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Recently, there has been much interest in the efficient preparation of complex quantum states using
low-depth quantum circuits, such as the quantum approximate optimization algorithm (QAOA). While it
has been numerically shown that such algorithms prepare certain correlated states of quantum spins with
surprising accuracy, a systematic way of quantifying the efficiency of the QAOA in general classes of
models has been lacking. Here, we propose that the success of the QAOA in preparing ordered states is
related to the interaction distance of the target state, which measures how close that state is to the manifold
of all Gaussian states in an arbitrary basis of single-particle modes. We numerically verify this for several
examples of nonintegrable quantum models, including Ising models with two- and three-spin interactions
and the cluster model in an external field. Our results suggest that the structure of the entanglement spec-
trum, as witnessed by the interaction distance, correlates with the success of QAOA state preparation, and
that this correlation also contains information about different phases present in the model. We conclude
that the QAOA typically finds a solution that perturbs around the closest free-fermion state.

DOI: 10.1103/PRXQuantum.2.010309

I. INTRODUCTION

In recent years, algorithms involving a hybrid quantum-
classical procedure for cost function minimization have
attracted much attention [1,2]. Among these is the quan-
tum approximate optimization algorithm (QAOA), which
employs an alternating operator ansatz for solving opti-
mization problems that are mappable to the problem of
finding the ground state of a classical Ising-type Hamil-
tonian [2]. These ansatz circuits are of great interest since
they have been shown to successfully approximate or even
exactly prepare states at remarkably /ow circuit depths.
This makes them amenable to implementation using the
currently available “noisy intermediate-scale” quantum
computers [3], potentially enabling useful applications in
the near future before full-fledged quantum computers,
featuring robust error correction, may become operational.
It has also been proven that QAOA circuits can per-
form universal quantum computation for certain classes of
Hamiltonians [4,5].
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The QAOA was originally proposed to tackle clas-
sical optimization problems, such as the MaxCut prob-
lem [6], and several others [7—10]. More recently, it has
been pointed out that the QAOA could also serve as
a tool for exactly preparing quantum many-body states,
such as the Greenberger-Horne-Zeilinger state, the ground
state of the Ising model at the critical point, for both
short-range [11] and long-range interactions [12,13], the
ground state of the toric code [11], the ground state of
the two-dimensional Hubbard model [14], and the ther-
mofield double states [15—17]. In this paper we focus on
the latter type of applications of the QAOA in the con-
text of preparing ground states of nonintegrable quantum
Hamiltonians.

Some analytical results on state preparation in the classi-
cal Ising model have been established. It was shown that in
one dimension, the uniform nearest-neighbor Ising model
in the absence of a magnetic field can be reduced to a
system of pseudospins [18]. This reduction was used to
prove a conjecture [2] that the ground state of this model
can be prepared using a circuit with depth linear in the
system size [18], and the associated bounds on the best
attainable fidelity for QAOA circuits below this depth were
derived [19]. At the same time, a deeper understanding of
the QAOA that would, for example, allow for the system-
atic construction of a circuit to prepare a given quantum
state, and to predict the circuit depth needed to reach a
certain accuracy, is still lacking.
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In its original formulation, the QAOA involved the
alternating application of a “mixer” Hamiltonian and a
“problem” Hamiltonian [2,8], where different choices for
the mixer Hamiltonian can be made [2,20,21]. A different
approach is to split the problem Hamiltonian into a num-
ber of terms and alternate between the application of those;
in this way, the QAOA can be seen as the digitization
plus Trotter splitting of a quantum annealing protocol [19].
This justifies that, as the circuit depth increases, states can
be prepared with increasing accuracy. It does not explain,
however, why some states can be prepared with very high
accuracy using low circuit depths. Thus, there remain open
questions about the inner workings of the QAOA. Some
of the difficulties in developing a deeper understanding of
the QAOA, as well as its numerical implementations, stem
from the fact that the optimization landscape is generally
riddled with local minima and other issues [22—24]. Differ-
ent techniques, such as alternative optimization methods
[25-27], modifications to the cost function [17,28], or
machine learning techniques [29-33], have attempted to
address these problems. Heuristics for producing a start-
ing set of optimization angles have also been developed
[34-36].

In this paper, we address the problem of using the
QAOA to prepare the ground state of some quantum
Hamiltonian H that depends on one or more tunable
parameters H (41, hy, . . .), such that H is nonintegrable for
general values of 1, &;, etc. We are interested in predicting
the relative success of QAOA state preparation across the
phase diagram defined by the parameters /4y, 4, . . .; more-
over, our aim is to relate the success of preparation to some
physical property of the target state. It has been argued
that the von Neumann (entanglement) entropy of the target
state may determine the quality of the variational approx-
imation at very low circuit depths [37]. However, at these
depths, the states prepared by the QAOA are generally still
far from the target state. We find that, ultimately, the qual-
ity of QAOA state preparation correlates with the property
called interaction distance [38]. The latter can be evaluated
from the eigenvalue spectrum of the system’s (reduced)
density matrix. Our findings are numerically supported by
examples of nonintegrable quantum Ising models.

The remainder of this paper is organized as follows.
Sections II and III contain a brief overview of the QAOA
variational ansatz and interaction distance, respectively. In
Sec. IV, we introduce an alternating operator protocol for
the Ising model in transverse and longitudinal fields, and
we demonstrate that the success of the QAOA ground-
state preparation correlates with its interaction distance.
We show that the slope of this cross-correlation can be
used to identify the existence of different phases in the
model. In Sec. V we provide analytical arguments for
the numerically observed correlation between the QAOA
and interaction distance, while in Sec. VI we analyze the
optimization landscape for these models. Our conclusions

are presented in Sec. VII, while the Appendices contain
generalizations of our results. In particular, Appendix A
contains the results for a variant of the Ising model that
features interactions between nearest-neighbor triplets of
spins. This model has a critical line in the universality class
of the Potts model [39], and its ground state is much harder
to prepare than that of the quantum Ising model. On the
other hand, Appendix B contains results for the model that
realises the so-called cluster state [40], which is of impor-
tance in measurement-based quantum computation [41]
and also in symmetry-protected topological phases of mat-
ter [42—45]. This model displays a critical line in its phase
diagram when placed in an external magnetic field, similar
to the antiferromagnetic model, and we demonstrate simi-
lar correlation between the interaction distance and QAOA
preparation of its ground state.

II. QUANTUM APPROXIMATE OPTIMIZATION
ALGORITHM

Various names for quantum-classical variational algo-
rithms have been proposed in the literature, depend-
ing on the context and the specific implementation
[1,2,11,14,46,47]. Among the first such algorithms is
the variational quantum eigensolver (VQE)—proposed in
the context of quantum chemistry [1,46]—for preparing
approximate eigenstates and calculating eigenvalues of a
given Hamiltonian. The QAOA [2] introduced the alter-
nating operator ansatz, which we review below. We refer
to the general class of variational quantum-classical algo-
rithms based on the alternating operator ansatz simply as
the QAOA, with the understanding that it can be seen as
a specialization of the VQE for this particular class of
ansitze.

As previously mentioned, the QAOA is a variational
algorithm based on a classical optimization routine that
performs a minimization over a parameterized family of
quantum circuits. The goal of this minimization is to find
the circuit that, starting from some initial state |Yipital),
best prepares the target quantum state |arger). This fam-
ily of quantum circuits is defined by a set of operators
H\,H,,...,H)y, and takes the alternating operator “bang-
bang” form [48], defined by the unitary

U(e) — e—iepylHl e—iel,,sz . e—iep’MHM L

% e—iel,lHl e—i91’2H2 .. e—iel’MHM‘ (1)

The circuit is parameterized by the set of variational angles
0 = (01,1,...,0, ). Note that in most of the paper (with
the exception of Sec. VI) we do not place restrictions on
the total “time” taken by the protocol, Y ZJMZ 10, If
this total time is fixed, it has been argued that the opti-
mal protocol is a hybrid consisting of a “bang-bang” form
near the beginning and end of the evolution, with smooth

annealing in between [49].
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FIG. 1. (a) A schematic illustrating a variational quantum-
classical optimization routine. The optimization involves n
parameters 0;, where i = 1,2, ...,n. For the ansatz in Eq. (1),
n = pM. (b) The (M = 3)-step QAOA protocol for the prepara-
tion of the ground state of the Ising model in both transverse and
longitudinal fields, discussed in Sec. I'V.

A sketch of the QAOA protocol is given in Fig. 1(a).
The algorithm starts with some chosen initial state |initar)
and an initial set of values for the circuit parameters.
The initial state |Vinita) 1S, in principle, arbitrary, but it
should be sufficiently easy to prepare (e.g., a product state
or some low-entangled state). The target state Yiarger 1S
often assumed to be the ground state of some Hamilto-
nian H, sometimes called the “problem Hamiltonian.” As
mentioned previously, there is freedom in the choice of
the operators {H;};c1,.. ay. Unlike the original formula-
tion [2], for the problems considered in this paper, we
choose the operators by splitting the problem Hamiltonian
as H = Zf‘il hiH; for M = 3 (see Sec. IV below), where
the 4; are the tunable parameters for the models we study.

After preparing the initial state, the simulator performs
the quantum evolution

[¥(0)) = U(O) [Vinitia) -

After state |/ (0)) is obtained, a cost function is measured.
In what follows, we assume all states to be normalized.
The cost function may be defined as the expectation value
of the energy

= (Y (O)|H[¥(0)). 2)

It is often more convenient to use the rescaled relative
energy [36,50]

(Y(0)|H|Y(0)) — Enin
Emax - Emin ’

m
Il

)

where Enin, Emax are the extremal eigenenergies in the
spectrum of H. The relative energy € is bounded between
0 and 1, such that € = 0 corresponds to finding an exact

ground state. Alternatively, if [iarger) 1S known, the cost
function can be taken to be the quantum infidelity

1—f =1 = [{(Yrargee ¥ (0))1%, 4)

which is similarly bounded between 0 and 1. Although
evaluating fidelity in an experiment is impractical or even
impossible, it is often useful in numerical simulations.

Once the value of the cost function is measured, it is
passed back to the optimization algorithm running on the
classical computer. This algorithm returns a new set of
angles, which are passed again to the quantum simula-
tor, and the process repeats itself until the optimization
algorithm running on the classical computer halts.

In Ref. [11] it was observed that the ground state of
the transverse-field Ising model with periodic boundary
conditions could be prepared exactly (i.e., with f = 1)
in precisely p = N /2 steps, where N is the total number
of spins. This was done using the same (M = 2)-operator
QAOA protocol originally proposed for the MaxCut prob-
lem [2]. This was a surprising result, given that the ground
state of the Ising model can be very complex, depend-
ing on the magnitude of the transverse magnetic field. For
instance, at the critical value of the field, the excitation gap
goes to zero and the ground state displays logarithmically
diverging von Neumann entropy (VNE) of entanglement
as a function of subsystem size [51]. This example demon-
strates that the success of the QAOA protocol at that
circuit depth is not determined by the VNE of the target
state. One of the main results of the present paper is to
show that a different quantum-information measure called
the interaction distance [38] serves as an error metric for
the quality of QAOA state preparation. In the following
section, we briefly introduce and review the properties of
the interaction distance (see also Ref. [52]).

I11. INTERACTION DISTANCE

Given some density matrix p, the interaction distance
[38] of p is defined as

Dy (p) := min 1Tr(V(p —0)?), O]

where J is the manifold of Gaussian density matrices o,
1 —-H gy .
F =10 = 7€ ,Z=Tre ", Hisquadraticg. (6)

Here, H being quadratic means that it is a free-particle
Hamiltonian, e.g., in second quantization, H = c'hc for
some matrix /2 and some set of creation and annihilation
operators {c}, {¢;}, withj € {1,...,N}.

The interaction distance D, as defined in Eq. (5), mea-
sures distinguishability between a given density matrix p
and the set of all free-particle density matrices, o. Physi-
cally, the density matrix p can represent a thermal state of
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the system, in which case it is the standard Boltzmann-
Gibbs density matrix when the system is in thermody-
namic equilibrium at some temperature 8 = 1/7. On the
other hand, p can also be a reduced density matrix that
describes subsystem A of a larger system in the pure state
[). In this case, p is obtained as the partial trace py :=
Try|v) (| over the degrees of freedom of subsystem A
complementary to subsystem A.

The reduced density matrix is useful for characterizing
properties of |), such as the entanglement entropy of 4,

Svne = —TrpqIn py. (7

Since p,4 is readily available in numerical simulations, in
what follows we focus on D evaluated with respect to the
reduced density matrix of the model’s ground state.

There is a crucial simplification in evaluating Dz as
written in Eq. (5), which was shown in Ref. [38] using
results from Ref. [53]. The minimization over F is equiv-
alent to

1
Dr(p) = r{rg?EZI,Ok — ox(e)], (®)
J k

where the p; denote the eigenvalues of p in descending
order (normalized such that ), pr = 1), and

I v on®
oue) = e 2ign ©9)

where n;k) € {0, 1} is the occupancy number on the j th site
of the kth element of a Fock basis with energy ¢;. The nor-
malization Z ensures that ), o3 = 1, and we assume that
the oy are in the same (descending) order as the o, which
is necessary to achieve a minimum in Eq. (8) [53].

The utility of Eq. (8) is that the value of Dx(p) can thus
be determined solely from the information of the spectrum
{—log pr}, also known as the “entanglement spectrum”
[54]. Comparing Eq. (5) with Eq. (8), we see that the
minimization over all matrices o € F is traded for a min-
imization over scalars {¢;}. The latter is a much simpler
optimization problem, as the number of € parameters is
expected to scale linearly with the system size. Thus, the
problem becomes numerically tractable, as the computa-
tional complexity is only polynomial in system size N once
the spectrum {p;} is known [38].

Note that Dg is strictly bounded 0 < Dy < 1 [55], and
states that have Dr = 0 can be expressed as Gaussian
states in terms of some free-particle modes as in Eq. (9).
This is, of course, true for unentangled (product states)
in the computational basis, but it is also the case for cer-
tain entangled states. An example is the ground state of
the Ising model in the transverse field, as discussed in the
following section. Interestingly, unlike the lower bound,
Dy does not seem to saturate its upper bound—it was

conjectured that D < 3 — 24/2 [55]. Physical states that
realize this upper bound of D were identified as ground
states of certain types of parafermion chains [55]. These
states do not have a particularly high value of the VNE,
but the structure of their entanglement spectrum is as dis-
tinct as possible from that of free fermions, in the sense of

Eq. (8).

IV. PREPARING THE GROUND STATE OF THE
NONINTEGRABLE QUANTUM ISING MODEL

In this section we present our main findings on the corre-
lation between the success of QAOA state preparation and
the interaction distance of the target state. As a toy model,
we consider the one-dimensional quantum Ising model in
the presence of both transverse and longitudinal fields,

N N

N
H=~) &EDZZi—hy Xi—h:) Z, (10)

i=1 i=1 i=1

where X; and Z; are the standard Pauli matrices on site
i, and we assume periodic boundary conditions (PBCs)
by identifying sites j + N = j. The model is either ferro-
magnetic (FM) or antiferromagnetic (AFM) depending on
whether the coupling of the first term is chosen to be +1
or —1, respectively. The Ising models in Eq. (10) serve as
a useful laboratory for studying a number of phenomena in
condensed matter physics [56—58].

The properties of the ground state of the model in
Eq. (10) are insensitive to the sign of the FM or AFM cou-
pling in the absence of the longitudinal field 4,. However,
once h, > 0, the phase diagram is substantially different
for the two models. The FM model has a critical point
at (A, h,) = (1,0), while the AFM model has a critical
line connecting the point (4, /,) = (1,0) with the point
(hy, h;) = (0,2). The critical line is not known analytically,
but it has been determined numerically using density-
matrix renormalization group simulations in Ref. [59]. In
both cases, the limit of the purely transverse field (4, = 0)
is particularly important. Along this line, the Hamilto-
nian is diagonal when written in terms of free fermions
after performing a combination of the Jordan-Wigner and
Bogoliubov transforms [60].

The phase diagrams of the FM and AFM models diag-
nosed by the value of D in their ground state are shown
in Figs. 2(a) and 2(b), respectively. The ground state of
the Hamiltonian in Eq. (10) is obtained numerically using
exact diagonalization, and its entanglement spectrum is
computed by partitioning the system into two equal halves.
From the entanglement spectrum, D is evaluated by
numerical optimization following Eq. (8) [61]. For both
models, Dz is found to be zero (to machine precision)
when 4, = 0, regardless of the value /4,. Away from this
line, D is a sensitive indicator of interaction effects and
changes by many orders of magnitude depending on the
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FIG. 2. Top row: interaction distance for the ground state of
the (a) FM and (b) AFM models in Eq. (10) as a function of
fields 4, and h.. Bottom row: the infidelity 1 — f of the QAOA
protocol for the (¢c) FM and (d) AFM models. See the text for
details of the QAOA protocol. All data are for system size N = 8
using PBCs. Red circles denote critical point of the FM model,
while red lines are critical line in the AFM model according to
Ref. [59].

location in the phase diagram. For example, in the FM
model, D exhibits a sharp peak just off the free Ising crit-
ical point (4, = 1,4, = 0). While the Ising critical point
is described by the free Ising conformal field theory [39]
and thus it has Dr = 0, the properties of this confor-
mal field theory change dramatically once the /4. field is
introduced [62]. This is consistent with the fermionic pic-
ture, where the 4, field introduces long-range interaction
between fermions after the Jordan-Wigner transformation,
which makes the system’s ground state highly interact-
ing. Somewhat surprisingly, away from the critical point,
the value of Dx sharply decays to values as low as about
10~7, even though the interaction is comparable in magni-
tude to other terms in the Hamiltonian. This implies that
there are large regions of the phase diagram where the
ground state of the system is effectively free-fermion-like,
even though the Hamiltonian itself is “interacting.” On the
other hand, the AFM model features a critical line that
extends from the free Ising critical point (A, = 1,4, = 0).
While D = 0 at (h, = 1, h, = 0), the value of the interac-
tion distance progressively increases along the critical line
towards the interior of the phase diagram—see Fig. 2(b).
Next, we explore how to prepare the ground state of
Eq. (10) using the QAOA for arbitrary values of fields
hy and h,. To this end, we have found it necessary to
employ a (M = 3)-step QAOA protocol from Eq. (2) with

the operators

N

Hy=->7, (11)
i=1
N

Hy=~) X, (12)
i=1
N

Hy= =Y ZZy, (13)
i=1

which satisty +H3 + h H, + h.H, = H; see the illustra-
tion in Fig. 1(b). The initial state of the protocol is taken
to be the ground state of H,, i.e., all spins polarized along
the x direction, |Yi,) = | — --+ —). Since Pauli matri-
ces are involutions, these ; operators satisfy e~ (O+mH;
+e7® | 50 in what follows we restrict the representation
of © angles to the [0, [ interval. We further restrict the
angle 0, 3 associated with /3 to the [0, 7 /2[ interval, since

N N N
l_[ el(e—H'[/Z)Zl'ZH,] 1% l_[ZiZi+l 1_[ ezGZ,-Z,-H
i i=1 i=1

(14

N
- l_[ 019%iZiv1
i=1

The initial guesses for the angles are determined sequen-
tially as p is increased, following the method in
Appendix B1 of Ref. [35]. For minimizations involved
in both the QAOA and Dx, we use a basinhop-
ping algorithm with a Metropolis acceptance crite-
rion [63], as implemented in the PYTHON package
scipy.optimize.basinhopping. This is a global
strategy that performs multiple minimizations, taking as
the initial condition for the next minimization the stochas-
tically perturbed result of the previous one. This allows us
to avoid the local minima associated with the rugged land-
scapes of both the QAOA and D, as discussed further in
Sec. VI. This, however, is not enough to completely elimi-
nate local minima, and all the data presented here required
two additional rounds of minimization. Each of these con-
sisted in running the basinhopping algorithm across the
phase diagram again, this time using as the initial value
for each point the optimal values of each of the adjacent
points from the previously obtained data, and keeping the
minimum value found.

Note that our protocol in Egs. (11)+13) is a generaliza-
tion of that considered in Ref. [11], which was restricted
to the purely transverse field (4, = 0) and made use of a
(M = 2)-step ansatz with only H, and H;. In that case,
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both the Hamiltonian and the protocol conserve the total
fermion parity, generated by P = [[, X;. This symmetry
is broken once the z field is introduced and the ground
state acquires a nonzero magnetization, (| Y . Z;|y) # 0.
While it is easy to come up with a two-step protocol that
does not conserve parity, we have not been able to find one
that accurately prepares the ground state for general val-
ues of (hy, h,); thus, we introduced a third operator into the
QAOA protocol.

In Figs. 2(c) and 2(d) we present results of the QAOA
protocol across the phase diagram (4,, 4,). The color scale
in Figs. 2(c) and 2(d) shows the infidelity 1 — f* obtained
after fixed p = N/2 steps of the QAOA. We observe that
this metric of ground-state preparation looks remarkably
similar to the behavior of D in Figs. 2(a) and 2(b). In
particular, we recover f = 1 when A, = 0 [11], while the
QAOA no longer finds an exact ground state when 4, > 0.
Nevertheless, it approximates the ground state very closely
when Dz is small. Once again, it is easy to see that in
this case there is no clear relation between the QAOA’s
1 —f and the VNE of the ground state. For example, in
the FM model, the VNE should be largest at the critical
point; furthermore, as adding /4, opens a gap in the spec-
trum, increasing this parameter should reduce the VNE, as
its scaling changes from logarithmic divergence with sys-
tem size to an area law. However, from the point of view
of the QAOA, we find precisely the opposite: it is harder to
prepare the state with some small amount of 4, compared
to h, = 0.

Examining the optimal angles found at each point of
the phase diagram of both the FM and AFM Ising mod-
els when running the protocol in Egs. (11)+13), we find
no continuous variation of the angles across the phase dia-
gram of the kind, e.g., in Ref. [64]. However, we find that
the optimal angles 0, ; have a striking tendency to be very
close to multiples of /2 (see Fig. 8 in Appendix A). This
suggests that Hamiltonian H; has a restricted role in the
evolution, and that the symmetry that led us to use a three-
step protocol could perhaps be broken in a simpler way.
This property could be exploited by having the initial guess
be close to multiples of 7 /2 through an ansatz, or by giv-
ing higher weight to regions close to these two points (0
and 7 /2) in the minimization algorithm.

In Fig. 3, we show a scatter plot of Dz versus 1 —f
from the data extracted from phase diagrams such as in
Fig. 2, but using different numbers of QAOA steps p,
indicated in the legend. In both the FM and AFM mod-
els, we expect correlation between D and 1 — f around
p = N /2. This correlation peak is relatively broad as p is
increased further. Eventually, as p — 0o, we expect states
to be exactly prepared and this correlation to break down,
as in this limit our QAOA protocol should have the same
power as quantum annealing with an arbitrary schedule
[19]. In the opposite limit, as p — 1, we expect that the
variational method, in general, is not powerful enough for

10_10 - T T T it T T T
1071 107% 107°¢ 107*  107® 107 1074
Dr Dr
FIG. 3. (a) Scatter plot of the interaction distance D against

the QAOA’s 1 —f for the FM Ising model from Fig. 2(c).
(b),(c) Analogous plot for the AFM Ising model in Fig. 2(d),
where the data points are taken either (b) below or (c) above the
critical line. Data are for N = 8 spins with PBCs and different
values of p indicated in the legend.

a correlation to emerge. However, in special cases such as
the FM model, we see that D and 1 — f are correlated
even at lower p. We compute the Pearson correlation coef-
ficients for the data in Fig. 3 and plot them in Fig. 9 in
Appendix C; as expected, the Pearson coefficient jumps to
a value close to 1 around p = N /2.

For the AFM Ising model in Figs. 3(b) and 3(c), we find
that the correlation between D and 1 — f* follows a differ-
ent slope in the two phases of the AFM model separated by
the critical line in Fig. 2(d). In particular, the behavior in
the ordered phase of the model, Fig. 3(b), clearly illustrates
that the correlation between D and 1 — f only starts to
emerge around p = N /2. Moreover, different slopes of
the correlation in the two phases suggest that by care-
fully examining the correlation between these two metrics
one could infer about the existence of different phases in
models with unknown phase diagrams.

V. RELATION BETWEEN THE QAOA AND
INTERACTION DISTANCE

In Sec. IV, we have established numerically a corre-
lation between Dz and the success of QAOA protocols.
This suggests that the protocol’s success depends on how
close to being Gaussian [in the sense of Eq. (6)] the target
ground state is. In this section, we support these numerical
observations by analytic arguments.

As mentioned in Sec. IV, the angle 6, ; associated with
the operator in Eq. (11) is found to cluster around either 0
or /2. Now, note that a shift of 77/2 in the 0, ; part of the
protocol results in an overall parity flip, as easily seen from
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the following sequence of identities:
. v .
exp |:z<9j,1 + 5) Xi:Zi] exp <19j,2 ZX,)
exXp <i9j,1 ZZ,) l_IZl eXp (l.ej’z Z)(I)
= exp (iej,l ZZ,) exp <i9j,2 Z —)G) HZi'

Furthermore,

[Tz1- =)=l <),

where | —), | <) denote eigenstates of X. This implies
that, if we have the freedom of choosing either |— --- —)
or |« --- <) as the initial state, we can restrict, without
loss of generality, all angles 6, ; to an interval of length
7 /2. Since these angles are clustered around 0 and 7 /2 as
shown in Fig. 8 in Appendix A, they can all be mapped to
be close to 0.

Next, note that, since both initial states are product
states, they are also Gaussian states. Moreover, the evo-
lution under the unitaries generated by H; and H, maps
Gaussian states into Gaussian states, while the evolution
under H; spoils this property. However, for 0; ; close to
0, the evolution under H, introduces only a small, pertur-
bative deviation from a Gaussian state. This heuristically
accounts for the high correlation of the QAOA’s success
with interaction distance of the target state, as the states
prepared by the QAOA are close to being free. As p gets
larger, more perturbations are possible and the success
of the QAOA increases. At a fixed p, the success of the
QAOA is related to the distance of the target state from the
Gaussian state manifold.

We conclude that there is a practical limitation to the
“natural” QAOA protocol proposed in Sec. IV, which is
obtained as a Trotter splitting of the Hamiltonian in Eq.
(10) into its translation invariant components: the protocol
is unable to prepare ground states that are far from being
Gaussian (as measured by the interaction distance). This
limitation is fundamentally related to the probability spec-
trum of the target state, i.e., the eigenvalue spectrum of
its reduced density matrix. Indeed, when performing the
QAOA using as a cost function the relative entropy [65]
between the probability spectra of the trial state and of the
target state, one finds heat maps similar to those in Fig. 2
(data not shown). Thus, there is a correlation between the
QAOA and Dg, even though the former minimizes the
overlap of two vectors, while the latter employs a mini-
mization using the probability spectrum of the subsystem’s
reduced density matrices.

VI. MINIMIZATION LANDSCAPE

In this section, we explore the minimization landscape
of the optimization problem studied in Sec. IV for the AFM
Ising model (we reached qualitatively similar conclusions
in the FM model). The target state in the cost function is
taken to be the ground state of the Hamiltonian at a set
of representative points in the (4, 4.) phase diagram, S =
{(0.1,0.1),(0.1,2), (1, 1), (2,0.1), (2,2)}. These points are
drawn from regions of both “hard” and “easy” state prepa-
ration according to Fig. 2. Here, we use the rescaled
relative energy, defined in Eq. (3), instead of the quantum
infidelity.

In Fig. 4 we first look at the probability distribution
function for loge in selected points S. We generate a
sample of 10* initial © angles, drawn from a uniform distri-
bution in the [0, 7| interval. The distribution of log € gives
us insight about the structure of the landscape. A sharply
defined distribution of loge is only obtained in the case
where A, = h, = 0.1, with the peak at € close to 0. The
mean of the distribution shifts to large values of € upon
approaching the critical line, e.g., at 4, = h, = 1. In addi-
tion to the shift of the mean, the distribution also develops
multiple peaks corresponding to local minima. At other
points in the phase diagram, such as 4, = &, = 2, the sep-
arate minima form a smooth curve with larger variance.
Finally, in some cases like 4, = 2, &, = 0.1, we observe
a clear bimodal distribution of the minima. Thus, the dis-
tribution of minima varies considerably across the phase
diagram and, generally, has multiple peaks.

A systematic investigation of the nature of the landscape
of a related minimization problem was performed in Refs.
[23,24,66] using a discretized adiabatic state preparation
protocol. In these works, the behavior of the minimization
landscape was examined as a function of the total allowed
time for the protocol. It was found [23,24] that there are
distinct “phases” associated with different intervals for the
total allowed time. Particularly, at intermediate times, there

1.5
1.0 1
o0
<
& 05
0.0 T
—25 —20 —15 —10 -5
log(e)

FIG. 4. Probability distribution function P[log(e)] of QAOA
outcomes on 10 000 uniformly generated initial angles having as
target the ground state of the points in . Data are for system size
N = 8 and p = 4, with the protocol in Egs. (13)—~(11).
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— (0.1,0.1) (1,1) — (2,2) — (2,0.1) — (0.1,2)
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FIG. 5. Minimization landscape in the AFM Ising model. (a) Relative energy € versus T<p,y for different points in S. (b) Relative

energy € versus T—m,x for different points in S. (c) The t-SNE graph for 500 random angle samples taken at (4., /4.,) = (1,1) and
T—max = 1. (d) The t-SNE graph for 500 random angle samples taken at (4., s;) = (1,1) and T_,.x = 8. All data are for system size
N = 6 and p = 3. The color scale of (c) and (d) represents the value of e.

is a glassy phase presenting with multiple clusters of min-
ima where the minimization becomes difficult. Following
Refs. [23,24], we have probed the nature of the mini-
mization landscape in our models and using our QAOA
protocol when the total time 7(0) = f:l ZJM=1 0, is
restricted. We impose this restriction in two different ways.
First, we allow T(0) to be less than or equal to some max-
imum total time 7<p.x, Which can be easily achieved by
constraining the allowed interval for each 0;; angle in our
protocol. The second method is to demand 7(0) to be
exactly equal to a given total time 7_y,.x. The results of
these two approaches are contrasted in Figs. 5(a) and 5(b).

In Fig. 5(a) we see that, as expected, as T<max Increases,
€ decreases. Perhaps surprisingly, this occurs in a very
clear stepwise fashion, suggesting that there are discrete
values of T<yax that show significant improvement in state
preparation. By contrast, in Fig. 5(b) we see that, as T—_ax
increases, the behavior of € is more erratic, indicating that
there are discrete, optimum values of T for which states can
be prepared under this restriction. This shows that the pro-
tocol cannot accommodate nonoptimal values 7_yx, that
is, there is no way for the protocol to continuously “stall”
and wait, “wasting time” so as to emulate the last opti-
mal value of 7_.x. The protocol can, however, “stall” in
discrete values of , due to the symmetry in the angles.
A consequence of this seems to be the peaks and troughs
pattern in the graphs in Fig. 5(b), which show an irregu-
lar pattern. This contrasts with the results of Ref. [23,24],
which display an almost monotonically increasing success
in state preparation as 7_p,,x increases.

Next, we took 500 random angle samples restricted to
either T—max Of T<max and ran the QAOA with the tar-
get state coming from the ground state at each of the
representative points in S. Here, we have used the L-
BFGS local optimization algorithm, as implemented in
the scipy PYTHON package, to perform the minimiza-
tion. In order to plot the high-dimensional minimization
landscape, we have used t-SNE [67], a dimensionality-
reduction algorithm for data visualization that embeds

high-dimensional data in a space with lower dimen-
sion while preserving the relative position of the data
points. Performing t-SNE on these samples, we find that,
for Temax, T=max < 1, there exists clustering of minima,
although some of the clusters are significantly less com-
pact than others—see Fig. 5(c). For T<max, T=max > 1, the
clustering rapidly disappears, first for the 7T, restric-
tion and then for the 7_,,« restriction—an example of the
latter is shown in Fig. 5(d) for T—.x = 8. This indicates
that the QAOA, which usually does not place restrictions
on the values of 0 angles and therefore implicitly operates
in the large-T regime, does not display a glassy phase in its
minimization landscape, as found for a different protocol
in Refs. [23,24].

VII. CONCLUSIONS

In this paper we investigate the preparation of ground
states of nonintegrable quantum models using the QAOA.
Our motivation is to identify physical properties of the
state that have an impact on its preparation, thereby allow-
ing us to bound the relative success of the QAOA. While
this task appears challenging for rigorous analytical treat-
ment, we numerically demonstrate a correlation between
the interaction distance and the success of QAOA proto-
cols in several variants of the quantum Ising model. This
suggests that, in these models, states that are far from free,
as measured by the interaction distance, are harder to pre-
pare, i.e., in order to prepare states with larger interaction
distance, the QAOA needs higher values of p to achieve
the same degree of success as for states with lower inter-
action distance and lower p. We also perform an analysis
of the landscape associated with the QAOA optimization
problem. We find that there are several local minima asso-
ciated with this landscape, though they are spread out and
show no distinctive clustering. Limiting the total allowed,
the QAOA time did not alter this landscape significantly
for total time 7 2 1.
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One of the applications of our results is that theoretical
insight into the closest free states representing the target
state can be gained by using the experimentally obtained
QAOA ansatz and setting the small 6, ; angles to be zero.
The absence of the glassy phase in the minimization land-
scape implies that the natural QAOA protocols constructed
here do not lead to a nondeterministic polynomial hard
optimization problem and the time to find optimal angles
should scale polynomially with the system size.
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APPENDIX A: THREE-SPIN ISING MODEL

Here we demonstrate that our findings from the main
text also apply in a different model featuring three-spin
interactions. The model is defined by the Hamiltonian

N N N
H = _ZZiZi+IZi+2 —hx Z)(z _hz ZZia (Al)
i=1 i=1

i=1

where, again, X; and Z; are the standard Pauli matrices
on site i, and we assume PBCs. The critical behavior of
this model is in the same universality class as the two-
dimensional classical three-state Potts model. The phase
diagram of the model has been mapped out in Ref. [68] (see
also Ref. [69] for further generalizations of the model). In
the 4, > 0, —3 < h, < 0 region, it contains a critical line
connecting (hy, h;) = (0,—3) to (A, h.) = (1,0). Below
that critical line, there exists a threefold ground-state
degeneracy, while above it the ground state is unique.

The motivation for studying the model in Eq. (A1) is that
its ground state is expected to be more strongly interacting
and have a higher value of D . For example, unlike the FM
and AFM models in Eq. (10), the ground state of the model
in Eq. (Al) cannot be obtained in closed form using the
Jordan-Wigner and/or Bogoliubov transformation(s) (apart
from classical the line, 4, = 0). Moreover, the threefold
ground-state degeneracy in the ordered phase gives rise to
an approximate threefold degeneracy of the entanglement
spectrum, as generally found in “symmetry-protected topo-
logical phases” [42]. This can be understood by picking
a point (4, = 0,4, = —1), where the exact ground state
of the system (with zero momentum under translation) is

given by

L
V3
a2 A2 AR

Vo) = —= (I AL ) F T )

(A2)

The corresponding entanglement spectrum is given by
Pr = {%, %, %,0, 0,...}. This is the type of entanglement

spectrum that gives Dz = é, a value close to the upper

bound 3 — 2+/2 [55]. The same spectrum is obtained in the
75 parafermion model at its fixed point [70]. An approx-
imate threefold degeneracy in the entanglement spectrum
persists throughout the ordered phase of the model; thus,
we expect the ground state throughout this phase to be
more difficult to prepare using the QAOA compared to the
disordered phase.

The comparison between D and the QAOA for the
model in Eq. (A1) is shown in Fig. 6. The QAOA protocol
is chosen such that H; and H, are defined as in Egs. (11)
and (12), but for H3, we use

N
Hy ==Y ZZiZia.

i=1

(A3)

Note that this protocol also satisfies Hs + h,H, + h.Hi =
H. We find that, like the two-spin Ising model, the success
of the protocol also correlates well with the interaction dis-
tance, as we see in the top row of Fig. 6. Here, as in Sec. [V,
minimizations are done using a basinhopping algorithm,
and the results required two additional rounds of minimiza-
tion. Moreover, we find correlation between D and 1 — f
for several values of p, as shown in the bottom row of
Fig. 6. As before, the data in the bottom row of Fig. 6 are
obtained by sampling across the entire phase diagram in
the top row of Fig. 6.

It is worth noting that we can prepare the ground
state in Eq. (A2) exactly by choosing the proto-
col Hhy=—3%,Z1ZZ and Hy =—3 (X;Xj41 +
Y;Y;11), while the initial state is the ground state of H, in
the sector with magnetization —N /3, as this is the sector
where the states {|14{ ---), [{1d - ), 441 -+ )} live. It
can be verified that this protocol prepares the exact ground
state in Eq. (A2) in N/2 steps. Moreover, supplementing
the protocol with a third operator, H; = — Zij, leads
to good results across the entire phase with the threefold
ground-state degeneracy. However, the infidelity 1 — f of
the latter protocol does not capture the phase transition in
a way that the protocol [Eqgs. (12), (11), (A3)] does. More-
over, the initial state is more difficult to prepare in this case,
unlike the product state of spins in our protocol.

Similar to the models studied in Sec. IV, we find no con-
tinuous variation of angles in the three-spin Ising model,
and the angles 0;; tend to be close to multiples of 7 /2
(see Fig. 8). However, in this case the heuristic arguments
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(a) (b)

101

107 1073
Dz

FIG. 6. Top row: interaction distance for the three-spin Ising
model in Eq. (A1) as a function of fields /. and /4, (a) and the
infidelity 1 — f* of the QAOA protocol (b). The QAOA protocol
is based on Egs. (11), (12), (A3). All data are for system size
N = 9 using PBCs. The red line is the critical line in the three-
spin Ising model according to Ref. [68] Bottom row: scatter plot
of Dr against 1 — f for the three-spin Ising model, system size
N =9, and different values of p indicated in the legend. The ver-
tical red line, drawn heuristically, separates the data belonging to
the phases above and below the critical line (respectively to the
left and right of the vertical line).

of Sec. V do not directly apply as the Gaussianity of the
protocol is broken by the triple spin interaction term (A3).
It is an interesting open problem to analytically explain the
approximate Gaussianity in this case.

APPENDIX B: CLUSTER ISING MODEL

As another example illustrating the versatility of our
method, we consider the cluster Ising model, which has
recently attracted attention both in the context of quan-
tum information [72,73] and symmetry-protected topolog-
ical phases [71]. The model is defined in terms of Pauli
matrices (assuming periodic boundary conditions) as

N N N
H==) XiaZXii = ) hyYi¥irr + ) hyYi (B1)

i=1 i=1 i=1

When the field 4, = 0, the model can be solved using a
combination of Jordan-Wigner and Bogoliubov transfor-
mations [73], but for general values of 4,, the model is not

solvable. The model has a critical line described by con-
formal field theory with central charge ¢ = %, connecting
points (hy, = 1,h, =0) and (h,, =0,h, = 1). The crit-
ical line has been mapped out using the density-matrix
renormalization group calculations in Ref. [71].

As seen in Figs. 7(a) and 7(b), both the QAOA and
Dy are highly sensitive to the critical line, just like
we have previously seen in the AFM Ising and three-
spin Ising models. Despite the small system size, the
critical behavior is in good qualitative agreement with
the results of Ref. [71]. The QAOA protocol in Fig. 7
has been defined b% splitting H into its three com-
ponents, H; = VX1 ZiXigr, Hy = — Y0, Yi¥i,
H =- vazl Y;. For the initial state, one can choose the
ground state of H;. However, with this initial state, the
convergence of the optimization below the critical line is
found to be very slow; instead, the convergence is consid-
erably more robust if we use as the initial state the ground
state of H, in this regime. In producing the phase diagram
in Fig. 7(b) we ran two sweeps of the QAOA starting in
either of these initial states, and plotted the smaller value
of the obtained 1 — f.

It is worth noting that the line with 4, = 0 is prepared
exactly (to machine precision) in p = N /2 steps using the
two-step protocol involving only H; and H,, similar to the
case of the transverse field Ising model. Moreover, there is

— i

(a) (b) B
2 10 4
1073 |
) 1 —

= 1075
W,
1077

0

T W =

FIG. 7. Top row: interaction distance for the cluster Ising
model in Eq. (B1) as a function of 4, and 4, (a) and the infidelity
1 —f of the QAOA protocol (b). All data are for system size
N = 8 with periodic boundary conditions. The red line is repro-
duced from Ref. [71]. Bottom row: scatter plot of D against
1 — 1 for the cluster Ising model, system size N = §, and differ-
ent values of p indicated in the legend. Panel (c) shows points
above the critical line while (d) shows points below it.
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FIG. 8. Distribution of angles 0, ; associated with the Hamil-

tonian in Eq. (11) in the QAOA evolution across phase diagrams
of FM, AFM, three-spin, and cluster Ising models in Egs. (10),
(A1) and (B1). Data are for system size N = 8 with the exception
of N = 9 for the three-spin Ising model. In all the plots, p = 4.

correlation between Dz and 1 — f* across each of the two
phases of the model, as illustrated in Figs. 7(c) and 7(d).

APPENDIX C: ADDITIONAL DATA

This section contains some additional results that sup-
port the conclusions in the main text. In Fig. 8 we show
the distribution of the angles 0; ; associated to the “inter-
acting” part of the Hamiltonian, i.e., H; in Eq. (11) in
the QAOA protocol. As claimed in Secs. IV and V, these
angles tend to be close to 0 or r/2, which is clearly seen
in the figure for all the models considered in this paper.

1.0 1
0.5
~
g
o
#0001
o
o
oW
—0.5 1
_1.0 T T T T T
1 2 3 4 )
p
® 3sup Y AFM dn ‘ Cluster up
3s dn B FM * Cluster dn
4+ AFM up
FIG. 9. Pearson correlation coefficients as a function of p for

the data in Figs. 3, 6(c), and 7(c). Labels “up” and “dn” denote
data above and below the critical line of the corresponding
model, respectively. The inset shows an enlarged view of the
top-right corner of the plot. 3s, three-spin.

Finally, we compute the Pearson correlation coefficients
for the data in Figs. 3, 6(c), and 7(c)-7(d), and plot them in
Fig. 9. We see that the Pearson coefficient jumps to a value
close to 1, indicating direct correlation. As explained in
the main text, we expect this to mark the beginning of a
broad plateau where the Pearson coefficient remains close
to 1, until it eventually starts to drop at larger values of p.
The reason for this decay is the exact preparation of the
state in the limit p — oo for the protocol considered here.
Conversely, in the limit p — 1, we expect that the varia-
tional ansatz is not sufficiently powerful for the correlation
to emerge.
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