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With its promise for low energy consumption, membrane technology has stimulated efficient approaches
to separate mixtures. Technological progress has been made to achieve better purification with lower
energy cost and higher productivity. Separation with high productivity is typically accomplished within
a limited operation time, which unavoidably results in an excess energy consumption due to the fun-
damental laws of thermodynamics. Reduction of the energy consumption is of practical importance in
the application of membrane separation. However, little is known about the fundamental limit of the
least excess energy consumption in a finite operation time. We derive such a limit for the separation of
binary mixed gases and show its proportionality to the square of the geometric distance between the ini-
tial state and the final state and its inverse proportionality to the operation time. The result shows that
optimizing the separation protocol is equivalent to finding the geodesic curve in a geometric space. We
predict that for the symmetric protocols, the complete separation of 1 mol of a binary mixture of equally
mixed ideal single-atom gases at environmental temperature T0 within operation time τ requires at least
(12 − 8

√
2)NAkBT0τp/τ for a particle-transport-dominated process and 2(ln 2)2NAkBT0τh/3τ for a heat-

exchange-dominated process, where NA is the Avogadro number and τp and τh are the timescales for
particle transport and heat exchange, respectively. Interestingly, for a symmetric system, the minimum
excess energy consumption is achieved by symmetry-breaking protocols. Our geometric approach may
inspire the optimization of industrial membrane separation protocols.
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I. INTRODUCTION

Separating components in a mixture into a purer form
is of crucial importance in various industrial applications
[1,2], e.g., in water purification [3,4], tail gas purifica-
tion [1], and pharmaceutical production [5–7]. Traditional
methods of separation such as distillation or chemical
purification usually have a large energy and environmen-
tal cost. In water purification, distilling 1 m3 of seawater
has an energy cost of about 640 kW h. With clever opti-
mization of heat transfer and process design, such cost can
be reduced to around 50 kW h [8,9]. The flourishing of
membrane science and technology in recent decades has
provided a more efficient approach to achieve separation
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of components [10–14], with a significant reduction of the
energy cost to roughly 4.5 kW h [8,15] and a consider-
able increase in energy efficiency. Since the 1960s, there
have been three generations of membrane separation tech-
nology, represented by the ultrafiltration or microfiltration
membrane system, the aqueous reverse osmosis system,
and refined size discrimination [16], with the use extended
from water purification [17,18] to the separation of gas
molecules, such as acquiring N2 from the air or removing
CO2 from natural gas [19,20]. Such membrane technology
has also benefited the pharmaceutical and biological indus-
tries [21,22], the environmental science of CO2 controls
[23–25], the food industry [26], and the development of
renewable energy resources [27–29].

To increase the performance of membrane separation,
significant efforts have been made with existing mem-
brane apparatus from different perspectives, e.g., develop-
ing new-generation material with greater selectivity and
permeability to the required components [12,19,30,31] to
ensure the purity of the product, and designing new separa-
tion modules to reduce energy cost and optimize durability
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[32,33]. Productivity, defined as the generation rate for
the target product in the separation process, has always
been one of the determining factors for whether an indus-
trial separation approach is economically practical [34].
However, there exists a trade-off between productivity and
energy consumption in separation processes—increasing
productivity to complete the purification within a shorter
operation time is usually accompanied by an excess energy
consumption [35]. For example, the simulation result in
Ref. [33] shows for a CO2 capture device combining mem-
brane separation and cultivation of algae that the energy
consumption increases from 0.5 MJ/kg CO2 to more than
200 MJ/kg CO2 when the feed rate increases from 0.01
to 10 kmol/s. Given such considerable excess energy con-
sumption, optimizing such a trade-off relation is important.

Recently, the development of finite-time thermodynam-
ics has spurred a theoretical revisit of the membrane
process for better purification. The fundamental laws of
the thermodynamics of equilibrium processes define a
universal lower limit for arbitrary separation processes
W ≥ �F [36,37], but actual separation processes are typ-
ically accomplished within a finite operation time. Such
nonequilibrium processes must be investigated [38–40] to
reveal the excess energy consumption beyond the lower
limit given by the fundamental laws of thermodynamics of
equilibrium processes. An important question that arises
naturally is whether there is a lower bound to the energy
consumption in finite time posited by the fundamental laws
of thermodynamics. If there is, such a bound should allow
us to reduce the excess energy consumption of these sepa-
ration processes without reducing productivity, and should
shed light on the material synthesis and the module design
of separation processes.

In this work, we seek a fundamental bound of the least
energy consumption in a finite operation time as a con-
sequence of the basic law of finite-time thermodynamics.
With a geometric structure of the thermal equilibrium con-
figuration space [41–49], we determine that the minimum
excess energy consumption is proportional to the square of
the distance between the initial state and the final state. For
a practical finite-time separation process, the excess energy
consumption beyond the quasistatic separation should be
optimized to reach the fundamental limit [40,50–52]. By
using the revised Fick’s law of diffusion [53], we convert
such a task of finding the minimum energy consumption
in a gas separation process into finding the shortest path
in a configuration space, demonstrating the first applica-
tion of geometric optimization in the membrane separation
process.

II. MODELING THE MEMBRANE SEPARATION

Consider a binary mixture of gas molecules in a cham-
ber with volume Vt, as illustrated in Fig. 1(a). The system
is immersed in a thermal bath with temperature T0. The
two species of molecules are represented by blue pyra-
mids (type α) and red balls (type β), and the numbers of
molecules for each species are denoted by Nα and Nβ . The
separation process is performed by mechanically moving
two semipermeable membranes, A and B, towards each
other from opposite ends of the chamber. Membrane A
(membrane B) is designed with properties allowing per-
fectly selective permeability, i.e., allowing only type-α
(type-β) molecules to penetrate. The chamber is divided
into three compartments with the two membranes: the left
one with volume VL for the purified type-α molecules,

(a) (b)

FIG. 1. Separation of two mixed gases. (a) The separation process. The chamber is divided into three compartments, the left one
(with volume VL) for the purified type-α molecules (blue pyramids), the middle one (with volume VM ) for the molecular mixture,
and the right one (with volume VR) for the purified type-β molecules (red balls). Semipermeable membranes A and B are designed
to allow only type-α and type-β molecules to pass through them, respectively. During the separation process, the two membranes are
pushed towards each other. (b) The landscape of the configuration space spanned by xk = Vk/Vt (k = L, R) for the separation process.
The lengths of the paths between the starting point (0,0) and the target point (0.5,0.5) reflect the excess energy consumption of the
corresponding protocols.
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the middle one with volume VM for the molecular mix-
ture, and the right one with volume VR for the purified
type-β molecules. The three volumes satisfy the condition
VL + VM + VR = Vt. At the end of the separation, mem-
branes A and B contact each other, i.e., VM = 0, and the
two gases are purified in the left and right compartments.

We denote the number of type-σ (σ = α, β) molecules
in compartment k (k = L, M , R) as Nσk. The imperme-
ability of membrane A (membrane B) to type-β (type-α)
molecules results in NβL = NαR = 0. For gas molecules,
the relaxation time is typically far shorter than the oper-
ation time. Such a situation is typically referred to as the
“endoreversible region” [38,39], where the status of the gas
can be described by macroscopic parameters, i.e., the pres-
sure and the temperature. We assume the heat exchange
between the compartments is fast enough to establish a
global temperature T for the molecules in the whole cham-
ber. The hydrodynamic effects in the transport of the gases
are ignored. The states of the gases in each compartment
are described by the van der Waals equation

pk + ak
N 2

k

V2
k

= NkkBT
Vk − Nkbk

, (1)

where pk is the pressure in each compartment k with parti-
cle number Nk = Nαk + Nβk, kB is the Boltzmann constant,
and ak and bk are the van der Waals constants—ak is a
measure of the interaction strength between molecules and
bk is the volume of a single molecule. In each compart-
ment k, ak and bk are related to the mixture ratios ηαk =
Nαk/Nk and ηβk = Nβk/Nk = 1 − ηαk via the relations
ak = aααη2

αk + 2aαβηαkηβk + aββη2
βk and bk = bααη2

αk +
2bαβηαkηβk + bββη2

βk, where aσσ and bσσ are the van der
Waals constants for pure type-σ gas, aαβ is related to the
interaction between two van der Waals gases, and bαβ is
the impenetrable volume for the collision between α-type
and β-type molecules, given by bαβ = [(b1/3

αα + b1/3
ββ )/2]3.

During quasistatic separation processes, the gases have
sufficient time to reach equilibrium with the bath, and the
gas temperature is equal to the bath temperature T = T0.

However, during finite-time separation processes, the gas
temperature T typically deviates from the bath temperature
T0 due to the finite duration of the operation.

Two types of relaxation occur in the separation process:
particle transport across the membranes and heat conduc-
tion through the wall of the chamber. To describe the
relaxation of particle transport, we derive a revised Fick’s
law of diffusion for van der Waals gases as follows (see the
derivation in Appendix A):

ṄαL = καAkBT [(cαM − cαL)

+
(

b − a
kBT

)
cβM (cαM + cαL)

]
,

ṄβR = κβAkBT
[
(cβM − cβR)

+
(

b − a
kBT

)
cαM (cβM + cβR)

]
, (2)

where cσk = Nσk/Vk is the density of type-σ molecules in
compartment k, κα (κβ) is the diffusion constant of type-
α (type-β) molecules across membrane A (membrane B),
and A is the area of the membranes, which is assumed to
be the same for membranes A and B. In the derivation, we
assume that aαα = aαβ = aββ = a and bαα = bαβ = bββ =
b. As a result, the van der Waals constants of the mixed
gases are the same as those of pure type-α and type-β
gases. The second term on the right-hand side is the cor-
rection to Fick’s law due to the interaction energy of van
der Waals gases. Here we keep the correction terms to the
first order of the van der Waals constants.

We use Newton’s law of cooling to describe the heat
conduction between the system and the thermal bath, i.e.,
Q̇ = −CVγ (T − T0), where CV is the heat capacity of the
system at constant volume, e.g., CV = (3/2)NtkB for a
single-atom ideal gas with total number Nt = Nα + Nβ of
the two types of molecules, and γ is the cooling rate of the
system. With the first law of thermodynamics, the evolu-
tion of the gas temperature T is governed by the differential
equation (see the derivation in Appendix B)

Ṫ = −γ (T − T0) − kBT
CV

[
NαLV̇L

VL − NαLb
+

(
NαM + NβM

)
V̇M

VM − (NαM + NβM )b
+ NβRV̇R

VR − NβRb

]

+ 2aṄαL

CV

(
NαM + NβM

VM
− NαL

VL

)
+ 2aṄβR

CV

(
NαM + NβM

VM
− NβR

VR

)
, (3)

where the first term is the heat exchange with the ther-
mal bath and the second term is the mechanical work
performed on the gas. In the second line, the third and

the fourth terms are related to the interaction energy. The
equation for ideal gases is recovered by setting a = 0 and
b = 0.
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III. EXCESS ENERGY CONSUMPTION

During the separation, mechanical work is performed by
moving the membranes with the rate of energy consump-
tion

Ẇ = −pLV̇L − pM V̇M − pRV̇R, (4)

where the pressure pk in each compartment is given by Eq.
(1) and V̇k = dVk/dt is the volume change rate of com-
partment k. For convenience, we define two dimensionless
parameters determining the configuration of the system:
xL ≡ VL/Vt and xR ≡ VR/Vt. Initially, the two species of
molecules are completely mixed, with xL(0) = xR(0) = 0.
Finally, they are separated, with xL(τ ) and xR(τ ) satisfy-
ing xL(τ ) + xR(τ ) = 1. Throughout the separation process,
the volumes are subjected to a constraint condition 0 ≤
xL(t) + xR(t) ≤ 1.

For quasistatic separation with infinite operation time,
the minimum energy consumption is obtained as W(0)

min =
−NtkBT0(εα ln εα + εβ ln εβ) by choosing the final volume
proportional to the ratio εσ ≡ Nσ /Nt of the two gases,
namely, xL(τ ) = εα and xR(τ ) = εβ when the van der
Waals constant a satisfies aNt/VtkBT0 � 1. The proof is
given in Appendix C. To complete the separation in finite
time, excess energy consumption is required: Wex ≡ W −
W(0)

min.
In the following, we focus on the separation processes

where the control parameters are varied much more slowly
than the relaxation timescales. For slow separation pro-
cesses, the leading term of rate of excess energy consump-
tion is expressed in a quadratic form:

Ẇex = (
ẋL ẋR

)
��−1


(
ẋL

ẋR

)
. (5)

The three matrices, denoted by �, �, and 
, character-
ize the linear response of the system state to the external
driving, the relaxation of a near-equilibrium state, and the
change of the instantaneous equilibrium state, respectively.
Detailed derivations of Eq. (5) and the expressions for the
three matrices can be found in Appendix D. In this situa-
tion, thermodynamic geometry can be used to optimize the
control schemes to reduce the energy consumption [45–
48], and the control scheme with the minimum energy
consumption in finite time is converted into searching for
geodesic paths with the metric.

IV. RIEMANN GEOMETRY OF THE
CONFIGURATION SPACE

The quadratic form of the rate of the excess energy con-
sumption Ẇex allows the definition of a geometric length in
the configuration space spanned by the control parameters
(xL, xR). For the separation finished at finite operation time

t = τ with xL(τ ) + xR(τ ) = 1, the protocol xL(t) and xR(t)
is designed to minimize the excess energy consumption.

We define a metric G for the current Riemann manifold
as

G ≡ ��−1
 + (��−1
)T

2
=
(

gLL gLR
gRL gRR

)
. (6)

For the case of ideal gases (a = 0 and b = 0), we
obtain analytical expressions for the metric: gLL =
NtkBT0[εβτβ(xR)2/(1 − xL)3 + εατα/(1 − xR) + 2/3 × ε2

β

τh/(1 − xL)2], gLR = gRL = NtkBT0{εαταxL/(1 − xR)2

+ εβτβxR/(1 − xL)2 + 2/3 × εαεβτh/[(1 − xL)(1 − xR)]},
and gRR = NtkBT0[εατα(xL)2/(1 − xR)3 + εβτβ/(1 − xL) +
2/3 × ε2

ατh/(1 − xR)2], where we have introduced the
timescale of heat transfer τh ≡ 1/γ and that of parti-
cle transport of type-σ molecules τσ ≡ Vt/κσ kBT0A. The
details can be found in Appendix E.

With the Cauchy-Schwarz inequality
∫ τ

0 Ẇexdt
∫ τ

0 dt ≥
(
∫ τ

0

√
Ẇexdt)2, the excess energy consumption of different

protocols for a given path P(xL, xR) = 0 is bounded as

Wex ≥ L2

τ
, (7)

where the thermodynamic length L = ∫ τ

0

√
Ẇexdt is deter-

mined only by the path in the configuration space [43,45,
47]:

L =
∫
P

√(
dxL dxR

)
G
(

dxL

dxR

)
. (8)

The equality in Eq. (7) holds for the protocol with con-
stant excess energy consumption rate Ẇex = const. The
task of seeking the minimum energy consumption in finite
time is converted into identifying geodesic paths connect-
ing the starting point (0, 0) and the target point (εα , εβ) in
the configuration space.

Such geodesic paths in the current Riemann manifold
are described by the geodesic equations,

ẍk + �k
ij ẋiẋj = 0, (9)

with boundary conditions xL(0) = xR(0) = 0 and xL(τ ) =
εα , xR(τ ) = εβ . Here Einstein summation is used to sim-
plify the summation of repeated indices. The Christoffel
symbols �k

ij are obtained as �k
ij = (1/2)gkl

(
∂gli/∂xj +

∂glj /∂xi − ∂gij /∂xl
)

, where gkl are the elements of the
inverse metric G−1. For van der Waals gases, the Christof-
fel symbols are obtained numerically by calculation of the
derivatives of the metric. For ideal gases, we obtain ana-
lytical results for the Christoffel symbols in Appendix E.

We remark that some singularities of the differential
equations arise when solving the geodesic Eq. (9) and the
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evolution Eqs. (2) and (3). We show numerical techniques
for dealing with these singularities in Appendix F.

V. SYMMETRIC CONTROL PATH

As the first step, we optimize the separation along a
symmetric path xL(t) = xR(t) ≡ x(t) for the case where
the two gases have equal particle numbers Nα = Nβ , and
membranes A and B exhibit equivalent permeability, i.e.,
κα = κβ (consequently τα = τβ ≡ τp ). We mainly discuss
the analytically solvable case for ideal gases, which is
rather typical to reflect the mechanism of membrane sepa-
ration. The optimization for van der Waals gases is solved
numerically to support the analytical result of ideal gas
approximation. In the numerical calculation, we assume
that the two mixed gases have identical van der Waals
constants ak = a and bk = b; this provides a symmetric
setup in the dynamics of separation. The protocol x(t) is
optimized for lower excess energy consumption.

For ideal gases, we observe that the most straightfor-
ward symmetric linear protocol x(t) = t/2τ with excess
energy consumption W(linear)

ex = NtkBT0(τh/3τ + 3τp/4τ)

does not satisfy the geodesic equation (9), indicating that
such a linear protocol is not optimal under the symmetric
setup. The thermodynamic length of the symmetric path
xL(t) = xR(t) = x(t) with starting point x(0) and end point
x(τ ) is obtained explicitly by Eq. (8) as

Ls(x(τ )) = 2
√

NtkBT0

(√
τp

1 − x
+ 2

3
τh

−
√

2τh

3
sinh−1

√
2(1 − x)τh

3τp

)∣∣∣∣∣
x(τ )

x=0

. (10)

By setting x(τ ) = 0.5, we obtain the length of the whole
symmetric path Lsym = Ls(0.5).

The lower bound of the excess energy consumption for
the symmetric path is L2

sym/τ . To obtain such a bound,
the parameters are controlled with the optimal symmetric
protocol x(OSP)(t) in an implicit form as

Ls(x(OSP)(t)) = tLsym/τ . (11)

We explicitly describe two cases where either the relax-
ation of particle transport or that of heat exchange domi-
nates during the separation process:

(1) Particle-transport-dominated process (τh � τp ). The
temperature of the system is identical to that of the bath,
T = T0. The excess energy consumption rate is simplified
as Ẇex = NtkBT0τp(1 − x){(d/dt)[x/(1 − x)]}2. The ther-
modynamic length follows as L = (2

√
2 − 2)

√
NtkBT0τp .

According to Eq. (7), the minimum excess energy con-
sumption is given by

W(min)
ex = (12 − 8

√
2)NtkBT0

τp

τ
. (12)

TABLE I. Optimal symmetric protocol for equally mixed ideal
gases. Two regions of the relaxation timescales are considered:
(1) particle-transport-dominated process (τh � τp ) and (2) heat-
exchange-dominated process (τh � τp ).

τh � τp τh � τp

W(min)
ex (12 − 8

√
2)NtkBT0

τp
τ

2(ln 2)2

3 NtkBT0
τh
τ

.
Protocol x(t) = 1 − [(

√
2 − 1)t/τ + 1]−2 x(t) = 1 − 2−t/τ

The optimal symmetric protocol to achieve the above min-
imum excess energy consumption is designed as follows;

x(t) = 1 − [(
√

2 − 1)t/τ + 1]−2. (13)

(2) Heat-exchange-dominated process (τh � τp ). The
excess energy consumption rate is simplified to Ẇex =
2/3 × NtkBT0τhẋ2/(1 − x)2. The minimum excess energy
consumption is given by

W(min)
ex = 2(ln 2)2

3
NtkBT0

τh

τ
. (14)

The optimal symmetric protocol is obtained as follows:

x(t) = 1 − 2−t/τ . (15)

We summarize the two cases in Table I.
To validate our analytical results for the optimal sym-

metric protocol, we perform numerical simulations. We
consider a symmetric situation of 2 mol of equally mixed
gases at room temperature T0 = 298.15 K. With regard
to the particle numbers of the two gases, Nα = Nβ = NA,
where NA = 6.022 × 1023 mol−1 is the Avogadro constant.
The total volume is chosen as Vt = 0.04893 m3 to ensure
that the initial pressure is atmospheric pressure. For van der
Waals gases, we set aNt/VtkBT0 = 0.04 and Ntb/Vt = 0.02
throughout the rest of this paper. The corresponding val-
ues of a and b are about 20 times their values for O2.
We choose relatively large van der Waals constants to dis-
tinguish the results from those for ideal gases. With the
values of a and b for O2, the results for van der Waals
gases are almost the same as those for ideal gases. There-
fore, the ideal gas approximation works well for the current
conditions of pressure and temperature.

The numerical results for the optimal symmetric proto-
cols are shown in Figs. 2(a), 2(c), and 2(e), and the numer-
ical results for the excess energy consumption are shown
in Figs. 2(b), 2(d), and 2(f). The relaxation timescales are
set as τp = 1 s and τh = 0.01 s in Figs. 2(a) and 2(b) for
the particle-transport-dominated processes, τp = 1 s and
τh = 1 s in Figs. 2(c) and 2(d) for the intermediate case,
and τp = 0.01 s and τh = 1 s in Figs. 2(e) and 2(f) for
the heat-exchange-dominated processes. In Figs. 2(a), 2(c),
and 2(e), the optimal symmetric protocols for ideal gases
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(a) (c) (e)

(b) (d) (f)

vdW gas,

vdW gas,

vdW gas,

vdW gas,

FIG. 2. Symmetric protocols and excess energy consumption on the symmetric path for ideal gases and van der Waals (vdW) gases.
The relaxation timescales are set to τp = 1 s and τh = 0.01 s in (a),(b), τp = 1 s and τh = 1 s in (c),(d), and τp = 0.01 s and τh = 1 s
in (e),(f). (a),(c),(e) The optimal symmetric protocols for ideal gases (solid dark-red curve) and van der Waals gases (dashed light-red
curves). The dotted black curves in (a),(c) indicate the analytical optimal symmetric protocols (13) and (15) in the two limits, and
the dashed blue line represents the linear protocol. (b),(d),(f) The excess energy consumption. The markers show the excess energy
consumption obtained by numerically solving the evolution equations (2) and (3) under the given protocols, with squares (circles)
indicating ideal gases (van der Waals gases) under the optimal symmetric protocol, and diamonds (triangles) indicating ideal gases
(van der Waals gases) under the linear protocol. The bounds (12) and (14) of the excess energy consumption are shown by the dotted
black lines in (b),(f), respectively.

analytically expressed in Eqs. (10) and (11) are represented
by the solid dark-red curves, and those of the van der Waals
gases are represented by the dashed light-red curves by
numerically solving the geodesic equation (9). The explicit
optimal symmetric protocols (13) and (15) in the two lim-
its are shown by the dotted black curves in Figs. 2(a) and
2(e). The linear protocol of the separation is given by the
dashed blue line.

The numerical results for the excess energy consump-
tion for the optimal symmetric protocols and the linear
protocol are presented in Figs. 2(b), 2(d), and 2(f). Specifi-
cally, we use markers to depict the excess energy consump-
tion obtained by numerically solving the evolution equa-
tions (2) and (3) under the given protocols, while the lines
represent the predictions with use of the thermodynamic
lengths via the bounds in Eqs. (12) and (14).

From these figures, there are two noteworthy observa-
tions. Firstly, the optimal control protocol with reduced
energy consumption differs from the simplistic linear pro-
tocol. This discrepancy underscores the necessity to search

for an even better control protocol. Secondly, the imple-
mentation of the ideal gas approximation yields a com-
mendable estimation of the energy consumption associ-
ated with the separation of real gases. Despite the ideal
gas model’s inherent simplifications and assumptions, it
remarkably captures the essential aspects of the energy
requirements in real gas separation processes.

VI. SYMMETRY BREAKING IN THE OPTIMAL
SEPARATION PROTOCOL

The question arises of whether the symmetric protocol
is the optimal one with the minimum energy consumption.
Our answer is it is not. We find two symmetry-breaking
protocols to obtain the minimum energy consumption for
the perfectly symmetric setup.

For given parameters, we use the shooting method [54]
to numerically search for the geodesic path connecting
the starting point (0, 0) and the target point (0.5, 0.5) in
the configuration space. In such a method, the problem of
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FIG. 3. Optimal symmetry-breaking protocols with the mini-
mum excess energy consumption for the separation process. The
permeability of membranes A and B with regard to the corre-
sponding type of molecule is identical, and the numbers of type-α
and type-β molecules are equal. Results are shown for three cases
with different relaxation timescales (τh = 1 s and τp = 1 s, τh =
0.1 s and τp = 1 s, and τh = 0.01 s and τp = 1 s) for both ideal
gases (solid curves) and van der Waals gases (dashed curves).

finding the geodesic path connecting two points is con-
verted into a problem of finding the proper initial value
of the velocity ẋL(0) and ẋR(0) in Eq. (9) with starting
point xL(0) = xR(0) = 0 to meet the condition xL(τ ) =
xR(τ ) = 0.5. We consider three cases that involve differ-
ent sets of relaxation timescales: τh = 1 s and τp = 1 s;
τh = 0.1 s and τp = 1 s; and τh = 0.01 s and τp = 1 s.
In Fig. 3, we identify three geodesic paths for each case,
including one symmetric path and two symmetry-breaking
paths. The solid curves show the results for ideal gases, and
the dashed curves show the results for van der Waals gases.
The symmetric geodesic path is shown as a solid red line.
To visualize the symmetry breaking of the control scheme
in the optimal separation protocol, we sketch the three-
dimensional embedding of the current two-dimensional
Riemann manifold in Fig. 1(b), where the thermodynamic
length is reflected by the length of the path. The symmetry-
breaking curves are shorter than the symmetric curve,
representing a smaller excess energy consumption.

Figure 4 shows the excess energy consumption of the
optimal symmetry-breaking protocol for the case with τh =
0.1 s and τp = 1 s. Similar results for other parameter
combinations are not shown here. The optimal symmetry-
breaking protocol and the optimal symmetric protocol are
given in Figs. 4(a) and 4(b) as solid curves for ideal gases
and dashed curves for van der Waals gases. In the optimal
symmetry-breaking protocol, the two membranes approach

(a)

(c)

(b)

vdW gas,

vdW gas,

FIG. 4. Comparison of optimal symmetry-breaking and opti-
mal symmetric protocols. (a),(b) The control schemes for these
protocols, with solid curves representing protocols for ideal
gases and dashed curves representing protocols for van der
Waals (vdW) gases. (c) Excess energy consumption Wex ver-
sus operation time τ . For ideal gases, squares and diamonds
represent the excess energy consumption under the optimal
symmetric and optimal symmetry-breaking protocols, respec-
tively. For van der Waals gases, circles and triangles represent
the excess energy consumption under the optimal symmetric
and optimal symmetry-breaking protocols, respectively. The dot-
ted dark-green line (dash-dotted light-green line) represents the
excess energy consumption predicted by the thermodynamic
length Wex = L2/τ under the optimal symmetry-breaking pro-
tocols for ideal gases (van der Waals gases), while the solid
dark-red line (dashed light-red line) shows the excess energy
consumption under the optimal symmetric protocols for ideal
gases (van der Waals gases).

each other at a position different from the equilibrium posi-
tion, and then they are moved together to the equilibrium
position. In Fig. 4(c), we compare the excess energy con-
sumption in the optimal symmetry-breaking protocol and
the optimal symmetric protocol. The markers show the
excess energy consumption obtained by numerically solv-
ing the evolution equations (2) and (3) under the given pro-
tocols, while the lines show the predictions with use of the
thermodynamic lengths. The thermodynamic lengths are
Lideal

sym = 59.66 (J s)1/2 and Lideal
asym = 59.61 (J s)1/2 for ideal

gases and LvdW
sym = 58.98 (J s)1/2 and LvdW

asym = 58.92 (J s)1/2

for van der Waals gases. The lengths of the optimal
symmetry-breaking green geodesic paths are shorter than
those of the symmetric paths.
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VII. DISCUSSION

We established the equivalence between optimizing
control strategies to minimize energy consumption and
identifying geodesic paths within a Riemann space, a rela-
tionship that has been effectively leveraged in optimizing
control protocols in stochastic and quantum thermodynam-
ics [45–49]. By using this equivalence, we demonstrated
that the minimum energy consumption is directly pro-
portional to the square of the geodesic path’s length and
inversely proportional to the duration τ of the operation.

For separation processes with a perfectly symmetric
setup (τα = τβ = τp , εα = εβ = 0.5, aα = aβ = a, and
bα = bβ = b), we found three geodesic paths. One of the
geodesic paths aligns with our intuitive expectation as a
symmetric straight line in the configuration space (xL, xR).
We optimized the excess energy consumption along this
path and obtained a symmetric yet nonlinear optimal pro-
tocol. Specially, under the approximation of ideal gases,
we predict that the complete separation of equally mixed
single-atom ideal gases requires an excess energy con-
sumption of at least (12 − 8

√
2)NtkBT0τp/τ for a particle-

transport-dominated process and 2(ln 2)2NtkBT0τh/3τ for
a heat-exchange-dominated process, where τp and τh are
the relaxation timescales for particle transport and heat
exchange, respectively.

The other two symmetric-breaking geodesic paths are
proved to achieve the minimal thermodynamic length. The
corresponding symmetry-breaking protocols are optimal
and achieve the lowest energy consumption for a given
operation time τ . In such protocols, one membrane is
moved faster than the other, the membranes approach each
other at a position slightly different from the equilibrium
position, and then they are moved together to the equilib-
rium position. The topic of reducing energy consumption
is becoming increasingly crucial. We believe our geometry
method is an auspicious beginning to optimize the cost of
the industrial membrane separation protocols.
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APPENDIX A: DERIVATION OF THE REVISED
FICK’S LAW OF DIFFUSION FOR VAN DER

WAALS GASES

Here we derive the revised Fick’s law given in Eq. (2).
For ideal gases, Fick’s law of diffusion asserts that the flux
of a certain particle across a membrane is proportional to
the density difference of that particle. If we take type-α

z direction

FIG. 5. Particle transport across the membrane from the mid-
dle compartment to the left compartment. The flux density is
denoted as jα,M→L.

molecules as an example, the flux is expressed as

J (ideal)
α,M→L

καAkBT
= cαM − cαL. (A1)

In the equilibrium state, the flux is zero, J (ideal)
α,M→L = 0, and

the particle density of type-α molecules across membrane
A is the same, cαM = cαL. However, for mixed van der
Waals gases, the same particle density does not lead to an
identical chemical potential, which is the necessary condi-
tion of equilibrium. Thus, Fick’s law of diffusion should be
revised for van der Waals gases.

We denote the diffusion flux of molecules (type α) over
membrane A from the middle compartment to the left com-
partment as Jα,M→L ≡ ṄαL = jα,M→LA, where jα,M→L is
the flux density and A is the area of the membrane. The
diagram is illustrated in Fig. 5. The flux Jα,M→L is driven
by the chemical potential difference �μα = μαM − μαL.
The chemical potential of type-σ molecules in compart-
ment k is given by

μσk = ∂Fk

∂Nσk
, (A2)

where the free energy Fk for gas molecules in each com-
partment is given later.

We consider the simple case with the chemical gradi-
ent −∂zμα(z) along the z direction over membrane A. The
force −∂zμα(z) induced by the chemical potential gradient
is balanced by a friction force −kvα across the membrane
as

−∂zμα(z) − kvα = 0, (A3)

where vα is the drift velocity of type-α molecules. The
drift velocity is related to the flux density jα,M→L = cαvα

through the density cα(z). Solving the steady flux density
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jα from Eq. (A3), we obtain

jα,M→L = −cα

k
∂μα(z)

∂z
. (A4)

The free energy for the gas molecules in the chamber is
given by F = FM + FL + FR. The free energy FM of the
gases in the middle compartment is given by

FM = −NM kBT
[

3
2

ln
(

2πmkBT
h2

)
+ 1

]

− a
N 2

M

VM
− kBT

(
NαM ln

VM − NM b
NαM

+ NβM ln
VM − NM b

NβM

)
, (A5)

where m is the mass of a single molecule and h is the vol-
ume of the phase-space grid. Similarly, the free energies of
the gases in the left and right compartments are

FL = −NαLkBT
[

3
2

ln
(

2πmkBT
h2

)
+ 1

]

− a
N 2

αL

VL
− NαLkBT ln

VL − NαLb
NαL

, (A6)

FR = −NβRkBT
[

3
2

ln
(

2πmkBT
h2

)
+ 1

]

− a
N 2

βR

VR
− NβRkBT ln

VR − NβRb
NβR

. (A7)

The chemical potentials of the gases in different compart-
ments are obtained from μσk = ∂Fk/∂Nσk as

μαM = −3
2

kBT ln
(

2πmkBT
h2

)
− 2a

NM

VM

+ kBT
(

NM b
VM − NM b

− ln
VM − NM b

NαM

)

	 −3
2

kBT ln
(

2πmkBT
h2

)
+ kBT ln cαM

+ 2 (bkBT − a) (cαM + cβM ), (A8)

μαL = −3
2

kBT ln
(

2πmkBT
h2

)
− 2a

NαL

VL

+ kBT
(

NαLb
VL − NαLb

− ln
VL − NαLb

NαL

)

	 −3
2

kBT ln
(

2πmkBT
h2

)
+ kBT ln cαL

+ 2 (bkBT − a) cαL. (A9)

To the first order of the van der Waals constants, the flux
density is given by

jα,M→L = −kBT
k

[
∂cα

∂z
+ 2(b − a

kBT
)cα

(
∂cα

∂z
+ ∂cβ

∂z

)]
.

(A10)

For the small density difference �cα = cαM − cαL across
membrane A with thickness d, we use the substitu-
tions ∂cα/∂z → (cαM − cαL)/d, cα → (cαM + cαL)/2, and
∂cβ/∂z → (cβM − cβL)/d, with cβL = 0. The flux density
is rewritten as

jα,M→L ≈ kBT
kd

[
cαM − cαL +

(
b − a

kBT

)
cβM (cαM + cαL)

]
.

(A11)

By defining κ = 1/kd, we obtain a revised Fick’s law for
van der Waals gases:

Jα,M→L

καAkBT
= cαM − cαL +

(
b − a

kBT

)
cβM (cαM + cαL).

(A12)

For the case with a = 0 and b = 0, Fick’s law for ideal
gases is recovered as Jα,M→L = καAkBT(cαM − cαL).

APPENDIX B: DERIVATION OF THE
TEMPERATURE EVOLUTION

Here we derive the differential equation (3) that deter-
mines the evolution of gas temperature. We write the first
law of thermodynamics for the gases in each compartment
as

dUL = dQL − pLdVL + uαLdNαL,

dUM = dQM − pM dVM + uαM dNαM + uβM dNβM ,

dUR = dQR − pRdVR + uβRdNβR,

(B1)

where uσk is the partial molar internal energy of the
gases in each compartment. For van der Waals gases, the
internal energy in each compartment is given by Uk =
3NkkBT/2 − aN 2

k /Vk, and the partial molar internal energy
uσk is explicitly given by

uαL = ∂UL

∂Nα

= 3
2

kBT − 2aNαL

VL
,

uαM = ∂UM

∂Nα

= 3
2

kBT − 2a
(
NαM + NβM

)
VM

,

uβM = ∂UM

∂Nβ

= 3
2

kBT − 2a
(
NαM + NβM

)
VM

,

uβR = ∂UM

∂Nβ

= 3
2

kBT − 2aNβR

VR
,

(B2)
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and the differences are caused by interaction energy

uαL − uαM = −2aNαL

VL
+ 2a

(
NαM + NβM

)
VM

,

uβR − uβM = −2aNβR

VR
+ 2a

(
NαM + NβM

)
VM

.

(B3)

With the identical gas temperature T, we can sum over the
three expressions in Eq. (B1) and obtain the differential
equation

U̇ = Q̇ − pLV̇L − pM V̇M − pRV̇R + uαLṄαL

+ uαM ṄαM + uβM ṄβM + uβRṄβR. (B4)

Plugging the internal energy U = ∑
k=L,M ,R Uk = 3NtkB

T/2 − a
∑

k=L,M ,R N 2
k /Vk, the heat exchange Q̇ = −CVγ

(T − T0) by Newton’s law of cooling, the pressures pk =
NkkBT/(Vk − Nkb) − aN 2

k /V2
k of van der Waals gases, and

the partial molar internal energy uσk into Eq. (B2), and
using the constraints ṄβM = −ṄβR and ṄαM = −ṄαL of
particle numbers, we obtain the differential equation (3) to
describe the evolution of the gas temperature.

APPENDIX C: MINIMUM ENERGY
CONSUMPTION IN QUASISTATIC SEPARATION

OF VAN DER WAALS GASES

To obtain the energy consumption in quasistatic sepa-
ration, we use the normal formula W(0) = �F = Ff − Fi

from the free-energy change of van der Waals gases in the
middle compartment. Notice that the gases are initially pre-
pared in the middle compartment (Vi

L = 0, Vi
R = 0, Vi

M =
Vt) and are finally separated in the left and right compart-
ments (Vf

L + Vf
R = Vt, Vf

M = 0). Using Eqs. (A5)–(A7), we
find the work in quasistatic separation is explicitly given as

W(0) = −kBT0

(
Nα ln

Vf
L − Nαb

Vt − Ntb
+ Nβ ln

Vf
R − Nβb

Vt − Ntb

)

+ a

(
N 2

t

Vt
− N 2

α

Vf
L

− N 2
β

Vf
R

)
. (C1)

One can prove that the minimum quasistatic energy con-
sumption W(0)

min = −NtkBT0(εα ln εα + εβ ln εβ) is obtained
at the optimal position Vf

L = VtNα/Nt and Vf
R = VtNβ/Nt

for the small van der Waals constants a and b that satisfy

2
(

1 − Ntb
Vt

)2 aNt

VtkBT0
< 1. (C2)

If we choose the optimal position, the system at the end
of the quasistatic separation is in both thermal equilibrium
and mechanical equilibrium.

APPENDIX D: DERIVATION OF THE EXCESS
ENERGY CONSUMPTION RATE

Here we derive Eq. (5) and the expressions for the three
matrices �, �, and 
. For convenience, we rewrite Eqs.
(2) and (3) in a compact form:

ṄαL = J1(NαL, NβR, T, VL, VR), (D1)

ṄβR = J2(NαL, NβR, T, VL, VR), (D2)

Ṫ = J3(NαL, NβR, T, VL, VR), (D3)

where the first two fluxes J1 ≡ Jα,M→L and J2 ≡ Jβ,M→R
correspond to particle transport, and the third flux J3 is
given by the right-hand side of Eq. (3). The molecule
numbers NαL and NβR and the gas temperature T charac-
terize the states of the gases in each compartment, and
the volumes VL and VR are control parameters. In a qua-
sistatic separation process, the particle numbers N (0)

αL and
N (0)

βR and the gas temperature T(0) = T0 are obtained by
setting Jl = 0 (l = 1, 2, 3).

For the slow process, we can linearize the differen-
tial equations (D1)–(D3) by expanding the particle num-
bers and the gas temperature around their values for the
quasistatic process as

NαL = N (0)
αL + N (1)

αL , (D4)

NβR = N (0)
βR + N (1)

βR , (D5)

T = T0 + T(1). (D6)

The finite-time corrections N (1)
αL , N (1)

βR , and T(1) satisfy the
linearized equations

⎛
⎜⎝

Ṅ (1)
αL

Ṅ (1)
βR

Ṫ(1)

⎞
⎟⎠ =

⎛
⎜⎝

−Ṅ (0)
αL

−Ṅ (0)
βR

J (0)

3

⎞
⎟⎠− �

⎛
⎜⎝

N (1)
αL

N (1)
βR

T(1)

⎞
⎟⎠ , (D7)

where the third flux J (0)

3 according to Eq. (3) is explicitly
given as

J (0)

3 = J3(N
(0)
αL , N (0)

βR , T0, VL, VR) (D8)

= −2T0

3Nt

∑
k=L,M ,R

N (0)

k V̇k

Vk − N (0)

k b
. (D9)

The relaxation matrix � is related to the partial derivatives
of the fluxes Jl as

� = −

⎛
⎜⎜⎝

∂J1
∂NαL

∂J1
∂NβR

∂J1
∂T

∂J2
∂NαL

∂J2
∂NβR

∂J2
∂T

∂J3
∂NαL

∂J3
∂NβR

∂J3
∂T

⎞
⎟⎟⎠

∣∣∣∣∣∣∣∣
(0)

, (D10)
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where the subscript (0) denotes the particle numbers NαL
and NβR and the temperature T take their values in a
quasistatic process. In the following, the quantities for
the middle compartment are rewritten with variables for
the left and right compartments, i.e., N (0)

M = Nα − N (0)
αL +

Nβ − N (0)
βR and V̇M = −V̇L − V̇R.

According to Eq. (D7), the finite-time corrections for
slow separation processes are obtained as

⎛
⎜⎝

N (1)
αL

N (1)
βR

T(1)

⎞
⎟⎠ = �−1

⎛
⎜⎝

−Ṅ (0)
αL

−Ṅ (0)
βR

J (0)

3

⎞
⎟⎠ , (D11)

with �−1 the inverse of the relaxation matrix. A detailed
introduction to the perturbation method can be found in
Ref. [47] and also in the supplemental material in Ref. [55].
Two terms related to particle changes Ṅ (0)

αL and Ṅ (0)
βR are

obtained from the implicit function theorem as
(

−Ṅ (0)
αL

−Ṅ (0)
βR

)
= M−1

1 M2

(
V̇L

V̇R

)
, (D12)

where the matrices M1 and M2 are explicitly expressed as

M1 =
⎛
⎝

∂J1
∂NαL

∂J1
∂NβR

∂J2
∂NαL

∂J2
∂NβR

⎞
⎠
∣∣∣∣∣∣
(0)

, M2 =
(

∂J1
∂VL

∂J1
∂VR

∂J2
∂VL

∂J2
∂VR

)∣∣∣∣∣
(0)

.

(D13)

With Eqs. (D9) and (D12), we can write the right-hand-
side of Eq. (D11) into a compact form:

⎛
⎜⎝

−Ṅ (0)
αL

−Ṅ (0)
βR

J (0)

3

⎞
⎟⎠ = 


(
ẋL

ẋR

)
, (D14)

where we use xL = VL/Vt and xR = VR/Vt to represent the
control parameters.

The energy consumption for the finite-time process is
given by Eq. (4). The quasistatic energy consumption rate
Ẇ(0) = −p (0)

L V̇L − p (0)
M V̇M − p (0)

R V̇R is defined. The excess
energy consumption rate Ẇex = Ẇ − Ẇ(0) is obtained as

Ẇex = (
ẋL ẋR

)
�

⎛
⎜⎝

N (1)
αL

N (1)
βR

T(1)

⎞
⎟⎠ , (D15)

where each element in the matrix � is explicitly expressed
as follows:

�11 = −Vt

∑
k=L,M

(
kBT0Vk

(Vk − N (0)

k b)2
− 2a

N (0)

k

V2
k

)
, (D16)

�12 = −Vt

(
kBT0VM

(VM − N (0)
M b)2

− 2a
N (0)

M

V2
M

)
, (D17)

�13 = −Vt

(
kBN (0)

αL

VL − N (0)
αL b

− kBN (0)
M

VM − N (0)
M b

)
, (D18)

�21 = −Vt

(
kBT0VM

(VM − N (0)
M b)2

− 2a
N (0)

M

V2
M

)
, (D19)

�22 = −Vt

∑
k=M ,R

(
kBT0Vk

(Vk − N (0)

k b)2
− 2a

N (0)

k

V2
k

)
, (D20)

�23 = −Vt

(
kBN (0)

βR

VR − N (0)
βR b

− kBN (0)
M

VM − N (0)
M b

)
. (D21)

We finally obtain the expression [Eq. (5)] for the excess
energy consumption rate.

APPENDIX E: RESULTS FOR IDEAL GASES

We present several analytical results for ideal gases. The
case of ideal gases is recovered by setting a = 0 and b = 0.
The three matrices �, �, and 
 are obtained analytically
as


 =

⎛
⎜⎜⎜⎝

− Nα

1−xR − NαxL

(1−xR)2

− NβxR

(1−xL)2 − Nβ

1−xL

2T0
3Nt

Nβ

1−xL
2T0
3Nt

Nα

1−xR

⎞
⎟⎟⎟⎠ , (E1)

� =
⎛
⎝− (1−xR)kBT0

xL(1−xL−xR)
− kBT0

1−xL−xR
kBNβ

1−xL

− kBT0
1−xL−xR − (1−xL)kBT0

xR(1−xL−xR)

kBNα

1−xR

⎞
⎠ , (E2)

and

� =

⎛
⎜⎜⎝

καAkBT0(1−xR)

VtxL(1−xL−xR)
0 0

0 καAkBT0(1−xL)

VtxR(1−xL−xR)
0

0 0 γ

⎞
⎟⎟⎠ . (E3)

The excess energy consumption rate, according to Eq. (5),
is simplified to

Ẇex = 2NtkBT0

3γ

[
εα ẋR

1 − xR + εβ ẋL

1 − xL

]2

+ NtVt

A

{
εα(1 − xR)

κα

[
d
dt

(
xL

1 − xR

)]2

+ εβ(1 − xL)

κβ

[
d
dt

(
xR

1 − xL

)]2
}

, (E4)

where εα = Nα/Nt and εβ = Nβ/Nt.
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By introducing the timescale of heat transfer τh ≡ 1/γ

and that of particle transport of type-σ molecules τσ ≡
Vt/κσ kBT0A, we obtain explicit expressions for each ele-
ment of the metric:

gLL = NtkBT0[εβτβ(xR)2/(1 − xL)3

+ εατα/(1 − xR) + 2/3 × ε2
βτh/(1 − xL)2],

(E5)

gLR = gRL = NtkBT0{εαταxL/(1 − xR)2

+ εβτβxR/(1 − xL)2 + 2/3

× εαεβτh/[(1 − xL)(1 − xR)]}, (E6)

gRR = NtkBT0[εατα(xL)2/(1 − xR)3

+ εβτβ/(1 − xL) + 2/3 × ε2
ατh/(1 − xR)2].

(E7)

To obtain the optimal symmetry-breaking protocols, we
need to numerically evaluate the geodesic paths connect-
ing (0, 0) and (εα , εβ) by solving the geodesic equation (9).
For ideal gases, the Christoffel symbols are analytically
obtained as

�LLL

NtkBT0
= 2ε2

βτh

3(1 − xL)3 + 3εβτβ(xR)2

2(1 − xL)4 , (E8)

�RRR

NtkBT0
= 2ε2

ατh

3(1 − xR)3 + 3εατα(xL)2

2(1 − xR)4 , (E9)

�LRL

NtkBT0
= εβτβ

2(1 − xL)2 + εαταxL

(1 − xR)3 , (E10)

�LRR

NtkBT0
= εατα

2(1 − xR)2 + εβτβxR

(1 − xL)3 , (E11)

�RRL

NtkBT0
= εβτβ

2(1 − xL)2 + εαταxL

(1 − xR)3 + 2εαεβτh/3
(1 − xL)(1 − xR)2 ,

(E12)

�LLR

NtkBT0
= εατβ

2(1 − xR)2 + εβτβxR

(1 − xL)3 + 2εαεβτh/3
(1 − xR)(1 − xL)2 .

(E13)

The Christoffel symbols �i
jk in the geodesic equations are

obtained via �i
jk ≡ gil�ljk with the inverse metric gij .

APPENDIX F: SINGULARITIES OF GEODESIC
EQUATIONS AND EVOLUTION EQUATIONS

We analyze the singularities that arise when solving
the geodesic equation (9) and the evolution equations (2)
and (3).

Firstly, we observe that the metric tensor G at (xL, xR) =
(εα , εβ) is degenerate. For instance, for separating equally

mixed ideal gases, it is explicitly given by

G = NtkBT0

(
τα + τβ + 2

3
τh

)(
1 1
1 1

)
, (F1)

which induces the divergence of G−1, and subsequently the
divergence of Christoffel symbols �k

ij at the target point
(εα , εβ). As a result, when searching for geodesic paths,
we encounter a singularity near the target point, causing
dxk/dt → 0. To achieve a numerical solution with given
accuracy, we need to decrease the step length of solving
to match the decrease of the derivative of xk. This causes
the step length to approach 0, and consequently causes the
divergence of required computational resources. Thus, the
numerical solution should be terminated near the target
point instead of when it is reached.

Secondly, given a control protocol xL(t) and xR(t), for
the volumes, we numerically simulate the evolution using
Eqs. (2) and (3). With a given operation time τ , the vol-
umes are expressed explicitly as functions of time, i.e.,
Vk(t) = Vtxk(t). The evolution equations (2) and (3) have
two removable singularities, at the beginning (t = 0) and
at the end (t = τ ) of the separation process. Specifically,
the particle densities in the left and right compartments,
cαL = NαL/VL and cβR = NβR/VR, take the form of 0/0 at
t = 0, and the particle densities in the middle compart-
ment, cαM = NαM/VM and cβM = NβM/VM , exhibit the
same behavior at t = τ . These singularities lead to compu-
tational difficulty when one is numerically simulating the
evolution.

To overcome the computational difficulty posed by the
aforementioned singularities, we choose the starting point
and the target point to be slightly different from (0, 0)

and (0.5, 0.5). Specifically, we select the starting point
as (10−3, 10−3) and the target point as (0.5 − 10−3, 0.5 −
10−3) for the separation of both ideal gases and van der
Waals gases. By bypassing these two singularities, we can
obtain the results without loss of accuracy.
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