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Solar thermochemical hydrogen is one of the few potential routes towards direct fuel production from
renewable energy sources, but the thermodynamic boundary conditions for efficient and economic energy
conversion are challenging. Success or failure of a given oxide working material depends on the sub-
tle balance between enthalpy and entropy contributions in the redox processes. Developing a mechanistic
understanding of the behavior of materials on the basis of atomistic models and first-principles calculations
is an important part of advancing the technology. One challenge is to quantitatively predict thermochemi-
cal equilibria at high concentrations when the redox-active defects start to interact with each other, thereby
impeding the formation of additional defects. This problem is of more general importance to applications
that rely on high levels of off-stoichiometry or doping, including, for example, batteries, thermoelectrics,
and ceramic fuel cells. To account for such repulsive defect interactions, we introduce a statistical mechan-
ics approach, defining an expression for the free energy of defect interaction based on limited sampling
of defect configurations in density functional theory supercell calculations. The parameterization of this
energy contribution as a function of defect concentration and temperature allows on-the-fly simulation of
thermochemical equilibria. The approach consistently incorporates finite temperature effects by including
the leading contributions to the temperature-dependent free energy for the case at hand, i.e., the ideal gas
and configurational enthalpies and entropies. We demonstrate the capability and utility of the approach by
simulating the water splitting redox processes for Sr1−xCexMnO3−δ alloys.

DOI: 10.1103/PRXEnergy.3.013008

I. INTRODUCTION

Current renewable energy additions are dominated by
electricity-producing sources such as photovoltaics and
wind, but only 20% of the global final energy consump-
tion occurs via electricity, with the lion’s share being
consumed in the form of fuels [1]. Thus, completing the
energy transition with current technologies would require
either total electrification or the availability of large excess
capacities in renewable electricity that could be converted
into fuels, e.g., by electrolysis [2]. Solar thermochemical
hydrogen (STCH) is one of the few known potential routes
towards direct renewable fuel production on an industrial
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scale [3], and it could provide an important alternative
to electricity-based generation of fuels [4,5]. The two-
step STCH redox cycle uses oxides that release oxygen
under high-temperature reducing conditions (e.g., 1400 ◦C
at O2 partial pressure (pO2) of 10−4 bar) and reoxidize
in the presence of H2O steam at lower but still elevated
temperature (e.g., 850 ◦C at pH2O = 1 bar) to split water
and produce H2 [6]. In many STCH systems, the reduc-
tion involves the formation of O vacancy (VO) defects,
and the viability of the process depends sensitively on
the free energy of defect formation. The undesirable need
for very high reduction temperatures in the prototypical
STCH oxide CeO2 has spurred efforts to design and dis-
cover new oxide materials. These efforts have borne some
successes, leading to the discoveries of, for example, Sr-
and Mn-doped LaAlO3 [7], Ba4CeMn3O12 [8], polycation
oxides [9], CaTi0.5Mn0.5O3 [10], and (Ca, Ce)(Ti, Mn)O3
[11,12]. However, STCH is still held back by material lim-
itations, especially regarding the severe decline in H2 yield
with increasing H2:H2O ratio during the oxidation step.
Inspired by Ba4CeMn3O12, where Ce partially replaces
Mn in BaMnO3 to form a line compound, recent interest
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was directed at Ce-doped Sr2MnO4 and Ce-doped SrMnO3
(SCM), which form tunable solid solutions, instead
[13,14].

At this early stage of STCH technology, theory plays an
important role, as it can help in two ways: (1) discovery of
materials, i.e., searching for oxides with favorable STCH
properties [15–18]; and (2) quantitative performance pre-
dictions, i.e., modeling reduction and oxidation behavior
to predict the hydrogen production capability of promising
candidates [19,20]. The thermodynamic window of oppor-
tunity for STCH is rather narrow, and subtle variations in
the behavior of materials can be decisive. In addition to
general material stability considerations, the STCH viabil-
ity depends on the oxygen defect redox mechanism and the
associated reduction enthalpies and entropies [21,22]. In
turn, these thermodynamic parameters depend on forma-
tion energies and charge states of oxygen vacancy defects,
as well as their interactions with each other and with other
defects.

Thermochemical redox processes can be predicted from
defect equilibria on the basis of first-principles supercell
calculations of defect formation energies. In many cases,
interactions of defects are mediated via exchange of elec-
trons between each other and with the band continuum,
which can be accounted for by a Fermi level dependence
of the formation energies in conjunction with a charge neu-
trality condition [23–25]. Attractive forces between defects
or dopants, e.g., between oppositely charged donor and
acceptor defects, causes the formation of pairs and com-
plexes that can be incorporated in defect equilibria with use
of the corresponding binding energies and the law of mass
action [26,27]. These concepts have been used to describe
compositionally complex systems beyond the dilute limit,
where cosubstitution increases the solubility limit of the
individual dopants, often by orders of magnitude [20,27–
29]. In addition, defect formation in disordered systems
such as alloys introduces a distribution of formation ener-
gies, which can be either directly evaluated or expressed
by an “effective formation energy” [25,30,31].

To support a sufficient hydrogen production capacity,
STCH oxides must form high concentrations of a sin-
gle type of defect—O vacancies—during thermochemical
reduction. In contrast to the situation of attractive forces
between different types of defect described above, we
expect in this case that the formation of additional vacan-
cies is increasingly impeded as their concentration rises.
Therefore, quantitative modeling beyond the dilute limit
must account for repulsive defect interactions. In principle,
this task can be performed via lattice Monte Carlo meth-
ods, but the statistical sampling requirements limit or pre-
clude the direct use of first-principles energies, e.g., from
density functional theory (DFT). Instead, this approach
generally requires the fitting of a model Hamiltonian,
such as a cluster-expansion Hamiltonian [32], which, apart
from the additional effort, also introduces an additional

uncertainty in the total energy expression. Alternatively,
here we incorporate the repulsive interaction energies in
thermodynamic modeling of defect equilibria. A first step
in this direction was taken in Refs. [31,33], where calcula-
tions with different supercell sizes were used to determine
a concentration-dependent formation energy for a uniform
oxygen vacancy distribution.

To account for the configurational degrees of freedom
as well as the enthalpy and entropy contributions arising
from nonuniform defect distributions, here we define a
free energy of defect interaction �Gint

D . The corresponding
partition sum is obtained from sampling of DFT super-
cell calculations. To approximate the full configuration
space, we consider all nonequivalent O vacancy distribu-
tions that can be represented by pairs and triplets under
periodic boundary conditions within a range of different
cell sizes. This approach provides a unified picture for dis-
tributions of formation energies resulting from defect inter-
actions and from disorder. Using a temperature-dependent
parameterization of �Gint

D as a function of δ and x in
Sr1−xCexMnO3−δ , we obtain defect equilibria for the ther-
mochemical reduction of SCM in good agreement with
experimental data. We then use the defect model to predict
the water splitting redox cycle for SCM.

II. RESULTS AND DISCUSSION

A. Role of total energy functionals

The quantitative prediction of total energies in transition
metal oxides remains challenging. Standard DFT usually
requires augmentation with nonlocal potentials, as in the
DFT with the Hubbard U parameter (DFT+U) [34] and
hybrid functional [35] approaches, to obtain even qualita-
tively meaningful solutions [36,37]. Even then, however,
a quantitative total energy prediction is still not guaran-
teed, as strikingly illustrated in the polymorphic energy
ordering of MnO and CoO when compared with accu-
rate many-body theory methods such as the random-phase
approximation and the diffusion quantum Monte Carlo
method [38,39]. In Sec. III, we present a careful anal-
ysis of different total energy functionals. Under specific
consideration of the relative stability of the Mn4+/Mn3+

and Ce4+/Ce3+ oxidation states in binary bulk oxides,
and through a comparative study of VO defect formation
energies in SrMnO3, we find that the strongly constrained
and appropriately normalized (SCAN) [40] + U [41] func-
tional approach with UMn d = 2 eV and UCe f = 1 eV is
best suited for obtaining accurate absolute O defect for-
mation energies. The results presented in Sec. II were
obtained with this functional. Notably, recent defect cal-
culations in FeAl2O4 found very good agreement between
DFT+U, hybrid functional, and random-phase approxima-
tion calculations [20]. However, such agreement should
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TABLE I. Calculated atomic structures and vacancy formation
energies in SrMnO3 for the different O sites in the orthorhombic
ground state of the hexagonal phase and in the metastable cubic
perovskite phase. The table gives the relative multiplicities of the
nonequivalent O sites with the respective bond distances, bond
angles, and vacancy formation energies in the dilute limit.

Site m dMn—O (Å) αMn—O—Mn (deg) �H ref
D (eV)

Hexagonal
O1 1 1.88, 1.88 174.3 3.27
O2 2 1.87, 1.89 171.1 3.27
O3 1 1.91, 1.91 82.0 2.33
O4 2 1.89, 1.92 82.1 2.35
Perovskite
O1 1 1.90, 1.90 180.0 1.87

not be universally expected, as highlighted by the signif-
icant variations between different functionals in SrMnO3
(see Sec. III C).

B. Atomic and magnetic structure of SrMnO3

SrMnO3−δ has an orthorhombic ground state structure
(space group C2221, no. 20), which undergoes a second-
order phase transition into a hexagonal phase above room
temperature (space group P63/mmc, no. 194) [42]. The
hexagonal structure contains MnO6 octahedra with both
face-sharing and corner-sharing connectivity, and the two
nonequivalent O sites have Mn—O—Mn bond angles of
90◦ and 180◦. However, it is likely not a polymorph
but only a pseudosymmetric phase [42] resulting from
dynamic disorder [43]. This conjecture is confirmed by
our calculations, where the structural relaxations in the
orthorhombic symmetry, illustrated in Fig. 1(a), lower the
energy relative to the hexagonal phase and induce sub-
tle distortions of the octahedra. The symmetry breaking
results in four nonequivalent O sites, for which the calcu-
lated Mn—O bond lengths and Mn—O—Mn bond angles
are given in Table I. The site labels follow the crys-
tallographic information file from the Inorganic Crystal
Structure Database (no. 157936). The bond angles clearly
show the relation to the two O sites in the higher-symmetry
average hexagonal structure. The lowest-energy magnetic
structure of SrMnO3 in a 20-atom orthorhombic cell (with
four Mn atoms) has an antiferromagnetic configuration as
shown in Fig. 1(a). This antiferromagnetic configuration is
consistent with the magnetic structure deduced from the
low-temperature experiments [42] as well as other DFT
calculations[44]. Our calculated local magnetic moment of
2.7μB is close to the nominal magnetic moment of 3μB
for high-spin Mn4+. Irrespective of the symmetry break-
ing due to distortions and magnetic ordering, giving rise to
the orthorhombic ground state symmetry, we refer to this
structure as hexagonal SrMnO3.

Hexagonal Perovskite(a) (b)

FIG. 1. (a) Hexagonal phase of SrMnO3 in its ground state
orthorhombic crystal structure (space group C2221, no. 20) with
antiferromagnetic order of Mn spins. The preferred O sites for
vacancy formation are indicated. (b) Perovskite phase in its
metastable cubic structure (Pm3m, no. 221). Ce substitutes for
Sr to form SCM alloys.

At high temperatures and in the presence of significant
O deficiencies (T > 1400 ◦C, δ > 0.25), SrMnO3 under-
goes a phase transition into the cubic perovskite structure
[space group Pm3m, no. 221; Fig. 1(b)], which can also
exist as a metastable phase above about 800 ◦C [45,46].
Since the hexagonal to cubic phase transition occurs within
the range of thermodynamic conditions of interest for
STCH, we consider both phases. Using crystal structure
sampling via kinetically limited minimization [47], we
confirmed that the cubic phase is indeed the most stable
perovskite structure, not just a pseudosymmetric average
structure (see also Sec. III B). This test is important for the
subsequent supercell calculations reported below, because
energy-lowering lattice distortions could appear as spuri-
ous contributions to the defect formation energy. Further,
we obtain a G-type antiferromagnetic ordering [44,48],
which is also indicated in Fig. 1(b). For the SCAN+U
functional, the perovskite structure lies 156 meV per for-
mula unit (f.u.) above the hexagonal phase. The SCAN+U
relaxed structures of the hexagonal and perovskite phases
are available in Supplemental Material [49] as crystallo-
graphic information files generated with the FINDSYM code
[50].

C. Reduction of SrMnO3

To describe the reduction of SrMnO3, we start by calcu-
lating the VO defect formation energies in the hexagonal
phase using the SCAN+U functional. We broadly fol-
low the approach and terminology in Ref. [51]; additional
details are given in Sec. III. Other intrinsic vacancy (VSr1,
VSr2, VMn) and interstitial (Sri, Mni, Oi) defects were also
considered but their formation energies were found to be
significantly higher under typical STCH reduction and oxi-
dation conditions. The VO defect formation energies �H ref

D
for the reference condition (O chemical potential �μO =
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0) are given in Table I. The charge-neutral vacancies intro-
duce two excess electrons into the system. Because of the
relatively high Mn oxidation state, these electrons readily
reduce the two Mn neighbor atoms from the 4+ oxidation
state to the 3+ oxidation state, which is accompanied by
an increase of the local magnetic moment from 2.7μB to
3.5μB. The formation of charged vacancies with itinerant
electrons is much less favorable, as evident from the charge
transition levels being separated from the conduction band
minimum by more than 1.5 eV in SCAN+U calcula-
tions. We conclude that for the present system, electronic
entropy contributions are not of significant importance.
However, we note that in systems that are more suscep-
tible to charge exchange between defects and the bulk,
electronic free energy contributions and the temperature
dependence of the Fermi level can play an essential role
for thermochemical equilibria [22].

As seen in Table I, the O sites with a Mn—O—Mn angle
close to 90◦ have a vacancy formation energy almost 1 eV
lower than the sites with an angle close to 180◦ and are
therefore expected to dominate the reduction behavior by
a factor of about 1000 or higher for the temperature range
of interest. Thus, for simplicity, we consider the vacan-
cies at the O3 and O4 sites as one defect and omit the
O1 and O2 defects. The perovskite phase has only one O
site, with a vacancy formation energy almost 0.5 eV lower
in energy than in the hexagonal phase (Table I). Because
of the significant concentration dependence of �HD, we
give in Table I the values obtained by extrapolating results
obtained with different supercell sizes to the dilute limit
(see Sec. III C).

In our thermodynamic modeling approach for defect
equilibria [22,27], the concentration cD of a charge-neutral
defect with formation energy �HD follows

cD

NS
= exp(−�HD/kBT)

1+ exp(−�HD/kBT)
, (1)

where NS is the density of the lattice sites hosting the defect
and kB is the Boltzmann constant. Importantly, Eq. (1) min-
imizes the total free energy of defect formation, including
the enthalpy contributions �HD from the noninteracting
defects and the configurational entropy contribution of a
random defect distribution on the respective sublattice.
The denominator of Eq. (1) is often omitted in the dilute
limit but becomes significant in the case of nondilute con-
centrations. Considering the multiplicities of the O sites in
Table I, we obtain the off-stoichiometry δ from the frac-
tional vacancy site concentration xV = cD/NS (0 ≤ xV ≤
1) using factors fd = 1.5 and fd = 3.0 for the hexagonal
and perovskite phases, respectively, i.e., δ = fd × xV.

At any given temperature T and partial pressure of O2,
we determine �μO from the ideal gas law (see Sec. III D)
to obtain �HD = �H ref

D +�μO. Using the formation ener-
gies �H ref

D for noninteracting defects from Table I, we

FIG. 2. Thermodynamic defect equilibria as a function of tem-
perature in air (pO2 = 0.2 bar) for the hexagonal and perovskite
phases of SrMnO3−δ , obtained from the noninteracting (red),
interacting (blue), and interacting-adjusted (green) defect mod-
els. Experimental data from the literature are shown by gray sym-
bols. The phase transition occurs at 1400 ◦C in experiments. The
dashed lines show the results for the respective phases beyond
the phase transition. The interacting-adjusted model includes a
reduction of the �H ref

D (VO) dilute-limit defect formation ener-
gies by 0.05 and 0.18 eV in the hexagonal and perovskite phases,
respectively, compared to the SCAN+U-calculated values given
in Table I. The interaction parameters a0 and a1 in Table III are
unchanged.

show the resulting off-stoichiometry of SrMnO3−δ in air
(pO2 = 0.2 bar) in Fig. 2 (red lines) as a function of T.
In the hexagonal phase, this model agrees well with the
experimental data [14,45,46] up to δ ≈ 0.05, but overesti-
mates δ systematically and significantly at higher temper-
atures and higher off-stoichiometries. For example, close
to the hexagonal to perovskite phase transition at 1400◦C,
the noninteracting model results in δ = 0.21, well above
the experimental values of around 0.10. The discrepancy
is even more pronounced for the perovskite phase (dashed
red line in Fig. 2). Whereas the experimental data indicate
a moderate O deficiency δ of about 0.26 under the same
(pO2, T) conditions, the absolute value of the O chemical
potential �μO = −2.08 eV is now larger than �H ref

D for
the perovskite phase (see Table I), implying that vacant O
sites are more favorable than occupied sites and yielding
an unphysical result of δ = 2.4 according to Eq. (1).
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D. Incorporating ensemble statistics for interacting
defects

Underpinning the simple model considered so far is the
assumption that the defects are spatially well separated
such that they do not interact with each other and the
defect formation energy is independent of the concentra-
tion. This assumption is usually justified in the limit of
dilute or moderate defect concentrations, but viable STCH
materials require a high degree of reduction, where defect
interactions are likely to become important. The overesti-
mated vacancy concentrations in the noninteracting model
indicate that the defect interactions are repulsive. This sit-
uation is fundamentally different from the attractive forces
occurring between defects, dopants, and impurities when
they have charges of opposite sign [28,29,52–54], e.g., in
the case of donor-acceptor pairs, or when they have oppo-
site atomic size mismatches relative to the host atoms [27],
which create mutually canceling strain fields. In the case
of attractive forces, one can enumerate a limited number
of dopant-defect pair and complex configurations, calcu-
late their binding energies, and incorporate them in the
defect and charge equilibrium using the law of mass action
[27,29,55]. Because of the difficulty to enumerate unbound
configurations and to quantify the corresponding entropy

(a)

(b)

FIG. 3. (a) Interacting defect model using supercells with
vacancy pairs and triplets in supercells of different size. (b)
Interaction energy �Eint/n per vacancy in hexagonal SrMnO3
obtained from supercell calculations of vacancy pairs (n = 2) as
a function of the pair distance for the three different cell sizes.

TABLE II. Number of total (tot) and nonequivalent (neq) VO
pair and triplet configurations for different supercell sizes, and
the corresponding O deficiency δ.

Supercell (hexagonal) 60 80 240

Pair (tot) 153 276 2556
Pair (neq) 18 26 85
δ 0.167 0.125 0.042
Triplet (tot) 816 2024 . . .

Triplet (neq) 72 144 . . .

δ 0.250 0.188 . . .

Supercell (perovskite) 40 80 160

Pair (tot) 276 1128 4560
Pair (neq) 11 13 15
δ 0.25 0.125 0.063
Triplet (tot) 2024 17 296 . . .

Triplet (neq) 14 140 . . .

δ 0.375 0.188 . . .

contributions, here we use a sampling-based statistical
mechanics approach instead.

Figure 3(a) illustrates the present approach for pre-
dicting the concentration-dependent energy distribution
for interacting defects with different supercell sizes and
defect populations. We construct supercells for hexagonal
SnMnO3 with 60, 80, and 240 atomic sites and with 40,
80, and 160 sites for the perovskite phase. On the basis
of a symmetry analysis, we enumerate all nonequivalent
vacancy pair (number of constituents n = 2; all supercells)
and triplet (n = 3; the two smaller cells) configurations
with their respective degeneracies gi, as summarized in
Table II (see also Sec. III C). For each nonequivalent
configuration i, the interaction energies are calculated as

�Eint
i = �HD,i(nVO)− n×�HD(VO), (2)

with use of the extrapolated dilute-limit formation energy
�HD(VO) as given in Table I, which serves as the reference
energy for noninteracting defects.

The approach captures not only the interactions between
two (pairs) or three (triplets) defects but also includes
the interactions with their periodic images. Thus, it repre-
sents an approximation of the full configuration statistics
within the periodic boundary conditions of the super-
cells used. The resulting interaction energies �Eint/n per
vacancy are shown in Fig. 3(b) for pairs in the hexagonal
phase as a function of the pair distance. The interaction
energies are about 0.5 eV for close vacancy pairs that
share a common Mn neighbor and generally decay with
distance. However, �Eint/n is not well described by a sim-
ple distance-dependent function. In the case of the lower
defect concentrations implied by the pairs in the large
240-atom supercell, many configurations exhibit small or
negligible interaction energies. In contrast, for smaller
supercells (80 and 60 atoms) with pairs and triplets, most
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(a) (b) (c)

∆G
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Din

t  (
eV

)

VO-VO (hexagonal) VO-VO (perovskite) VO-CeSr (perovskite)

FIG. 4. Temperature-dependent free energy of defect interaction �Gint
D (T) for O vacancy formation. The data points show �Gint

D (T)

as obtained from the supercell sampling [Eq. (3)] and the lines show the parameterization according to Eq. (4) and Table III. (a) VO-VO
interactions as a function of δ in hexagonal SrMnO3−δ . (b) VO-VO interactions as a function of δ in perovskite SrMnO3−δ . “p” and “t”
indicate pair and triplet configurations. (c) VO-CeSr interactions as a function of x in the perovskite phase of Sr1−xCexMnO3.

of the configurations result in �Eint/n ≥ 0.05 eV, signify-
ing that the repulsive interactions become more prominent
at higher vacancy concentrations.

To incorporate the statistical supercell energies into a
thermodynamic model, we need to consider the effect of
the defect interactions on both the enthalpy and the (con-
figurational) entropy. Thus, using normalized degeneracies
(�gi = 1), we determine the temperature-dependent free
energy of defect interaction as

�Gint
D = −

kBT
n

ln
∑

i

(
gi exp

(−�Eint
i /kBT

))
(3)

for each of the five cases given in Table II (separately).
Here, the sum on the right-hand side is the partition func-
tion Zint for the interactions in the supercells containing n
defects. The approach of calculating pair and triplet config-
urations for different cell sizes yields �Gint

D for only certain
values of the off-stoichiometry δ. To include the interac-
tions in the thermodynamic simulation, it is desirable to
parameterize �Gint

D . As shown in Figs. 4(a) and 4(b), the
free energy of defect interaction can be expressed to a good
approximation as a linear function in T and δ within the
interval 800 ◦C ≤ T ≤ 1500 ◦C:

�Gint
D (T) = (a0 + a1T)δ. (4)

The parameters a0 and a1, as well as the uncertainty result-
ing from the fits shown in Fig. 4, are given in Table III.

To determine the concentrations of interacting defects,
we consider the total free energy of reduction (i.e., defect
formation) �Gtot per formula unit of SrMnO3−δ . The
expression is analogous to the expression in the case of
noninteracting defects [56], except that the interaction free
energy �Gint

D per vacancy is now added to the defect
formation energy �HD, i.e.,

�Gtot = fd
(
xV

(
�HD +�Gint

D

)

+ kBT (xV ln(xV)+ (1− xV) ln(1− xV))) . (5)

Here, we used the fractional vacancy site concentration
xV = δ/fd to express the configurational entropy of non-
interacting (randomly distributed) lattice defects, and the
energies with subscript “D” enter with a proportionality in
xV. The equilibrium concentrations are determined by the
free energy minimum condition d�Gtot/dxV = 0, which,
in the absence of defect interactions, yields Eq. (1). Includ-
ing the free energy contribution due to defect interactions
results in an additional term d(xV�Gint

D )/dxV = 2(a0 +
a1T)fdxV within the parameterization of Eq. (4) [note the
factor 2 resulting from the xV dependence in both Eq. (4)
and Eq. (5)]. Since this concentration-dependent term adds
to the defect formation energy �HD on the right-hand side

TABLE III. Parameterization of �Gint
D (T) according to Eq. (4) for SrMnO3−δ and an analogous expression proportional to x in

Sr1−xCexMnO3. The last column gives the average uncertainty of the resulting a(T) over the temperature window between 800 and
1500 ◦C.

Interaction Phase Proportionality a0 (eV) a1 (10−3 eV/K) Average uncertainty (eV)

VO-VO Hexagonal δ 0.54 0.13 ±0.02
VO-VO Perovskite δ 1.15 0.21 ±0.12
VO-CeSr Perovskite x 2.04 0.34 ±0.12
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of Eq. (1), we use a self-consistency condition to solve for
the equilibrium concentrations. The resulting free energy
gain �Gtot due to O vacancy formation, per formula unit,
is then given directly by Eq. (5).

For further analysis, we separate �Gtot = �H red −
T�Sred + δ�μO into enthalpy and entropy contribu-
tions (per formula unit) and calculate (∂/∂δ)�Sred =
(∂/∂T)�μO [22] for the differential reduction entropy (per
removed O atom, using the shorthand notation δSred for
the remainder of this article). In Sec. II G, we discuss
specific results in SCM alloys for the differential and
absolute reduction entropies. As reflected by the positive
values of a1 in Table III, the inclusion of �Gint

D implies
a negative entropy of defect interaction, which can be
understood by considering that the noninteracting system
already includes the maximum configurational entropy of
the random defect distribution [see Eq. (5)]. Thus, the
correlations introduced by defect interactions reduce the
entropy relative to the noninteracting case, but the total
entropy of defect formation �Sred remains positive. Fur-
ther, while the linear model for �Gint

D = �H int
D − T�Sint

D
(Eq. (4)) provides accurate reduction properties for the
present system under the range of conditions considered,
it implies—by construction—a temperature-independent
interaction enthalpy and entropy. This is a reasonable
approximation only within a finite temperature interval
(here, 800 ◦C ≤ T ≤ 1500 ◦C), but consider, for example,
that �Sint

D → 0 in the infinite temperature limit, so to
recover the entropy of the random defect distribution (cf.
Eq. (5)). If needed or desired, the expansion of Eq. (4)
to higher orders in T is straightforward (2nd order coef-
ficients are also included in the Supplemental Material
[49]).

Recalculating the equilibria for SrMnO3−δ with defect
interactions (blue lines in Fig. 2) yields very good agree-
ment with experiment in the hexagonal phase up to the
phase transition temperature. In the perovskite phase, the
predicted δ = 0.20 is reasonably close to the experimen-
tal value of 0.26 at 1400 ◦C, and increases at a similar
rate as the experimental data. Thus, even though the inter-
action energies of around 0.3 eV at these concentrations
[see Fig. 4(b)] are modest compared to the absolute forma-
tion energies at the reference condition (Table I), they are
nevertheless essential for achieving an even qualitatively
meaningful description of defect equilibria under strongly
off-stoichiometric conditions when compared with the
noninteracting model (Fig. 2, red lines). Further, as illus-
trated in Fig. 2 (green lines), it takes an adjustment of the
dilute-limit �H ref

D by only −0.05 and −0.18 eV (with-
out changing the interaction parameters) in the hexagonal
and perovskite phases, respectively, to bring the simulated
data into full agreement with the experimental data. This
level of agreement speaks to the accuracy of the SCAN+U
functional for the present material system, considering
the variation of formation energies between different total

energy functionals (see Sec. III C). It is also remarkable
that the interacting defect model correctly describes the
temperature dependence up to 1700 ◦C, even though we do
not explicitly consider vibrational effects. It is worth not-
ing that vibrational free energy contributions were found
to be not significant for O vacancy formation in hercynite
spinels [20], although the generality of this finding is an
open question.

The free energy of reduction, resulting from O vacancy
defect formation, can play a critical role in the temperature-
and pO2-dependent phase transitions, as recently demon-
strated in barium manganates [56] within a noninteracting
defect model. To address the role of oxygen defect for-
mation in the hexagonal-perovskite phase transition of
SrMnO3, we evaluate the total free energy of reduction
�Gtot [Eq. (5)] at the phase transition conditions (T =
1400 ◦C, pO2 = 0.2 bar). We obtain a free energy gain
of 20 and 89 meV/f.u. for the hexagonal and perovskite
phases, respectively, showing that defect formation sta-
bilizes the perovskite phase, although the relative gain
is not sufficient to overcome the low-temperature energy
preference of 156 meV/f.u. in favor of the hexagonal
phase in SCAN+U calculations. However, the gains in
�Gtot increase to 25 and 129 meV/f.u. when we use
the adjusted dilute-limit defect formation energies (see
Fig. 2, green lines). Considering the substantial varia-
tions in the 0-K phase stability energies between dif-
ferent functionals (see Sec. III C), the present results
are consistent with the assumption that the phase tran-
sition is primarily driven by the defect formation. A
more definitive assessment would require calculations
of the polymorphic energy ordering beyond the DFT
level, e.g., as in Ref. [38], as well as quantification of
vibrational free energy contributions, including zero-point
energies (ZPEs). These are interesting issues for future
studies, but the details of the phase transition behavior
are not of central concern for the present study. For the
simulation of the water splitting redox processes in this
section, we use the unadjusted, first-principles-calculated
defect energies and interaction parameters.

E. Sr1−xCexMnO3−δ alloy calculations

In contrast to the line compound Ba4CeMn3O12, where
Ce partially replaces (compositionally if not structurally)
Mn in BaMnO3 [8,57], Ce substitutes for the A-site ele-
ment Sr in SrMnO3 to form a solid solution [14,58,59].
To compare this experimental observation with our com-
putational predictions, we show in Table IV the formation
energies �HD for Ce substitution at both the Mn sites and
the Sr sites. The relevant formation energies under equi-
librium conditions depend on the specific values of the
chemical potentials �μ for Ce, Sr, and Mn. To obtain rep-
resentative values under conditions relevant for the present
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TABLE IV. Calculated defect formation energies for Ce sub-
stitution at the Sr and Mn sites in the hexagonal and perovskite
phases of SrMnO3. �H ref

D gives the value for the elemental
reference condition (�μ = 0). For representative reducing con-
ditions, we give �HD at �μ = −2.10,−7.12,−4.40, and−2.00
eV, for O, Ce, Sr, and Mn, respectively.

Phase Defect type �H ref
D (eV) �HD (eV)

Hexagonal CeSr1 −1.39 1.33
CeSr2 −1.62 1.10
CeMn −1.91 3.21

Perovskite CeSr −2.95 −0.22
CeMn −3.06 2.07

work, we constructed the phase diagram from the forma-
tion enthalpies �Hf of all phases in the Sr-Mn-O space,
as shown in Fig. S1 in Supplemental Material [49]. The
chemical potentials given in the caption for Table IV cor-
respond to the stability limit of the hexagonal phase under
reducing conditions in that diagram (�μO = −2.10 eV),
while �μCe is determined by the coexistence condition
with CeO2. We see in Table IV that Ce strongly prefers
substitution for Sr over substitution for Mn in both phases
under these conditions, with a moderate preference for Sr2
over Sr1 in the hexagonal phase. Notably, the formation
energy of CeSr in the perovskite phase is negative. For sta-
ble phases, negative defect formation energies generally
indicate the existence of competing phases, which would
limit the chemical potentials such that �HD becomes pos-
itive. However, here the negative energy is a consequence
of the low-temperature metastable character of the per-
ovskite phase. We briefly revisit this issue below in the
context of alloy mixing enthalpies.

To model the SCM alloys, we use the special quasiran-
dom structure (SQS) approach [60], which provides good
representations of random alloys in relatively small sim-
ulation cells. For hexagonal SrMnO3, we use SQS alloy
models with Ce only at Sr2 sites, which show consistently
lower energies than mixed configurations, as expected
from the substitution energies (Table IV). We choose three
different SQS configurations for each Ce content x and find
only a small variation of within 2–5 meV/atom between
different configurations. The lowest-energy SQS structures
for each Ce content were selected for the following studies
and are available in Supplemental Material [49].

In the Ce-rich limit (x = 1), one could expect the for-
mation of CeMnO3, which, however, is not known. We
performed crystal structure prediction for such a hypotheti-
cal compound using the approach in Ref. [47], but found no
structure that would be stable against decomposition into
CeO2 and MnO. Thus, we calculate the mixing enthalpy of
SCM as

�Hmix = ESCM − (1− x)ESrMnO3 − x(ECeO2 + EMnO),
(6)

(a)

(b)

FIG. 5. (a) Enthalpy of mixing �Hmix of SCM alloys in the
hexagonal and perovskite phases, showing a phase transition
around x = 0.1. (b) Distribution of oxygen vacancy formation
energies in the SCM alloys as a function of the Ce concentra-
tion. The hexagonal phase has two groups of O sites with similar
formation energies, whereas the perovskite phase has only a sin-
gle O site. The data points with the larger symbol size show the
average formation energies.

shown in Fig. 5(a). The �Hmix values of the two phases
intersect at around x = 0.10, above which the perovskite
phase becomes more stable than the hexagonal phase.
The calculated critical Ce content is about twice as large
as the experimentally observed transition composition
at x = 0.05 [61]. This discrepancy could indicate that
the SCAN+U functional overestimates the energy differ-
ence between the two phases, which would also affect
the temperature-dependent phase transition, as discussed
above. Further, we observe that �Hmix in the perovskite
phase initially (i.e., close to x = 0) slopes downward, cor-
responding to the negative defect formation energy of CeSr
in this phase (see Table IV). Negative defect formation
energies usually indicate an instability against an ordered
stoichiometric phase. Here, however, such an instability is
superseded by the instability against the hexagonal phase
at low Ce contents [see Fig. 5(a)], which has positive for-
mation energies for Ce substitution. The mixing enthalpies
�Hmix assume small, positive values over the composition
range considered, which is consistent with the formation
of a solid solution.
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Figure 5(b) shows the distribution of O vacancy forma-
tion energies as a function of the Ce content. On the basis
of this distribution, we determine the free energy of defect
interaction �Gint

D for VO-CeSr interactions, as shown in
Fig. 4(c), in a fashion analogous to that used for the VO-VO
interactions discussed above. However, the configuration
sampling is now simpler than in the case of the vacancy
interactions, as it consists merely in evaluating the defect
energies for all individual O sites in the SQS structures.
The interaction energies �Eint

i [see Eq. (2)] are evaluated
with n = 1 relative to �HD in SrMnO3 without Ce alloy-
ing, and we have gi = 1 in Eq. (3) since the O sites are
all inequivalent in the low-symmetry SQS structures. We
further note that for the case of defect interactions with
extrinsic dopants (here Ce alloy substitutions), the present
approach becomes identical to the concept of the “effec-
tive formation energy” [30], which is a weighted-average
formation energy resulting in the same defect concentra-
tion as the sum over all nonequivalent sites. Furthermore,
we determine a parameterization analogous to Eq. (4),
but with a proportionality in the Ce content x instead of
δ, with the values of the parameters given in Table III.
The respective additional term in the vacancy concentra-
tion xV = δ/fd, Eq. (1), is obtained as d(xV�Gint

D )/dxV =
(a0 + a1T)x (without the factor 2 from the VO-VO case,
because the VO-CeSr interaction is proportional only to x,
not to xV).

F. Modeling of water splitting with SCM

In the following thermodynamic modeling, we use a
superposition principle for the VO-CeSr and VO-VO inter-
actions to determine �Gint

D (δ, x, T) for continuous values
of δ, x, and T, using again a self-consistency criterion for δ

in Eqs. (1) and (4). Given that even low levels of Ce substi-
tution, as well as lower than ambient O2 partial pressures
(see Fig. 2) tend to stabilize the perovskite phase over the
hexagonal phase, we consider only the former for simulat-
ing the reduction and oxidation processes at temperatures
above 800 ◦C. Figure 6(a) shows the off-stoichiometry
δred of perovskite SCM as a function of x and Tred dur-
ing reduction at pO2 = 10−4 bar. The data are in good
overall agreement with experimental results from thermo-
gravimetric analysis [14], and we include analogous data
from the experimental analysis [14] in Supplemental Mate-
rial (Fig. S2) [49] for comparison. As for the Ce content
dependence, we obtain δred = 0.35 at Tred = 1400 ◦C for
x = 0, where the larger off-stoichiometry reflects the lower
O2 partial pressure compared with the O2 partial pressure
for Fig. 2. As a result of the repulsive VO-CeSr interac-
tions [see Fig. 4(c)], the vacancy concentration decreases
to δred = 0.08 at x = 0.4 (see also Table V).

For the oxidation step during which H2 is released, we
take Tox = 850 ◦C and pH2O = 1 bar. The amount of H2
produced is proportional to the change in δ relative to the

(a)

(b)

FIG. 6. (a) Off-stoichiometry log(δred) in Sr1−xCexMnO3−δ in
the perovskite phase as a function of Ce content x and tempera-
ture Tred during reduction at pO2 = 10−4 bar. Note that log(δ) =
−0.7 and log(δ) = −0.5 correspond approximately to δ = 0.2
and δ = 0.3, respectively. (b) Hydrogen production in number
of H2 molecules per SCM formula unit, shown as a function of x
and the H2 partial pressure in log(pH2/bar). The underlying pro-
cess conditions are Tred = 1400 ◦C and pO2 = 10−4 bar for the
reduction step and Tox = 850 ◦C and pH2O = 1 bar for the oxi-
dation step. Note that pH2/bar corresponds to the H2:H2O ratio.
The dashed line (H2/f.u. = 0) represents the demarcation line at
which net water splitting (H2/f.u. > 0) occurs.

reduction step, which in turn depends on pO2 and the cor-
responding O chemical potential during the oxidation step.
We use the H2O ←→ H2 + 1

2 O2 equilibrium and the ideal
gas law to determine the dependence of �μO on pH2 (see
Sec. III D). As a result of this relationship, the H2 produc-
tion generally decreases with increasing H2 partial pressure
and the corresponding H2:H2O ratio.

Figure 6(b) shows the resulting water splitting yield
H2/f.u. = δred − δox (number of H2 molecules per SCM
formula unit) as a function of Ce content x and pH2.
We observe a strong dependence on the H2:H2O ratio,
with a critical pH2 for net water splitting below 10−2 bar.
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TABLE V. Entropy analysis of the SCM water splitting redox
process. Given are, as a function of the Ce content x, the O off-
stoichiometry δ = δred = δox, pH2 [see Fig. 6(b), dashed line],
and the differential reduction entropies for the present interacting
defect model (δSred) and for a hypothetical noninteracting system
(δSred

ni ) for the same δ.

x δ log(pH2/bar)
δSred (kB per

O atom)
δSred

ni (kB per
O atom)

0.0 0.35 −2.36 0.33 2.02
0.1 0.28 −2.31 0.56 2.28
0.2 0.21 −2.25 0.84 2.61
0.3 0.14 −2.18 1.18 3.03
0.4 0.08 −2.08 1.66 3.61

This behavior is almost universal in STCH materials with
the notable exception of CeO2, which can split water at
higher pH2 [8,9]. Increasing the Ce content can increase
pH2, as seen in the upward trend of the threshold for
net water splitting [dashed line in Fig. 6(b)], increasing
from log(pH2/bar) = −2.4 at x = 0 to log(pH2/bar) =
−2.1 at x = 0.4. However, significant H2 production,
e.g., H2/f.u. = 0.05 requires a lower H2:H2O ratio, which
barely changes with Ce content up to x = 0.3 and even
drops at higher x values [Fig. 6(b)]. The insensitivity of
net H2 production results from a similar x dependence of
δred and δox, and the insufficient amount of initial reduction
[see Fig. 6(a)] at high Ce content causes the correspond-
ing drop in H2 production. The difficulty to increase the
H2:H2O ratio by Ce alloying without sacrificing H2 yield
is related to the effect on the reduction entropy (see below).
Overall, our simulation data shown in Fig. 6 provide
not only a qualitative but also a near-quantitative model
based on first-principles calculations, explaining recent
experimental observations [14].

G. Analysis of the reduction entropy

The thermodynamic modeling further allows us to ana-
lyze the solid state entropy and to relate it to the water
splitting performance. At the critical pH2 [dashed line
in Fig. 6(b)], we have a constant stoichiometry (δox =
δred), so the differential reduction entropy δSred (short-
hand as defined above), given in Table V, corresponds to
the change of the O chemical potential over the temper-
ature difference Tred − Tox = 550 K [22]. Relative to the
hypothetical noninteracting ideal solution system at the
same O stoichiometry, the differential entropy is strongly
suppressed. Interestingly, δSred can even become nega-
tive, e.g., above δ = 0.4 in pure SrMnO3, whereas this
happens in the hypothetical noninteracting system only
at much higher off-stoichiometries, i.e., above half occu-
pancy (δ > 1.5). Despite the strong reduction of δSred

(see Table V), the (always positive) absolute reduction
entropies �Sred per formula unit are still comparable to

the absolute reduction entropies for the ideal solution.
For example, at x = 0 and δ = 0.35, we obtain �Sred =
6.8× 10−5 eV/K per formula unit for the interacting sys-
tem, compared to 9.4× 10−5 eV/K per formula unit for the
hypothetical noninteracting system.

The primary significance of the entropy analysis lies
in the relation between the differential reduction entropy
and the H2:H2O ratio. Since δSred corresponds to the tem-
perature dependence of the O chemical potential [22], a
higher entropy implies a lower �μO at the lower oxidation
temperature, which translates into a higher pH2 accord-
ing to the water gas phase equilibrium. This relationship
is also borne out in Table V, where pH2 at the water
splitting threshold (zero yield) condition increases with
δSred

int and the Ce content, but at the expense of a lower
O deficiency, which limits the potential yield at lower
pH2. The reduction of δSred compared to the ideal solu-
tion behavior illustrates how repulsive defect interactions
exacerbate the problem that higher total H2 yields gener-
ally necessitate lower H2:H2O ratios. A similar drawback
results from attractive defect interactions [20], reflecting
the fact that the configurational entropy is maximized for
random defect distributions and is lowered in the case of
either attractive or repulsive interactions. Thus, the opti-
mal design strategy for elemental substitutions (alloying)
should aim to minimize defect interactions, ideally main-
taining all defect formation energies in a narrow range for
all O sites.

Even so, the entropy δSred necessary to achieve desir-
able H2:H2O ratios on the order of 1:10 is around 10kB
per O atom [22], which is considerably higher than the
configurational entropies resulting from a conventional
charge-neutral defect mechanism, especially in the pres-
ence of defect interactions (see Table V). Thus, over-
coming the unfavorable trade-off between H2 yields and
hydrogen-steam ratios will likely require the use of addi-
tional sources of entropy, such as electronic entropies due
to charged defect formation [22] or partially occupied lan-
thanide f orbitals [62]. These effects could be at work in
CeO2, which is known to have a higher reduction entropy
than other oxides, especially at low defect concentrations
[63]. A better understanding of the physical mechanisms
involved in the reduction of CeO2 could provide important
insights into the design of novel STCH oxides. How-
ever, we caution that a quantitative assessment of the
Fermi level–dependent charge exchange between defects
and the bulk likely requires a quasiparticle energy (band
gap)–corrected approach beyond DFT (see also Sec. III C).

III. COMPUTATIONAL METHODS

A. First-principles calculations

Total energy and defect calculations were performed
with use of the projector augmented wave (PAW) method
[64,65] as implemented in Vienna Ab initio Simulation
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Package (VASP) [66]. We used three different approxima-
tions for exchange and correlation effects to gauge the
sensitivity of the O vacancy formation energy on the
level of theory: (1) The generalized gradient approxima-
tion (GGA) [67], (2) the meta-GGA SCAN functional [40],
and (3) the HSE06 hybrid functional [68,69] with conven-
tional settings (25% Fock exchange and 0.2 Å−1 for the
range separation parameter). The PAW potentials “Sr_sv”,
“O_s”, “Mn,” and “Ce_h” were used with a plane wave
energy cutoff of 350 eV or higher, in consistency with the
computational approach used in previous studies on tran-
sition metal oxides [20,47,51,70]. For SCAN calculations,
we used PAW dataset version 5.4 distributed with VASP.
With GGA and SCAN functionals, we further used the
DFT+U [41] approach. For GGA+U calculations, we use
Ud = 3.0 eV for the 3d transition metals up to Ni [70], as
well as Ud = 1.5 eV and Uf = 2.0 eV for Ce [47]. For
SCAN+U calculations, we determined Ud = 2.0 eV for
Mn, Fe, and Co from the relative stability of oxides with
different oxidation states (see Fig. S3) [49], which is com-
parable to previous literature results [71]. Similarly, we
determined Uf = 1.0 eV (Ud = 0) for Ce for the SCAN
functional.

The prediction of compound formation enthalpies �Hf
(see Table S1 and Fig. S1) [49] and of absolute defect
formation energies requires elemental reference energies
μref. Standard DFT functionals such as the GGA functional
exhibit systematic deviations of �Hf due to inconsis-
tencies between compound and elemental energies [72],
which we corrected by using the fitted elemental refer-
ence energies (FERE) [70]. The HSE06 functional shows
similar deviations, and FEREs were determined before for
select elements [20,51], including oxygen, which is used
here. For compatibility with the previously determined
“O_s” FEREs for the GGA [70] and HSE06 (support-
ing information for Ref. [20]) functionals, we used PAW
dataset version 4.6 for these functionals. The SCAN func-
tional does not exhibit such systematic errors [73], but
for elements treated with the DFT+U formalism, it is
still necessary to determine the FERE, because a single
U parameter generally does not simultaneously describe

TABLE VI. Elemental reference energies μref for SCAN cal-
culations, specifying the PAW dataset (VASP version 5.4 distri-
bution) and the method of calculation. For elements calculated
with the SCAN+U functional, the value of U and the respective
angular momentum l are given.

Element PAW potential Method U (eV) (l) μref (eV)

O O_sa SCAN . . . −6.18
Sr Sr_sv SCAN . . . −22.27
Mn Mn FERE 2.0 (d) −17.77
Ce Ce_h FERE 1.0 (f ) −44.36

a O2 binding energy calculated with “O_h.”

well both the compound and the elemental metal [51].
Table VI summarizes the elemental reference energies
used for SCAN(+U) calculations. The FEREs for Mn and
Ce were determined with experimental compound for-
mation enthalpies �Hf of MnO, MnO2, Mn3O4, Mn2O3,
CeO2, and Ce2O3 [74]. In the present approach, the calcu-
lated �Hf values agree with experimental values (where
known) to within 0.06 eV/atom in the Sr-Mn-Ce oxide
space [74–76]. In addition to total energy calculations,
we also performed electronic structure calculations in the
GW approximation [77,78], using specifications consistent
with the National Renewable Energy Laboratory materials
database [79–81], so to compare the predicted band gaps
(see below).

Irrespective of the choice of the DFT functional, PAW
calculations of molecules with small interatomic distances,
such as O2, necessitate the use of “hard” pseudopotentials
to avoid spurious energy and force contributions originat-
ing from the overlap of pseudization spheres [51]. To cir-
cumvent the excess computational load of performing all
calculations at the high 910-eV energy cutoff required for
the “O_h” PAW potential, we used a two-step procedure to
determine the elemental reference energy μref

O for oxygen
in SCAN calculations: First, using “O_h,” we calculated
the O2 binding energy Eh

b = Eh(O2)− 2Eh(O). Here, both
the O2 molecule and the O atom are spin-polarized, and
for the O atom, we used the symmetry-broken ground state
with integer occupations (see Ref. [20] and correspond-
ing supporting information for further details). Second, we
obtained the elemental reference energy by adding half the
binding energy to the corresponding energy of the free O
atom calculated with “O_s,” i.e., μref

O = Es(O)+ 1
2 Eh

b . Fur-
ther, we added in Table VI the experimental ZPE of 0.049
eV/O [82] to μref

O , which is expected to outweigh the ZPE
contributions in the solid state (for GGA and HSE06 calcu-
lations, the ZPE contribution is included in the respective
FERE [72]).

B. Structure prediction calculations

Using the kinetically limited minimization approach
described in Ref. [47], we performed unconstrained struc-
ture sampling for SrMnO3 and CeMnO3 for cell sizes of
10 and 20 atoms. For computational efficiency, this crys-
tal structure search was performed at the GGA+U level.
Crystal structure symmetry analysis was performed with
the FINDSYM code [50]. For SrMnO3, the motivation was
to determine whether the experimentally known cubic per-
ovskite phase is a true polymorph or a pseudosymmetric
high-temperature phase. In the latter case, the structure pre-
diction should identify a lower-energy distorted perovskite
structure that could be difficult to observe experimentally
because of the phase transition to the hexagonal (non-
perovskite) structure at lower temperatures. The overall
lowest-energy structure identified by the search was a
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variant of hexagonal SrMnO3 with a 20-atom primitive
cell and practically identical energy (within 0.1 meV/atom)
as the orthorhombic structure discussed above. The most
favorable perovskite structure (ten-atom primitive cell in
space group R3c, no. 167) showed significant distortions
but with a relatively small energy gain of 1.5 meV/atom
compared to the cubic phase. However, in subsequent
SCAN+U calculations, as well as in HSE06 calculations,
the distortion was unstable and did not result in an energy
gain. We therefore conclude that the cubic perovskite
phase of SrMnO3 is a true polymorph. In contrast, in
many other cases, notably including the related CaMnO3
[83], the high-temperature phase is dynamically disor-
dered, and the cubic symmetry appears only in the average
structure [43].

For CeMnO3, the motivation for structure prediction
was the identification of the appropriate end point at x = 1
in the mixing enthalpy of the Sr1−xCexMnO3 alloy (Fig. 5).
However, the lowest-energy structure identified was still
unstable relative to CeO2 +MnO by a relatively large mar-
gin of more than 250 meV/f.u., which is consistent with
the fact that no CeMnO3 ternary oxide structure has been
reported so far.

C. Supercell calculations

We constructed supercells of the hexagonal and per-
ovskite SrMnO3 phases with sizes between 40 and 270
atoms. The supercell geometries were chosen to keep the
distances between the periodic images as large as pos-
sible for a given cell volume. We used our automated
defects framework [84] to facilitate supercell construction
and defect calculations, including the selection of intersti-
tial sites for the initial survey of relevant defects (which
was done at the GGA+U level). Following standard proce-
dures for supercell defect calculations, we included atomic
force relaxation for all atoms in the supercell (tolerance
0.02 eV/Å) and we kept the cell external parameters fixed.
To obtain very accurate formation energies for the dilute
limit (Table I), we extrapolated the SCAN+U results from
cell sizes of 80 atoms and larger as a linear function of
the reciprocal cell volume, resulting in differences of up to
0.18 eV relative to the 80-atom-cell results (see Table VII;
a graphical representation of the extrapolation is given in
Fig. S4) [49].

To enumerate the nonequivalent configurations of defect
pairs and triplets in the supercells (see Table II), we
arranged them in groups within which the defects have
identical distances. In doing so, we used a tolerance of
10−4 Å, considered the periodic images, and determined
the degeneracies gi = ni/

∑
i ni, where ni are the numbers

of defect pair/triplet configurations within each group. Fur-
ther, we generated the SQS structures for the SCM alloys
using the mcsqs code implemented in the Alloy Theoretic
Automated Toolkit [85], using 60- and 80-atom supercells.

For comparison of defect formation energies between
different functionals, we used 80-atom cells (without
extrapolation); the results are summarized in Table VII.
In the case of the perovskite phase, we used the cubic
structure for SCAN+U and HSE06 calculations, but for
GGA+U calculations, we used the distorted rhombohedral
structure (see the preceding subsection). To assess the rel-
ative performance of the functionals, we consider that in
GGA+U calculations, the �H ref

D values for O vacancies
are about 0.5–0.6 eV lower than in SCAN+U calculations,
and the HSE06 numbers are even lower. We note that the
discrepancy would be even larger without the FERE cor-
rection to �μref

O , which adds about 0.3 eV to �H ref
D in both

GGA+U and HSE06 calculations [20,51].
Considering that the SCAN+U results seem to overes-

timate the formation energies by less than 0.2 eV (see
Sec. II D), the GGA+U and HSE06 results would result
in significantly overestimated O off-stoichiometries and
worse agreement with experiment than the SCAN+U
results. We further give in Table VII the energy dif-
ference �EP-H between the two SrMnO3 phases for the
three functionals. As discussed above, the perovskite-
hexagonal energy difference in SCAN+U calculations is
already somewhat larger than what can be accounted for
by the free energy gain due to reduction at the phase
transition conditions. The GGA+U and HSE06 function-
als give even larger differences, likely representing sub-
stantially overestimated �EP-H values. We conclude that
the SCAN+U functional currently provides the best total
energy description of SrMnO3.

However, in systems with charge exchange between
defects and the bulk (in the form of either band electrons or
small polarons), the defect equilibrium becomes dependent
on the position of the Fermi level, which is constrained by
the band gap. In this situation, the ability of the total energy
functional to also correctly describe the electronic structure
becomes more important. Comparing the single-particle
energy gaps of the different functionals with GW quasi-
particle energy gaps, we find that the SCAN+U functional

TABLE VII. Comparison of predicted formation energies
�H ref

D (eV) of VO defects in SrMnO3 in 80-atom supercells and
the perovskite-hexagonal energy difference �EP-H (meV/f.u.)
calculated with the different functionals considered in this work.
Additionally, the respective single-particle band gaps (general-
ized Kohn-Sham gaps) in electronvolts are given in comparison
with the quasiparticle energy gaps in the GW approximation.

Site Phase GGA+U HSE06 SCAN+U GW

O1, O2 Hexagonal 2.69 2.45 3.33
O3, O4 Hexagonal 1.88 1.57 2.40
O1 Perovskite 1.45 1.16 2.05
�EP-H 256 239 156
Eg Hexagonal 1.84 3.42 2.37 3.51

Perovskite 0.34 1.73 0.86 1.62
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TABLE VIII. Thermochemical gas phase properties for O2, H2,
and H2O used in the present work: standard enthalpies H ◦ and
entropies S◦ [74] as well as the ideal-gas constant-pressure heat
capacities cp.

H ◦ (kJ/mol) S◦ (J/mol K) cp (kB)

O2 8.7 205.1 3.5
H2 8.5 130.7 3.5
H2O 9.9 188.8 4.0

provides improvement over the GGA+U functional, but
still strongly underestimates the gap, whereas the HSE06
results agree with the GW results to within about 0.1 eV
(see Table VII). Similar observations have been made for
a wider range of materials [86]. Thus, the SCAN+U func-
tional alone may not be sufficient to describe the charge
equilibrium, but further research is needed to address this
question quantitatively.

D. Gas phase equilibria

The conversion between partial pressures p (bar) and
chemical potentials �μ (eV) at a given temperature T
(K) is calculated by taking standard conditions (T◦ =
298.15 K, p◦ = 1 bar) as the reference point and using
the ideal gas law for temperatures higher than the ambient
temperature and pressures lower than the ambient pressure:

�μ(T, p◦) = (
H ◦ + cp(T − T◦)

)− T
(
S◦ + cp ln(T/T◦)

)
.

(7)

The standard enthalpies H ◦ and entropies S◦ used here are
given in Table VIII [74]. For ideal gases, the constant-
pressure heat capacity depends only on the number of
degrees of freedom, cp = (1+ nDOF/2)kB (see Table VIII),
and the pressure dependence follows [87]

�μ(T, p) = �μ(T, p◦)+ kBT ln(p/p◦). (8)

Further using the tabulated 0-K formation enthalpy of
water vapor [74], we can express the gas phase equilib-
rium as �Hf(H2O) = 2�μH +�μO −�μH2O = −2.476
eV. Using �μO = 1

2�μO2 and �μH = 1
2�μH2 in con-

junction with Eqs. (7) and (8) allows us to solve the
relationships between pH2, pO2, and pH2O for a given
temperature.

IV. CONCLUSIONS

We introduced an approach for calculating thermo-
chemical equilibria in the presence of repulsive defect
interactions at high, nondilute concentrations. Construct-
ing supercells of small to moderate size, we enumerated
all nonequivalent defect-pair and defect-triplet configura-
tions, and determined the distribution of energies from
first-principles calculations. On the basis of these data,

we evaluated and parameterized the free energy of defect
interaction, which depends on both defect concentration
and temperature and which accounts for both enthalpy
and configurational entropy contributions arising from the
defect interactions. With use of total energies obtained
with the SCAN+U functional, the interacting-defects
approach yields near-quantitative agreement with exper-
imental thermogravimetric data for Sr1−xCexMnO3−δ ,
whereas the off-stoichiometry is vastly overestimated in
the noninteracting defect model. For pure SrMnO3, we
were able to show that minor adjustments to the SCAN+U-
calculated VO formation energies in the dilute limit, by
less than 0.2 eV, bring the present model into full agree-
ment with experiment over the entire temperature range
up to 1700 ◦C. Simulating thermochemical water splitting
with this approach, we find that Ce alloying in SrMnO3
increases somewhat the critical H2:H2O ratio for net H2
production, but affords minute, if any, gains in H2 yield.
More generally, defect interactions tend to suppress the
(differential) reduction entropy, which lowers the H2:H2O
ratio at the gas splitting (oxidation) step. The present
approach advances simulation capabilities for materials
and applications that rely on large off-stoichiometries
where repulsive defect interactions become a decisive
factor in the quantitative modeling of defect equilibria.
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