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With its promise for low energy consumption, membrane technology has stimulated efficient approaches
to separate mixtures. Technological progress has been made to achieve better purification with lower
energy cost and higher productivity. Separation with high productivity is typically accomplished within
a limited operation time, which unavoidably results in an excess energy consumption due to the fun-
damental laws of thermodynamics. Reduction of the energy consumption is of practical importance in
the application of membrane separation. However, little is known about the fundamental limit of the
least excess energy consumption in a finite operation time. We derive such a limit for the separation of
binary mixed gases and show its proportionality to the square of the geometric distance between the ini-
tial state and the final state and its inverse proportionality to the operation time. The result shows that
optimizing the separation protocol is equivalent to finding the geodesic curve in a geometric space. We
predict that for the symmetric protocols, the complete separation of 1 mol of a binary mixture of equally
mixed ideal single-atom gases at environmental temperature 7, within operation time 7 requires at least
(12 — Sﬁ)NAkBT 0Tp/T for a particle-transport-dominated process and 2(In 2)2N,kTyty/37 for a heat-
exchange-dominated process, where N, is the Avogadro number and 7, and 7; are the timescales for
particle transport and heat exchange, respectively. Interestingly, for a symmetric system, the minimum
excess energy consumption is achieved by symmetry-breaking protocols. Our geometric approach may

inspire the optimization of industrial membrane separation protocols.
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L. INTRODUCTION

Separating components in a mixture into a purer form
is of crucial importance in various industrial applications
[1,2], e.g., in water purification [3,4], tail gas purifica-
tion [1], and pharmaceutical production [5—7]. Traditional
methods of separation such as distillation or chemical
purification usually have a large energy and environmen-
tal cost. In water purification, distilling 1 m* of seawater
has an energy cost of about 640 kW h. With clever opti-
mization of heat transfer and process design, such cost can
be reduced to around 50 kW h [8,9]. The flourishing of
membrane science and technology in recent decades has
provided a more efficient approach to achieve separation
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of components [10—14], with a significant reduction of the
energy cost to roughly 4.5 kWh [8,15] and a consider-
able increase in energy efficiency. Since the 1960s, there
have been three generations of membrane separation tech-
nology, represented by the ultrafiltration or microfiltration
membrane system, the aqueous reverse osmosis system,
and refined size discrimination [16], with the use extended
from water purification [17,18] to the separation of gas
molecules, such as acquiring N, from the air or removing
CO; from natural gas [19,20]. Such membrane technology
has also benefited the pharmaceutical and biological indus-
tries [21,22], the environmental science of CO, controls
[23-25], the food industry [26], and the development of
renewable energy resources [27-29].

To increase the performance of membrane separation,
significant efforts have been made with existing mem-
brane apparatus from different perspectives, e.g., develop-
ing new-generation material with greater selectivity and
permeability to the required components [12,19,30,31] to
ensure the purity of the product, and designing new separa-
tion modules to reduce energy cost and optimize durability
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[32,33]. Productivity, defined as the generation rate for
the target product in the separation process, has always
been one of the determining factors for whether an indus-
trial separation approach is economically practical [34].
However, there exists a trade-off between productivity and
energy consumption in separation processes—increasing
productivity to complete the purification within a shorter
operation time is usually accompanied by an excess energy
consumption [35]. For example, the simulation result in
Ref. [33] shows for a CO, capture device combining mem-
brane separation and cultivation of algae that the energy
consumption increases from 0.5 MJ/kg CO, to more than
200 MJ/kg CO, when the feed rate increases from 0.01
to 10 kmol/s. Given such considerable excess energy con-
sumption, optimizing such a trade-off relation is important.

Recently, the development of finite-time thermodynam-
ics has spurred a theoretical revisit of the membrane
process for better purification. The fundamental laws of
the thermodynamics of equilibrium processes define a
universal lower limit for arbitrary separation processes
W > AF [36,37], but actual separation processes are typ-
ically accomplished within a finite operation time. Such
nonequilibrium processes must be investigated [38—40] to
reveal the excess energy consumption beyond the lower
limit given by the fundamental laws of thermodynamics of
equilibrium processes. An important question that arises
naturally is whether there is a lower bound to the energy
consumption in finite time posited by the fundamental laws
of thermodynamics. If there is, such a bound should allow
us to reduce the excess energy consumption of these sepa-
ration processes without reducing productivity, and should
shed light on the material synthesis and the module design
of separation processes.
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In this work, we seek a fundamental bound of the least
energy consumption in a finite operation time as a con-
sequence of the basic law of finite-time thermodynamics.
With a geometric structure of the thermal equilibrium con-
figuration space [41—49], we determine that the minimum
excess energy consumption is proportional to the square of
the distance between the initial state and the final state. For
a practical finite-time separation process, the excess energy
consumption beyond the quasistatic separation should be
optimized to reach the fundamental limit [40,50-52]. By
using the revised Fick’s law of diffusion [53], we convert
such a task of finding the minimum energy consumption
in a gas separation process into finding the shortest path
in a configuration space, demonstrating the first applica-
tion of geometric optimization in the membrane separation
process.

II. MODELING THE MEMBRANE SEPARATION

Consider a binary mixture of gas molecules in a cham-
ber with volume V7, as illustrated in Fig. 1(a). The system
is immersed in a thermal bath with temperature 7. The
two species of molecules are represented by blue pyra-
mids (type «) and red balls (type 8), and the numbers of
molecules for each species are denoted by N, and Ng. The
separation process is performed by mechanically moving
two semipermeable membranes, A and B, towards each
other from opposite ends of the chamber. Membrane A
(membrane B) is designed with properties allowing per-
fectly selective permeability, i.e., allowing only type-o
(type-B) molecules to penetrate. The chamber is divided
into three compartments with the two membranes: the left
one with volume V; for the purified type-o molecules,

Symmetric protocol

Starting point

Separation of two mixed gases. (a) The separation process. The chamber is divided into three compartments, the left one

(with volume ¥7}) for the purified type-o molecules (blue pyramids), the middle one (with volume Vj,) for the molecular mixture,
and the right one (with volume V) for the purified type-8 molecules (red balls). Semipermeable membranes A and B are designed
to allow only type-a and type-8 molecules to pass through them, respectively. During the separation process, the two membranes are
pushed towards each other. (b) The landscape of the configuration space spanned by x* = V;/V; (k = L, R) for the separation process.
The lengths of the paths between the starting point (0,0) and the target point (0.5,0.5) reflect the excess energy consumption of the

corresponding protocols.
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the middle one with volume V), for the molecular mix-
ture, and the right one with volume Vy for the purified
type-B8 molecules. The three volumes satisfy the condition
Ve 4+ Vi + Vg = Vi At the end of the separation, mem-
branes A and B contact each other, i.e., V) = 0, and the
two gases are purified in the left and right compartments.

We denote the number of type-o (¢ = «, 8) molecules
in compartment k (k= L,M,R) as Ny;. The imperme-
ability of membrane A (membrane B) to type-8 (type-«)
molecules results in Ng; = Nyg = 0. For gas molecules,
the relaxation time is typically far shorter than the oper-
ation time. Such a situation is typically referred to as the
“endoreversible region” [38,39], where the status of the gas
can be described by macroscopic parameters, i.e., the pres-
sure and the temperature. We assume the heat exchange
between the compartments is fast enough to establish a
global temperature T for the molecules in the whole cham-
ber. The hydrodynamic effects in the transport of the gases
are ignored. The states of the gases in each compartment
are described by the van der Waals equation

N?  NikgT

A 1
2 Vi— Ny O

P+ ag

where p;, is the pressure in each compartment & with parti-
cle number Ny = Ny + Ngy, kg is the Boltzmann constant,
and a; and b; are the van der Waals constants—a; is a
measure of the interaction strength between molecules and
by 1s the volume of a single molecule. In each compart-
ment k, a; and by are related to the mixture ratios 71y, =
Nur /Ny and ngr = Ngi/Ny = 1 — nex via the relations
ap = aaangk + Zaaﬂ NakM Bk + agp n)zgk and bk = bacoz nik +
2bagNainpr + bpp 77;23/{’ where a,, and b, are the van der
Waals constants for pure type-o gas, aqp is related to the
interaction between two van der Waals gases, and b,g is
the impenetrable volume for the collision between «-type
and B-type molecules, given by by = [(bé{f + b}gg) /27°.
During quasistatic separation processes, the gases have
sufficient time to reach equilibrium with the bath, and the
gas temperature is equal to the bath temperature 7' = Tj.

J

However, during finite-time separation processes, the gas
temperature 7 typically deviates from the bath temperature
Ty due to the finite duration of the operation.

Two types of relaxation occur in the separation process:
particle transport across the membranes and heat conduc-
tion through the wall of the chamber. To describe the
relaxation of particle transport, we derive a revised Fick’s

law of diffusion for van der Waals gases as follows (see the
derivation in Appendix A):

Ny = KaAkBT[(con - cozL)
a

bh— —

+(o- 57

N/gR = KﬁAkBT[(CﬂM — C,BR)

+ (b - k}%) cam (Cpyr + C/SR):| , (2)

cpm(Carr + CaL)] ,

where ¢, = Nyi/Vy is the density of type-o molecules in
compartment k, x, («kg) is the diffusion constant of type-
a (type-B) molecules across membrane A (membrane B),
and A is the area of the membranes, which is assumed to
be the same for membranes A and B. In the derivation, we
assume that ay, = agp = agpg = aand byy = byp = bpgg =
b. As a result, the van der Waals constants of the mixed
gases are the same as those of pure type-o and type-B
gases. The second term on the right-hand side is the cor-
rection to Fick’s law due to the interaction energy of van
der Waals gases. Here we keep the correction terms to the
first order of the van der Waals constants.

We use Newton’s law of cooling to describe the heat
conduction between the system and the thermal bath, i.e.,
Q = —Cypy(T — Ty), where Cy is the heat capacity of the
system at constant volume, e.g., Cy = (3/2)Nkp for a
single-atom ideal gas with total number N, = N, 4+ Ng of
the two types of molecules, and y is the cooling rate of the
system. With the first law of thermodynamics, the evolu-
tion of the gas temperature 7 is governed by the differential
equation (see the derivation in Appendix B)

T__ (T—T)—kB—T NaLVL (NaM +N,3M) VM NﬂRVR
-7 0 Cy | Vi = Narb Vi — (Naasr + Ngy)b Ve — Ngrb
n 2aNy1, (Nom + Npum _ Nar 2aNgr ( Nawr + Npu _ Ngr 3)
CV VM VL CV VM VR ’

where the first term is the heat exchange with the ther-
mal bath and the second term is the mechanical work
performed on the gas. In the second line, the third and

(

the fourth terms are related to the interaction energy. The
equation for ideal gases is recovered by setting @ = 0 and
b=0.
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III. EXCESS ENERGY CONSUMPTION

During the separation, mechanical work is performed by
moving the membranes with the rate of energy consump-
tion

W= —p.Vi —puVu — PRV, “4)

where the pressure py in each compartment is given by Eq.
(1) and ¥, = dV;/dt is the volume change rate of com-
partment k. For convenience, we define two dimensionless
parameters determining the configuration of the system:
xt =V, )V, and xR = Vy/V,. Initially, the two species of
molecules are completely mixed, with x*(0) = x%(0) = 0.
Finally, they are separated, with x*(t) and x® () satisfy-
ing x*(t) + x®(1) = 1. Throughout the separation process,
the volumes are subjected to a constraint condition 0 <
o +xfo < 1.

For quasistatic separation with infinite operation time,
the minimum energy consumption is obtained as W(n?i)n =
—NikpTo(€y In€y + € In€g) by choosing the final volume
proportional to the ratio €, = N, /N, of the two gases,
namely, x/(t) = ¢, and x®(r) = €5 when the van der
Waals constant a satisfies aN,/VikpTy < 1. The proof is
given in Appendix C. To complete the separation in finite
time, excess energy consumption is required: Wey = W —
Winin

In the following, we focus on the separation processes
where the control parameters are varied much more slowly
than the relaxation timescales. For slow separation pro-
cesses, the leading term of rate of excess energy consump-
tion is expressed in a quadratic form:

) _ - L R _l,:, .X‘:L
Wee = (x¢ #R)OAT'E ) %)

The three matrices, denoted by ®, A, and E, character-
ize the linear response of the system state to the external
driving, the relaxation of a near-equilibrium state, and the
change of the instantaneous equilibrium state, respectively.
Detailed derivations of Eq. (5) and the expressions for the
three matrices can be found in Appendix D. In this situa-
tion, thermodynamic geometry can be used to optimize the
control schemes to reduce the energy consumption [45—
48], and the control scheme with the minimum energy
consumption in finite time is converted into searching for
geodesic paths with the metric.

IV. RIEMANN GEOMETRY OF THE
CONFIGURATION SPACE

The quadratic form of the rate of the excess energy con-
sumption W, allows the definition of a geometric length in
the configuration space spanned by the control parameters
(xf, x®). For the separation finished at finite operation time

t = t with x*(t) + x®(r) = 1, the protocol x*(¢) and x*(¢)
is designed to minimize the excess energy consumption.

We define a metric G for the current Riemann manifold
as

G= OAT'E + (@A_1 E)T _ (gLL gue) . (6)
2 8RrL  &RR
For the case of ideal gases (¢ =0 and b =0), we
obtain analytical expressions for the metric: gy =
NikgToleptp(x®)?/(1 = x1)? + €ae/(1 —x) +2/3 x €
/(1 =x"?1,  gir = gr = NikpTo{€aax" /(1 — x*)?
+ eptpxl /(1 — x5 +2/3 x €5t /[(1 — xE) (1 — xB)]},
and grr = NikgTol€ata (X1)? /(1 — xF)3 + €g75/(1 — x) +
2/3 x €21,/(1 —x®)?], where we have introduced the
timescale of heat transfer 7, = 1/y and that of parti-
cle transport of type-o molecules t, = V;/xskpToA. The
details can be found in Appendix E.
With the Cauchy-Schwarz inequality [ Wexdt [y dt >

( for V Wexdt)?, the excess energy consumption of different
protocols for a given path P (x%, x®) = 0 is bounded as

Wex = ?’ (7)

where the thermodynamic length £ = [ v/ Weydt is deter-
mined only by the path in the configuration space [43,45,

47]:
L
E=L/%Lﬁﬂdﬁg~ (8)

The equality in Eq. (7) holds for the protocol with con-
stant excess energy consumption rate W, = const. The
task of seeking the minimum energy consumption in finite
time is converted into identifying geodesic paths connect-
ing the starting point (0, 0) and the target point (4, €g) in
the configuration space.

Such geodesic paths in the current Riemann manifold
are described by the geodesic equations,

Y =0, 9)

with boundary conditions x*(0) = x®(0) = 0 and x* (1) =
€0, X% (1) = €p. Here Einstein summation is used to sim-
plify the summation of repeated indices. The Christoffel
symbols T'; are obtained as T'; = (1/2)g" (9gu/0x' +
dgy /ox' — 8gij/8x1) , where g are the elements of the
inverse metric G~'. For van der Waals gases, the Christof-
fel symbols are obtained numerically by calculation of the
derivatives of the metric. For ideal gases, we obtain ana-
lytical results for the Christoffel symbols in Appendix E.
We remark that some singularities of the differential
equations arise when solving the geodesic Eq. (9) and the
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evolution Egs. (2) and (3). We show numerical techniques
for dealing with these singularities in Appendix F.

V. SYMMETRIC CONTROL PATH

As the first step, we optimize the separation along a
symmetric path x(f) = x®(f) = x(¢) for the case where
the two gases have equal particle numbers N, = Ng, and
membranes A and B exhibit equivalent permeability, i.e.,
ko = kg (consequently 7, = 73 = 7,). We mainly discuss
the analytically solvable case for ideal gases, which is
rather typical to reflect the mechanism of membrane sepa-
ration. The optimization for van der Waals gases is solved
numerically to support the analytical result of ideal gas
approximation. In the numerical calculation, we assume
that the two mixed gases have identical van der Waals
constants a; = a and b; = b; this provides a symmetric
setup in the dynamics of separation. The protocol x(¢) is
optimized for lower excess energy consumption.

For ideal gases, we observe that the most straightfor-
ward symmetric linear protocol x(f) = ¢/2t with excess
energy consumption WM = N kg T (v4/37 + 31, /47)
does not satisfy the geodesic equation (9), indicating that
such a linear protocol is not optimal under the symmetric
setup. The thermodynamic length of the symmetric path
xt(#) = xR () = x(¢) with starting point x(0) and end point
x(7) is obtained explicitly by Eq. (8) as

L,(:(0)) = 2¢/Niks T ( —+ Zrh

2‘5;, - 12( x)‘ch)

By setting x(t) = 0.5, we obtain the length of the whole
symmetric path Lgym = £,(0.5).

The lower bound of the excess energy consumption for
the symmetric path is £, /7. To obtain such a bound,
the parameters are controlled with the optimal symmetric
protocol x©©SP)(f) in an implicit form as

. (10)
x=0

L(xSP (1) = tLym/7. (11)

We explicitly describe two cases where either the relax-
ation of particle transport or that of heat exchange domi-
nates during the separation process:

(1) Particle-transport-dominated process (7, < 1,,). The
temperature of the system is identical to that of the bath,
T = Ty. The excess energy consumption rate is simplified
as Wey = NiksTot, (1 — x){(d/dt)[x/(1 — x)]}*. The ther-
modynamic length follows as £ = (2v/2 — 2)/NikzT, 0Tp-
According to Eq. (7), the minimum excess energy con-
sumption is given by

WD — (12 — 8x/_)N,kBT0— (12)

TABLEI. Optimal symmetric protocol for equally mixed ideal
gases. Two regions of the relaxation timescales are considered:
(1) particle-transport-dominated process (7; < 7,) and (2) heat-
exchange-dominated process (7, > 1,).

o< 1 o> 1,
pymin) (12 — 8V2)Niks Ty 2 20027 N ey Ty
Protocol x(f)=1—[(v2—Dt/t +1]172 x(t)=1-27*

The optimal symmetric protocol to achieve the above min-
imum excess energy consumption is designed as follows;

x()=1—-[(V2 =D/t +1]72 (13)

(2) Heat-exchange-dominated process (7, > 7,). The
excess energy consumption rate is simplified to We =
2/3 x NkgTytpx* /(1 — x)?. The minimum excess energy
consumption is given by

2(In2)>

mln)
ex

thTo%- (14)

The optimal symmetric protocol is obtained as follows:
x(f)=1-27"7, (15)

We summarize the two cases in Table 1.

To validate our analytical results for the optimal sym-
metric protocol, we perform numerical simulations. We
consider a symmetric situation of 2 mol of equally mixed
gases at room temperature Ty = 298.15 K. With regard
to the particle numbers of the two gases, N, = Ng = Ny,
where N; = 6.022 x 10% mol~! is the Avogadro constant.
The total volume is chosen as V; = 0.04893 m? to ensure
that the initial pressure is atmospheric pressure. For van der
Waals gases, we set aN;/VikgTy = 0.04 and N;b/V; = 0.02
throughout the rest of this paper. The corresponding val-
ues of a and b are about 20 times their values for O,.
We choose relatively large van der Waals constants to dis-
tinguish the results from those for ideal gases. With the
values of a and b for O,, the results for van der Waals
gases are almost the same as those for ideal gases. There-
fore, the ideal gas approximation works well for the current
conditions of pressure and temperature.

The numerical results for the optimal symmetric proto-
cols are shown in Figs. 2(a), 2(c), and 2(e), and the numer-
ical results for the excess energy consumption are shown
in Figs. 2(b), 2(d), and 2(f). The relaxation timescales are
set as 7, = 1 s and 7, = 0.01 s in Figs. 2(a) and 2(b) for
the particle-transport-dominated processes, 7, =1 s and
7, = 1 s in Figs. 2(c) and 2(d) for the intermediate case,
and 7, =0.01 s and 7; =1 s in Figs. 2(e) and 2(f) for
the heat-exchange-dominated processes. In Figs. 2(a), 2(¢),
and 2(e), the optimal symmetric protocols for ideal gases
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FIG. 2.

Symmetric protocols and excess energy consumption on the symmetric path for ideal gases and van der Waals (vdW) gases.

The relaxation timescales are setto 7, = 1 s and 7;, = 0.01 s in (a),(b), 7, = 1 sand 7, = 1 sin (c),(d),and 7, = 0.0l sand 7;, =15
in (e),(f). (a),(c),(e) The optimal symmetric protocols for ideal gases (solid dark-red curve) and van der Waals gases (dashed light-red
curves). The dotted black curves in (a),(c) indicate the analytical optimal symmetric protocols (13) and (15) in the two limits, and
the dashed blue line represents the linear protocol. (b),(d),(f) The excess energy consumption. The markers show the excess energy
consumption obtained by numerically solving the evolution equations (2) and (3) under the given protocols, with squares (circles)
indicating ideal gases (van der Waals gases) under the optimal symmetric protocol, and diamonds (triangles) indicating ideal gases
(van der Waals gases) under the linear protocol. The bounds (12) and (14) of the excess energy consumption are shown by the dotted

black lines in (b),(f), respectively.

analytically expressed in Egs. (10) and (11) are represented
by the solid dark-red curves, and those of the van der Waals
gases are represented by the dashed light-red curves by
numerically solving the geodesic equation (9). The explicit
optimal symmetric protocols (13) and (15) in the two lim-
its are shown by the dotted black curves in Figs. 2(a) and
2(e). The linear protocol of the separation is given by the
dashed blue line.

The numerical results for the excess energy consump-
tion for the optimal symmetric protocols and the linear
protocol are presented in Figs. 2(b), 2(d), and 2(f). Specifi-
cally, we use markers to depict the excess energy consump-
tion obtained by numerically solving the evolution equa-
tions (2) and (3) under the given protocols, while the lines
represent the predictions with use of the thermodynamic
lengths via the bounds in Egs. (12) and (14).

From these figures, there are two noteworthy observa-
tions. Firstly, the optimal control protocol with reduced
energy consumption differs from the simplistic linear pro-
tocol. This discrepancy underscores the necessity to search

for an even better control protocol. Secondly, the imple-
mentation of the ideal gas approximation yields a com-
mendable estimation of the energy consumption associ-
ated with the separation of real gases. Despite the ideal
gas model’s inherent simplifications and assumptions, it
remarkably captures the essential aspects of the energy
requirements in real gas separation processes.

VI. SYMMETRY BREAKING IN THE OPTIMAL
SEPARATION PROTOCOL

The question arises of whether the symmetric protocol
is the optimal one with the minimum energy consumption.
Our answer is it is not. We find two symmetry-breaking
protocols to obtain the minimum energy consumption for
the perfectly symmetric setup.

For given parameters, we use the shooting method [54]
to numerically search for the geodesic path connecting
the starting point (0,0) and the target point (0.5,0.5) in
the configuration space. In such a method, the problem of
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FIG. 3. Optimal symmetry-breaking protocols with the mini-
mum excess energy consumption for the separation process. The
permeability of membranes A and B with regard to the corre-
sponding type of molecule is identical, and the numbers of type-«
and type-8 molecules are equal. Results are shown for three cases
with different relaxation timescales (7, = 1sand 7, =15, 7 =
0.1sand 7, =15, and 7, = 0.01 s and 7, = 1 s) for both ideal
gases (solid curves) and van der Waals gases (dashed curves).

finding the geodesic path connecting two points is con-
verted into a problem of finding the proper initial value
of the velocity x*(0) and x?(0) in Eq. (9) with starting
point x£(0) = x®(0) = 0 to meet the condition x’(r) =
x®(t) = 0.5. We consider three cases that involve differ-
ent sets of relaxation timescales: 7, =1 s and 7, =1 s;
7,=0.1sand 7, =1s;and 7, =001 sand 7, =1 s.
In Fig. 3, we identify three geodesic paths for each case,
including one symmetric path and two symmetry-breaking
paths. The solid curves show the results for ideal gases, and
the dashed curves show the results for van der Waals gases.
The symmetric geodesic path is shown as a solid red line.
To visualize the symmetry breaking of the control scheme
in the optimal separation protocol, we sketch the three-
dimensional embedding of the current two-dimensional
Riemann manifold in Fig. 1(b), where the thermodynamic
length is reflected by the length of the path. The symmetry-
breaking curves are shorter than the symmetric curve,
representing a smaller excess energy consumption.

Figure 4 shows the excess energy consumption of the
optimal symmetry-breaking protocol for the case with 7, =
0.1 s and 7, =1 s. Similar results for other parameter
combinations are not shown here. The optimal symmetry-
breaking protocol and the optimal symmetric protocol are
given in Figs. 4(a) and 4(b) as solid curves for ideal gases
and dashed curves for van der Waals gases. In the optimal
symmetry-breaking protocol, the two membranes approach

24¢

100 110 120 130 140 150
7(s)

FIG. 4. Comparison of optimal symmetry-breaking and opti-
mal symmetric protocols. (a),(b) The control schemes for these
protocols, with solid curves representing protocols for ideal
gases and dashed curves representing protocols for van der
Waals (vdW) gases. (c) Excess energy consumption W ver-
sus operation time t. For ideal gases, squares and diamonds
represent the excess energy consumption under the optimal
symmetric and optimal symmetry-breaking protocols, respec-
tively. For van der Waals gases, circles and triangles represent
the excess energy consumption under the optimal symmetric
and optimal symmetry-breaking protocols, respectively. The dot-
ted dark-green line (dash-dotted light-green line) represents the
excess energy consumption predicted by the thermodynamic
length W, = £?/t under the optimal symmetry-breaking pro-
tocols for ideal gases (van der Waals gases), while the solid
dark-red line (dashed light-red line) shows the excess energy
consumption under the optimal symmetric protocols for ideal
gases (van der Waals gases).

each other at a position different from the equilibrium posi-
tion, and then they are moved together to the equilibrium
position. In Fig. 4(c), we compare the excess energy con-
sumption in the optimal symmetry-breaking protocol and
the optimal symmetric protocol. The markers show the
excess energy consumption obtained by numerically solv-
ing the evolution equations (2) and (3) under the given pro-
tocols, while the lines show the predictions with use of the
thermodynamic lengths. The thermodynamic lengths are
Ll = 59.66 (J5)'/? and Liged = 59.61 (J5)!/* for ideal

gases and L0 = 58.98 (J5)!/2 and LYY = 58.92 (J5)'/
for van der Waals gases. The lengths of the optimal
symmetry-breaking green geodesic paths are shorter than

those of the symmetric paths.
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VII. DISCUSSION

We established the equivalence between optimizing
control strategies to minimize energy consumption and
identifying geodesic paths within a Riemann space, a rela-
tionship that has been effectively leveraged in optimizing
control protocols in stochastic and quantum thermodynam-
ics [45-49]. By using this equivalence, we demonstrated
that the minimum energy consumption is directly pro-
portional to the square of the geodesic path’s length and
inversely proportional to the duration t of the operation.

For separation processes with a perfectly symmetric
setup (t¢ =178 =71, € =€ =0.5, a, =ag =a, and
by = bg = b), we found three geodesic paths. One of the
geodesic paths aligns with our intuitive expectation as a
symmetric straight line in the configuration space (xf, x%).
We optimized the excess energy consumption along this
path and obtained a symmetric yet nonlinear optimal pro-
tocol. Specially, under the approximation of ideal gases,
we predict that the complete separation of equally mixed
single-atom ideal gases requires an excess energy con-
sumption of at least (12 — 8v2)NiksT, 0T, /T for a particle-
transport-dominated process and 2(In2)>NkgTyt;,/37 for
a heat-exchange-dominated process, where 7, and 7, are
the relaxation timescales for particle transport and heat
exchange, respectively.

The other two symmetric-breaking geodesic paths are
proved to achieve the minimal thermodynamic length. The
corresponding symmetry-breaking protocols are optimal
and achieve the lowest energy consumption for a given
operation time t. In such protocols, one membrane is
moved faster than the other, the membranes approach each
other at a position slightly different from the equilibrium
position, and then they are moved together to the equilib-
rium position. The topic of reducing energy consumption
is becoming increasingly crucial. We believe our geometry
method is an auspicious beginning to optimize the cost of
the industrial membrane separation protocols.
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APPENDIX A: DERIVATION OF THE REVISED
FICK’S LAW OF DIFFUSION FOR VAN DER
WAALS GASES

Here we derive the revised Fick’s law given in Eq. (2).
For ideal gases, Fick’s law of diffusion asserts that the flux
of a certain particle across a membrane is proportional to
the density difference of that particle. If we take type-o

membrane
) | A oV
L1 | Vo
L Ja,M—L :| (
1l q 1 o Le °
% r CaM
E CaL ° Y 7
% L | 4 o| ¥ ) °
s =0 4 4

z direction
FIG. 5. Particle transport across the membrane from the mid-

dle compartment to the left compartment. The flux density is
denoted as jo - 1.

molecules as an example, the flux is expressed as

J(ideal)
o, M—L
: = CaM — Cal. Al
KaAkBT oM ok ( )
In the equilibrium state, the flux is zero, Jﬁ;ﬂ ;, =0, and

the particle density of type-o molecules across membrane
A is the same, cyy = cqr. However, for mixed van der
Waals gases, the same particle density does not lead to an
identical chemical potential, which is the necessary condi-
tion of equilibrium. Thus, Fick’s law of diffusion should be
revised for van der Waals gases.

We denote the diffusion flux of molecules (type «) over
membrane A from the middle compartment to the left com-
partment as J, py—1 = NaL :joc,M—>LA; where JaM—L is
the flux density and A is the area of the membrane. The
diagram is illustrated in Fig. 5. The flux J, »— 1 is driven
by the chemical potential difference Auy, = oy — UaL-
The chemical potential of type-o molecules in compart-
ment k is given by

AR
B 8Nak ’

Kok (A2)

where the free energy Fj for gas molecules in each com-
partment is given later.

We consider the simple case with the chemical gradi-
ent —d, /L, (z) along the z direction over membrane A. The
force —, 144 (z) induced by the chemical potential gradient
is balanced by a friction force —kv, across the membrane
as

—0: e (2) — kvg = 0, (A3)

where v, is the drift velocity of type-o molecules. The
drift velocity is related to the flux density jy xr—1 = Co Vg
through the density ¢, (z). Solving the steady flux density
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Jo from Eq. (A3), we obtain

Cq g (2)
k oz

jot,M—)L = - . (A4)

The free energy for the gas molecules in the chamber is
given by F' = F)y + F1 + Fg. The free energy Fjs of the
gases in the middle compartment is given by

3 (2mmksT
FM=—NMkBT|:Eln< s )+1]

72
N2 Vir — Nyh
—a™M T Ny In 2 MT
VM NaM
Vie — Nyub
+ Ngy In u) , (AS)
BM

where m is the mass of a single molecule and # is the vol-
ume of the phase-space grid. Similarly, the free energies of
the gases in the left and right compartments are

3 2nmkgT
P N
N? Vi — Nyrb
—a=L — Ny ksTln —=—"*Z (A6)
Vi ol
3. (2wmksT
Fr = —NﬂRkBT|:5 In (h—2> + 1:|
N} Vg — Ngpb
- a$ — NppkgTln =82 (A7)

R BR

The chemical potentials of the gases in different compart-
ments are obtained from py; = 0F)/dNyy as

3 2 mkyT N,
MaM:_EkBTln( T )-2 M

[ Y
Nyb Ve — Nyb
kT (M0 g Ty = Bud
i <VM—NMb N N )
3 2nmkpT
~ —EkBTln (TB> + kngncaM
+ 2 (bkgT — a) (cam + cpm), (A8)
3 2amkgT Nyr
oL = —2kpT1 -
ot =70z n( [ ) “v.
N,1b Vi — Nyib
kT —
e <VL—NaLb " N )
3 2nmkgT
~ —EkBTh’l (h—2) + kBTIIlCo,L
+ 2 (bkgT — a) cq4p.- (A9)

To the first order of the van der Waals constants, the flux
density is given by

) kgT [ 0cy 20 a ) 0Cq 4 dcg
aM—L = —— | — 7 )Ca |\ — ~ .
JoM~1 k| oz T\ oz T oz

(A10)

For the small density difference Ac, = cyyr — Cor across
membrane A with thickness d, we use the substitu-
tions dcy /0z = (Canmr — Car)/d, cq —> (Capmr + Car)/2, and
dcp/0z — (cpy — cpr)/d, with cgr = 0. The flux density
1s rewritten as

' kT + L) cpmcant + car)
aM—L ~X — |Cam — Cq ——]c Cy CoL) |-

JaM—L d |ceM L T T M (CaMm L
(A11)

By defining ¥ = 1/kd, we obtain a revised Fick’s law for
van der Waals gases:

JaM—L a

ksT
(A12)

For the case with a = 0 and b = 0, Fick’s law for ideal
gases is recovered as Jy yr—1 = ko AkgT(Carr — Car)-

APPENDIX B: DERIVATION OF THE
TEMPERATURE EVOLUTION

Here we derive the differential equation (3) that deter-
mines the evolution of gas temperature. We write the first
law of thermodynamics for the gases in each compartment
as

dU, = dQp — p1dVy, + urdNyr,

dUy = dQwy — pmdVu + tardNoys + ugyydNpy, (B1)

dUR = dQR —deVR + MﬁRdNﬂR,
where u,; is the partial molar internal energy of the
gases in each compartment. For van der Waals gases, the
internal energy in each compartment is given by U; =

3NikgT/2 — aN? / Vi, and the partial molar internal energy
Uy 1s explicitly given by

aU, 3 2aN,
Uyl = L = _kBT_ : L>
aN, 2 Vv,
3UM 3 2a (NaM ‘I‘N/gM)
UoM = = = BT— —_—,
ONy 2 Vi
(B2)
3UM 3 2a (NaM +N5M)
Uy = —— = —kBT— —_—,
INg 2 Vit
iU 3 2aN,
uﬁR = _M = —kBT— a ﬂR,
INg 2 Vi
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and the differences are caused by interaction energy

2aN, 2a (Nym + N,
Uyl — Ugm = — ‘ L+ ( x ﬂM)’
v Vi (B3)
2aNgr  2a (Nayr + Npar)
UBR — UM = — VR + VM .

With the identical gas temperature 7, we can sum over the
three expressions in Eq. (B1) and obtain the differential
equation

U=Q0—piVi—puVyu — PrRVR + g1 Nar

+ g Nom + tpmNpyr + ugrNgg. (B4)
Plugging the internal energy U=} ,_; \ r Ux = 3N/kp
T/2—=ay _;yx N}/ Vi the heat exchange O = —Cyy
(T — Ty) by Newton’s law of cooling, the pressures p; =
NikgT/ (Vi — Nib) — aN,f/Vi of van der Waals gases, and
the partial molar internal energy u,; into Eq. (B2), and
using the constraints NﬂM = —N,gR and N,y = —N,; of
particle numbers, we obtain the differential equation (3) to
describe the evolution of the gas temperature.

APPENDIX C: MINIMUM ENERGY
CONSUMPTION IN QUASISTATIC SEPARATION
OF VAN DER WAALS GASES

To obtain the energy consumption in quasistatic sepa-
ration, we use the normal formula W = AF = F/ — F!
from the free-energy change of van der Waals gases in the
middle compartment. Notice that the gases are initially pre-
pared in the middle compartment (V;, = 0, Vi =0, Vi, =
V;) and are finally separated in the left and right compart-
ments (V; + V; =V, V;,, = 0). Using Egs. (A5)~(A7), we
find the work in quasistatic separation is explicitly given as

Ve _Nﬂb>

Ngln
TN TN

V. — Nyb
WO = _ksTy [ N, In 2L—Le2
slo\ fe 0

2
—I—a(&z—N—‘%—&).

One can prove that the minimum quasistatic energy con-
sumption W(n?i)n = —N;kpTo(eqs In€, + €gInep) is obtained
at the optimal position V; = ViNy/N; and V; = ViNg/N;
for the small van der Waals constants a and b that satisfy

Nb\*> aN,
2(1-=E <1
Vt VszTO

(CDH

(C2)

If we choose the optimal position, the system at the end
of the quasistatic separation is in both thermal equilibrium
and mechanical equilibrium.

APPENDIX D: DERIVATION OF THE EXCESS
ENERGY CONSUMPTION RATE

Here we derive Eq. (5) and the expressions for the three
matrices ®, A, and E. For convenience, we rewrite Egs.
(2) and (3) in a compact form:

Nop = J1(Nar, Ngg, T, Vi, Vi), (D1)
Ngg = Jo(Naz, Ngr, T, Vi, Vi), (D2)
T = J3(Ny1, Ngr, T, V1, V&), (D3)

where the first two fluxes J| = Jy »—r and J, = Jg -z
correspond to particle transport, and the third flux Jj is
given by the right-hand side of Eq. (3). The molecule
numbers N, and Ngg and the gas temperature T charac-
terize the states of the gases in each compartment, and
the volumes V; and Vy are control parameters. In a qua-

sistatic separation process, the particle numbers No(l(z) and

N é(l)e) and the gas temperature 7 = T are obtained by
setting J; =0 (/ = 1,2,3).

For the slow process, we can linearize the differen-
tial equations (D1)~+D3) by expanding the particle num-
bers and the gas temperature around their values for the
quasistatic process as

Nz = Ngg + N7, (D4)
Ngr = Nig + Niz, (D5)
T=Ty+ TV, (D6)

The finite-time corrections NV

L , s Nig, and T satisfy the
linearized equations

(1 7 (0) 1

N\ (N Nyt

(D | — v (0) (1

N,BR =|-N BR | — AN, BR | ° (D7)
(1 0) 1)

o J. T

where the third flux JS(O) according to Eq. (3) is explicitly
given as

J}(O) = J3 (No(t(z)’N,é(I)a)’ TO, VL> VR) (D8)

2T, NV
_zto —k
3N k=LM.R VE— Nk( b

(D9)

The relaxation matrix A is related to the partial derivatives
of the fluxes J; as

9J1 9J] a1

NI ONgR oT

_ d.Jp 9./ %)
A=— ONg L ONgR aT > (DIO)

3.3 9.3 a3

Nar  Ngr 9T/ | g,
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where the subscript (0) denotes the particle numbers N,
and Ngr and the temperature 7' take their values in a
quasistatic process. In the following, the quantities for
the middle compartment are rewritten with variables for
the left and right compartments, i.e., N O — N, — No(tg) +
ng - Nfg(l)i) and VM = —VL - VR.

According to Eq. (D7), the finite-time corrections for
slow separation processes are obtained as

1 \7(0)
No(tL) _N(xL

1 _ Al \7(0)
<@g =AT | =N | (D11)
T(l) J(O)

with A~! the inverse of the relaxation matrix. A detailed
introduction to the perturbation method can be found in
Ref. [47] and also in the supplemental material in Ref. [55].
Two terms related to particle changes NO([(Z) and N g}g are

obtained from the implicit function theorem as

K Z
(.$>zmﬂ@<L,
—Ngp Vr

where the matrices M| and M, are explicitly expressed as

(D12)

0J1 oS 3 3J

M, — ONgL INgR My — 144 VR

P e || 0 TR T \an an
0Ny L INgR k144 VR (0)

(D13)

With Egs. (D9) and (D12), we can write the right-hand-
side of Eq. (D11) into a compact form:

(D14)

where we use xt = V;/V, and x® = V/V; to represent the
control parameters.

The energy consumption for the finite-time process is
given by Eq. (4). The quasistatic energy consumption rate
WO = —pL(O) v —pjf,([)) Vi —pl(ao) Vg is defined. The excess
energy consumption rate We, = W — W is obtained as

N(Il_)
o= (& )0 | ND ],
T

(D15)

where each element in the matrix ® is explicitly expressed
as follows:

ksToV, NGO
On=-V Y B°£ - —2a-%-), (D16)
izt \(Vk =N, 7b) Ve

ksToV, N
Op=—V|—"tp— —2a2 ), (D17)
= Nyb? Wy
(0) 0)

O = —, [ KENoL__ _ ksl (D18)
Vi—N9b ¥y —=NDb
ksToVs N
(Vv — Ny 'b) Vi

ksToV, NO
On=-V » ( T — 2k |, (D20)
k=M R (Vi =N b) Vi
(0) 0
On = -V, ksNor ksl (D21)
Ve —Ngpb Vi — NiP'b

We finally obtain the expression [Eq. (5)] for the excess
energy consumption rate.

APPENDIX E: RESULTS FOR IDEAL GASES

We present several analytical results for ideal gases. The
case of ideal gases is recovered by settinga = 0 and » = 0.
The three matrices ®, A, and E are obtained analytically
as

N _ Ngxt
1—xR (1—xR)2
= o NﬁxR Ng El
= T T1E | (E1)
2Ty Np 2Ty No_
3N; 1—xL 3N; 1—xR
_ (=xPkgTy _ kT kpNg
O — xL(lfofo) 1—xL—xR 1—xL (EZ)
__kgTy _ =xbkgTy kg |’
1—xL—xR xR (1—xL—xR) 1—xR
and
Ko AkpTo(1—x®)
VixL (1—xL —xR) 0 0
A= 0 kaAkTp(1—xl) (E3)

VxR (1—xL —xR)

0 0 y

The excess energy consumption rate, according to Eq. (5),
2NkpTy [ €xR
ex —

is simplified to
n EﬂJ'CL 2
3y 1—xR 1 —xt

LN el = P( xt )T
A Ko dr \ 1 — xR

ep(1 —xb) d xR )T
+ Kg |:dt (1 —xk ’ ED

where €, = N, /N; and eg = Ng/N,.
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By introducing the timescale of heat transfer v, = 1/y
and that of particle transport of type-o molecules 7, =
V:/kskgTo A, we obtain explicit expressions for each ele-
ment of the metric:

g1 = NikgTolepts (x™)? /(1 — x5)?
+€aTa/(1 —x5) +2/3 x 51/ (1 — x")7],

(ES)
gir = grr = NikpTo{eaTax" /(1 — x*)?
+ eptpx®/(1 —xH)2 +2/3
x €xepTi/[(1 —xM) (1 — XD}, (E6)

grr = NikpTolea o (¥9)? /(1 — x5’

+eptp/(1 — x5 +2/3 x €21,/ (1 — xB)?).
(E7)

To obtain the optimal symmetry-breaking protocols, we
need to numerically evaluate the geodesic paths connect-
ing (0, 0) and (e, €g) by solving the geodesic equation (9).
For ideal gases, the Christoffel symbols are analytically
obtained as

VT 26%1’}, 3epTp(xR)? (ES)
NikgTy ~ 3(1 —xb)3 * 2(1 —xL)4’
r 2¢2 3€, T (x1)?
RRR_ _ 2€3Th € To(X7) ’ (E9)
NigTy  3(1 —xB)3 ~ 2(1 — xR)4
FLRL 651’5 earaxL
= s E10
NigTy  2(1 —xD)2 (1 —xR)3 ( )
FLRR €x Ty EﬂTﬁXR
= , Ell
NiegTy  2(1 —xR)2 + (1 —xb)3 ( )
Crer €37 €4 Tyxt 2e,€5T1/3
NikgTy  2(1 —xE)2 (1 —xB)3 (1 —xL)(1 —xB)?’
(E12)
FLLR i €aTp eﬁrﬁxR 2Ea€/3fh/3
NikgTy _2(1 —x®2 a1 —=xD)3 T (1 —xR)(A —xD)?
(E13)

The Christoffel symbols Fijk in the geodesic equations are
obtained via I, = 2"'Tx with the inverse metric g7 .

APPENDIX F: SINGULARITIES OF GEODESIC
EQUATIONS AND EVOLUTION EQUATIONS

We analyze the singularities that arise when solving
the geodesic equation (9) and the evolution equations (2)
and (3).

Firstly, we observe that the metric tensor G at (x*, x%) =
(ea» €p) 1s degenerate. For instance, for separating equally

mixed ideal gases, it is explicitly given by

2
G=Nuato (w+m+30) (1 1), @

which induces the divergence of G~!, and subsequently the
divergence of Christoffel symbols Fki/. at the target point
(eq»€p). As a result, when searching for geodesic paths,
we encounter a singularity near the target point, causing
dx*/dt — 0. To achieve a numerical solution with given
accuracy, we need to decrease the step length of solving
to match the decrease of the derivative of x*. This causes
the step length to approach 0, and consequently causes the
divergence of required computational resources. Thus, the
numerical solution should be terminated near the target
point instead of when it is reached.

Secondly, given a control protocol x*(¢) and x*(¢), for
the volumes, we numerically simulate the evolution using
Egs. (2) and (3). With a given operation time 7, the vol-
umes are expressed explicitly as functions of time, i.e.,
Vi(#) = Vix*(1). The evolution equations (2) and (3) have
two removable singularities, at the beginning (¢ = 0) and
at the end (# = t) of the separation process. Specifically,
the particle densities in the left and right compartments,
car = Nor/ Vi and cgr = Ngr/Vz, take the form of 0/0 at
t =0, and the particle densities in the middle compart-
ment, ¢y = NotM/VM and Cgm = NﬁM/VM, exhibit the
same behavior at t = t. These singularities lead to compu-
tational difficulty when one is numerically simulating the
evolution.

To overcome the computational difficulty posed by the
aforementioned singularities, we choose the starting point
and the target point to be slightly different from (0, 0)
and (0.5,0.5). Specifically, we select the starting point
as (1073,1073) and the target point as (0.5 — 1073,0.5 —
1073) for the separation of both ideal gases and van der
Waals gases. By bypassing these two singularities, we can
obtain the results without loss of accuracy.

[1] Arthur L. Kohl and R. Nielsen, Gas Purification, Houston
(Gulf Pub., 1997).

[2] David S. Sholl and Ryan P. Lively, Seven chemical separa-
tions to change the world, Nature 532, 435 (2016).

[3] F. G. Skinskey, Distillation control: For productivity and
energy conservation, (1984).

[4] Andrew Mills, Richard H. Davies, and David Worsley,
Water purification by semiconductor photocatalysis, Chem.
Soc. Rev. 22,417 (1993).

[5] A. J. Hutt and S. C. Tan, Drug chirality and its clinical
significance, Drugs 52, 1 (1996).

[6] Robert L. Fahrner, Heather L. Knudsen, Carol D. Basey,
Walter Galan, Dian Feuerhelm, Martin Vanderlaan, and
Gregory S. Blank, Industrial purification of pharmaceuti-
cal antibodies: Development, operation, and validation of

033003-12


https://doi.org/10.1038/532435a
https://doi.org/10.1039/cs9932200417
https://doi.org/10.2165/00003495-199600525-00003

GEODESIC LOWER BOUND OF THE ENERGY...

PRX ENERGY 2, 033003 (2023)

chromatography processes, Biotechnol. Genet. Eng. Rev.
18,301 (2001).

[7] Bo Liu, Chong Ye, C. P. Sun, and Yong Li, Spatial enan-
tioseparation of gaseous chiral molecules, Phys. Rev. A
104, 013113 (2021).

[8] Neil M. Wade, Distillation plant development and cost
update, Desalination 136, 3 (2001).

[9] S. A. Avlonitis, K. Kouroumbas, and N. Vlachakis,
Energy consumption and membrane replacement cost for
seawater RO desalination plants, Desalination 157, 151
(2003).

[10] W. J. Koros and G. K. Fleming, Membrane-based gas
separation, J. Membr. Sci. 83, 1 (1993).

[11] William J. Koros, Evolving beyond the thermal age of sep-
aration processes: Membranes can lead the way, AIChE J.
50, 2326 (2004).

[12] A. K. Pabby, S. S. H. Rizvi, and A. M. S. Requena, Hand-
book of Membrane Separations Chemical, Pharmaceutical,
Food, and Biotechnological Applications, Second Edition
(Taylor and Francis Group, Florida, 2015), p. 878.

[13] T. A. Saleh and V. K. Gupta, Nanomaterial and Poly-
mer Membranes: Synthesis, Characterization, and Applica-
tions (Elsevier Science & Technology Books, Amsterdam,
2016), p. 284.

[14] Christophe Castel and Eric Favre, Membrane separa-
tions and energy efficiency, J. Membr. Sci. 548, 345
(2018).

[15] E. L. Cussler and Binay K. Dutta, On separation efficiency,
AIChE J. 58, 3825 (2012).

[16] William J. Koros and Ryan P. Lively, Water and beyond:
Expanding the spectrum of large-scale energy efficient
separation processes, AIChE J. 58, 2624 (2012).

[17] Pedro J. J. Alvarez, Candace K. Chan, Menachem Elim-
elech, Naomi J. Halas, and Dino Villagran, Emerging
opportunities for nanotechnology to enhance water security,
Nat. Nanotechnol. 13, 634 (2018).

[18] Sadaf Noamani, Shirin Niroomand, Masoud Rastgar, and
Mohtada Sadrzadeh, Carbon-based polymer nanocompos-
ite membranes for oily wastewater treatment, Npj Clean
Water 2, 20 (2019).

[19] S. LI, SAPO-34 membranes for CO,/CHy4 separation, J.
Membr. Sci. 241, 121 (2004).

[20] J. K. Adewole, A. L. Ahmad, S. Ismail, and C. P. Leo,
Current challenges in membrane separation of CO2 from
natural gas: A review, Int. J. Greenh. Gas Control. 17, 46
(2013).

[21] Robert van Reis and Andrew Zydney, Bioprocess mem-
brane technology, J. Membr. Sci. 297, 16 (2007).

[22] Rui Xie, Liang-Yin Chu, and Jin-Gen Deng, Membranes
and membrane processes for chiral resolution, Chem. Soc.
Rev. 37, 1243 (2008).

[23] O. FalkPedersen and H. Dannstrom, Separation of carbon
dioxide from offshore gas turbine exhaust, Energy Convers.
Manag. 38, S81 (1997).

[24] Eric Favre, Carbon dioxide recovery from post-combustion
processes: Can gas permeation membranes compete with
absorption?, J. Membr. Sci. 294, 50 (2007).

[25] Tim C. Merkel, Haiging Lin, Xiaotong Wei, and Richard
Baker, Power plant post-combustion carbon dioxide cap-
ture: An opportunity for membranes, J. Membr. Sci. 359,
126 (2010).

[26] Na Zhang, Chenxu Wu, Juntian Zhang, Shuang Han,
Yongzhen Peng, and Xiaoye Song, Impacts of lipids on the
performance of anaerobic membrane bioreactors for food
wastewater treatment, J. Membr. Sci. 666, 121104 (2023).

[27] M. Mulder, in Membrane Processes in Separation and
Purification, edited by J. Crespo and K. Boddeker (Springer
Netherlands, Dordrecht, 1994), p. 445.

[28] M. G. Buonomenna and J. Bae, Membrane processes and
renewable energies, Renewable Sustainable Energy Rev.
43, 1343 (2015).

[29] V. Teplyakov, M. Shalygin, D. Syrtsova, and A. Netrusov,
in Current Trends and Future Developments on (Bio-)
Membranes: Renewable Energy Integrated with Membrane
Operations, edited by Angelo Basile, Alfredo Cassano and
Alberto Figoli (Elsevier, Amsterdam, 2019), p. 319.

[30] M. K. Purkait and R. Singh, Membrane Technology in Sep-
aration Science (Taylor and Francis Group, Boca Raton,
2018).

[31] Yonghong Wang, Lecheng Sheng, Xinru Zhang, Jinping
Li, and Rong Wang, Hybrid carbon molecular sieve mem-
branes having ordered Fe; O4@ZIF-8-derived microporous
structure for gas separation, J. Membr. Sci. 666, 121127
(2023).

[32] Yu Huang, Richard W. Baker, and Leland M. Vane, Low-
energy distillation-membrane separation process, Ind. Eng.
Chem. Res. 49, 3760 (2010).

[33] Sato Yuki and Kansha Yasuki, Design of an energy-saving
membrane separation module for algae cultivation, Chem.
Eng. Trans. 88, 781 (2021).

[34] A. Basile and A. Comite, Current Trends and Future
Developments on (Bio-)Membranes: Membrane Technol-
ogy for Water and Wastewater Treatment — Advances and
Emerging Processes (Elsevier, Amsterdam, 2020).

[35] A. G. Fane, R. W. Schofield, and C. J. D. Fell, The effi-
cient use of energy in membrane distillation, Desalination
64,231 (1987).

[36] H. B. Callen, Thermodynamics and an Introduction to
Thermostatistics, 2nd ed. (Wiley, New York, 1985).

[37] K. Huang, Statistical Mechanics, 2nd ed. (Wiley, New
York, 1987).

[38] F. L. Curzon and B. Ahlborn, Efficiency of a Carnot engine
at maximum power output, Am. J. Phys. 43, 22 (1975).

[39] Peter Salamon and Abrahan Nitzan, Finite time optimiza-
tions of a newton’s law Carnot cycle, J. Chem. Phys. 74,
3546 (1981).

[40] Anatoliy M. Tsirlin, Vladimir Kazakov, and Dmitrii V.
Zubov, Finite-time thermodynamics: limiting possibilities
of irreversible separation processes’, J. Phys. Chem. A 106,
10926 (2002).

[41] F. Weinhold, Metric geometry of equilibrium thermody-
namics, J. Chem. Phys. 63, 2479 (1975).

[42] George Ruppeiner, Thermodynamics: A Riemannian geo-
metric model, Phys. Rev. A 20, 1608 (1979).

[43] Peter Salamon and R. Stephen Berry, Thermodynamic
Length and Dissipated Availability, Phys. Rev. Lett. 51,
1127 (1983).

[44] Gavin E. Crooks, Measuring Thermodynamic Length,
Phys. Rev. Lett. 99, 100602 (2007).

[45] David A. Sivak and Gavin E. Crooks, Thermodynamic
Metrics and Optimal Paths, Phys. Rev. Lett. 108, 190602
(2012).

033003-13


https://doi.org/10.1080/02648725.2001.10648017
https://doi.org/10.1103/physreva.104.013113
https://doi.org/10.1016/s0011-9164(01)00159-x
https://doi.org/10.1016/s0011-9164(03)00395-3
https://doi.org/10.1016/0376-7388(93)80013-n
https://doi.org/10.1002/aic.10330
https://doi.org/10.1016/j.memsci.2017.11.035
https://doi.org/10.1002/aic.13779
https://doi.org/10.1002/aic.13888
https://doi.org/10.1038/s41565-018-0203-2
https://doi.org/10.1038/s41545-019-0044-z
https://doi.org/10.1016/j.memsci.2004.04.027
https://doi.org/10.1016/j.ijggc.2013.04.012
https://doi.org/10.1016/j.memsci.2007.02.045
https://doi.org/10.1039/b713350b
https://doi.org/10.1016/s0196-8904(96)00250-6
https://doi.org/10.1016/j.memsci.2007.02.007
https://doi.org/10.1016/j.memsci.2009.10.041
https://doi.org/10.1016/j.memsci.2022.121104
https://doi.org/10.1016/j.rser.2014.11.091
https://doi.org/10.1016/j.memsci.2022.121127
https://doi.org/10.1021/ie901545r
https://doi.org/10.3303/CET2188130
https://doi.org/10.1016/0011-9164(87)90099-3
https://doi.org/10.1119/1.10023
https://doi.org/10.1063/1.441482
https://doi.org/10.1021/jp025524v
https://doi.org/10.1063/1.431689
https://doi.org/10.1103/physreva.20.1608
https://doi.org/10.1103/physrevlett.51.1127
https://doi.org/10.1103/physrevlett.99.100602
https://doi.org/10.1103/physrevlett.108.190602

JIN-FU CHEN, RUO-XUN ZHAI, SUN, and DONG

PRX ENERGY 2, 033003 (2023)

[46] Matteo Scandi and Marti Perarnau-Llobet, Thermody-
namic length in open quantum systems, Quantum 3, 197
(2019).

[47] Jin-Fu Chen, C. P. Sun, and Hui Dong, Extrapolating
the thermodynamic length with finite-time measurements,
Phys. Rev. E 104, 034117 (2021).

[48] Geng Li, Jin-Fu Chen, C. P. Sun, and Hui Dong, Geodesic
Path for the Minimal Energy Cost in Shortcuts to Isother-
mality, Phys. Rev. Lett. 128, 230603 (2022).

[49] Jin-Fu Chen, Optimizing Brownian heat engine with short-
cut strategy, Phys. Rev. E 106, 054108 (2022).

[50] Jianguo Xu and Rakesh Agrawal, Membrane separation
process analysis and design strategies based on thermody-
namic efficiency of permeation, Chem. Eng. Sci. 51, 365
(1996).

[51] Stanislaw Sieniutycz and Anatoly Tsirlin, Finding limiting
possibilities of thermodynamic systems by optimization,
Phil. Trans. R. Soc. A 375,20160219 (2017).

[52] S. Sieniutycz and J. Jezowski, “Optimization and qualita-
tive aspects of separation systems” in Energy Optimization
in Process Systems and Fuel Cells (Elsevier, Amsterdam,
2018), Chap. 8, p. 273.

[53] B. Hille, lon Channels of Excitable Membranes (Sinauer
Associates, Sunderland, 2001).

[54] M. Berger, A Panoramic View of Riemannian Geometry
(Springer-Verlag, Berlin, 2003).

[55] Yu-Han Ma, Ruo-Xun Zhai, Jinfu Chen, C. P. Sun, and Hui
Dong, Experimental Test of the 1/7-Scaling Entropy Gen-
eration in Finite-Time Thermodynamics, Phys. Rev. Lett.
125, 210601 (2020).

033003-14


https://doi.org/10.22331/q-2019-10-24-197
https://doi.org/10.1103/physreve.104.034117
https://doi.org/10.1103/PhysRevLett.128.230603
https://doi.org/10.1103/physreve.106.054108
https://doi.org/10.1016/0009-2509(95)00262-6
https://doi.org/10.1098/rsta.2016.0219
https://doi.org/10.1103/PhysRevLett.125.210601

	I.. INTRODUCTION
	II.. MODELING THE MEMBRANE SEPARATION
	III.. EXCESS ENERGY CONSUMPTION
	IV.. RIEMANN GEOMETRY OF THE CONFIGURATION SPACE
	V.. SYMMETRIC CONTROL PATH
	VI.. SYMMETRY BREAKING IN THE OPTIMAL SEPARATION PROTOCOL
	VII.. DISCUSSION
	. ACKNOWLEDGMENTS
	. APPENDIX A: DERIVATION OF THE REVISED FICK'S LAW OF DIFFUSION FOR VAN DER WAALS GASES
	. APPENDIX B: DERIVATION OF THE TEMPERATURE EVOLUTION
	. APPENDIX C: MINIMUM ENERGY CONSUMPTION IN QUASISTATIC SEPARATION OF VAN DER WAALS GASES
	. APPENDIX D: DERIVATION OF THE EXCESS ENERGY CONSUMPTION RATE
	. APPENDIX E: RESULTS FOR IDEAL GASES
	. APPENDIX F: SINGULARITIES OF GEODESIC EQUATIONS AND EVOLUTION EQUATIONS
	. REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


