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Animals must constantly make decisions on the move, such as when choosing among multiple options, or
“targets,” in space. Recent evidence suggests that this results from a recursive feedback between the (vectorial)
neural representation of the targets and the resulting motion defined by this consensus, which then changes the
egocentric neural representation of the options, and so on. Here we employ a simple model of this process both to
explore how its dynamics accounts for the experimentally observed abruptly branching trajectories exhibited by
animals during spatial decision-making, and to provide new insights into spatiotemporal computation. Essential
neural dynamics, notably local excitation and long-range inhibition, are captured in our model via spin-system
dynamics, with groups of Ising-spins representing neural “activity bumps” corresponding to target directions (as
in a neural ring-attractor network, for example). Analysis, employing a novel “mean-field trajectory” approach,
reveals the nature of the spontaneous symmetry breaking bifurcations in the model that result in literal bifurca-
tions in trajectory space—and how it results in new geometric principles for spatiotemporal decision-making.
We find that all bifurcation points, beyond the very first, fall on a small number of “bifurcation curves.” It is
the spatial organization of these curves that is shown to be key to determining the shape of the trajectories, such
as self-similar or space filling, exhibited during decision-making, irrespective of the trajectory’s starting point.
Furthermore, we find that a non-Euclidean (neural) representation of space (effectively an elliptic geometry)
considerably reduces the number of bifurcation points in many geometrical configurations (including from an
infinite number to only three), preventing endless indecision and promoting effective spatial decision-making.
This suggests that a non-Euclidean neural representation of space may be expected to have evolved across species

in order to facilitate spatial decision-making.
DOI: 10.1103/PRXLife.2.013008

I. INTRODUCTION

Selecting among spatially discrete options (targets), such
as food sources, shelters, or mates, is a ubiquitous chal-
lenge for animals. Despite this, very little research has been
undertaken with respect to the mechanistic basis of spatial
decision-making. For example, only recently have researchers
explicitly considered the trajectories exhibited by animals
when making such decisions [1]. These experiments with
both invertebrates (fruit flies and locusts) and a vertebrate
(zebrafish) provided evidence that the brain repeatedly breaks
multichoice decisions into a series of binary decisions in
space-time. This is reflected in abrupt changes in the trajec-
tory of animals as they approach targets. We demonstrated,
in a simple spin-based model of this cognitive process, that
the bifurcations within the brain—which correspond to literal
bifurcations in the trajectories (when summed over many re-
peated decisions)—are consistent with a recursive feedback
between the (vectorial) neural representation of the different
options and the animal’s movement. Spatial decision-making,
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therefore, appears to be an “embodied” process that depends
on the recurrent interplay between the time-varying egocen-
tric neural representation of the options as animals move
through space and the neural consensus dynamics that estab-
lishes which direction to select at each moment in time. At
such bifurcation points, the spin model predicts that the brain
spontaneously becomes extremely sensitive to very small dif-
ferences between the options [1], which is a highly valuable
property for decision-making.

Consistent with this model, the brains of a wide range
of species have been shown to represent egocentric spatial
relationships via explicit vectorial representation [2-7]. For
example, neural ring-attractor models were motivated by such
neuronal representations of the instantaneous heading direc-
tion of animals in the horizontal plane regardless of their
location and ongoing behavior [8,9]. When animals are ex-
posed to a prominent target, an activity bump that corresponds
to this target appears on a specified sector of the ring [2-7],
and this results in the animal turning towards it. After ex-
posure to a new attractive landmark, the choice to turn to it
is expressed as a shift in the activity bump towards the new
target. The exact nature of the angular shift of the activity
bump was found to be dependent on the relative angle of the
new landmark from the older one [2]. The interaction between
the neurons within this network has been shown to exhibit
local excitation (positive feedback among neural ensembles
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that represent directions with a small relative angle) and long-
range, or global, inhibition [8,9] (negative feedback between
neural ensembles that represent directions with a large relative
angle). This transition between types of feedback is responsi-
ble for the abrupt transition between two types of behavior—a
movement in a compromise between the targets and a decision
phase where the organism makes its way towards one of
the targets. This behavior is captured in our spin-model—at
a critical angle there exists a transition between a positive
interaction between the spins (“ferromagnetic’) and a negative
one (“antiferromagnetic”). By analogy, the spins in the model
describe neuronal groups that exhibit either a relatively high
or low firing rate, respectively. It was shown in [1] that the
number of spins that are active in a specific direction can
be formally mapped to the firing rate of the corresponding
neuronal cluster in the ring attractor class of models.

The bifurcated trajectories observed for the fly, locust,
and fish [1,10], when moving towards two or three targets,
indicated that the spin-spin interactions in the model have an
angular dependence that deviates from a simple vectorial dot
product (that was introduced in [11]). We therefore considered
in [1] a distortion of the angle in the decision-making process
that represents neuronal encoding of space in a manner that
could be non-Euclidean. This is supported by evidence for
such distortion in the neuronal interactions [12,13]. The non-
Euclidean distortion means that the egocentric representation
of the targets (i.e., the geometry as represented by the neu-
ronal activity) results in a “perceived angle” for frontal targets
(with respect to the animal’s heading direction) that is larger
than the actual egocentric angle between them. Put another
way, the brain “expands” the representation of space ahead
of the animal. It is mediated by the transition of excitation to
inhibition, which is a classic motif in the brain in general and
in the ring attractor class of models in particular.

Despite the good agreement between the model and the
experiments, many open questions remain. We introduced in
[1] a new tool to study the mean-field solution, which we
called the “MF trajectory,” where we solved at each point in
space the direction (or directions) of motion assuming that
the system reached thermal equilibrium. The solution at each
point gave us a vector (or vectors) that pointed towards the
next point. In this way, we obtained a solution that is effec-
tively at thermal equilibrium at each point in space. Using the
MF trajectory, we discovered the emergence of trajectories
with an infinite series of bifurcations (for three targets), but
it was not clear what determines this phenomenon. In addi-
tion, we found that the non-Euclidean distortion was roughly
the same across species. These results naturally bring up the
following questions: What (if anything) is special about this
regime of distortion? What controls the complexity, overall
spatial organization, and structure of the trajectories and their
bifurcations? Why do we always find in the simulations (and
consistent with experimental data) two outgoing branches
from each bifurcation?

These and other questions motivated us to study in greater
detail the origin of the different classes of trajectories pre-
dicted by the model and the bifurcations along them. The
analysis presented here exposes novel geometrical principles
that relate the mutual arrangements of the bifurcations to the
arrangement of the targets.

It is also interesting from a basic statistical physics point
of view, as a new nonequilibrium system. Note that this is
a complex physics problem, where the spin state defines the
direction of motion, while the motion along the trajectory
constantly changes the relative angles between the targets, as
perceived by the moving animal, thereby changing the spin in-
teractions (the Hamiltonian) along the trajectory. The present
study of this problem also advances our understanding of this
novel nonequilibrium statistical physics model, whereby the
order parameter (“‘magnetization”) of the spins translates into
the direction of motion through space. Therefore, it expands
our understanding of a novel class of active complex systems,
where self-propelled particles undergo internal “decisions”
regarding their directions of motion. This model also repre-
sents a new class of physical models by coupling spin-systems
to movement dynamics, thus further combining “classical”
statistical physics with active matter research, thereby broad-
ening the range of nonequilibrium physics.

II. THE SPIN MODEL

Here we generalize the spin model that was introduced
in [11] to k targets [see also the supplementary information
(SD of [1]]. The degrees of freedom are modeled as N spins
that are divided into k equal subgroups. The direction of
a target that is associated with a subgroup is denoted by
pi i=1,...,k). Each individual spin in a subgroup has
two states; “on,” representing the neuronal firing (o; = 1), or
“off” (0; = 0). The system can be described by the following
Hamiltonian:

ko~ .
H= —N 2P pioioj, (1
i#]
where v is a constant whose dimension is velocity. In all the
examples below we take v = 1. The connectivity between the
spins is all-to-all, for simplicity, which makes the mean-field
(MF) solutions exact in the large-N limit.

The instantaneous velocity of the organism (or the group
[11]) is given by the sum of all the “on” spins in the direction
of the respective targets,

k
V=20) npi 2)
i=1

where n; = %, and N; is the number of individuals that exert
a force in the group i (towards the target in the direction
pi). When the dot product between two spins is positive
(pi - pj > 0), the interaction is ferromagnetic (as between the
spins in the same subgroup), and when it is negative, the inter-
action is antiferromagnetic. Below, we modify this dot prod-
uct, motivated by recent models of neuronal perception [1].

The spin flip rates are constructed from the Hamiltonian
[Eg. (1)] in terms of Glauber dynamics [14]:

RO 1 0 1
1-0 2k0V-pi\’

3)
0)

where r,” , is the rate at which a spin in group i is switched
off, and réil is the rate at which the spin is switched on.
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FIG. 1. The phase transition for two and three targets. (a) Vector
fields that represent the stable solutions for the velocity at each point
for two targets. The curve of first bifurcation is given in dashed
brown, where the velocity in the original direction of motion be-
comes unstable. It separates between the regime where compromise
stable solutions exist (whose vector fields are given in orange), and
the regime of decision (stable solutions in purple arrows). Examples
of two possible trajectories are given in blue. (b) A phase diagram
describing the phase transition exhibited in a bifurcation in space
while moving from compromise to decision between two targets. The
shaded area [also in (e)] represents the region in parameter space
where both the compromise and the decision solutions exist. The
dashed black line is the coexistence curve (binodal) where the ad-
ditional phase (the decision) appears as an additional stable solution.
The solid black line is the spinodal curve where the compromise
solution becomes unstable and the system has to move into a stable
decision phase (towards one of the two targets). The black dot is
the tricritical point that separates the second-order phase transition
(above) from the first-order one (below). The critical angle at T =
0.2 (between the two targets) corresponds to the MF trajectory in (c).
(c) The trajectory in space with the bifurcation point that corresponds
to a phase transition on the spinodal curve at 7 = 0.2 as shown in the
phase diagram in (b). The bifurcation point is marked by a red dot.

The temperature in our model describes the noise that drives
random spin-flipping dynamics [11]. Within the context of
neuronal dynamics, the temperature 7" represents the stochas-
tic noise of neuronal firing. The equations of motion for the
number of active spins in each subgroup (master equation), in
the limit of N > 1, are

dl”l,' l_ni n;
ar - 2%V 2k0Vpi @)
Uexp (-2578) 1y exp (EETR)
It is convenient to rearrange Eq. (4) to get
dn; 1
vV-pi
Pkl ep (-]

The steady-state solution of Eq. (5) can be written as the
solution of the following system of algebraic equations:
1 .
n; = YETANEE i=1,...,k (6)
k[1+exp (—=5777)]

The system of MF equations includes the k + 2 equa-
tions (2) and (6), whose solutions are the steady-state velocity
and the fraction of active spins in each group: (‘7“, N g5)
(i=1,...,k). We will refer to this system as the MF steady-
state (MFSS) solutions.

III. MEAN-FIELD TRAJECTORIES
AND BIFURCATION POINTS

Here we introduce “MF trajectories” as a new tool to study
the dynamics, while in [1,11] the trajectories were found by
simulations. The nature of these trajectories, and the types of
bifurcations along them, are explored below for systems with
two or three targets.

A. Two targets

At each point in space we can calculate the stable steady-
state solutions (17, n;), which give the MF direction vectors
that are possible at that point. This defines a global flow field
[Fig. 1(a)] along which the animal moves, in the limit of

The targets are at (4.33,2.5) and (4.33, —2.5) (as in [1]). (d) The
effective free-energy landscape at the bifurcation point of (c) as a
function of the velocity V = (V;, V,). At the phase transition point
the velocity in the original direction becomes an unstable saddle
point (green arrow) and the two new stable solutions (white arrows)
correspond to the two new minima (spontaneous symmetry break-
ing). (e) A phase diagram describing the first bifurcation in the case
of three targets. The angle is measured between the external targets
(the left and the right targets). The critical angle at 7 = 0.2 corre-
sponds to the mean-field trajectory in (f). (f) The spatial trajectory
in the MF approximation that corresponds to a phase transition on
the spinodal curve at 7 = 0.2 as shown in the phase diagram in (e).
The targets (black dots) are at (4.33,2.5), (4.33, —2.5), and (5,0) (as
in [1]). The bifurcation points are marked by red dots. The emerging
pattern is explained later in Fig. 2. Only the first four bifurcation
points are shown in every path (“bifurcation depth” of 4). (g) The
effective free-energy landscape at the first bifurcation point in (f) as
a function of the velocity V = (V,, V,) [similar to (d)].
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slow speed, such that the spins have time at each position to
equilibrate to the MFSS solutions, and the trajectory follows
the flow field defined by these stable solutions. For targets
that are at infinity, the angles between them are constant, and
the Hamiltonian [Eq. (1)] is time-independent. However, for
targets at finite distances, the relative angles change along the
trajectory. Furthermore, the animal can move from a region
with a single solution to a region where there are several
stable solutions, and there is a spontaneous symmetry break-
ing. The location along the trajectory where such a transition
occurs is defined as a bifurcation point, as the trajectory
splits into several possible trajectories that emerge from that
point.

We can define a bifurcation point where the MFSS solution
along which the animal was moving becomes unstable, and we
write the criterion for instability of a general MFSS solution.
The dynamical equation for the velocity can be obtained using
Egs. (2) and (5):

Zd—

v
1+exp( i‘7"3")]

||M»

(N

Let VSS be a solution of the model equations, and consider
a small perturbation to the velocity in the perpendicular direc-
tion to the velocity V:

V =V, +en, 8)

where 7 is the normal to V. Substituting into Eq. (7), expand-
ing to first order in €, and taking the normal component, we
get the following equation for the perturbation €:

de

_ 2
i Ae + O(e7), ©)

where

=1 ——Zsechz( ‘;

Then the solution V is stable if A > 0 and unstable if A < 0.
Therefore, the bifurcation occurs where A = 0.

This definition means that we choose to construct the MF
trajectories such that the bifurcation occurs at the spinodal
curve, according to the MF phase diagram, as shown for two
targets in Fig. 1(b). The transition could be chosen to occur
at any point in the hysteresis region of the phase diagram
(gray region), between the binodal (where two new stable
solutions first appear) and spinodal (where the original “com-
promise” direction becomes unstable) lines. We show in the
Appendix that at the point where a MF solution becomes un-
stable, there are at least two alternative stable solutions. Then
we repeat the same procedure along the new stable solutions,
and in this way we form a directed graph whose nodes are the
bifurcation points.

The MF trajectory approaching symmetrically two targets
is given in Fig. 1(b) for T = 0.2 (the geometrical arrangement
of the targets as in the experimental setup; see Fig. 1 in [1]).
The critical bifurcation angle between the targets, where the
bifurcation point occurs, is the one that corresponds to the
intersection of the spinodal curve and the horizontal line 7 =

)(n pi)* (10)

0.2 in the phase diagram [Fig. 1(b)]. At higher temperatures,
above the tricritical point where the binodal and spinodal
curves coincide, the transition is second order and there is no
hysteresis region.

Another way to examine the bifurcation points is using
the effective free energy (whose derivation appears in the
Appendix and in [11]), which is given by

B} L, T o 2k 5
F(V,T)=kV —;Zln Texp| =V 5i) |

i=1
an

The effective free energy at a specific point in space is a
function of the velocity and the angles towards the targets,
and it shows the energetic cost of different spin configurations
that correspond to different velocities (the “free-energy land-
scape”). The stable MFSS solutions correspond to minima of
this free energy. In Fig. 1(d) we see the free-energy function at
the bifurcation point of Fig. 1(c), where the original direction
of movement becomes a saddle point, and the two new minima
correspond to the two new stable solutions and directions of
motion.

In Fig. 1(a) we plot the flow field of the MFSS solutions.
The bifurcation points for two different trajectories are de-
noted, lying along a curve that connects the two targets. We
find this curve by requiring that the compromise between the
two targets n; = np = n is a stable solution [Egs. (2) and (6)],
while requiring that A = 0 at the bifurcation points [Eq. (10)].
We then obtain the following two equations:

2T 20V,
_—2=sech2< v
v

)(sin2 0, + sin’ 6,), (12)

1

"= 2[1 + exp( 4"‘/”)]

13)

where
V, = vn[l 4 cos(6; + 6,)] 4

and we denote by 6, , the angles to the respective targets
as measured relative to the x axis. We have three variables
(61, 62, n) for two equations and therefore a one-parameter
family of solutions that defines the bifurcation curve that
connects the two targets [the dashed brown line in Fig. 1(a)].
Using the effective free energy, we can also prove that the
description of a bifurcation point as a point of instability of
one solution is equivalent to the existence of at least two stable
solutions at this point. The proof appears in the Appendix.

B. Three targets

In the case of three targets, there is more than one bifur-
cation point along the trajectory. Let us consider a symmetric
starting point, as shown in Fig. 1(f). The first bifurcation is
between a compromise of all three targets (for 6 < 6.) and a
compromise of only two targets (while the remaining target is
suppressed). The phase diagram for this first bifurcation point,
along a symmetric trajectory, is given in Fig. 1(e), with the
corresponding MF trajectory in Fig. 1(f). The effective energy
landscape for this first bifurcation is shown in Fig. 1(g), and
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it has the same binary structure as for the bifurcation of two
targets [Fig. 1(d)].

At the second bifurcation we find that the trajectories
become much more complex [Fig. 1(f)], with one solution
pointing towards an edge target, while the second solution
is a compromise of the remaining two targets. Subsequently,
there are more bifurcations of the same type, alternating
between the outermost targets and compromise solutions
(between the left and central targets, or between the right and
central targets). This pattern introduces an infinite number of
bifurcations that become infinitely dense towards the central
target. In the Appendix (Fig. 6), we show numerically that this
sequence converges into an infinite geometric series towards
the central target, where the pattern becomes self-similar. For
this particular arrangement of targets, the MF trajectories are
found to reach the central target after an infinite series of
bifurcations. The presence of noise during the motion of a real
animal, or during dynamic simulations, enables trajectories to
reach the central target [1].

The number and positions of the bifurcation points depend
strongly on the geometrical arrangement of the targets. In
Figs. 2(a)-2(d), we demonstrate this by calculating the tra-
jectories for a geometry where the central target is shifted
to be further behind the two edge targets, compared to the
arrangement of Fig. 1(f). In this configuration, the trajectories
are not self-similar, and there are trajectories that reach the
central target, as shown in Figs. 2(b) and 2(c), by following the
trajectories up to the fourth bifurcations. In the case of three
targets, the curve on which the first bifurcation points lie does
not correspond to a compromise between targets, and unlike
the case of two targets, we do not have an analytic condition
for this curve. It is found numerically, denoted by the green
dashed line in Fig. 2 for the trajectories that start to the left of
the edge targets.

The second bifurcation along the trajectories is also binary,
leading to one of the edge targets or to a compromise of the
remaining targets. However, the third bifurcation is sometimes
split into more than two outgoing trajectories [Figs. 2(b) and
2(c)]. In general, the trajectory arriving at the third bifurcation
was a compromise between two targets. This compromise
becomes unstable at the “bifurcation curves” (BC) denoted
by the dashed brown lines in Fig. 2. Therefore, from each
bifurcation point on these BC, there can be up to four outgoing
trajectories [Figs. 2(b) and 2(c)]: two “decision” trajectories
towards the two targets that were in compromise when arriv-
ing at the BC, and two “compromise” solutions that involve
the third target. Please note, however, as will be shown using
dynamic simulations in the following section, despite a larger
number of possible outgoing trajectories in these cases, we
find that in the presence of stochasticity only two outgoing
trajectories actually occur at each bifurcation point.

The BC, and their organization with respect to the targets,
are key to determining the shape of the trajectories, as all
the bifurcation points of second and higher order reside on
them. Let us start by specifying the analytic conditions that
these BC obey: We require an instability A = 0 [Eq. (10)], in
which there is a compromise of two group of spins [in the case
of three targets, in analogy to Eq. (12) for two targets]. By
requiring a compromise of two of the three targets, we obtain

FIG. 2. Bifurcation curves. (a) A trajectory that starts from
(—15, 0) towards three targets at (—3.4, 12), (—3.4, —12), and (20,0)
(shown only starting from x = —10). The depth is four bifurca-
tion points. Bifurcation points are in red and bifurcation curves are
the dashed brown curves. A curve of first bifurcation is in dashed
green. The first three bifurcation points are numbered by their order.
The inset shows the definition of the angles that are used in the
parametrization of the bifurcation curves for three targets that cor-
respond to compromise of two of the three targets (the dashed brown
curves). (b) The energy diagram at the third bifurcation point of
the diagram in (a). The original direction becomes unstable (dashed
green) and there are four minima that correspond to the four possible
directions (solid white). (c) The same as (a) (four first bifurca-
tion points) but with asymmetric initial conditions [starting from
(—15, 8)]. The trajectory still converges towards the same bifurcation
curves. (d)—(g) The formation of a limiting self-similar structure as a
result of the absence of one of the bifurcation curves at T = 0.2. The
bifurcation points are in red and the bifurcation curves are in dashed
brown. The depth is 12 bifurcation points. The starting point of all
the trajectories is at (—10, 0). Two of the targets are at (—3.4, 12)
and (—3.4, —12). The only difference between the four plots is in the
position of the central target. (d) The central target is at (20,0). Note
how the bifurcation points are dense (in a segment of the bifurcation
curve). (e) The central target is at (15,0). (f) The central target is
at (7,0). (g) The central target is at (1,0). Here the target is before
the bifurcation curve that connects the left and right targets, and
thus a self-similar pattern emerges (in the limit). The inset shows
a magnification of the pattern.
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three pairs that give us the three BC in Figs. 2(b) and 2(c).
Let us consider, for example, the trajectories where we have
compromise between two targets (n; = ny). It is convenient to
parametrize the points according to three angles that are given
in the inset of Fig. 2(a). For a given point, 61, 65, 63 are angles
to the corresponding target directions 1,2,3, and in addition
we define the following angles:

012 = 61 + 0,
O3y =7 — 6, — 03,
O3 =1 — 6 + 65, (15)

that we substitute into the velocity components, which are
given for the case of three targets in Eqs. (A16)—(A18) to give
us

Vp1 = 9[ny + nycos(6y + 6,) —nzcos(@; — 63)], (16)
Vpo = v[ng cos(01 + 6>) +ny —n3cos(6, +03)], (17)

Vp3 = 1_)[113 —n COS(@] — 93) —ny COS(@Q + 93)] (18)

Substituting into the steady state equations (A15) and
(A21), where we take A = 0 and compromise between two
targets at the bifurcation points, we get the following system
of five equations:

ny = ny, (19)
2T 30V, 30V,
- = sech? <h> sin® 6y + sech2<M> sin® 6,
v T T
31V,
+ sech? <%> sin? 03, (20)
! (21
n = 3 s
3[1+exp (- 2]
1
n = - , (22)
3[1 +exp (- 222)]
1
ng = (23)

31+ exp (=*72)]

for six variables: nj, ny, n3, 6, 6>, 65. Then the solution can
be parametrized by one parameter that gives us a curve
that connects pairs of targets [Figs. 2(b) and 2(c), dashed
brown curves]. In Figs. 2(b) and 2(c), we show the first four
bifurcation points, which lie on the BC. In Fig. 2(d) we follow
the trajectory up to high order (12) of bifurcations, and we
find that the trajectory has a space-filling property, with the
bifurcation points accumulating along the central part of
the BC.

Furthermore, the BC are determined by the relative
positions of the targets and not by the starting point of the
trajectory [Figs. 2(b) and 2(c)]. In this sense, the BC act as
attractors of the MF trajectories. We demonstrate this by
plotting the trajectories and the BC for configurations where
the central target is shifted closer to the edge targets, as shown
in Figs. 2(e)-2(g), by following the trajectories up to 12th
bifurcation order. Since the edge targets remain in the same
positions as in Figs. 2(b)-2(d), the BC that connects these
two targets remains the same. By shifting the central target

towards the edge targets, we reach a configuration [Fig. 2(g)]
where this BC is on the other side of the central target,
and thus it cannot be reached by trajectories that bifurcate
along the other two BC. As a result, we obtain only two
reachable BC [dashed brown lines in Fig. 2(g)], and an infinite
interplay between them that converges to a self-similar pattern
[Fig. 1(f), and see Fig. 6 in the Appendix for more details].

The dependence of the bifurcation structure on the temper-
ature is given in the Appendix (Figs. 7-9). In particular, we
find that the BC simplify significantly and become straight
lines between the targets in the limit of 7 — 0.

IV. COMPARISON BETWEEN SIMULATED
AND MF TRAJECTORIES

Since real animals and groups move at a finite speed, and
they are exposed to sources of noise (e.g., sensory noise), we
next explore the relation between the deterministic MF tra-
jectories and noisy simulations of the spatial decision-making
process. In [1] we showed that these sources of noise can
smear out the fractal-like trajectories predicted by the MF
[Fig. 2(g)] in the numerical simulations.

In the numerical simulations (Fig. 3) each target is rep-
resented by a small number of spins (15 per target), and
therefore it has intrinsic finite-size noise. In addition, the
position of the moving animal (or group) is updated with a
time step that allows for about 10 spin updates, using Glauber
dynamics [Eq. (3)]. This procedure of finite time per move-
ment step is different from the MF behavior, which is the
limit of infinitely slow movements. Unlike the MF calculation
where the spins are at their equilibrium at each point along the
trajectory, the spins are not at equilibrium along the simulated
trajectory. Thus, the simulated trajectories exhibit bifurcations
that are not always exactly at the predicted locations in the MF
analysis. However, the general structure of the trajectories and
the outgoing directions from each bifurcation are similar to
those in the MF result.

Examples of simulation trajectories are given in Fig. 3(a),
which are compared to the corresponding MF trajectory
[Fig. 3(b)]. Let us focus on the third bifurcation, denoted
by the blue frame in Figs. 3(a) and 3(b), and magnified in
the insets. In this simulated bifurcation there are only two
outgoing trajectories, while in the MF trajectory we find three
outgoing trajectories and in different directions. We can ex-
plain these differences by looking at the energy landscape for
this bifurcation, shown in Fig. 3(c). The green arrow indicates
the original unstable direction. The green arrows show the
time evolution of the spins, as the system flows towards the
newly available minima. The MF directions correspond to
the three new minima at this bifurcation point, while the
directions in which the system leaves the bifurcation in the
simulations correspond to the minimum (“min-1") and sad-
dle point (“meta”) that are closest to the original direction.
Due to the short time available for the spins to evolve at
each point along the simulated trajectory, the system moves
along the two directions where the spin evolution slows down,
corresponding to the minima or saddle point closest to the
original direction before the bifurcation point. Trajectories
pointing towards the compromise of the edge targets [“min-2”
in Fig. 3(c)] are therefore not observed in the simulations.
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FIG. 3. The simulation. (a) Some trajectories from the simulation; each trajectory is in a different color. Starting point is (0,0). The targets
are at (4,12), (4, —12), and (20,0) (in black). We want to examine here the trajectories at the third bifurcation point (marked by the blue square).
The red circles denote sharp turning points of trajectories in which saddle points (of the effective free energy) evolve into local minima. (b) The
MF trajectory until the third bifurcation point, given here for comparison. The three outgoing lines correspond to the three minima at this point.
(c) The energy diagram at the third bifurcation point. The original direction before the bifurcation (yellow arrow) becomes a saddle point, and
thus unstable. The diffusion to the new possible solutions is denoted by the green arrows. There is one metastable solution and three minima
that correspond to the three outgoing directions in (b) (the MF). The highest probability is to end up in one of the two solutions that are closest
to the original unstable one. It explains why the bifurcations in the simulation are always binary without trajectories directed backwards.

When the system continues along the saddle-point direction
[“meta” in Fig. 3(c)], it sometimes becomes a true minimum
after a short time, allowing the system to continue towards
the central target. This way, in this example, the system can
reach the central target from the third bifurcation point, even
though we do not see it in the MF trajectory. In other cases,
we see that the spins evolve away from the saddle to the local
minimum [“min-3" in Fig. 3(c)], with a corresponding sharp
turn in the trajectories [denoted by red circles in Fig. 3(a)].

This example explains the principle as to why we never see
bifurcations that are nonbinary in the simulations and in the
experimental data [1], despite the existence of such complex
bifurcations in the MF trajectories.

V. THE NON-EUCLIDEAN ENCODING OF SPACE

Another aspect of the trajectories that we found when
comparing our model to the experiments [1] is that the in-
teractions between the spins are modified from the simple
cosine function of the relative angles [dot product in Eq. (1)].
We now explore how this modified interaction affects the MF
trajectories, which can shed light on the features that this
modification provides.

The angle between targets at p; and p;, 6;;, denotes the
angle between targets at p; and p;, so that

cosb;; = pi - Pj- (24)

The modified interaction between the spins that represent
targets i, j is simply the cosine of the distorted angle 6;;,

parametrized by v,
0 \"
~ ;i
9,']' — 91']' =T (;) .

For v < 1 in Eq. (25) we get a distortion of the Euclidean
angle between the directions of the targets corresponding to
the interaction becoming negative at a smaller relative angle,
and as a result a non-Euclidean encoding of space (effectively

(25)

an elliptic geometry). It was shown in [1] that comparing
to the experimental data, this parameter appears to exhibit
variability within species. From a comparison to a series of ex-
periments in fruit flies, locusts, and zebrafish, a common value
of v ~ 0.5 was obtained for the majority of the individual an-
imals, while there are individuals that behave in a way consis-
tent with having a smaller value of this parameter, and there-
fore their trajectories are more direct with respect to their se-
lected target and tend not to exhibit bifurcations (this increases
the speed of decision-making, but at the cost of decreased
discriminatory capability when targets differ in quality).

Here we plot the phase diagrams for v ~ 0.5 and a sym-
metric trajectory towards two and three targets [Figs. 4(a) and
4(c)], which shows that the transition lines are shifted to lower
angles compared to Figs. 1(b) and I(e). The corresponding
MF trajectories for the two and three target systems are shown
in Figs. 4(b) and 4(d), compared to the trajectories for simple
cosine interactions [v = 1, Figs. 1(c) and 1(f)]. The stability
test in Eq. (10), which we used before to identify the bifur-
cations along the MF trajectories, cannot be generalized to
v < 1 directly. For this purpose we had to rewrite it into an
equivalent form, which is given in the Appendix [Eq. (A4)].
Using this equivalent form, we can also obtain equations for
the BC, for the modified interactions for v < 1, by replacing
Eq. (20) with Eq. (A4).

Next we want to examine how the trajectories change when
the angular distortion is introduced, namely as v is decreased
below 1. For the case of three targets, we find that for decreas-
ing v there is a reduction in the complexity of the trajectories,
as shown, for example, in Figs. 5(a)-5(d). Due to the reduction
in v the bifurcations happen earlier along the trajectory at a
smaller relative angle (as in Fig. 4), and in this way many
complexities of the bifurcation pattern shrink and sometimes
vanish. The number of bifurcations is reduced from infinity
for v = 1 up to three bifurcations for v < 0.55.

In the case of four targets, we find that the effects of the
angular distortion can be even more dramatic. For the regular
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FIG. 4. The phase transition at v = 0.5, which is the value of
the angular distortion according to the experimental results in [1].
(a) A phase diagram describing the phase transition exhibited in
a bifurcation in space while moving from compromise to decision
between two targets at v = 0.5. (b) The MF trajectory (in blue)
for two targets with the bifurcation point that corresponds to a
phase transition on the spinodal curve at 7 = (0.2 as shown in the
phase diagram in (a). The bifurcation point is marked by a red dot.
The targets are at (4.33,2.5) and (4.33, —2.5) (as in [1]). Note that
the bifurcation here happens at a smaller critical angle compared to
v =1 (given here in light gray for comparison; see Fig. 1). (c) A
phase diagram describing the first bifurcation in the case of three
targets at v = 0.5. (d) The MF trajectory (in blue) for three targets
with the bifurcation point that corresponds to a phase transition on
the spinodal curve at 7 = 0.2 as shown in the phase diagram in (c).
The targets (black dots) are at (4.33,2.5), (4.33, —2.5), and (5,0), as
in Fig. 1(f). Since the bifurcations (the red dots) appear in smaller
critical angles, the self-similar pattern, which is explained in Fig. 2,
is shown more explicitly compared to v = 1 in Fig. 1(f) (which is
given here for comparison in light gray). Note that in principle it
should continue until the central target at (5,0), and only the first 12
bifurcations are shown here (the “bifurcation depth” is 12).

cosine (v = 1) interactions, we find loops in the trajectories
[Fig. 5(e)], which form due to an endless series of bifurca-
tions, and they do not allow any trajectory to reach the middle
targets (the two targets that are on the right side). We show
in detail how loops are formed in this case in the Appendix.
Applying angular distortion [Figs. 5(f)-5(h)] we find that the
whole bifurcation tree becomes more spatially spread, and
trajectories that lead to the middle targets appear. Since in
[1,10] we found evidence that animals seem to have v ~ 0.5,
it may well be that such loops are very rare in nature. Our
result suggests that animals evolved to avoid such detrimental
behavior by having a narrow attention field (small v). In ad-
dition, sufficient noise will also tend to resolve such endless
loops, thereby also limiting the possibility of observing this
behavior.

Overall, the MF trajectories in Figs. 4 and 5 demonstrate
that by employing interactions based on the distorted relative

angle, with v significantly lower than 1, the animals (and
groups) achieve trajectories that have bifurcations that are
spread over a much larger spatial domain. This spreading of
the bifurcation network simplifies the trajectories and resolves
pathological paths such as loops that never reach certain tar-
gets. This leads in reality to a more uniform probability of
reaching the different targets, thereby making foraging more
efficient and less prone to biases based on the geometry of the
targets’ relative locations.

VI. DISCUSSION

We presented here a detailed theoretical exploration of the
mean-field (MF) trajectories that arise from our spin-based
decision-making model, which describes how single animals
(and perhaps also animal groups [1]) navigate towards an
array of identical targets. This model was recently shown
to predict treelike trajectories with bifurcations, which were
found in experiments and simulations of single animal and
group movement [1]. Here we showed that the bifurcations
along these trajectories lie along “bifurcation curves” (BC),
and the organization of these BC determines the global nature
of the trajectories. These BC are dependent on the spatial
organization of the targets, and thus they do not depend on
specific initial conditions of the trajectory. The BC serve as
attractors of the bifurcation points, such that any trajectory
tends to converge to the same pattern of transitional movement
between the BC. We show that the mutual arrangement of
BC determines the qualitative nature of the trajectories. For
example, for three targets, if all the three BC intersect each
other, we get a space-filling trajectory, and if they do not
intersect each other we get a self-similar trajectory.

The MF analysis of the trajectories also allows us to map
the energy landscape in the spin/velocity space at the bi-
furcation points, thereby exposing when the outgoing paths
will reach directly one of the targets, or continue along other
compromise directions between targets. We can explain why
we see in simulations only two branches (two outgoing trajec-
tories) at every bifurcation point—at the bifurcation point the
direction of motion shifts towards the new stable directions of
motion, ending up at the first minima or saddle point (“exit
point”) that are closest to the original direction of movement
(as explained in Fig. 3).

In [1] it was shown that the sensitivity of the animal to
external cues is maximal when it is moving through a bifurca-
tion, thereby enhancing its ability to pick up small biases and
more accurately navigate towards the most beneficial target.
This property that our model predicts makes the organization
of the bifurcations along the trajectories crucially important—
beyond determining the overall shape of the trajectories, these
also define points in space-time near which we expect the
brain can amplify discrimination among options based on
even very small differences in their perceived quality.

When comparing the theoretical trajectories to the ex-
periments [1], it was found that the spins have modified
interactions that can be mapped to a distortion of the relative
angles between targets. Using our MF analysis of the trajec-
tories, we show how increasing the angular distortion leads
to bifurcations at smaller relative angles between the targets.
By spatially spreading the bifurcations more uniformly, the
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FIG. 5. An example for the reduction of structure complexity of trajectories when the angular distortion is increased (smaller v). The
targets are at (4,12), left; (4, —12), right; and (20,0), central. A depth of five bifurcation points is given here. T = 0.2. (a) v = 1, (b) v = 0.85,
(c) v = 0.7, and (d) v = 0.5. Bifurcation curves are in dashed brown. In the insets we see the same trajectories with a depth of 12 bifurcation
points that show how the space filling area shrinks as v is reduced. In the case of v = 0.5, the total number of bifurcations is three (and
therefore no inset). In the case of four targets, loops might be formed and smaller values of v (stronger angular distortion) help to escape the
loops. The targets (in black) are at (0,5), (3,3), (3, —3), and (0, —5). The temperature is always 7 = 0.2, and the trajectory starts from (-2, 0).
The bifurcation points are in red. (¢) v = 1—no angular distortion. Depth of 12 bifurcation points. The loops do not overlap each other but
remain tight. (f) v = 1—no angular distortion. Depth of nine bifurcation points. Here only the first few loops are shown. Note how the loops
are formed out of a series of bifurcations. (g) v = 0.9. Depth of nine bifurcation points. Due to the angular distortion, the bifurcations appear
earlier along the trajectories. (h) v = 0.75. Depth of eight bifurcation points. In addition to earlier bifurcations, the angular distortion is so
strong that direct trajectories are formed towards the targets on the right—a way out of the loop. The aspect ratio in subfigures (e)—(h) is not
equal to 1 in order to show the loop structure clearly.
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distortion simplifies greatly the resulting trajectories. In many
spatial configurations of three targets, distortion reduces the
number of bifurcations from an infinite number to three, and
in the case of four targets it prevents endless indecision that
appears in the formation of loops. We therefore conclude that
the value of the angular distortion that was found to apply
across taxa [1,10] can be motivated by allowing animals to
move along less complex trajectories, resolving convoluted
paths that appear when there are more numerous targets. Our
results suggest that nature seems to have chosen this form of
interactions, as they allow animals to perform more efficient
foraging, uniformly exploring arrays of identical targets.

These results highlight the richness of this spin model,
where movement through space is determined by spin-spin
interactions, which are in turn dependent on the position (of
the animal or group) with respect to the targets. It forms the
first step towards further theoretical analysis of this model
under more realistic conditions, such as in the presence of
bias between the targets. The model is also of interest from
a broader theoretical physics perspective due to its coupling
of equilibrium spin dynamics and propulsion of active-matter
particles, as well as its connection to general research on
decision-making in moving agents.
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APPENDIX

1. The association of an instability (bifurcation) with the
existence of at least two stable solutions

Proposition 1. There is an unstable solution to the model
equations at a point 7, if and only if there are at least two
stable solutions at this point.

This proposition gives us an alternative definition for the
bifurcation point as a point where there exist at least two stable
solutions. It is easy to see why it is true if we look at the
expression for the effective free energy of the spins [Eq. (11)]
as a function of %|V| (one-dimensional projection). For large
values of |V | the free energy diverges,

lim F(V,T) = oo. (Al)

+|V|—>o00

An unstable point at 7, corresponds to a local maximum of
F(V,T)atV (7). Together with Eq. (A1) (and Rolle’s lemma)
we conclude that there should exist at least two minima for the
function F(V, T) that correspond to stable solutions of the
model equations. If we start from two stable solutions [min-
ima of F(V, T)], according to Rolle’s lemma there should be
at least one unstable point between them. |

2. The self-similar pattern

Here we consider an example of a self-similar pattern of
bifurcations towards the central target in the case of three tar-
gets. We show in Fig. 6 that the ratio of consecutive distances
of bifurcation points from the symmetry axis converges to
zero as we approach the central target.

3. Alternative way to check stability

We can write the system of equations (7) through its pro-

jections on the directions of the targets p; (i =1, ..., k):
k -
av, vp; - pi
i _ il vy, (A2
dt oV, !
j=1 k[1+exp (——)]
where V,, =V - p;
bif
Yist
bif
I
0.6
05f e ® o
e ©
0.4} [
0.3}
02/®
01}

FIG. 6. A numerical demonstration of the convergence of the self-similar pattern towards the central target. (a) A magnification of the inset
from Fig. 2(g). We look at the ratios of consecutive distances of the bifurcation points from the symmetry axis y*if, /¥, and we show in (b) that
the ratio converges to an infinite geometric series with a common ratio of 0.5.

i+1/7i
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Let V9 be a solution of equations (A2) and consider a

small perfurbation
VPi = Vp(,-O) + €;. (A3)

Then the equations for the linear perturbations (first order in
€;) are

déi K
— =2 T, (A4)
j=1
where
02, - P; koV,
7, = 2P P LI N (AS)
J 2 T J

Then the solution V* is stable if and only if T;; is
negative-definite. The advantage of this formulation is that
it can be extended to the distorted angle 6;; with v < 1
[Egs. (24) and (25)].

4. Derivation of the effective free energy of the spins

From the two-dimensional Hamiltonian [Eq. (1)] we can
obtain the effective free energy in the MF approximation,
following the procedure that was used for the one-dimensional
Curie-Weiss model (see, for example, [15], Chap. 13), and
was applied to the current Hamiltonian in [11] for the case of
two targets. Here we extend the derivation to k targets. The
starting point is the partition function for the Hamiltonian

from Eq. (1), which is
N 2
(z a) ,
i=1

where here p; € {p1, ..., pr} and we have in the sum an
equal number of spins for every target N/k (assuming
N > 1), while v is a constant whose dimension is velocity.
Since the system is two-dimensional, let us introduce two

k v?
Z = tris;}€Xp ]\7_

T (A6)

(b)

0.8

0.6

0.4

0.2

auxiliary fields

V=V W), (A7)
and using the Gaussian identity
eazz‘tbz — £ /00 dedVy e—C(VY2+‘/‘.2)+aVX+bV_v, (A8)
T J-co
where we take
N
2kv -
a = T (Z g; p,'> ,
i=1 X
_ /N
2kv R
b= T (Z O; Pi) s
i=1 y
Nk (A9)
c=—,
T
we can write the partition function in a form that is linear in o;:
Nk o0
Z=— tris;) / dv, dVy
xT —oo
Nk 2D, —
——V+ =V D> ap| (AlO
oot L) o

Then summing over the possible values of the spins, we obtain

ok Tim In(l+exp(32 VP (A1)
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FIG. 7. (a) The bifurcation pattern at T — 0. Here T = 10~*. The targets are at (4,12), (4, —12), and (20,0). Bifurcation depth is 8. The
green point is the first bifurcation point and the only one with two outgoing trajectories (binary). The brown points are bifurcation points with
three outgoing trajectories, and the red points are with five. The bifurcation points accumulate along bifurcation curves that in the limit 7 — 0
are straight lines that connect the targets. (b) The full phase diagram for three targets includes another phase transition at large angles that
could correspond to a backwards movement in an opposite direction to the original one. It shows that the critical angle between the left and
right targets is IT for T = 0, which corresponds to the bifurcation curve that connects those targets in (a), which is a straight line.
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FIG. 8. The second bifurcation at low values of the temperature 7. The targets and the colors of the bifurcation points are as in Fig. 7(a).
The dashed brown line is the bifurcation curve that connects the left and right targets. In all the cases we see the first bifurcation (with two
outgoing trajectories) and the second one (with three outgoing). (a) T =3 x 1073, (b) T =3 x 1072. (c) T = 0.12. As the temperature is
increased, the bifurcation curve moves to the right according to the phase diagram in Fig. 7(b). As a result, the outgoing trajectory backwards
(from the second bifurcation point) becomes shorter, and at high enough temperature the second bifurcation remains with only two outgoing

trajectories. This is the case in all the previous examples with 7 = 0.2.

when we sum over N/k spins for each target and where the
last summation is not over individual spins but over the unit
vectors towards the targets p; i = 1, ..., k).

Then we can read the free energy per spin F V.,T) by
comparison to the general form

o N .
Z ~ / dV, dV, exp (——F(V, T)) (A12)
o T
and obtain
k _
~ _ T 2kv -
_ 2 ~
FWV, Ty=kV~ — % ;:1 In <1 + exp (TV -pl)).
(A13)

5. Trajectory equations for three targets

For a system at a point (xg,yp) and three targets at

(x:,v), i =1,...,3, we define the following vectors:
5= Xi = Xo Yi = Yo
[ ’ ’
Vi = x0)* + i = y0)* v/ (xi —x0)* + (i — ¥0)?
(A14)
and the proportion of “on” spins in each group,
1
n; = (A15)

3[1+exp (—27)]

where V,, =V - p;.
Then we obtain the following set of equations for V,; [by
taking projections of Eq. (2) and the definitions in Eq. (25)]:

Vp1 = v(ny + ny cos 12 + n3 cos O3), (A16)
Vo = 0(ny cos B + ny + nz cos ba3), (A17)
Vp3 = v(ny cos 613 + ny cos by + nz). (A18)

Let /% be the (tangent) velocity unit vector, where 72 is the
perpendicular direction. Then since

@R pi)y* =1— (- p;)* (A19)

we get the relation

2

Ve
@ piy=1- 2.

72 (A20)

Solving Egs. (A16)—(A18) for V,; and substituting into
Eq. (10), we get the following criterion for stability:

-2 3 - 2
_ v 2 3UVpi Vp,'
A=1-— ﬁ izgl sech (T) (1 — % > 0. (A21)

FIG. 9. The pattern of the trajectories for higher values of the
temperature 7. The targets are at (4,12), (4, —12), and (20,0). Bifur-
cation depth is 12. As the temperature is increased, the bifurcations
backwards move more to the right according to the phase diagram
in Fig. 7(b), and the area of the “space filling trajectory” shrinks.
@T=02.0)T=03.c)T=04.(dT =0.5.
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FIG. 10. The formation of a loop with four targets that are denoted by (a, b, ¢, d) according to Fig. 5(e). (a) Here we have two outgoing
trajectories from a bifurcation point (the red dot). Decision towards a or a compromise between ¢ and d (downwards). (b) Here we see the
following three bifurcation points that show a closure of a loop (up to a small shift).

When this condition is violated along the trajectory, we
identify a bifurcation point.

6. MF trajectories at high and low temperatures

We find that the simplest form of the BC appears in the
limit 7 — O [Fig. 7(a)]. In this limit, the bifurcation curves
are (almost) straight lines that connect two of the three targets.
The reason for the BC approaching straight lines becomes
clear when looking at the phase diagram for movement along
the axis of symmetry for three targets [Fig. 7(b)]. When the
system moves along the axis of symmetry, the bifurcation
occurs at the critical angle 6. — 7, which corresponds to
points along the straight lines that connect the corresponding
targets. When the temperature is increased, the BC acquires
curvature and eventually the backwards outgoing trajectories
disappear (Fig. 8). At higher temperature, the “space filling”
pattern shrinks even more (Fig. 9).

7. Loops in trajectories for four targets

To understand how loops form in trajectories with four
targets, let us follow the bifurcation pattern starting from a

particular bifurcation point in Fig. 5(e). In Fig. 10(a) the
bifurcation point is denoted by a red dot and the targets
by a, b, c,d. The formation of loops in the case of four
targets is similar to the formation of the self-similar struc-
ture for three targets [Fig. 2(g)]. The loop is created as
a sequence of bifurcation points that alternate between a
compromise of the two upper targets (a and b) and a com-
promise of the two lower targets (¢ and d). The bifurcation
point in the example of Fig. 10(a) corresponds to a compro-
mise of a and b. There are two outgoing trajectories from
this point. One of them corresponds to a decision solution
leading towards target a and terminates there, and one that
ends with a new bifurcation point that goes downward and
corresponds to a compromise between ¢ and d (the short
segment). We can see the new bifurcation point in Fig. 10(b).
Then, from this point there are two outgoing trajectories,
one that corresponds again to a compromise of a and b
(the short segment upwards) and a second one that corre-
sponds to a compromise of ¢ and d. In this way, a loop
is formed (up to a small shift) where in the next step (not
shown) we would have a decision towards d or a compromise
of a and b.
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