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Quantifying rates of charge carrier recombination is a crucial step in developing solar cells with high
power conversion efficiencies. However, recovering characteristic parameters such as carrier mobility,
doping concentration, and recombination rate constants is hindered by the interplay of the carrier dynam-
ics with multiple recombination mechanisms. Interpretation of optoelectronic measurements, such as
time-resolved photoluminescence (TRPL), usually relies on analytically tractable simplifications to the
underlying physics models for carrier mobility and recombination, which sacrifices some of the infor-
mation content of the measurement. We have recently shown that, by incorporating simulations of the
complete carrier physics into a Bayesian analysis, previously unrecoverable material parameters, such as
carrier mobility and the doping level, can be determined from TRPL measurements. Unfortunately, the
large number of simulations required by a random sampling of the parameter space necessitated access
to high-performance computing resources, limiting the usefulness of the approach. Here, we introduce an
importance sampling algorithm (Metropolis Monte Carlo), which reduces the computational requirements
by 23 orders of magnitude, rendering the Bayesian inference tractable on desktop computers. These
developments affirm the utility of a simulation-driven analysis of optical characterization measurements,

and make a physics-informed Bayesian inference available to all semiconductor researchers.
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I. INTRODUCTION

Research in photovoltaic cells has delivered dramatic
increases in power conversion efficiency (PCE) over the
past decade, with the top halide perovskite nearly doubling
its PCE in that timeframe to 26% [1]. However, maturation
of its precedents, such as crystalline silicon and cadmium
telluride devices [2], serves as a reminder that rapid PCE
growth is difficult to sustain. A major limitation to fur-
ther increases in PCE is the disconnect between our ability
to measure manifestations of the carrier physics govern-
ing the performance of semiconductor devices and our
ability to process actionable information from these mea-
surements. Measurements such as time-resolved photolu-
minescence (TRPL), terahertz spectroscopy, and transient
absorption curves allow us to manipulate populations of
charge carriers within a material and quantify their decay.
However, underlying the observed transients is a web of
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interconnected carrier transport and recombination mech-
anisms, which are difficult to decouple. In the case of
TRPL, for example, it is common to report one or two
effective carrier lifetimes calculated by a mono- or biexpo-
nential fit to a “low-injection” limiting region of the curve
[3—6]. Yet, a deeper analysis shows that these lifetimes are
composites of several mechanisms [7-9], such as carrier
detrapping [10] and defect-assisted recombination at both
bulk and surface sites [11,12]. Quantifying each of these
mechanisms is necessary in order to pinpoint key areas
of improvement in material design. However, the com-
putational expense of the carrier transport model [13,14],
combined with the large number of instances needed to
sample a multidimensional parameter space, has precluded
a comprehensive analysis of the available characterization
data.

Bayesian inference approaches have demonstrated the
ability to analyze complex parameter spaces and provide a
more complete picture of the dominant loss mechanisms
within specific materials [15,16]. In Bayesian inference,
a likelihood function is created to quantify the degree of
correlation between a simulated data set, determined by
parameters in the physics model, and the actual experi-
mental data. A statistical sampling is then performed on
likelihood functions from many different sets of param-
eter values, which are combined to form a posterior
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probability distribution, in accordance with Bayes’
theorem. The posterior distribution is then analyzed to
obtain a prediction and confidence measure of the optimum
parameter set that best describes the measurements, and
reveal any covariances between different parameters. In
2017, Brandt ef al. [15] used a Bayesian inference method
with adaptive grid sampling to extract the minority car-
rier mobility, conduction-band offset, interface recombina-
tion velocity, and minority carrier lifetime from current-
voltage measurements of SnS cells. Recently, we applied
a GPU-accelerated Bayesian inference algorithm to stan-
dard TRPL measurements of single absorbers [16]. Up to
ten optoelectronic parameters were recovered, describing
carrier diffusion, doping concentration, and recombination
through Shockley-Reed-Hall, Auger, and band-to-band
radiative mechanisms. Bayesian inference can determine
precise parameter values and elucidate details of the under-
lying physics, while at the same time proceeding with
limited human intervention. Nevertheless, the automated
analysis incurred a high computational cost, requiring a
state-of the-art GPU-accelerated supercomputer [16]. Here
we describe an improved sampling scheme, which reduces
the computational requirements by orders of magnitude,
and enables a complete analysis of a typical absorber using
a desktop workstation.

Metropolis Monte Carlo (MMC) sampling [17] gener-
ates a Markov sequence of states 2; (in our case sets of
parameter values) sampled from a distribution P(£2). In
statistical physics, P is formed from the Boltzmann distri-
bution of the Hamiltonian; here P is the product of like-
lihood functions from each data point. Importance sam-
pling avoids states with low probability and is therefore
much more efficient computationally than either quadra-
ture methods or random sampling. Our goal in this paper
is to present compelling evidence of the effectiveness of
Bayesian inference as a practical tool for optoelectronic
characterization. An analysis of a three-fluence power scan
can be completed in about 5 h using a desktop workstation
(eight cores). The analysis is faster, less labor intensive,
and with a significantly higher information content than
current analytical methods.

We first present a brief summary of the statistical analy-
sis underpinning the use of Bayesian inference for param-
eter determination (Sec. II). Results presented in Sec. III
show that MMC sampling of TRPL data sets recovers
similar optoelectronic properties to random sampling [16],
but with significantly reduced computational requirements.
We discuss a series of optimizations that can further reduce
the uncertainties by an order of magnitude or more, without
a significant increase in computation time. The implica-
tions of these results for advances in photovoltaic device
development are outlined in Sec. IV. The construction
of the Metropolis sampling in the context of a Bayesian
analysis of TRPL and related measurements is described
in Sec. V.

II. THEORY

Simulated TRPL decay can be represented mathemat-
ically by a functional relation YX = FX(Q), where YX
represents TRPL intensities at a predetermined set of K
time points and €2 is a set of optoelectronic parameters that
characterize the material. The function F is the standard
drift-diffusion model for carrier transport and recombina-
tion [13], including contributions from radiative, Auger,
and Shockley-Read-Hall recombination. Defect-mediated
surface recombination is included as boundary conditions
on the carrier fluxes. The physics model was extensively
analyzed in previous work [16], and is summarized in the
Appendix.

Since experimental measurements are intrinsically
stochastic, it is natural to frame the physics model in terms
of probabilities. A distribution of measurements P(YX)
can be related to a distribution of parameters P(2) by a
likelihood function L(YX, Q),

P(YX) = / LYX, Q) P(Q)dS. (1)

The likelihood function is the conditional probability of a
measurement YX, given a set of parameter values 2. While
it is straightforward to predict TRPL measurements from
parameter values, the inverse problem is not well posed
[18]. As a result, small uncertainties in the measurements
can generate artificial oscillations in the solution [18,19].
A well-posed inverse problem requires a bounded distri-
bution of parameters P(£2) and a regularized likelihood
kernel [18], which we take as a Gaussian localization of the
difference between measured and computed TRPL data,

K
LYK, Q) = H(zm,f)*/z exp
k=1

|: = Fk(Q)]z]
20,(2 ’

)

where the subscript £ indicates a particular data (time)
point. The extent of the regularization is controlled by the
values of o}, which can be adjusted in accordance with the
uncertainties in the experimental data and physics model
(see Sec. IIID2). We recover the deterministic physics
model in the limit 6 — 0.

The “posterior” distribution of parameter values that
best accounts for the experimental data can be found from
Bayes’ theorem:

LYK, Q)P(Q)

Ky _
P@YH) = =0

3)

It contains the statistically relevant information about the
inferred parameters: the most likely value, the mean value,
and the variance (uncertainty). Analysis of posterior distri-
butions was described in Ref. [16].
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The multidimensional integrals in Eq. (1) are most
efficiently calculated by sampling rather than quadrature,
replacing Eq. (1) by a summation over a discrete set of
parameter values, " :

N
P(YS) =) LY, Q)P(Q). 4)

n=1

The simplest strategy to determine the posterior distribu-
tion is to sample parameter values from a bounded uniform
prior distribution P(£2,) = 1/N and compute the posterior
distribution using Eqs. (3) and (4) [16]. However, since
most parameters €2, € " will have a vanishingly small
likelihood, random sampling is inefficient. The computa-
tional advantage of MMC (see Sec. V B) is that it samples
directly from the posterior distribution (3) and therefore
avoids low probability states.

III. RESULTS

We have previously shown that Bayesian inference can
recover seven key optoelectronic properties from a limited
number of TRPL scans [16]: the ambipolar mobility u’/,
the radiative recombination rate £*, the doping level py,
the combined Auger coefficient C, + C,, the nonradiative
decay times, 7, and 7,,, and the combined surface recom-
bination rate Sr + Sg. The Bayesian inference exceeded
previous analytic analysis of TRPL data both in the infor-
mation content (number of parameters that could be recov-
ered) and in the precision of the inferred values. Here we
introduce MMC sampling to increase the computational
efficiency of a Bayesian analysis of TRPL decay.

A. Simulated TRPL for a CH3;NH;PbI;_,Cl,
perovskite absorber

Simulated TRPL decay curves, shown in Fig. 1, were
generated at three fluences: 2.75 x 10'3, 1.92 x 10'?, and
2.12 x 10'! photons cm™2. These data sets were used in
lieu of experimental measurements as a means of assessing
the effectiveness of the Bayesian inference. Since the exact
parameter values are known in advance, we can judge pre-
cisely how well each parameter can be inferred, and then
determine the relative computational efficiencies of MMC
and random sampling.

Input parameters for the simulations (Table 1) were
taken from an analytical analysis of several different exper-
iments [7]: optically pumped teraherz spectroscopy, TRPL,
and thermoelectric power (Seebeck effect) measurements.
Experimental noise in the detection system was estimated
from fluctuations in the experimental data, as described
in Sec. V C. The resulting TRPL decay curves, shown in
Fig. 1, were used as input to the Bayesian inference. Two
sample thicknesses are needed to separate the bulk and
surface contributions to the recombination rates [16].
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FIG. 1. Simulated TRPL curves for a perovskite absorber

including a model for the experimental noise (Sec. V C). (a) Sim-
ulated three-fluence power scan for a 2000-nm sample. (b) Sim-
ulated two-thickness power scan at low injection. Two sample
thicknesses are needed to separate bulk and surface recombina-
tion rates [16]. The plot for the 2000-nm sample is offset by a
factor of 10 for clarity.

Marginalized probability distribution functions (PDFs)
for the inferred parameters are shown in Fig. 2. The graph
shown in panel (a) indicates the log likelihood [Eq. (2)]
as a function of the number of steps in the Markov chain
N, and indicates that optimal parameter values are located
after a few thousand states (parameter sets). A discussion
of the underlying physics and inferencing methodology
can be found in our previous work [16]. The distribu-
tion of each parameter is approximately Gaussian, with
a peak close to the input value of the parameter (red
lines). Figures 2(b)—2(e) indicate the parameters that can
be inferred from a single power scan with a 2000-nm sam-
ple thickness. The combined Shockley-Reed-Hall lifetime
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TABLEI. Input and inferred parameters from simulated TRPL
power scans; Gaussian noise [Eq. (14)] was included in the sim-
ulated intensity, with the noise levels described in Sec. V C.
The inferred parameters include the ambipolar mobility u’, the
combined Auger recombination coefficient C = C, + C,, and
the combined surface recombination velocity S = Sg 4 Sg. The
first six rows of the table were inferred from a single three-
fluence power scan on a 2000-nm sample; the remaining rows
(1) included data from an additional power scan of a 311-nm
sample.

Parameter Input Inference
MMC Random [16]
2y-1 1
ot (e VI ST 200196407 W =23£38
Myt (ecm”V7is™) 20
/107 (em®s7!) 4.8 4.80 £0.04 4.75+£0.10
Po/10% (cm™3) 3 3.01 £0.05 3.03+0.10
C,/1072° (cm®s™!) 4.4 _
C,/107% (emfs™!) 4.4 C=88+06
7, (ns)? 511 508+ 1.4 514 +2.1
7, (ns)? 871 878 £5.0 879 £9.1
Sr (ems™ 1t 10 . _
Sp (cms~1)t 10 §=202+01 S§$=207=£0.1

Fixed parameters: minority carrier density 7o = 103 cm™3, rel-
ative permittivity €, = 10, and absorption coefficient « = 6 x
10* cm™!.

2From short-time data, t < 15.6 ns.

(not shown) can also be inferred from the exponential
decay of the TRPL curve in low injection. It is sometimes
referred to as the minority carrier lifetime, but is in fact

a combination of bulk and surface recombination rates,
Tsru = (7,1 + rp” + S¢/d + Sg/d)~". The bulk and sur-
face recombination rates can be individually inferred by
including data from an additional thickness (311 nm); the
PDFs for these parameters are shown in Figs. 2(f)-2(h).
In some cases only combinations of parameters can be
inferred: the ambipolar mobility (1), the combined Auger
recombination rate (C = C, + C,), and the combined sur-
face relaxation rates (S = Sp + S). We have previously
described how some of these parameters can be disentan-
gled by additional TRPL measurements on samples with
high surface recombination [16].

The parameter values inferred by MMC and random
sampling are compared with the input parameters in
Table I. The reported uncertainties are one standard devi-
ation in the marginalized posterior distributions for each
parameter (Fig. 2); they are somewhat smaller for MMC
than for random sampling. The uncertainties are affected
by the level of noise in the detector o and by the assigned
model error o (Sec. V C). We chose o = 1 for these infer-
ences, which is the lower limit of what can be used in the
random sampling algorithm; for smaller o, the likelihood
distribution is too granular to be sampled effectively, even
with 107 states. The effects of varying o are addressed in
Sec. III D2, using MMC sampling only. We recalculated
the inferences from random sampling [16] to include the
updated uncertainty calculations.

For all data sets, the MMC method delivers a significant
increase in computational efficiency (more than 200-fold)
over random sampling. The MMC calculations were run
on a desktop workstation, while the random sampling
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FIG. 2. Parameter distributions from simulated TRPL measurements of a perovskite absorber (CH;NH;3PbI;_,Cl,). (a) Trace of
the log likelihood from a Markov chain generated by the MMC method. Parameters from a single-thickness power scan are the (b)
ambipolar mobility u’, (c) doping concentration py, (d) radiative recombination rate k*, and (e) Auger recombination rate C, + C,.
Additionally, from a two-thickness power scan, we have (f)~(g) bulk carrier lifetimes 7,, 7, and (h) the surface recombination velocity

Sk + SB.
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TABLE II. Computational time to obtain the parameter infer-
ences reported in Table I. We report timings for MMC on a single
core and random sampling on a DGX-A100 using eight GPUs
simultaneously. The timings for random sampling on a single
CPU are an estimate from a limited subset of states.

Test case MMC Random Random
CPU GPU (x8) CPU
Power scan 21.7h 16.8 h 5680 h
N=32000 N=84x10° N =284x10°
Two thickness 19.4h 33.5h 10150 h
N=16000 N =84x10° N =284x10°

algorithm used a DGX-A100 supercomputer, consisting of
eight GPUs running in parallel. The timings are summa-
rized in Table II; the CPU timings for random sampling
are estimates based on shorter runs. As a point of compar-
ison, a desktop computer with one Intel Core 17-4790
can simulate the 96 000 TRPL curves for the two-thickness
three-fluence power scan (Table I) in 20 h using the MMC
method. To achieve a similar uncertainty level, random
sampling required approximately 50 million simulations,
requiring 270 GPU hours (34 h on eight GPUs) or 10 000
CPU hours.

B. Inferring parameters from experimental TRPL

The long-term goal of our work is to improve the anal-
ysis of experimental TRPL and related measurements. As
a first step, here we use raw TRPL data as input, to com-
pare our inferred parameters with values from an analytic
analysis of the same data set [7]. However, the experimen-
tal data sets were normalized to one at t = 0, whereas the
simulations were normalized to the expected fluence of the
laser pulse. We therefore included an amplitude scaling
between simulated and experimental TRPL curves as part
of the inferencing. In Fig. 3 the simulated TRPL are scaled
to the laser fluence (as in Fig. 1), and the inferred ampli-
tudes are used to map the experimental curves to the same
scale.

The experimental TRPL data are limited to a single sam-
ple thickness, and only a subset of the parameters can be
inferred. In particular, the sample thickness (311 nm) is
insufficient to probe carrier redistribution, so the ambipolar
mobility cannot be inferred from these measurements [16].
The parameters that can be inferred—%*, pg, Tsry, and C =
C, + C,—are summarized in Table III. Simulated TRPL
curves using our inferred parameters are compared with
the original data sets in Fig. 3(a); the results confirm the
overall accuracy of the inferencing.

Values of k* and tsgy (Table III) from analytic anal-
ysis agree with Bayesian inference within two standard
deviations. However, the combined Auger recombination
rate from analytical analysis differs from the Bayesian
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1016 5
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FIG. 3. Comparison of simulated and experimental TRPL data

for the 311-nm absorber. (a) Simulated (lines) and experimen-
tal (circles) TRPL at three different fluences, using the inferred
parameters from Bayesian Monte Carlo (Table III, MMC).
(b) Comparison of high-fluence simulations using parameters
inferred from Bayesian Monte Carlo (black) and analytic analysis
(red) with experimental results (blue circles).

inference value by a factor of two, outside the com-
bined statistical uncertainties. A comparison of a simulated
high-injection

(220 wW) TRPL with experiment, shown in Fig. 3(b),
suggests that the initial decay rate from the analytically
inferred Auger rate constant [7] is too small, whereas
the curve derived from Bayesian inference is in better
agreement with the measured TRPL data. The discrep-
ancy can be attributed to the inherent limitations of an
analytic analysis, which must contend with overlapping
contributions from diffusion, radiative recombination, and
Auger recombination. A crucial advantage of Bayesian
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TABLE 1II. Parameter inferences from experimental
TRPL [7].

Parameter Analytic analysis [7] MMC
k71071 (em3 s7h) 4.78 £0.43 5.90 +£0.22
Po/10% (cm™3) A 32 62+2.1

tsru HI (ns) 1380 £ 260 1585 £ 140
C/107% (em®s71h) 8.8+1.6 19.0+1.5

2Determined from thermoelectric power data.
C=C,+C,.

inference is that the forward simulation model auto-
matically captures coupled recombination mechanisms.
Finally, Staub et al. [7] were not able to determine pg
from their TRPL data, and the approximate value quoted
in their paper is from thermoelectric power measure-
ments. However, Bayesian inference was able to deduce
values for py from TRPL data sets with uncertainties
of 35%.

C. Determining an initial state for the Markov chain

In general, states in an MMC chain will automatically
drift to high probability regions of the parameter space
after a sufficient number of steps. However, it is possible
that the system can become locked in a local maximum
of probability and then take a long time to find the global
maximum. It can also happen that parameters can drift
into regions where the physical model or the simulation
method breaks down; this typically happens if the defect-
mediated relaxation times become much too small. To
prevent such states from occurring, we establish bounds on
the parameters such that trial moves outside these bounds
are automatically rejected. The bounds on the prior dis-
tribution are similar to the sampling volume in previous
work [16] and are listed in Table IV. In practice, any start-
ing point within (and possibly beyond) the bounded prior
leads to the same equilibrium region in the sample space,

but it may still be advantageous to find a plausible initial
state within these bounds; the values used in this work are
shown in Table IV.

Formulas to estimate the parameter values are given in
the fourth column of Table IV. From the sample thick-
ness d and its absorption coefficient «, the initial carrier
density profile An (¢ = 0) can be calculated from the laser
fluence /y. The distribution of carriers is initially exponen-
tial, but there is a rapid relaxation, over time scales tp ~
10 ns, to an essentially uniform profile. This appears as an
almost instantaneous drop in PL intensity (Fig. 1), and the
delay time can be used to estimate the ambipolar mobility
W= 2puntty /(n + ). After the initial relaxation, nearly
uniform carrier distributions decay by radiative and nonra-
diative recombination mechanisms [7,13,16]. Most of the
remaining parameters can be estimated from three addi-
tional data points: the initial PL intensity in high injection,
IpL (0) &~ 10?! cm~2 57!, the inverse slope of the long-time
decay tsrg = 460 ns, and the intensity found by extrapo-
lating the low-injection decay back to zero time, I571(0) ~
107 cm=2s~! (Fig. 1). Assuming that carrier redistribu-
tion is rapid in comparison with recombination, we can
derive py from the extrapolated intensity of the SRH decay,
ISR1(0) = k*Iopo. Estimates of the various recombination
times can be obtained from the slope of the TRPL decay at
low-injection levels, tsry. We have assumed that the initial
Auger and radiative recombination rates are similar.

D. Optimizing the MMC method

The results in Table I show that the combination of
Bayesian inference with MMC sampling enables accurate
predictions of most optoelectronic parameters from TRPL
data alone (Sec. III A). The results are of comparable pre-
cision to those obtained by random sampling, but with the
computational demands reduced to a tractable level for a
desktop workstation (Table II). Further improvement in
computational efficiency can be obtained by optimizing

TABLEIV. Guidelines for constructing an initial state for the Markov chain. Estimates for the initial parameters are listed along with
the formulas used to derive the values; here, g represents the elementary charge and /, is the laser fluence.

Parameter Estimated value Bounds Formula
Wy (cm? V—lg™h 15.6 (1,100) _ — ad /2K Ten 116
sy (em? V1571 15.6 (1,100) Hn = p = g [m ks T [16]
Se (cms™h) 219 (1074, 10%)
Sy =Sy =d/2
S (cms™) 219 (1074, 10%) P =55 =d/2tsrn
k* (cm?s™!) 44 x 1071 (10711,107%) Ip (0) = 3k*I2a
-3 15 14 16 SRH _I*
po (cm™3) 8.6 x 10 (1014, 1016) ISR(0) = k*Iopo
C, (cm®s~1) 2.0 x 1072 (1072%,10727) . 3 5
d ’ Ip*(0) = 1(C, + C,) o
C, (emSs1) 2.0 x 1072 (1072, 10727) pi0) = 3G+ Gl
T, (ns) 456 (1,1500) =1 —1
7p (1) 456 (1,3000) n = Tp = TSRH

2 Assuming that the Auger and radiative recombination rates are roughly equal.
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FIG. 4. Effect of trial move displacement on the rate of equilibration. (a) Traces showing the evolution of Markov chains towards
the equilibrium (most probable) states for & = 1: blue, A = 1072; orange, A = 1073; green, A = 107%; red, A = 107>. (b) Mean
acceptance rate / (black squares) and state space diffusion constant Dg, (circles) as a function of the scaled step size A /o. Acceptance
rates are independent of o (0 = 1 is shown), while the diffusion scales as o'2.

the choice of hyperparameters: A, the proposal distribu-
tion width, and o, the model uncertainty. In the language
of machine learning, a hyperparameter is one that is used
to control the learning process, as opposed to one of the
parameters that is acquired from the data. A summary of
the MMC method and the role of these hyperparameters is
provided in Sec. V.

In contrast to random sampling, which distributes likeli-
hood calculations over all regions of the prior distribution,
the evolution of a Markov chain is sensitive to the hyperpa-
rameters o} appearing in the likelihood function [Eq. (8)].
Small oy results in narrow distributions that the Markov
process may find difficult to locate, while a large oy results
in a broader distribution with greater uncertainties in the
inferred parameters. We performed a sensitivity analysis
on the rate of equilibration as a function of a constant
uncertainty hyperparameter o3 = o, combining the exper-
imental and model uncertainties into a single value for o.
The equilibration period, which is the number of states the
MMC samples between its initial state and the stationary
distribution was used to determine the optimum A. To
quantify the accuracy of the inference, we calculate the
mean and variance of the postequilibration samples and
compare them against the known input values from Table I.

1. Selecting the trial move displacement (A)

A single step in MMC consists of a trial move to a
proposed state, followed by acceptance or rejection of the
move based on the relative likelihoods of the current and
proposed states. In our implementation, states €2, repre-
sent the logarithm of the parameter values, so that a small
change in 2, describes a relative change in the parameter.

Using logarithms brings the variations in disparate parame-
ters to similar scales. Trial moves are selected from a joint
uniform distribution of width A centered on the current
state €2,

Q =Q,+ AR, 5)
where R is a vector of random numbers, each one uni-
formly distributed in the range [—1, 1]. A trial move that
lies outside the bounds of the prior distribution 2, ¢ QF is
always rejected. Repeated detection of trial moves attempt-
ing to leave the bounded region is an indication that the
bounds need to be increased. We do not observe any
attempted crossings for the initial parameters and bounds
shown in Table IV.

The magnitude of A exerts a significant influence on
the equilibration time [Fig. 4(a)], so it can be regarded as
an optimizable hyperparameter. Intuitively, a small A will
result in slow convergence toward the stationary distribu-
tion, while a large A may not have sufficient granularity
to locate small regions of high likelihood. Convergence
difficulties can be recognized by monitoring the accep-
tance rate, f, the proportion of proposed moves that lead
to accepted states, averaged over the whole Markov chain.
A quantitative measure indicating a well chosen A is a
maximum in the “diffusion constant” in the state space
[20],

AZ
Dq = (HR*)A? < e, (6)
here H = 1 for accepted moves and zero otherwise. The
angle brackets indicate an average over the Markov chain
and the upper bound follows from decomposing the corre-
lated average (HR?) into the individual averages, (H) =
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f and (R?) = 1/3; the upper bound to Dg [Eq. (6)] is
within 20% of the actual value.

MMC simulations of the three-fluence power scan (Sec.
IITA), with constant uncertainty o = o, were used to
investigate the rate of equilibration of the Markov chains
and its dependence on A. Figure 4(b) shows that the opti-
mum trial move displacement (A) is proportional to the
width of the likelihood function o . Steps larger than 0.01c
are never accepted, so the chain will remain trapped at
its initial location. At the other extreme (A < 10™%5), all
trial moves are accepted, but equilibration becomes very
slow. Rapid equilibration (< 2000 steps) is obtained with
a range of A values 10730 < A < 10720, corresponding
to acceptance ratios between 0.3% and 55%. The opti-
mum exploration of the state space (maximum Dg) occurs
for A = 0.0030, when f = 15% is close to the theoreti-
cal optimum for a multivariate Gaussian posterior (23%)
[21]. The relatively small changes in parameter values
transitioning from the initial to equilibrium states, com-
pared with the huge change in likelihood, roughly 1010000
[Fig. 2(a)], suggests that the method is sensitive to small
variations in the parameters.

Further optimization may be possible with more com-
plex algorithms for the trial moves. For instance, the
differing uncertainties for each material parameter shows
that the stationary distribution varies in width along each
parameter. A uniform hyperrectangular distribution, where
a separate A governs the moves for each parameter, would
provide more options for tuning. Adaptive MMC algo-
rithms [22-25] allow more efficient sampling by dynam-
ically adjusting the shape of the trial move distribution as
the Markov chain develops.

2. Effect of model uncertainty on the parameter
inference

The model uncertainty o has the effect of broaden-
ing a distribution that may otherwise be too granular.
On the other hand, a large o can significantly increase
the uncertainty in the inference and lead to a displace-
ment of a marginalized distribution from the true mean
(see Fig. 2). The qualitative effect of o on the sampling
can be understood from traces through a two-dimensional
parameter space of k* and py, which are shown in
Fig. 5. While all random walks sample the desired tar-
get (pg =3 x 101° ecm™3, k* = 4.8 x 107! ecm?s™!), for
the largest o, there is significant sampling of the skewed
Gaussian likelihood surrounding the target values. This
results in an unnecessarily broad distribution and can
result in distorted marginalizations when sampling higher-
dimensional spaces.

To optimize the choice of o, we simulated TRPL
curves without experimental noise and ran the inference
with varying values of o. Results reported in Table V
show that the inference is robust to a wide variation in

6.0 ;
E — o=10
1 — —
5.5 - l 7=
— i
Tm )
ME 5 0 .
S .. N\
T
S 4.5+
. T
~ i
4.0 1 i
i
]
i
3.5 T T } T T
2.0 2.5 3.0 3.5 4.0
Po (10" cm™3)
FIG. 5. MMC sampling of £* and p, using different values of

o . The input (correct) values of k* and p, are indicated with black
dashed lines.

model o. Acceptable accuracy can be obtained from broad
likelihood distributions (o = 10), while essentially per-
fect inferences can be found for o = 1, which was the
value used in Sec. III A. Even smaller values of o do not
introduce any apparent lack of ergodicity or disconnected
regions of the sample space. The inferred parameter val-
ues are within one standard deviation of the input values
for all o > 0.01. At 0 = 0.01 the errors in the inferred
parameters are very small, less than 0.01%, but occasion-
ally more than two standard deviations away from the input
value.

Results in Table VI include the same experimental noise
[Eq. (14)] as in Table I. The experimental noise was
included in the simulated TRPL data (Fig. 1) and in the
likelihood width oy [Eq. (9)]; the maximum trial displace-
ment was set to 3 x 10730, as in the noise-free case. The
results show that realistic levels of experimental noise do
not significantly harm the inferencing; the inferred values
are within 1% of the input value, except when the noise
is dominated by model uncertainty (¢ = 10). Parameters
that control the decay at high-injection levels (k*, po, C,
S) do not see the effects of the background noise and their

uncertainty scales as /o2 + o. However, parameters that

control decay at low-injection levels (7,, 7,) have addi-
tional uncertainty due to the background noise oy /l;. At
low-injection levels TRPL decay is controlled by t,, the
minority carrier lifetime. Background noise will tend to
raise the detected signal, leading to a larger estimate of
7, and a smaller value for 7, because the bulk Shockley-
Reed-Hall decay at high-injection levels is linked to the
sum 1, + 7, making for a small cross-correlation between
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TABLE V. Effect of o on parameter predictions from a noise-free two-thickness power scan. Quantities are defined in the same units

as Table L.

Parameter Input o =10 o=1 o =0.1 o =0.01

k*/10~ ! 4.8 4.79 £ 0.18 4.797 £ 0.021 4.799 £ 0.002 4.7991 £ 0.0002

po/10% 3 3.03 £0.25 3.005 £ 0.035 3.003 £ 0.003 3.0006 £ 0.0003

Cc/107%° 8.8 892 £ 1.02 8.77+0.14 8.790 + 0.010 8.802 £+ 0.001
T, 511 512+ 14 5113+ 1.6 511.01 £0.14 511.02 £ 0.02
T, 871 865 + 47 870.4 £ 5.1 870.88 £+ 0.56 871.03 £ 0.05
S 20 19.8 £ 1.3 20.01 £0.10 20.001 £0.013 20.005 £ 0.001
f 0.143 0.162 0.153 0.154

C=C,+C,; S =Sk +5Ss.

the two relaxation times. However, the inferred 7,, 7,
remain within 1% of the input values. We also note that
the inferences of S can be outside the estimated error
bars as well. For this material, surface recombination is
always more than an order of magnitude slower than bulk
recombination, making the inference more prone to exper-
imental errors. We note that in the noise-free case all these
parameters can be inferred essentially exactly.

E. Parallel sampling from different initial states

A drawback of the MMC algorithm is that it is inher-
ently serial. Unlike random sampling, where many states
(parameter sets) can be considered simultaneously [16], a
Markov chain can only generate one new state at a time.
A degree of parallelism can be achieved by combining
shorter chains from a number of different initial condi-
tions. This has two advantages: by varying the initial state,
it may be possible to identify situations where a Markov
chain is trapped in a limited region of the parameter space,
and the statistics from a number of parallel simulations
can be combined. However, since each simulation requires
Ny equilibration steps before it can start to accumulate
statistics, this sets an upper limit on the number of par-
allel threads that can be effectively utilized of about N /Nj.
An additional parallelism can be obtained by distributing
the simulation domain (the thickness of the sample) across

multiple threads. However, this is also somewhat limited
by the computational cost of the boundary nodes, which
cannot be effectively parallelized. Overall, it might be pos-
sible to usefully run up to 100 threads in parallel, much
less than the tens of thousands available on GPU-based
computers, but still a significant enhancement over serial
processing.

A limited parallelism was explored by repeating the
inference of Sec. III A with eight independent walks, ini-
tiated within the bounds on the parameters indicated in
Table IV. Traces of selected parameters (po, k*, 7,) for
the different Markov chains are illustrated in Fig. 6 along
with the log likelihood function. The different initial states
rapidly locate to the same high-likelihood region of the
parameter space and then oscillate around the expected
values after the same number of equilibration steps, Ny =~
2000. The results confirm that the most probable region of
the parameter space can be accessed from a wide range
of initial conditions, with the initial values of individ-
ual parameters varying by two orders of magnitude. We
illustrate the performance improvement in Table VII by
determining the run time for different numbers of chains,
each with a cumulative total of 30 000 states. The workload
is divided evenly among the M CPUs, with an overhead
due to the equilibration common to all the Markov chains.
An eight-core simulation is five times faster than a single
core, for a parallelization efficiency of about 60%.

TABLE VI. Effect of o on parameter predictions from a two-thickness power scan with Gaussian noise [Eq. (14)]; the noise levels
are given in Sec. V C. Quantities are defined in the same units as Table 1.

Parameter Input o=10 o=1 o =0.1 o =0.01
k*/10~1 4.8 4.81 £0.24 4.820 £+ 0.023 4.786 £ 0.002 4.7940 £ 0.0006
Po/101 3 3.00 £0.35 3.00 £ 0.034 2.986 £+ 0.004 2.9890 £ 0.0009
Cc/107% 8.8 99+1.6 8.75+0.14 8.842 £ 0.014 8.840 £ 0.004
Ty 511 508 + 14 5085+ 14 514.10 £ 0.18 514.31 £ 0.08
T, 871 898 £ 48 875.0 £4.7 861.94 £ 0.55 863.98 £ 0.19
S 20 20.7+£13 20.20 £ 0.12 19.704 + 0.017 19.829 + 0.005
f . 0.161 0.155 0.211 0.615

C=C,+Cp; S =S+ Ss.
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FIG. 6. Traces from an ensemble of eight different Markov chains, with starting states at the bounds (Table IV) of three selected
parameters: pg, k*, and 7,. (a) Log likelihood for states along the Markov chains. (b)~(d) Traces for the doping concentration py,

radiative recombination rate k*, and majority carrier lifetime 7,,.

IV. DISCUSSION

In this work, we have introduced MMC sampling to
the recovery of optoelectronic parameters from TRPL and
related measurements. A suite of test cases shows that the

TABLE VII. Inferences from a single-thickness power scan
with varying numbers of simultaneously generated Markov
chains. The total number of equilibrated states sampled is the
same in all cases (N = 30 000).

Runtime Equilibration (Ny/N)?
# chains N /walk (h) (%)
1 32000 21 6
2 17000 12 11
4 9500 7.5 21
8 5750 4.6 35

2Ny = 2000 for all chains.

increased sampling efficiency of MMC yields competitive
predictions with a GPU-accelerated random sampling but
with significantly reduced hardware requirements. Opti-
mizations of the MMC method (Sec. III D), combined
with modest computational resources (an eight-core work-
station), allow for a complete Bayesian inference (two
sample thicknesses with three different injection levels for
each sample) in about 6 h, which is five times faster than
the eight-GPU DGX-A100 supercomputer using random
sampling.

In Sec. III we simulated TRPL datasets using parame-
ters derived from a variety of optoelectronic measurements
[7]. Our results showed that in the absence of experimen-
tal noise we can recover the input parameters essentially
exactly, to within 0.01%. For parameters that control high-
injection decay (k*,po, C), the addition of experimental
noise has a negligible effect on the inference, but param-
eters influencing low-injection decay (t,) can develop
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cross-correlations due to the background noise. Neverthe-
less, these parameters can still be inferred with uncertain-
ties of less than 1%, which is more precise than a typical
analytic analysis.

Both the analytic analysis and the Bayesian inference
assumed that the laser fluence was entirely absorbed by
carrier excitation, but the absolute number of excited car-
riers is not measurable in a transient setup. Variations in
fluence affect both the overall amplitude of the PL and the
shape of the transient decay [Fig. 3(a)]. Thus, the actual
uncertainty in the parameters may be larger than indicated
by variances in the inferencing. Work is in progress to
characterize the sensitivity of the inference to uncertainties
in the initial carrier density.

Our results highlight the potential of Bayesian Monte
Carlo to explore coupled physical phenomena that are
difficult to separate analytically. Our results show that
Bayesian inference can pinpoint the most significant
recombination mechanisms from a small number of TRPL
scans. This information can then be used to guide fur-
ther treatment of the material to increase the photovoltaic
conversion efficiency. Bayesian inference of TRPL data
can also be used to quantify carrier trapping and detrap-
ping [10,26], analyze carrier dynamics in different device
architectures [10,26,27], and explore carrier and photon
transport in nanostructures [28]. Moreover, the method-
ology is not limited to TRPL. For instance, the pho-
toconductivity decay measured in an optical-pump ter-
ahertz probe (OPTP) also originates from photoexcited
carriers [29-32]. With a few modifications to the phys-
ical model, Bayesian Monte Carlo can be adapted to
extract fast carrier diffusion and surface recombination
from OPTP data, analyze interlayer transport and exci-
ton dynamics from transient absorption [33], or obtain
complementary information from combinations of differ-
ent experimental techniques. For materials characterized
by more rapid carrier recombination, such as CdTe, the
instrument response can be convolved with the simulated
TRPL data. Our work demonstrates that the introduction
of MMC sampling to Bayesian inference can significantly
improve the information retrieval from material charac-
terization experiments for a broad range of photovoltaic
materials.

Finally, we note that there are a number of indicators
suggesting that the parameter space is very smooth in com-
parison with typical Monte Carlo simulations in molecular
or statistical physics. In Fig. 5 the region of exploration
shrinks smoothly as o2 (equivalent to temperature) is
reduced by orders of magnitude, without any indication
that the Markov chains become trapped in separate regions
of the parameter space, as happens in systems exhibiting
phase transitions. Moreover, Fig. 6 shows that we quickly
(within 2000 trial moves) reach the same equilibrium state
from widely (two orders of magnitude) different starting
states.

V. METHODS

The results shown in Sec. III were obtained from TRPL
data sets, using Bayesian inference to obtain distributions
of likely values of the material parameters, denoted col-
lectively as € (see Table I). For a specific choice of
parameters €2,, we simulate the expected experimental
outcomes from K measurements (for example, a TRPL
power scan with K total data points) FX(£,) using stan-
dard device simulation models [13,16]. We assume that the
experimental outcomes, denoted collectively by YX, devi-
ate from the predictions of a given parameter set FX(2,)
by an error term 8%,

Yy = Fr(2) + 6. (7

Here Y; and F} indicate the logarithm of the TRPL inten-
sity; we compare logarithms to avoid overly biasing the
inferencing toward early delay times, as TRPL decay typ-
ically spans several orders of magnitude. The uncertainty
in an experimental measurement then becomes a relative
uncertainty in the logarithm. Similarly, we use logarithms
of the material properties as parameters (£2) so that each
property is sampled over a similar range, relative to its
value. We assume that §% is Gaussian distributed, with zero
mean and standard deviations oX, but systematic errors
in the experimental measurements and inadequacies in the
underlying physics model can shift and skew the distribu-
tion. A strength of Bayesian inferencing methods is that
they offer the possibility of a post-hoc assessment of the
effectiveness of the model, by examining the distributions
of inferred parameters.

A. Likelihood function

For a Gaussian process model, the log likelihood of
a particular set of parameter values €2, is the sum of
deviations between the measured data set YX and the
corresponding simulated data FX(%2,,),
K 2
Y — Fr(Q2
(( k — Fir($2,)) ) ®)

InL(2,, YX) = —
nL( ) ; 207

The normalizations in Eq. (2) can be omitted since we
only require ratios of likelihood functions. The parameter
oy, representing the variance in §;, contains two compo-
nents: the model variance o and the uncertainty in the
experimental measurements o x,

of = (0 + o5 ). 9)

The model uncertainty o is a hyperparameter as it is
external to the inference itself, while the oX are deter-
mined from the experimental data sets (Sec. VC). The
development of criteria for selecting a suitable value for
o is discussed in Sec. IIID 2.
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For a collection of N parameter sets ", sampled uni-
formly within a bounded space £27, the posterior distribu-
tion is simply

L(S24, Y5)

P(2,,Y5) = )
S L(Q2, YK)

(10)

A bounded prior distribution is useful in excluding param-
eters where the physics model or its numerical solution
breaks down. The parameter ranges used in the inferencing
are indicated by the ranges shown in Table IV. Parameters
outside the preimposed bounds are not considered in the
inferencing.

Sampling from a uniform distribution [Eq. (10)]
becomes inefficient as the dimensionality of the parameter
space increases because the overwhelming majority of the
samples will have essentially zero probability. However,
by using importance sampling, where a state €2, is sampled
from the desired posterior probability P(2,, YX), regions
of low probability are avoided and the sampling efficiency
can be greatly increased. This can be accomplished by the
Metropolis Monte Carlo method [17].

B. Metropolis Monte Carlo

The problem with sampling from the posterior distri-
bution [Eq. (10)] is that the normalization is unknown «
priori. The Metropolis algorithm [17] neatly avoids this
difficulty by arranging for transitions between successive
states in the Markov chain 2, and €2, to occur with
relative probabilities 7,4+ and 7,4 -, given by

— Pn+1 — Ln+1 (11)

>
TTn+1—n Pn Ln

TTn—sn+1

where the normalization of P in Eq. (10) cancels out. Start-
ing from an initial state €2, with P(£2g) # 0 (Sec. II1 C),
a Markov chain of states can be generated by rejection
sampling, with transition probabilities satisfying Eq. (11).
For a sufficiently long chain, this enforces detailed balance
between any pair of states P,m,_,,» = Py7,y_,, Whichis a
sufficient condition for a stationary distribution [17].
Metropolis sampling is based on the observation that
it is not possible to sample directly from the likelihood
function. We must first generate a small trial displacement
within the parameter space 2, = 2, + A,, where the dis-
placement A, is sampled from a bounded uniform distribu-
tion (see Sec. III D 1). The trial move is accepted (2,11 =
;) with probability P2 | and rejected (11 = 2,)
with probability 1 — P +1- Since the trial move prob-
abilities for 2, — Q,4; and 2,4 — 2, are equal, the
ratio of acceptance probabilities P 41 /P;’?H_)n must

follow the ratio of the likelihood functions:

. Ln+1
= , 1. 12
min < I, ) (12)

However, it is not essential that the trial move probability
is symmetric between the two states n and n + 1; if it is not
then the acceptance probability must be suitably modified
[34,35].

Random walks are initiated from a state in Q°, under
the assumption that all states (in Q) are accessible from
any initial condition (ergodicity). We cannot discount the
possibility that there are separate regions of the parame-
ter space that are mutually inaccessible, but we have not
observed any such behavior. Typically, a random walk
drifts systematically towards a stationary (or equilibrium)
distribution sampled from the posterior P(Q2, YX), with
increasing fidelity as the number of steps (V) increases.
The selection of N follows from a trade-off between the
statistical precision of the sampling and the computational

Load experimental data: Y
Initialize parameters: Qg
Simulate initial TRPL: F(Qo)
Initialize likelihood: Lo(Y - F)

.

~—»|  Trial move: Q = Qg + 6Q

v

Simulate TRPL: F(Q)
|

A4
Compute likelihood: L(Y - F)

Compute acceptance: L / Ly

v

R[O-l] <L /Ly

_—

i False

True
Y

Accept move: Qy=Q; Lo=L

v

— Accumulate statistics: Q, L at

FIG. 7. A flowchart describing the Bayesian Monte Carlo
algorithm.
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cost; typically, N is in the range 10°-103. A flowchart of
the MMC algorithm is shown in Fig. 7.

Several qualitative methods can be employed to search
for signs of a stationary distribution. A trace of the log-
likelihood from different initial states [Fig. 6(a)] reveals
whether or not a stationary state has been reached and, if
s0, how many steps it took. Convergence to the same likeli-
hood indicates that the random walk is oscillating between
states with similarly high probability, which collectively
make up a stationary distribution. There is a clear cutoff,
No ~ 2000, separating the equilibration period, in which
the random walk is locating the stationary distribution,
from the remaining states where the walk is oscillating
within a narrow stationary distribution. Trace plots of indi-
vidual parameter values display a similar convergence as
the log likelihood [Figs. 6(b)-6(d)]. Averaging over the
stationary portion of the random walk (N > N;), we find
that the parameters are Gaussian distributed and centered
on the input values [Figs. 2(b)-2(h)].

The stationary distribution is not necessarily narrow for
all parameters involved in TRPL measurements. Failure
to infer a particular parameter may mean that the TRPL
response is insensitive to that parameter or, more likely,
that there is a strong parameter covariance, which can
be revealed by higher-dimensional marginalizations [16].
Instances of parameter covariance can highlight specific
aspects of the carrier physics that are not being probed
by existing measurements and guide the design of more
informative experiments.

C. Including uncertainty

Inferences for each parameter are made by taking mean
values of the states sampled after equilibration (N > Ny),
while the uncertainties represent one standard deviation
in the distribution. Although states in the Markov chain
are not independent of one another, the large number of
states means that uncertainties in sampling the distribu-
tion are much smaller than the experimental and model
uncertainties. We treat the model uncertainty o as an
adjustable parameter, balancing precision in the inferred
value with robustness in the overall inference, meaning
that the Markov chain does not get locked into local
maxima in the likelihood distribution L(£2) [Eq. (8)].

The model uncertainty o [Eq. (9)] is a hyperparame-
ter, which was determined empirically (Sec. III D 2). Based
on measured TRPL data we decompose the experimen-
tal noise into a constant background and a contribution
proportional to the intensity:

cr,%k = oy + oil}. (13)

The proportional contribution to the noise o,/ is dominant
at high-injection levels and comes from the amplification

circuitry in the photomultiplier tube; the constant back-
ground noise oy can be measured from the dark spectrum.
The standard deviation in the experimental measurements
is then represented by oy, which we parameterize by oy,
o1, and the measured intensity /.

Each of the three TRPL curves from Staub et al. [7]
was fitted by a sum of three exponentials, and the resid-
ual at each data point was taken as the difference from
the fitted mean value. The parameters oy and o; were
determined for each fluence by fitting the observed fluc-
tuations in /p; to a Gaussian distribution, with a variance
given by Eq. (9). The background (low-injection) noise
oo was approximately 5 x 10" cm=2s7!, 10" em™2s7!,
and 1.5 x 10" cm™2s~! for excitations with fluences of
2.75 x 10"3, 1.92 x 102, and 2.12 x 10'" photons cm~2,
respectively. The amplification noise was roughly 5% of
the signal (o7 ~ 0.05) at the highest fluence and 3% (o] ~
0.03) at the two lower fluences.

Since the likelihood function [Eq. (8)] is based on the
logarithm of the measured (Y;) and simulated (F}) intensi-
ties, the experimental uncertainty is relative, oy = o7 /Ix
. Combining the model and experimental uncertainties
from Egs. (9) and (13), the uncertainty entering the log
likelihood function [Eq. (8)] is

o2
akz =o’+ —g + of.
I

(14)

Gaussian noise, with a standard deviation o; was added to
the simulated TRPL decay curves (Fig. 1), and included
in the o; parameterizing the width of the likelihood
function.

The codes and input files needed to perform all anal-
yses detailed within this study are permanently archived
online [36]. The latest version of the codes are available as
a public Github repository [37].
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APPENDIX: PHYSICS MODEL

Charge carrier transport is based on the standard model
[13] for one-dimensional carrier drift diffusion and Pois-
son’s equation for the electric field:

1
on=-0,J, —R, (A1)
q
1
op = ——0.J, — R, (A2)
q
q
9.E = L(Ap — An), (A3)
€
with
Jy = ungEn + w,kTo.n, (A4)
Jp = UpqEp — ppkTo:p. (A5)

Here n and p are the densities of mobile electrons and
holes, J, and J, are their charge currents, E is the electric
field strength, g is the elementary charge, € is the dielectric
constant, and ,,u, are the electron and hole mobili-
ties. The bulk recombination rate R = Rgaq + Raug + Rsru
is the sum of contributions from radiative, Auger, and
nonradiative (Shockley-Read-Hall) recombination:

RRag = k" (np — nopo), (A6)
RAug = (Cnn + Cpp)(np - nOpO), (A7)
Ry = 2100 (A8)

Tpn + Typ

Carrier recombination is characterized by five inferable
parameters: the external radiative recombination coeffi-
cient £* (which includes the effects of photon recycling),
the Auger recombination coefficients C,, C,, and the elec-
tron and hole nonradiative lifetimes 7, 7,; no,po are the
equilibrium free-carrier densities.

The transport equations are closed by boundary condi-
tions on the currents:

Ju(z = O) = _Jp (z=0)= qu, (A9)
Ju(z=d) =—J,(z=d) = —qRs. (A10)
The nonradiative SRH surface recombination rate
Rg = P = oPo (A11)
n/S+p/S

can have different recombination velocities S = Sf or Sg at
the front and back surfaces.

The photoluminescence intensity measured in TRPL,
Ipy (1), is calculated from the radiative recombination rate,

d
M@Z/Rmﬁ (A12)
0

Initial conditions for the carrier densities are obtained
from a Beer-Lambert absorption profile characterized by
the laser photon fluence /y and the wavelength A of the
laser, which determines the absorption coefficient of the
material o (1),

An(t=0) = Ap(t = 0) = [yae *. (A13)
A detailed description of the implementation and analysis

of this physics model can be found in our previous work
[16].
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