It is thought that measurements of the CMB could pro-
vide evidence for a quantum theory of gravity. For exam-
ple, QG predicts that there will be tensor modes due to
quantum fluctuations of the gravitational field during infla-
tion. Dimensional arguments involving Planck’s constant
can then potentiality be used for evidence of QG if such
modes are observed [195]. Other possibilities have also
been suggested, such as using measurements of the scalar
modes of the temperature fluctuations to try to access quan-
tum measures of the primordial curvature perturbations,
such as violation of Bell inequalities [196] or quantum dis-
cord [197]. The issue here, however, is that we have access
only to the field modes, not their momentum conjugate,
which is part of the “decaying mode,” and we can mea-
sure only one instance of the CMB at a time. There then
does not seem to be enough information to rule out classi-
cal curvature perturbations [196—198], and instead rather
convoluted inflationary models need to be assumed for
evidence of QG [198].

If we were to brute forcefully apply our non-Gaussianity
argument for evidence of QG to cosmology, then this
would require measuring the quantum state of the CMB
radiation and somehow being able to distinguish gravi-
tational interactions with the CMB from nongravitational
ones, such as secondary effects due to scattering with elec-
trons. In this case, assuming that the initial quantum state
of the CMB is Gaussian, any sign of non-Gaussianity in
its quantum state due to gravitational interactions would
be evidence of a quantum theory of gravity. Unfortunately,
measuring the temperature fluctuations of the CMB radi-
ation does not, in general, provide information on the
quantum state of the radiation. For example, if we were
to consider an ideal gas of radiation in a container in
a static curved spacetime, then at thermal equilibrium
the radiation has Bose-Einstein statistics [199,200] and
the quantum state of the radiation is a Gaussian thermal
state (see, e.g., Ref. [54]). However, because of the form
of the spacetime metric and the Ehrenfest-Tolman effect
[201,202], the radiation can have temperature fluctuations
in space that obey a non-Gaussian distribution. There-
fore, non-Gaussian fluctuations of the temperature of the
CMB do not necessarily mean that the quantum state of
the CMB itself is non-Gaussian. Any fundamentally clas-
sical gravitational effects that generate non-Gaussianity in
the temperature fluctuations of the CMB will not change
the non-Gaussianity in the quantum state of the radiation.

This applies in the perturbative regime as well as the
nonperturbative regime of the gravity since our argument
is just based on the fact that the CG Hamiltonian is
quadratic in the quantized matter fields, which is the case
in both the perturbative regime and the nonperturbative
regime of gravity (this also means that the CG Hamilto-
nian can be solved in the absence of standard quantum
perturbation theory—see Appendix E). Instead, quantum
gravitational mechanisms would need to be considered,
such as a quantum version of the Sachs-Wolfe effect, for
changing the non-Gaussianity of the quantum state of the
CMB radiation due to gravity.

Measurements of temperature fluctuations of the CMB
are thought to provide information on the quantum state
of the primordial gravitational field through the classical
Sachs-Wolfe effect. In contrast, if we were able to mea-
sure the non-Gaussianity of the quantum state of the CMB
radiation and robustly claim that this is due to gravita-
tional interactions, then this would provide evidence of
QG through an indirect means of analyzing the quantum
state of radiation, with no knowledge of the state of the
primordial gravitational field being required.

F. Applicability

We have argued that, when representing matter with a
quantum field, non-Gaussianity in its quantum state can be
used as an indirect signature of a quantum rather than a
classical theory of gravity. In certain theories of QG, such
as loop QG, group field theory [203,204], and asymptoti-
cally safe QG [205,206], matter is fundamentally described
by quantum fields. However, in other QG theories, such as
string theory, this representation of matter is a limiting low-
energy description of that used in the fundamental theory,
and the low-energy description is referred to as “effec-
tive field theory” [207,208]. In this case, if we wanted
to use a notion of non-Gaussianity that is applicable to
the representation used in the full theory, our concept
of non-Gaussianity in matter would have to be updated,
or it may only be applicable to the low-energy effective
field theory description. Our argument stems from the fact
that the Hamiltonian or action of gravity in the quantum
field regime of matter has matter-gravity terms that are
quadratic only in the quantum matter operators. There is a
connection here with string theory (see the Polyakov action
in curved space [8]), suggesting that our notion of non-
Gaussianity in matter could also be generalized to strings.
However, in foreseeable tabletop tests of QG, it is very
unlikely that anything beyond the (potentially effective)
quantum field theory description QG will be probed.

V. SUMMARY

We have shown that if we want to create non-
Gaussianity in the quantum field state of matter with purely
gravitational interactions, then this would not be possible
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with a classical theory of gravity but can be achieved with
a quantum theory of gravity. On the theoretical side, this
opens up a connection between QG and QIS. Perhaps the
most important property of this connection is that, in con-
trast to other quantum information resources such as entan-
glement, although QG can create non-Gaussianity, CG can
never create non-Gaussianity in the quantum field of mat-
ter (as long as, as with entanglement, all other quantum
interactions can be ignored). For example, while a classi-
cally expanding spacetime metric can create entanglement
in the quantum field of matter [36—43], it cannot create
non-Gaussianity. This also suggests that whereas entan-
glement is not invariant to changes in classical reference
frames [209], non-Gaussianity and nonclassicality are.

Non-Gaussianity is a very important resource in QIS.
For instance, it is necessary for universal quantum com-
putation [48,49]. However, it is not sufficient for universal
speedup over classical computation. For this, we need neg-
ative Wigner function states, and in the case of mixed
states, it is possible for a non-Gaussian state to have a
positive Wigner function. Given that it is negative Wigner
function states that are generically associated with non-
classicality, it is interesting from a fundamental point
of view that it appears to be non-Gaussianity that is a
universal indicator of QG rather than negative Wigner
function states. Perhaps non-Gaussianity in matter, espe-
cially its broader definition of states outside the Gaussian
convex hull, is connected with a more fundamental prop-
erty of quantum gravitational degrees of freedom, such as
non-commutating variables or quantum contextuality.

Approaching QG from a quantum information per-
spective has attracted much theoretical interest recently,
especially in regard to uncovering the role that quantum
correlations, such as entanglement, may play in the funda-
mentals of QG. Conventionally, QG has been considered in
the context of discrete-variable quantum information, such
as qubits, whereas here we have concentrated on describ-
ing QG using continuous-variable quantum information,
and resources particular to CVQIS. Just as CVQIS has
been extremely effective in connecting quantum informa-
tion and quantum field theory, we find that it is also very
powerful in connecting quantum information and QG. Our
findings, however, could also potentially be extendable to
describing QG with discrete-variable quantum information
since the Wigner function can also be defined for discrete
systems [210-213].

As well as providing a theoretical link between QG and
QIS, we have shown how non-Gaussianity can be used to
implement new types of experimental tests of QG. In par-
ticular, non-Gaussianity allows tests based on just a single
quantum system rather than a multipartite quantum sys-
tem, and it also provides a particularly reliable signature
of QG since it cannot be created by indirect or direct CG
interactions (as long as all other interactions can be
ignored). This is in contrast to previous tests based on

entanglement where a multipartite quantum system is nec-
essary and where entanglement is an indicator of QG only
in certain contexts, allowing, in principle, for certain loop-
holes in which CG could be creating the expected QG
signal, such as nonlocal effects or direct CG interactions
that occur due to overlapping mode wave functions (see
Sec. IV B).

We have proposed a tabletop test of QG that uses our
non-Gaussianity witness and current technology. This pro-
posal uses a 4 x 10° atom BEC in just a single-well
potential, with 10°-atom BECs having already been cre-
ated in single wells [135]. The most promising proposal so
far for a tabletop test of QG is considered to be the BMV
proposal, which, in contrast to our quantum gas experi-
ment, uses an optomechanical setup and entanglement as
a witness of QG. In our proposal and the BMV proposal,
the QG signal scales quadratically with the mass of the
system and linearly with the interaction time. The signal
in both proposals is greatest when the initial state is a
highly nonclassical state: here we use a squeezed state,
whereas the BMV effectively uses a NOON state, which
is considered to be the most challenging quantum state to
create. So far, neither NOON states nor squeezed states in
the quantum regime have been created in nanoparticle or
microparticle experiments, whereas squeezed states in the
quantum regime have been created in BECs [59], further
facilitating the implementation of our proposal. However,
macroscopic quantum squeezed states have yet to be gen-
erated. We have investigated how these could be achieved
in the near term, but, just as with other proposed table-
top tests of QG that use QIS [23,26-31,33], creating such
macroscopic states is an experimental challenge in real-
izing the experiment. Another option would be to use a
classical coherent initial state but increase the mass of the
system and the number of repetitions of the experiment by
1 or 2 orders of magnitude, which will be considered in
future work.

As with other recently proposed QIS tabletop tests of
QG [23,25-33], we need to ensure that the electromag-
netic interactions can be suppressed or distinguished from
the gravitational interactions. In the BMV proposal, for
example, this means increasing the separation between the
microspheres, which also lowers the gravitational signal,
as well as ensuring that there is no excess charge on either
microsphere. An advantage in using quantum gases is
that the electromagnetic interactions are manipulable using
external magnetic or optical fields [61], which allows the
noise from electromagnetic interactions to be suppressed
without affecting the strength of the gravitational interac-
tions. We have considered a '**Cs BEC since this has the
broadest and strongest Feshbach resonance, allowing, in
principle, sufficiently low levels of electromagnetic noise
in the experiment.

BECs and cold atoms have been found to be very effec-
tive in tests of classical gravity, and experiments using

010325-12



NON-GAUSSIANITY AS A SIGNATURE...

PRX QUANTUM 2, 010325 (2021)

these are now becoming the state of the art for many types
of classical gravity measurements [214]. Their effective-
ness can be attributed to the extraordinary degree of control
that BECs and cold atoms provide in exploring the funda-
mental behavior of quantum matter in various settings. In
particular, Feshbach resonances enable control of the elec-
tromagnetic interactions between atoms, providing a key
tool that has led to several scientific breakthroughs [60,61].
Given their great success in classical gravity measurements
and the degree of control offered by these systems, it is per-
haps not surprising that we find that BECs could also be
very useful for measuring quantum gravitational effects.
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APPENDIX A: NON-GAUSSIANITY IN QUANTUM
GRAVITY

The way in which matter and gravity interact in GR is
described by the matter action S, which can be derived
from the specific Lagrangian density £(x) for the matter
field:

= / d*xL(x). (Al)

For example, if all other interactions (which automatically
include any self-interactions) are ignored, then in the met-
ric or tetrad formulations of GR, the respective Lagrangian
densities for a real scalar ¢, spin-1/2 v, and spin-1 field 4,,
are [39,102]

1
Ly = 5/2lg"" 0,00, — (m* + eR)$*]

1
Ee[n“ﬂegauqsegam — (m* + eR)¢?], (A2)

1. — — —
Ly =& {Ei[w“ww - VD)"Y - mwf} :
(A3)

1
EA = _Z\/gguvgvaFuvam (A4)

where e (x) are tetrads, the “matrix square root” of the
metric tensor: gh’(x) =: eg(x)e;g (x)n*8, with u labeling
the general spacetime coordinate, o the local Lorentz
spacetime, and n*? the Lorentz metric. Furthermore,
Fy, =8, A, — 9, A, is the electromagnetic tensor, A, is
the electromagnetic four potential, R is the Ricci scalar,
V,. is the covariant derivative, y* := ek y® are the curved
space counterparts of the (Dirac) y matrices, which satisfy
{y*, vV} = 2g"", ¢ is anumerical factor that we set to zero
for the rest of this appendix for simplicity, and the metric
signature chosen is (—, +, +, +). For a complex rather than
a real scalar field, we replace terms with two copies of ¢
by one copy of ¢* and ¢; for example, 9,¢09,¢ becomes
0,0*0,0.

We can also write corresponding Hamiltonian (con-
straint) densities for the above Lagrangian densities [14,
101,102]:

1 2
Hy = 3 (n? + V89 0,0 + \/§m2¢2> ; (AS)
Y 1
H, = 75 [zngDag + DT E) + —leaE +c. c}
(A6)
Hy= Lgt,,, (&€ + B'BY). (A7)

23

Here spacetime has been split into spatial slices and a
time axis M = R x o. Taking n* to be the normal vec-
tor field of the time slices o, we can write the tetrad
as el = e/ — ntny, with n*nyng = —1 an internal unit
timelike vector (which we may choose to be ny, = —840),
so that ¢/ is a triad, where ¢/ = (0, eﬁ‘) and we further
define Ef = |detef|ef with i,a = 1,2,3. The momentum
conjugate to the densitized triad E7 is the chiral spin
connection A’ :=I'} 4+ K!, where I'}, = 'y e/ and K} =
K pe?, with "4k the spin connection and K, the extrin-
sic curvature. In Eqs. (A5)—(A7), g is then the determinant
of the induced spatial metric g,; = ¢/ e” 8 on the spatial
slices, m := ,/gn"9,¢ is the momentum conjugate to ¢,
&= /9g°°n"F is the electric field, B := €**°Fy. is
the magnetic field, t; are the generators of the Lie algebra
su(2) with the convention [1;, 7;] = €371 § = /g, with
¥ a Grassman-valued fermion field, ¢ is the momentum
conjugate to &, and D,& := (3, + 1;4,)&. For simplicity,
we also assume that the scalar and fermionic fields are
singlets under any internal group symmetry.
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Since we have ignored all other interactions, the above
Lagrangian and Hamiltonian densities are all necessar-
ily quadratic in matter fields as they then consist of only
kinetic and mass terms. This quadratic scaling of course
applies to any spin field not just those considered above
[215-223]. Therefore, if we quantize the matter fields but
leave the gravitational degrees of freedom classical, we
have a theory that preserves Gaussianity. However, if grav-
ity obeys a quantum theory, then there must be some
quantum operator associated with it, and, therefore, we
must have a theory that has interactions involving three
or more quantum operators and that thus induces non-
Gaussianity. In the next two subsections we also illustrate
this argument in the weak-field and nonrelativistic limits
of gravity.

1. Weak-field limit

In the weak-field limit of gravity, we write g,,, = . +
h,v, where h,,, is a perturbation around a spacetime back-
ground with metric 7,,,. In this case, the GR matter-gravity
interaction Hamiltonian is [224]

J

1
Hon = — / P, (A8)

where

167G

1
Dh/w T(EnuvnopTap - Tp.v): (A9)

with [ the d’ Alembert operator and 7" the stress-energy
tensor for matter. The stress-energy tensor for a field of
arbitrary spin in curved spacetime can be obtained by
variation of the action with respect to the metric [39]:

2 58S  equlx) &S
V—gx) 8gH (x) T e(x) dsel(x) (A10)

For example, when all other interactions are ignored, for
a real scalar, spin-1/2, and spin-1 field, the curved space
stress-energy tensors are (before taking a weak-field limit)
[391:

T;/.v(x) =

1 1
Tﬁu = (1 - Zg)aud)aud) + <28 - §>guvgpaap¢ao¢ - Zg(vuavd))d) + Egglwd)‘]d)

— e[ Ru - %Rgu],(l ~3e)|o? + %(1 — 3e)mlg .

| R —
T, = S0 a Vo = [Vad Iy,

1 o
T, = ~guF Foo — FF,,,

4

where we have ignored any gauge fixing or ghost terms
in Tﬁv [39]. Since we have ignored all other interactions,
all stress-energy tensors are necessarily just quadratic in
matter fields.

In a QG theory we add a hat to both T}, and 4,,,. This
then results in an interaction Hamiltonian that is cubic in
field operators. For example, for a complex scalar field we
have terms of the form ¢ ¢ wv» Where we have suppressed
any derivatives. On the other hand, for a CG theory, the
interaction Hamiltonian contains terms only quadratic in
quantum field operators. For example, in the semiclassi-
cal theory of gravity [15,17], with complex scalar matter
fields, we have terms of the form ¢3T¢A>hw, where 4, is
given by the expectation value of the right-hand side of
Eq. (A9). Therefore, this weak-field limit of CG cannot
produce or change non-Gaussianity in the state of matter,
whereas QG can, as expected from the general discussion
of GR and QG in the previous section.

(A1)

(A12)

(A13)

2. Newtonian limit

We now consider a Newtonian theory of gravity with
matter quantized. This can be obtained by starting from
Newton’s theory and quantizing matter or from taking
the nonrelativistic limit of the above weak-field theories.
For the latter, we consider a closed system and only the
components Tyo and /gg. This results in Poisson’s equation:

V2O (r) = 4nGp(r) (A14)
i
— () = —G/d%'&, (A15)
lr—7|
and the Newtonian interaction Hamiltonian
1
Hn = / Pro® (), (A16)
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where ® := —c?hg/2 is the Newtonian potential and p :=
Too/c? is the matter density. Irrespective of the spin of
the field, p again contains two copies of the matter field
(e.g., for a single nonrelativistic scalar matter field ¥, p =
mW¥*W). The interaction Hamiltonians for quantum and
classical Newtonian gravity (with quantized scalar matter
fields) are then

A = Em/aﬂr: UG IGMIGE
Bt pae s
_ 1o / PR AL AN INICY
2 lr—7r]
(A17)
HE = m/d3r\iﬁ(r)\i1(r)c1>[w1(t, r, (A18)

where :: refers to normal ordering, and we have made
explicit that & may depend on the quantum state of
matter ¥ in a CG theory, which can result in single-
particle gravitational self-interaction, for which we have
dropped a factor of 1/2. For example, for the Schrodinger-
Newton equations (the nonrelativistic limit of semiclassi-
cal gravity), ® is given by the expectation value of the
right-hand side of the quantized version of Eq. (A15).
Expanding the nonrelativistic field in annihilation opera-
tors, W(r) = >y Yi(r)ag, we again find CG is quadratic
only in quantum operators and so cannot change the degree
of quantum non-Gaussianity in the state of matter, whereas
QG can.

a. First quantization

The interaction Hamiltonian of classical Newtonian
gravity is given by Eq. (4). The Hamiltonian of QG and CG
in the Newtonian limit can then be derived by quantizing

J

hz N N
RN (6 r, ... ry) = [—% Zv} + V(... ry) — Gm? Z /d%’l - dPF,
i=1 ij=1

where V' is a trapping potential. Although a Gaussian
approximation is expected to be very good for tabletop
experiments [144,228], the evolution of ¥y (and hence
its corresponding Wigner function) can, in principle, be
non-Gaussian. Therefore, in the BEC experiment proposed
in the main text, although the state of the BEC in the
second-quantization picture must stay Gaussian under CG,

the matter density p(r) and, in the QG case, the gravi-
tational potential ®(r). In the previous section we took
matter to obey a nonrelativistic quantum field W, such that
0= myt, assuming a single type of matter. Since W is
linear in annihilation operators, and so also in quadratures,
the interaction Hamiltonian for CG is at most quadratic,
such that an initial Gaussian state of the matter field will
always remain Gaussian. However, in the case that we
always have a definite particle number, which can be possi-
ble only in the Newtonian approximation of the respective
theories not in the fully relativistic theories, we could also
view QG and CG in a first-quantized form [225]. In this
case, assuming a single type of particle, we may quantize
p(r) through

N
pry=my 60—,

i=1
where N is the total number of particles in the matter sys-
tem. The respective QG and CG Hamiltonians would then
be [226]

(A19)

S

N
L] R
Ht = 5m > b, (A20)

i=1

N
HE =my " O[W](#).
i=1

(A21)

Since @ (r) does not need to be a quadratic function of r,
it is possible here for CG to create non-Gaussianity in the
first-quantization picture. For example, in the Shrodinger-
Newton equations, where & (r) = (dA>(r)) with <i>(r) obey-
ing Poisson’s equation (A14), the many-body wave func-
tion of N massive particles would evolve as [227]

[yn G r )P
i — 1|

]VfN(t; Fi, ..., FN),

(A22)

(

its many-body wave function need not. Interestingly, just
as particles tend to get automatically “entangled” in the
first-quantization picture when we have identical particles,
the particle system also tends to become automatically
non-Gaussian. That is, if we have two identical particles at
positions r; and r, and two different states a and b, then
the many-body wave function is ¥y = [, (r1)Pp(r) £
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Ga(r)dp(r1)]/ V2, depending on whether the particles are
bosons or fermions. The system looks entangled just
because of the exchange symmetry of the identical parti-
cles (it is so-called particle entangled). Similarly, even if
each single-particle wave function ¢, and ¢, is Gaussian,
Yy will, in general, be non-Gaussian due to the exchange
symmetry (and the corresponding Wigner function will
be non-Gaussian also [229]). However, there has been
much discussion on whether this “particle” entanglement
is really physical [230-235].

3. Quantum and classical gravity in a single BEC

Using the Newtonian limit of gravity, the QG and CG
interaction Hamiltonians for a BEC are given by Egs. (5)
and (6), with \il(r) representing the field of the BEC. Tak-
ing the limit of zero temperature as in the main text and
ignoring any explicit time dependence of the density of
the trapped BEC due to gravity, we can set U@ = v (a,
where i (r) is the condensate wave function and & is its
annihilation operator. This then results in Egs. (8) and (9)
used in the main text for the interaction Hamiltonians of
QG and CG in a single BEC.

APPENDIX B: EXPERIMENTAL DETAILS OF THE
BOSE-EINSTEIN CONDENSATE TEST

1. Creating the nonclassical initial states

In Sec. III, we describe how to create an initial single-
mode squeezed state of a BEC using a spin-1 BEC and
then look for non-Gaussianity. Another option would be to
create a single-mode cat state and look for changes in non-
Gaussianity. Here we describe how such a state could be
created. If we approximate the quantum field of a Bose gas
by U= Y (r)a, where v is the condensate wave function
and a is the annihilation operator for the condensate, the
Hamiltonian for the electromagnetic interactions between
the atoms is

H = hea'ataa, (B1)
where x := A;/(2h) and A is defined in Eq. (21). This
Hamiltonian is the Kerr interaction of quantum optics,
which has been considered in BECs (see, e.g., Refs. [144,
145]). It is known that this Hamiltonian can, in principle,
create a Yurke-Stoler state |v) = (o) + i| — oc))/ﬁ from
an initial coherent state |«) [123]. The evolution of such a
state under QG in a BEC is considered in Appendix C.

2. Measuring non-Gaussianity

As described in Sec. III, measuring quadrature non-
Gaussianity with homodyne or heterodyne detection
requires single-atom detection in a quantum gas with high

efficiency on small length scales. Recent advances have
opened up three promising approaches to this:

(a) After the interaction time #, the atomic evolution
can be frozen by quickly ramping up a far-detuned opti-
cal lattice that confines atoms with a spatial resolution of
the lattice wavelength, after which fluorescence-imaging
light emitted by the atoms on exposure to near-resonant
light fields can be detected to achieve single-atom, high-
spatial-resolution imaging. Single-atom-resolved imaging
of a quantum gas in a two-dimensional optical lattice with
submicrometer lattice spacing was first demonstrated in
Refs. [236-238].

(b) A related optical fluorescence technique follows a
similar working principle measuring the transit of single
atoms through a light sheet that is located below the atomic
sample. While the atoms are falling through the light sheet,
a CCD camera records the fluorescence traces. This has
been used to measure Hanbury Brown and Twiss corre-
lations across the Bose-Einstein condensation threshold
[239].

(c) Alternatively, a high-finesse cavity can be used
where the transit of single atoms through the cavity will
cause detectable shifts in the cavity resonance. While this
technique does not allow the detection of individual atoms,
the photons emerging from the cavity can be used to probe
the system, revealing atom number fluctuations in real time
[240,241]. Such techniques have been used to demonstrate
many-body entanglement [150,242].

APPENDIX C: FOURTH-ORDER CUMULANT
FOR A SINGLE-MODE BOSONIC SYSTEM

The fourth-order cumulant %4 is given by Eq. (12) for the
generalized quadrature § = ae™ + afe™. This requires
the determination of various expectation values of com-
binations of & and a':

1 . . 4
G = yiChs (@ e ™ +4@'ady e + 6(a%)e

+12@'a) + 6 (@™a*) + h.c.). (C1)

The QG Hamiltonian for a single-mode BEC with electro-
magnetic interatomic interactions ignored is given by (8)

R 1
Hog = hwa'a + EAQGaTaTaa, (C2)

where we have also included the free Hamiltonian
term Awa'a, which derives from the kinetic and (time-
independent) trapping potential terms of the BEC Hamilto-
nian; see Eq. (19). Working in the Heisenberg picture, we
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find the evolution of a is

da(t) i . oA
= _[a.H
dt h[a ]
= —i(w — xWa), (€3)
where N := a'a and x := |Aqa|/h. Since N is a constant
of motion, this can be solved as
a(t) = e"@leiniiy, (C4)

where a := a(t = 0). From now on we ignore the phase
of the free evolution since this can be absorbed into the
angle ¢ of the quadrature §(¢) = ae™ + a'e. Then &"
evolves as

&n(t — ei(n/2)(n—l)xteinx]§/t&n’ (CS)

and therefore

&Tman (l) — ei%(n—m)(m+n—l)Xt&Tmei(n—m)XNt&n (C6)
or equivalently
&Tman(l) — ei%(n—m)(m—n+l)xtei(n—m)th&Tm&n. (C7)

We can now assume 4yNt < 1, with N := <Z§/), and
expand the exponentials in Eq. (C1), that is, take

MmNt — 1+inxﬁt+%n2)(2]§/2tz+~-- , (C8)
to calculate the expectation value of @, etc. In this case,
if we take an initial squeezed coherent state |, ) (which
is a general pure Gaussian state), x4 initially vanishes and
remains zero if CG acts [see Eq. (9)], whereas under QG
[see Egs. (8) and (C2)], x4 evolves as

3
ka(f) = =3 xtsinvsinh®(2r)n, (r,v) + glez{ sinh®>(2r)n, (r, v) + 2|a|2[2 sinh?(2r)n3(r, v) + 2 sinh(2r)n4(r, v)

+ 8 sinh 47 cos 2v cos ¥ — 5 sinh 67 sin 2v sinxﬁ]} 4+,

where

£ :=re”,
Vv i=2¢0 — 1,

n1(r,v) := sinh 2r — cos v cosh 2r,

n2(r,v) := 6 sinh? 2r 4 8 cos v sinh 27(5 cosh 27 — 2) — cos 2v(23 cosh 4r — 16 cosh 2r + 9),
n3(r,v) := 2 sinh4r[cos ¥ (8 cos2v — 3) + 5cosv] 4+ 3 cos iy cosv — cos 2v,

n4(r,v) := sinh 6r(3 — 8 cos2v — 5cosv cos ) — sin v sin ¥ (cos v — 10 sinh 4r).

(C9)

(C10)
(C11)
(C12)
(C13)
(C14)
(C15)

In the limit of a coherent state and N >> 1, we obtain the same scaling found in Ref. [91] at x* with ¢ = /2, whereas
in the opposite limit of full squeezing, k4 tends to 24 x¢N> when v = /2, illustrating that the small value of x can

be compensated for by a large number of atoms.

If, on the other hand, we had chosen an initial Yurke-Stoler state, |¢) := (o) +i|—a))/ V2, then 4 at time ¢ is

k4(f) = —8a|*(cos* ¢ + 3 sin* goe_g“’”z) — 16yl sin2<p{ cos? ¢ — e_4‘°‘|2[3 +sin® p(2 — 36_4“"2)]} + -

In the limit N >> 1, the first-order term scales as 6+/3 N> at ¢ = /6, similarly to when the initial state is |£) as

above.
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1. Nonperturbative approach

We now pursue a nonperturbative approach to how
k4 evolves with time. For the Yurke-Stoler state |¢) :=
(o) +1i I—a))/ﬁ, Wwe can use

(alein)(]vt |0[> = <a| :e[cos(nxt)+isin(nxt)—l]N . |0l)
— e[cos(n)(t)-l—isin(n)(t)—l]la\z

(C16)

and Egs. (C5) and (C6). For a squeezed coherent state
|E,a), with £ := re'”, we can use Egs. (C5) and (C7) with

s 1 . A A A A A
(o, ] €V g, ) = ﬁe%mﬂGo (01 G Gy G3Gr_ G 10)

(C17)
where
2 1 2 1 2
Gy = exp(Bla|” — §A+o¢ — EA_a ), (C18)
Gy = expl(Ba — Ata®)al, (C19)
G_ = exp[(Ba* — A_a)a'], (C20)
N 1

Gyy = exp(—5A+a*zaT2), (C21)

N 1 a2
Gy_ = exp(—EA_oc a’), (C22)
Gy :=:exppa'a:, (C23)
B:=(U-2)/z, (C24)
A :=isinh2rsin(nyf)e” /z, (C25)
Ay = isinh2rsin(nxfe " /z, (C26)
z :=cosnyt—icosh2rsinnyt. (C27)

Here we have used the identities exp[6(4 + B)] =
exp@Bexp[(e’ — 1)A] = exp[(1 — e ?)A]expOB  when
[4,B] = A, as well as [243]

exp (V+f<++y—f<— - y3f<3)

= exp (F+IA(+> exp [(1n F3)k3] exp (FJ&) , (C28)

with
y -2
Ty = (coshﬂ — 2 sinh ,8) , (C29)
2B
2y4 sinh
Ty = yesmhp (C30)
2B cosh B — y3sinh B
2 1 2
B = 77 T (C31)

and [K;,K.] = K, and [K,,K_] = —2K;. For exam-
ple, with use of Eq. (C17), (¢|a*(¢) |€) under Hgg can be
shown to be

. 3e~4x1T20 ginh? 2p
(| a*(t) 1§) =

= , (C32
22(cos 4yt — icosh2rsindy1)>/2 (€32)

where we can use /z = /|z[(z + |z])/|z + |z|| to remove
the square root of the complex number.

2. Including the reverse process

Above we consider the evolution of x4 under the QG
Hamiltonian ﬁIQG and assuming that the BEC is prepared
in either a squeezed coherent state or a Yurke-Stoler state.
In the main text, we also consider a measurement proto-
col where we first prepare the BEC state that is required,
let the BEC evolve under QG, and then measure «4 after
we have applied the reverse process to that we used to cre-
ate the initial BEC state. In the Heisenberg picture, a then
undergoes the following evolutions:

(@) a—a = (A]\TI,&ZA]W at t=0.
(b) a— a’(H)=exNa for 0<t<rt.
(c)a—a"(x) = Ui\paz(f)U_\y at r=r1.

Hare Uy refers to the unitary that creates the initial state
and U_y is the reverse process. For example, if a squeezed
vacuum state is prepared, then Uy = exp[r(e”af? —
e ?42)/2] and U_y = exp[—r(e?at? — e 32)/2]. In
this case, in the limit that x < 1, x4 at the end of the
process is given by

3
ka(T) = Tad sin2v sinh(2r)? + - - -, (C33)

with v given by Eq. (C11). In the limit of large NV, this
scales as x TN? in contrast to the N3 scaling for the process
considered previously; see Eq. (C9). However, the SNR
scaling is the same.

APPENDIX D: ESTIMATION OF THE
FOURTH-ORDER CUMULANT
SIGNAL-TO-NOISE RATIO

The SNR for measuring the fourth-order cumulant «4 is
given by

x4

Jvarks

SNR = (D1)
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where k4 is the fourth £ statistic. The variance of k4 is given
by [126]

vark; — Kg n 16K7k¢ 48k3k5 34Kf
M M-1 M-1 M-1
N 72M/<22/<4 144MK2K32
M-1DM=2)  (M-1HM-2)

24 MM + Dy
(M= DHM —2)(M —-3)’

where M is the number of independent estimations. In the
limit M > 1, var k4 becomes

1
var ky ~ ﬂ(KS + 16K7k6 + 48K3K5 + 34/(3 + 72/(22/(4

+ 14dicyi; + 24/(3).

The nth-order cumulant «,, can be found using

n—1
n—1
Kn=,an—Z< m— 1 >,U«n—me,

m=1

(D2)

where w, := (g") is the nth moment.

Using results from Appendix C, in the limit that y < 1,
the SNR for the estimation of x4 for a squeezed vacuum
state |£) is given by

. i inh 27 — cos v cosh 2r)|
JoM: W | sin v(sin
X st (cosh 27 — cos v sinh 2r)?

+on (D3)

This is maximized at the angles

1 |
0= 5(19 + 3 cos y), (D4)
where
sinh? 2r(sinh? 2r — 2) + 2+/2 sinh 4r
y = , (D5)

(sinh? 2r 4 2)2

which results in the above SNR being approximately
4.9xtN*/ M for N >> 1. When yxN?t is not small, this
SNR approximation is not so accurate, and instead the
results of the previous section can be used to find a nonper-
turbative solution for the SNR. For example, for the BMV
proposal values d = 200 um, t =2 s, and M = 10~ kg,
we find that the maximum SNR for a spherical '3*Cs BEC
is approximately 0.3+/M (with the value of d being used
for the radius R). At these values, xN%t = /2/m¢ ~ 0.5,
where ¢ = 0.6 is the relative phase expected in the BMV
experiment when all distances between the microspheres

other than d, the smallest possible distance, are ignored.
Therefore, the SNR is still of order xzN2+/M in this case.
If instead the mass is lowered to M = 10~ kg, then
we can use the approximation that the SNR is given by

4.9xtN*/ M.
For the protocol where we reverse the squeezing opera-
tion before the measurement, the SNR is given by

3
\/;thsin2v| sinh? 2r + - - -

in the limit that ¥ < 1.

(D6)

APPENDIX E: EVOLUTION UNDER CLASSICAL
GRAVITY

Here we consider how a single BEC evolves under CG
compared with QG. We start with the general Newtonian
expressions (5) and (6). Working in the Schrédinger pic-
ture, we find for QG the evolution of our state vector |W)
is given by

d|¥ ()

i
T

= H56C 1w (1)), (E1)
where
X B2, . .
Hggc = /d3r[ — 2—\y*(r)vzxp(r) + VYT )V (r)
m
1 e o s
- . T .
LA UG ICLIE) ]
R . . e .
- /d3r[ — VOV + O b

L, 5, @ @) bmb@)
L R

with V(r) the trapping potential. In contrast, for CG, we
have

AL4 n
in’ dt(’” — HBECTW () [ (1)), (E3)
where
HEECTw 1)

2
= fd%[ — h—\iﬁ(r)vzxi/(r) + V) )W ()
2m

+ m\iﬂ(r)\i:(r)qa[wt)](r)]. (E4)
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In the Schrédinger-Newton example of CG, we have
HEE T ()

2
_ /d%[ - f—m\if’f(r)v@(r) YA

Ap s e

— G /dgr,‘lf (G IOIUAGIRY (r*’)\If(r’)w/(r))}
[r— 7|

(E5)

The evolution of |¥) in CG is, in general, “nonlinear” in
that |¥) is needed to determine ®. This is often referred
to as a wave function “self-interaction” since in the first-
quantization picture, the wave function of a single particle
will now interact with itself, something that can never
occur in a quantum theory of gravity, where Eq. (El) is
said to be “linear.”

If we ignore any explicit time dependence, the evolution
of |[¥) in QG can, in principle, be solved as

_ .#yBEC
() = e M w (0)). (E6)
In contrast, it may not be possible to find an analytic solu-
tion in CG due to the potential nonlinearities. However, the
evolution will still take the form

() = AT{e*f/mf‘édrﬁ&‘%CWﬂ} w©),  (E7)

where 7 is the time-ordering operator. Despite the poten-
tial nonlinearity, since HS:C is quadratic in matter field
operators, it is still a Gaussian process. For example, con-
sider the single-mode BEC experiment introduced in the
main text where we assume \i’(r) = ¥ (r)a. Ignoring the
trapping potential and free dynamics, we have

w0) =T feumbimcdiioital 1y o), (Es)
with
@10 = m [ Erp@Pewlen.  (©9)
Equation (E8) can be written as [94]
@ (1)) = e WA 1y 0)) . (EL0)
where
Acal®1() == /0 dtrcal@). (LD

The evolution of |¥) in this case is then, in general, a non-
linear Gaussian process. However, it need not always be

nonlinear. For instance, in the Schrodinger-Newton case
we have

healW1@) = —Gm* (W ()| N |W ()

2 2
X/d3rd3’/|1ﬁ(")l [V ()]

PRI (E12)

where N :=a'a. Since N is a constant of motion (it

commutes with H55C), we have

4 2 2
reg = —szN/d3rd3/—|w( WO g3
jr—7|
where N = (]V ). Therefore, |¥ ()) evolves as
@ (1)) = &~ /Mrecdldn |y ), (E14)

where

hz
oG = / dr [—%w*mvzw(r) + V(r>|w<r>|2] — AcGs
(E15)

such that |¥(¢)) evolves under a Gaussian phase-shift
channel. For example, if the BEC were initially in a coher-
ent state |«), it would stay in a coherent state but with just
a time-dependent phase:

W (1) = |ae™7cd"T), (E16)

with N = |a|>.

APPENDIX F: STOCHASTIC AND COMPLEX
INTERACTIONS

Here we consider matter interacting with a complex,
stochastic nonquantum field (non-operator-valued distri-
bution) and why this interaction cannot, in the absence
of all other interactions, turn a Gaussian state into a non-
Gaussian state, where the latter is defined as any state that
does not belong to the Gaussian convex hull [177].

In the main text, we consider interacting matter with a
classical entity G (a quantity that takes on real and well-
defined values) and how this can be distinguished from the
quantum version of the interaction. If we take, for simplic-
ity, matter to be described by a real scalar quantum field
$, then as long as we do not allow the classical interac-
tion to induce quantum self-interactions of matter, G and )
can interact only through Hamiltonian terms that are linear
or quadratic in ¢. That is, the Hamiltonian density of the
interaction must be of the form

H = s[$)f [G] + H{BING], (F1)

where s and ¢ are, respectively, linear and quadratic real
functionals of ¢, and /* and 4 are general real functionals of
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G. It is shown in the main text that a Hamiltonian density
of the form of Eq. (F1) preserves the Gaussianity of the
matter field, and we can use this fact to distinguish it from
a quantum interaction.

We now, in contrast to the main text, allow G, or f and
h, to be complex valued. Expanding ¢ in creation and anni-
hilation operators, b= > lu®a + vk(t)&}i], we find the
corresponding Hamiltonian will be of the form of Eq. (2)
except that now A (?), uy(f) € C, so the Hamiltonian is, in
general, non-Hermitian. Despite this, the quadratic nature
of the non-Hermitian Hamiltonian means that it still pre-
serves the Gaussian form of the Wigner function for an
initial Gaussian state [171—174]. For example, consider
the Hamiltonian H = rata, where A := Ag — ir;. Under
this Hamiltonian, an initial coherent state |a) will evolve
to exp{—|a|*[1 — exp(—2A;8)]/2} | exp(—iAt)), which is
just an unnormalized, damped coherent state with a time-
dependent phase (note that we have taken A = 1 here and
do so throughout the rest of this appendix). In general,
a non-Hermitian Hamiltonian will lead to an unnormal-
ized state. To rectify this, the physical state vector can
be defined as |¢N) = |¢¥)/||Y)]. For the above exam-
ple, this would mean that an initial coherent state evolves
to a damped coherent state with a time-dependent phase:
|’ () exp(—Ast)), where o’ (f) := a exp(—iAgl).

We now take G to be a stochastic field, which we denote
as G, and keep f and & complex valued. The interaction
Hamiltonian density (F1) can then be written as

HIG] = s[]f [G] + dIAIG]. (F2)

In the interaction picture, an out state Wout[(j’ ]) of the quan-
tum field ¢ is now given by a stochastic S matrix S[G]
acting on the in state |,) [182]. That is,

[YoulG1) = SIG11¥in), (F3)

where
S’[Q] = Te—ifd4x(7:lo+7:t[g~])’ (F4)

with T the time-ordering operator, x a four coordinate, and
7:(0 the free (nonstochastic) Hamiltonian density.

Since the Hamiltonian may not be Hermitian, the out
state may not be normalized, but we can define a normal-
ized out state as

WG = N2 youlG), (F5)
where
N = (YoulG11¥oulG). (F6)

The density matrix corresponding to a particular out state

|Vout[G]) can be defined as usual,

PoutlG1 = YoulG1) (Woul G115 (F7)

or as the normalized version,
PolG1 := N poul[G). (F8)

From Eq. (F3), the density matrix ﬁout[G] = |¢Out[é])
(Wout[G]] can be found through

PoulG1 = S[G15nST[G], (F9)

where O := |¥in) (¥in|. The above density matrix cor-
responds to a particular stochastic out state |1p0ut[g~]>.
However, the quantity that provides the correct expecta-
tion values of operators [(1:1) = Tr(,éout;l)] is the average
density matrix (averaged over Q~) Oout [244,245]. That is,
Oout 18 given by [182]

Boue = / DG PIG] (houlGD) (F10)

_ f DG PIG1 SIC] 4 §ICD
- f DG PIG] (S5IG1 )

= avloAins

where P[G] is the probability distribution functional of
Q, SS[G] is the scattering superoperator, and Py, now,
in general, corresponds to a general initial mixed state
[179,246].

If we take pj, to be a pure Gaussian state, then since
each S[Q] is associated with a Gaussian transformation
[i.e., Eq. (F1)], Eq. (F10) is just the stochastic quantum
field theory generalization of a state, Ocy, in the Gaussian
convex hull of quantum optics [177]:

pen = / dg P(g) po(®). (F11)

where g is a set of complex numbers, P(g) is a proba-
bility distribution, and ps(g) = |¥¢(g))(¥s(g)! is a pure
Gaussian density matrix. Defining a Gaussian state as a
pure state with a Gaussian Wigner function or a mixture
of pure states with Gaussian Wigner functions represents
a broader definition of a Gaussian state compared with the
more conventional definition of any state with a Gaussian
Wigner function that is used in the main text [92,177]. A
non-Gaussian state (also sometimes referred to as a “quan-
tum” non-Gaussian state to distinguish it from the more
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conventional definition of a non-Gaussian state [92]) can
then be defined as any state that lives outside the convex
hull of Gaussian states [247].

As shown and discussed in the main text, to rule out
a classical interaction (defined as an interaction with a
nonquantum field that takes on real and well-defined val-
ues, such as the classical electromagnetic or gravitational
fields) any detection of a non-Gaussian state as it is con-
ventionally defined (any state with a non-Gaussian Wigner
function) is sufficient as long as all other interactions
can be ignored. As shown above, this also applies when
the field takes on complex values. However, to rule out
a stochastic interaction (defined as an interaction with a
nonquantum field that is fundamentally stochastic, some-
times referred to as a “postquantum” interaction), we must
appeal to the detection of a non-Gaussian state (or “quan-
tum” non-Gaussian state) in its broader definition as any
state that sits outside the Gaussian convex hull [248]. This
is to be expected since a Gaussian state evolves to a state
in the Gaussian convex hull if there is a combination of
Gaussian operations and statistical randomization [93].

1. Example: A stochastic and complex generalization
of the Newtonian gravitational interaction

We now consider a specific example of a stochastic and
complex interaction that, when we take the nonrelativistic
limit, could be considered as a stochastic and complex gen-
eralization of the Newtonian gravitational interaction. The
relativistic version of this interaction has the Hamiltonian
density

H = Ah[G], (F12)

A

where 4 := ¢A>T<1A5 is a mass—density—likfi operator for a

complex relativistic scalar field ¢ and 4[G] is defined as
W) = [ dvacnden. @)

with A(x,x") := Ag(x,x") —iA;(x,x"), Agr(x,x’) a real

kernel, A;(x,x’) a positive definite kernel, and G(x) a
real stochastic field. The stochastic (Gaussian) scattering

matrix S[G] is then (ignoring H, for simplicity)
S[g] = Teii,/d4Xd4x,AR(XJ,)(Z’T(X’)l&(x/)é(x/)

e/ d*xd*x A (ex)dt ()G ) , (F14)

such that the (Gaussian) stochastic scattering superopera-
tor is

Ss[G] = Texp [—i / d*xd*x' Ap(x,x) A5 ()G ()
- / d“xd“x’A,(x,x’)ﬁE(x’)g"(x’)], (F15)

Where T is the time- ordermg superoperator, Ay = A+
A_, and Ay, = A+ + A_, with A+ representlng A acting

on Py, from the left and A representing A acting on Py,
from the right. Taking, for convenience, the probability
distribution functional to be Gaussian,

(det ) 1/2e=J ¥ Txex) GG ()

P[G] = (F16)

with I'(x,x") a positive-definite symmetric kernel, we can
perform Gaussian functional integration (F10) over G to
obtain Pyt = SayPin, With

S, = Tel @3 1=Brre:DAN WAL CDHBR(XNAN A5 ) +iBiR ) A (AN )+ () Az (A5 ()] (F17)
where

Brr(x,x') 1= / A" d" AR e, YT XY AR (X, X, (F18)
Bir(x,x) := / A" dx" Ag e, T, X" A (X, (F19)
Bi(x,x') := / A" dx" Ao, x YT YA (X, (F20)

We now take a Markovian approximation and define Ag, A;, and I' as [182]
Apr(x,x") = Agy(xo, 1, )8 (x0 — X()), (F21)
I(x,x") = y(xo, 1, F)8(xo — xp). (F22)
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The superoperator S’av can then be written as

S’av = f"exp [/ dlﬁ(t)} ,

o0

(F23)

where £(#) is the linear evolution superoperator and T
is the time-ordering superoperator [182]. The averaged

J

density matrix p at time ¢ can now be obtained through
A t A~
o) = Texp |:/ d‘c,C(t):| 0(0). (F24)
0

The superoperator ﬁ acts on p as

£ = [ dra (21t (e ADAG ) 51 = baor A, LG, B+ b UG, GG ), 1)

where

(F25)
1

brr(t,r, l’/) = Z / dr/'r"’AR(t, r, r”)y‘l (t, I’", l’/”))\.R(t, l’,, I’”’), (F26)
1

(F28)

1
by(t,r,¥) := 1 / dr'v" ity T Y F),

A ~ A
>

and we have used [42, p] = {4, [4, p]} = [4, {4, p}]. Therefore, /(1) obeys the following master equation:

dp(t) _
dt

Finally, we take the nonrelativistic limit and replace é with
the nonrelativistic scalar field ¥. The Hamiltonian density
can then be thought of as in the form of that for a stochastic
and complex generalization of the Newtonian gravitational

dp(t)
dt

+ b O B ), (81 0BG, 50,

where we have ignored the time dependence of U for sim-
plicity. The first term is of the same form as that which
would be induced by the Newtonian limit of QG (see
Appendix FA 2). However, despite Newtonian QG induc-
ing non-Gaussianity (and negative Wigner functions), the
other two terms conspire with the first to reduce the full
process to a channel that keeps a Gaussian state in the
(unnormalized) Gaussian convex hull. That is, despite the
appearance of the first term, this master equation cannot

= [ drd (21t ACDAG ). 51 = b WA L), B+ b G, (L), 1))

(F29)

(

interaction, with A[G] a stochastic and complex generaliza-
tion of the Newtonian potential and matter represented by
. Assuming that Bgrg, Bir, and Brg are time-independent,
we end up with

= / drar! (2ibir(r, I OF O YD), HO] = bare, I O, 191 B0, p0]

(F30)

(

turn a Gaussian state into a non-Gaussian state (defined as
a state that lives outside the Gaussian convex hull). This is
clear from our starting point (F10) for the averaged density
matrix p.

We can, however, write the solution of Eq. (F30) as a
state in the standard quantum optics definition of the Gaus-
sian convex hull by, for example, dropping the temporal
and spatial dependence of Q , ¥V, Mg, and XA;: the above
master equation can then be written as
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dp(t)

o= —ikr[(@'@)?, p(0)] — kreld'a, [a'a, p(0)]]

+artata, (a'a, p)), (F31)

where we have also taken the single-mode approximation
\if(r) = Y (r)a found in the main text and defined xpp :=
%Kz)»%, Kig 1= %KZ)L,)»R, Ky = %Kz)\,%; k= [driy ),
and y = 8% (r — ¥) for convenience. Using Eq. (F10),we
can write the solution to Eq. (F31) as

ﬁ(t) — /dgp(g’ t)efiKlRaTagl‘fl(ljaTagt’a(O)eiKARafagtfk)»[aT&gly
(F32)

with

(F33)

t
P(g,1) =,/ ;e*gzc

where g € R is a dummy variable used in place of G.If
0(0) in Eq. (F32) is a pure Gaussian state, the density
matrix 0(¢) of Eq. (F32), which solves Eq. (F31), is then
part of the (in general, non-normalized) Gaussian convex
hull (F11).

2. Preserving the norm: relationship to objective
collapse theories and continuous-time measurements

The master equations (F29) and (F30) [and so also
Eq. (F31)] do not preserve the norm of the state. As
detailed above, to preserve the norm, each stochastic den-
sity matrix can be redefined through Eq. (F8) and we can
then take these as the physical stochastic density matrices.
However, this results in a nonlinear evolution of the new
averaged density matrix p, which can lead to superlumi-
nal signaling [179,182]. This issue can also be found in
objective-collapse theories where matter is coupled to a
stochastic field through an anti-Hermitian term involving
a particular matter operator A [180,181]. In these models
a term of the form 42 is included in the evolution of the
stochastic state vector to eliminate the problematic nonlin-
ear terms in the evolution of the averaged density matrix
[180—182,249—253]. Such higher-order terms can also be
used to eliminate the non-norm-preserving terms in the
evolution of the non-normalized density matrix [182]. For
example, to our Hamiltonian density (F12), we can add a
term of the form A2:

HIGx)] = / & A, x)G (A (x)
—2i / &X' By e, xVA)AX),  (F34)

with A(x) := ¢'(x)¢(x) and By defined in Eq. (F20). If we
take the Markovian limit and assume a Gaussian profile for

G as above, the new term turns the non-norm-preserving
term in Eq. (F29) into a norm-preserving term:

dpd_f) = / drdy’ {2ib,R[21(t, NA(t 1), ()]

= (ber + b4, (A, 5 ON]. (F35)

Since 4 := ¢, the new term in Eq. (F34) is an (anti-
Hermitian) quantum self-interaction of matter. That is, we
have effectively introduced a new force. This new quantum
force will, in general, induce non-Gaussianity. However,
if we take A =0 in Eq. (F34) so that the stochas-
tic interaction is anti-Hermitian (as is usually the case
in objective-collapse theories), then the master equation
simplifies to

d/;—?) = - / drdr’ by (1,7, /) [A(t,7), [, ), pD)]],

(F36)

which is a master equation that preserves the Gaussian
convex hull since such a master equation is also derived
when we take A; = 0 in the original theory without the
new quantum self-interaction force [see Eq. (F29) with
big = by = 0]. When we take the nonrelativistic limit
é— U, Eq. (F36) is of the form of the master equation
found in objective-collapse theories such as those of con-
tinuous spontaneous localization (CSL) and Didsi and
Penrose [251,252,254]. It is also the master equation of
continuous-time measurements in the basis ,21,~such that
we can essentially consider the stochastic field G and new
quantum self-interaction force BuA? working together to
perform continuous measurements of matter (that preserve
the Gaussian convex hull).

If, however, both Ag and A; are nonzero (see, e.g.,
Refs. [180,182] for similar models), then, in general,
the non-Gaussian character of the new quantum self-
interaction force ,3”212 is preserved, and we have a channel
that can induce non-Gaussianity. Even so, in the asymp-
totic limit, the state will become a state of the Gaussian
convex hull rather than a non-Gaussian state.

When both Ay and A; are nonzero (and we also have
the new quantum self-interaction force /311212), the theory
is closely related to a continuous-time measurement being
performed by the two interactions as above but now with
a feedback mechanism [182]. Weak measurements with
local feedback operations can also induce entanglement in
the case of joint measurements [255,256].
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