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Thermodynamic Limits of Photon-Multiplier Luminescent Solar Concentrators
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Luminescent solar concentrators (LSCs) are theoretically able to concentrate both direct and diffuse
solar radiation with extremely high efficiencies. Photon-multiplier luminescent solar concentrators (PM-
LSCs) contain chromophores that exceed 100% photoluminescence quantum efficiency. PM-LSCs have
recently been experimentally demonstrated and hold promise to outcompete traditional LSCs. However,
we find that the thermodynamic limits of PM-LSCs are different and are sometimes more extreme relative
to traditional LSCs. As might be expected, to achieve very high concentration factors, a PM-LSC design
must also include a free energy change, analogous to the Stokes shift in traditional LSCs. Notably, unlike
LSCs, the maximum concentration ratio of a PM-LSC is dependent on the brightness of the incident
photon field. For some brightnesses, but equivalent energy loss, the PM-LSC has a greater maximum
concentration factor than that of the traditional LSC. We find that the thermodynamic requirements to
achieve highly concentrating PM-LSCs differ from those of traditional LSCs. The new model gives insight
into the limits of concentration of PM-LSCs and may be used to extract design rules for further PM-LSC
design.
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I. INTRODUCTION

There is currently much interest in improving the yield
of solar energy capture technologies, by making better use
of the incoming solar radiation. One way to improve the
solar cell effectiveness is to concentrate incoming solar
irradiation [1–3]. But in many regions of the world, the
majority of the incident light is diffuse, but diffuse light
cannot be concentrated by traditional image-preserving
optical techniques, due to the limits established by the sec-
ond law of thermodynamics [4,5]. Traditional luminescent
solar concentrators (LSC) offer an elegant way around this
problem. An LSC is typically constructed from plastic or
glass sheets with embedded chromophores, organic dyes,
or semiconductor nanocrystals, which efficiently absorb
and emit light (Fig. 1). There is typically a free energy
change that offsets the entropic loss when concentrating
diffuse light. The LSC can thus concentrate both direct and
diffuse light.

In traditional LSCs, a high-energy absorbed photon
is converted into a lower-energy photon by the absorp-
tion and emission of a chromophore, inducing thermal
loss in the form of a Stokes shift. The thermodynamics
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and efficiency limits of these systems have been pre-
viously described in detail [1,6,7]. Recently, there have
been proposals and experimental demonstrations of a new
class of photon-multiplier luminescent solar concentrators
(PM-LSC), where high-energy photons are converted into
two low-energy photons via processes such as quantum
cutting in lanthanide-doped nanocrystals. Chromophores
exhibiting up to 180% photoluminescence quantum effi-
ciency (PLQE) have been experimentally demonstrated
[8,9]. Such systems could enable PLQEs as high as 200%.
The low reabsorption and high PLQEs could make such
systems ideal candidates for LSCs. There is currently no
theoretical treatment of the thermodynamic limits of such
a system, which is often useful to benchmark real device
efficiencies against [10].

Here, we present a revised thermodynamic model, fol-
lowing the methods presented by Yablonovitch, which
gives insight into the fundamental limits of PM-LSCs [1].
The maximum concentration performance of PM-LSCs
is linked to the brightness of the incoming photon field,
which is not the case for traditional LSCs. Furthermore,
the maximum concentration factors associated with PM-
LSCs are different and at high brightness are more extreme,
relative to their traditional counterparts.

II. ETENDUE AND ENTROPY

A beam of radiation, passing through an absorbing and
luminescent medium, can be characterized by a tempera-
ture, chemical potential, and etendue [11,12]. For a beam
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FIG. 1. Schematic of operation of a photon-multiplier lumi-
nescent solar concentrator (PM-LSC). As an input beam, B1,
irradiates the device, a chromophore absorbs and emits light at
a longer wavelength. In a PM-LSC, maximally two photons are
emitted for every incoming photon. Supposing isotropic emis-
sion, the number of photons lost through the escape cone is
dependent on the ratio of the refractive indices of the outside
medium (n1) to the medium of the LSC (n2). Photons that are
emitted within the LSC are described by the second concen-
trated beam, B2, which, during proper operation, impinges on a
photovoltaic mounted on the edge of the LSC.

with a ray direction within solid angle d�, passing through
an area dA, the element of etendue, dξ , is given by

dξ = n2 cos(θ)d� dA, (1)

where θ is the angle between the direction of propaga-
tion and the normal to dA, and n is the refractive index of
the medium. The etendue of a beam propagating through
a clear and transparent medium is conserved. This con-
servation of etendue can be interpreted as the Liouville
theorem of classical mechanics, applied to photon propa-
gation along rays in geometrical optics. Should absorption
and remission occur, the etendue change is then a measure
of the free energy loss. At moderate intensities of light, the
thermodynamics of the system can be described by a two-
dimensional gas, where the number of dimensions arises
from the two angular coordinates required to specify the
direction of the beam [13].

Notably, if entropy and etendue are constant, any con-
centration system that decreases the illuminated area, A,
must increase the angular divergence of the beam. In the
case of diffuse light, the angular divergence is already max-
imal, and thus, diffuse radiation cannot be concentrated
with a system using only geometrical optics. In a tradi-
tional LSC, the change in enthalpy from heat dissipation
associated with the Stokes shift can offset the entropic
loss, allowing for the concentration of diffuse light with
an associated energetic penalty.

The Heisenberg uncertainty principle, considered in
the absence of diffraction, places a limit on the spread
of the beam wavevectors in momentum space, dx dpx ≥
h [12]. This condition naturally requires that only a
single quantum state occupies the phase-space volume,

dx dy dz dpx dpy dpz. A suitable choice of coordinate sys-
tem gives the beam area, dA, as dx dy. The etendue element
can then be written as

dξ = n2

k2 dx dy dkx dky . (2)

The volume element dx dy dkx dky in the phase space of
variables x, y, kx, ky is equal to k2dξ/n2, where n is the
refractive index, and contains a single quantum state that
can be occupied by a photon in a beam. For a system of N
photons, and allowing for two directions of polarization,
we define

G = 2k2

n2 ξ = 2ν2

c2 ξ , (3)

which can be interpreted as the number of quantum states
within a beam with frequency ν = ck/n and etendue ξ .
These N indistinguishable photons are distributed over the
G states according to

W = (G + N )!
G!N !

≈ (G + N )G+N

GGN N , (4)

where the Stirling approximation is used to obtain the
second result. Invoking the ergodic hypothesis that each
microstate is equally probable, the entropy of the beam, S,
is the natural logarithm of the number of microstates, W,
multiplied by the Boltzmann constant, kB,

S = kB ln(W),

= kB
2ν2

c2 ξ

((
1 + N

G

)
ln

(
1 + N

G

)
− N

G
ln

(
N
G

))
.

(5)

Following Yablonovitch’s treatment, the entropy per pho-
ton, s, is the number differential of the entropy of the
beam [1]:

s = dS
dN

= kB ln
(

1 + 2ν2

c2

ξ

N

)
. (6)

In the limit of maximum efficiency, where the loss of one
photon from the incoming beam immediately results in
the addition of two photons to the concentrated beam, the
change in entropy of the concentrated photon beam then
becomes

�S = 2kB ln
(

1 + 2ν2

c2

ξ

N

)
. (7)

Using the thermodynamic definition of entropy, δQ/T,
rather than the statistical argument developed here, Eq. (7)
can be equivalently recovered by assuming that the photon
gas is an effective heat bath and δQ is the addition of two
photons of energy hν.
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III. BRIGHTNESS

Radiation will come into thermal equilibrium with the
chromophore, provided that there is fast thermal equi-
libration between excited states [1,12]. As there are no
first-order photon-photon interactions, photon beams can-
not be in a true thermal equilibrium. Nevertheless, photon
beams are well defined by thermodynamic parameters
such as temperature, T, and chemical potential, μ [11].
The radiation emitted by a blackbody has zero chemi-
cal potential; however, quasiblackbody radiation, where
radiation is emitted over a restricted range, may have a
nonzero chemical potential. Planck derives the intensity of
a monochromatic beam as

I = hν3n2

c2

1

e
μ−hν
kBT − 1

, (8)

which has units of energy per unit area, where kB is
the Boltzmann constant and T is the temperature of the
medium in which emission from the chromophore takes
place [Eq. (300) in Ref. [14] ]. As radiation in thermo-
dynamic equilibrium is isotropic and unpolarized, we can
consider average chromophore absorption over 4π solid
angle. Dividing Eq. (8) by the energy of the photon (hν),
we determine the photon flux of a beam as

B = 8πn2ν2

c2

1

e
μ−hν
kBT − 1

. (9)

Equation (9) is often referred to as the brightness of the
beam and has units of photons per second, per unit band-
width, per 4π solid angle, per unit area [1,11,14,15]. For
monochromatic brightness, we can write ξ/N = 4πn2/B.
Where the input beam has some frequency range, the
treatment presented by Markvart may be used [12]. Bright-
ness, like etendue, is conserved along the path of the
beam in a perfectly transparent material. The transforma-
tion of one quasiequilibrium beam into another introduces
irreversibility, bringing about entropy generation.

IV. CONCENTRATION LIMIT

The gain in entropy of the concentrated beam must be
acquired from the free energy change associated with the
photon-multiplicative process. For a traditional LSC with
a chromophore of unity photoluminescence quantum effi-
ciency, the concentration factor, C, is defined as the ratio of
the brightnesses of the outgoing field, B2, and the incoming
field, B1,

C ≡ B2

B1
≤ ν2

2

ν2
1

exp
(

h
(
ν1 − ν2

)
kBT

)
, (10)

where ν1 and ν2 are the frequencies of the input pho-
ton and output photon, respectively [1]. The concentration

limit of the PM-LSC can be determined from the sec-
ond law of thermodynamics. Including the entropy source
from the thermal loss, h(ν1 − 2ν2), the second law can be
written as

2kB ln
(

1 + α
ν2

2

B2

)
︸ ︷︷ ︸

�S2

+ h(ν1 − 2ν2)

T
− kB ln

(
1 + α

ν2
1

B1

)
︸ ︷︷ ︸

�S1

≥ 0,

(11)

where α = 8πn2/c2, and �S1 and �S2 correspond to
the entropy changes in the incident photon field and the
generated photon field, respectively. Assuming the LSC
is operating in a normal terrestrial environment, where
αν2/B � 1, the 1s in the logarithms can be ignored, and
a concentration factor for PM-LSCs can be determined by
rearranging Eq. (11):

B2
2

B1
≤ 8n2π

c2

ν4
2

ν2
1

exp
(

h(ν1 − 2ν2)

kBT

)
. (12)

Hence, the concentration factor is given by

B2

B1
≤

√
8n2π

B1c2

ν4
2

ν2
1

exp
(

h(ν1 − 2ν2)

kBT

)
. (13)

Surprisingly, we find that for PM-LSCs the concentra-
tion limit is dependent on input brightness. Comparing the
concentration limit of a PM-LSC, Eq. (13), to that of a tra-
ditional LSC, Eq. (10), we find similar design requirements
but also some important distinctions [1].

In a traditional LSC, when the Stokes shift is zero
(ν1 = ν2), there will be no associated thermal loss as
h(ν1 − ν2)/T = 0, and the difference in the entropic terms
associated with the addition and removal of the photon
will equal, �S2 − �S1 = 0; thus, the LSC is unable to
concentrate. However, the PM-LSC, particularly at low
brightnesses, may concentrate, even if there is no thermal
loss, i.e., h(ν1 − 2ν2)/T = 0. Even at the energy conser-
vation limit, ν1 = 2ν2, there remains a source of entropy
from the addition and removal of photons of different
wavelengths, �S2 − �S1, which is sufficient to allow for
concentration.

To increase the concentration limit of a PM-LSC, or to
enable effective concentration at higher brightnesses, an
additional thermal loss is required to satisfy the inequality
in Eq. (13), analogous to the Stokes shift in the tradi-
tional LSC. As depicted in Figure 2, the concentration
factor is exponentially dependent on the thermal loss in
PM-LSCs. Figure 2 assumes that both the PM-LSC and
LSC chromophore emissions are given by hν2 = 1.12 eV,
and thus, are optimized for the silicon photovoltaic band
gap (Eg = 1.12 eV). Both the traditional LSC and the PM-
LSC are assumed to have the same matrix medium, with a
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FIG. 2. Maximum concentration factor as a function of chro-
mophore absorption operating under terrestrial conditions. Dot-
ted and solid lines give the maximum concentration factor, C,
of the traditional LSC and PM-LSC, respectively, at room tem-
perature (T = 300 K) with n = 1, when illuminated with light of
brightness 109 photons per second per unit bandwidth per unit
area per 4π solid angle. This brightness roughly approximates
a broad chromophore absorption over the terrestrial solar spec-
trum (see Ref. [16] for further discussion). Emission for both
the PM-LSC and the traditional LSC are fixed by hν2 = 1.12
eV, to match the band gap of silicon photovoltaics. In the PM-
LSC, the onset of the photon-multiplication process occurs at
ν1 = 2ν2. Under normal terrestrial conditions, the PM-LSC may
concentrate at ν1 = 2ν2, since the entropic change associated
with the removal and addition of photons at different wavelengths
(�S2 − �S1) is greater than zero. When absorbing higher-energy
photons, ν1 > 2ν2, the maximum concentration factor increases
as the thermal loss increases, analogous to the Stokes shift in the
traditional LSC.

refractive index of n = 1. In the case of PM-LSCs, only
photons with an energy of hν1 ≥ 2.48 eV may undergo
a PM process to comply with the constraints imposed by
the conservation of energy. The input brightness, B1, is
fixed at 109 photons per second per unit bandwidth per
unit area per 4π solid angle. This brightness represents a
broad absorption over the terrestrial solar spectrum for the
PM-LSC, although there are difficulties in determining this
value when approximating solar radiation over some nar-
row bandwidth (see Ref. [16]). Care must be taken when
modeling much greater brightnesses, for example, where
the input solar flux is concentrated before entry into the
LSC or for extremely small band-gap materials, where
Eq. (13) must be reformed, as αν2/B � 1 is no longer
valid (see Ref. [16]).

108 109 1010 1011 1012 1013

Brightness (m−2 s−1 Hz−1 4πΩ−1)

102

103

104

C
on

ce
nt

ra
tio

n 
fa

ct
or

PM-LSC

LSC

FIG. 3. Maximum concentration factor at room temperature
for a traditional LSC (dotted line) and a PM-LSC (solid line)
as a function of incident brightness. Both the PM-LSC and tradi-
tional LSC concentration limits have an emission at hν2 = 1.12
eV, which is optimized for silicon photovoltaics. Traditional LSC
has a chromophore with a Stokes shift of 0.24 eV (λ1 = 912
nm), which gives a brightness-independent maximum concentra-
tion factor, C = 7280. PM-LSC is assumed to be 200% efficient.
PM-LSC has a thermal loss matching that of the traditional LSC,
i.e. hν1 = 2 × 1.12 + 0.24 = 2.48 eV input, corresponding to
monochromatic incident light of wavelength λ1 = 500 nm.

We identify that, to achieve very high concentration fac-
tors, as for traditional LSCs, a PM-LSC design may also
include thermal loss. Nevertheless, for some brightnesses,
but equivalent thermal loss, the PM-LSC has a greater
maximum concentration factor than that of the traditional
LSC.

Figure 3 outlines the effect of input brightness on con-
centration factor. Here, again, the emission is optimized
for a silicon photovoltaic band gap (hν2 = 1.12 eV). In
this case, however, the thermal loss is fixed at 0.24 eV
for both the traditional LSC and the PM-LSC. The fixed
thermal loss defines the monochromatic photon absorption
at λ1 = 912 nm in the traditional LSC and at λ1 = 500
nm in the PM-LSC. For this specific thermal loss, only
weak brightnesses allow for a maximum PM-LSC con-
centration factor greater than that of the traditional LSCs.
Although the maximum concentration factor for PM-LSCs
may increase more rapidly with increasing thermal loss rel-
ative to the traditional LSC, at very high brightness the
PM-LSC cannot reach the same maximum concentration
ratios as that of the traditional LSC.

Significant research efforts have been expended to
improve the efficiencies and understand the mechanisms
of photon-multiplier technologies [17,18]. As such, it
is of general interest to determine how material design
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FIG. 4. Maximum concentration as function of PM efficiency
and input brightness. Blue surface represents the maximum con-
centration factor for a PM-LSC with a variable PM efficiency,
γ , under different incident brightness. γ varies from one, which
would be the maximum efficiency of a traditional LSC, to two,
the maximum efficiency of PM-LSCs considered here. Emission
frequency for the PM-LSC is fixed at hν2 = 1.12 eV, to match
that of silicon photovoltaics. Incident illumination is described
by a monochromatic beam with wavelength hν1 = 1.12γ + 0.15
eV. Input brightness is plotted between 108 and 1012 photons per
second per unit bandwidth per unit area per 4π solid angle.

improvements may impact on LSC uses and design.
Figure 4 plots PM-LSC concentration as a function of γ ,
which is a measure of the PM system’s efficiency between
1 ≤ γ ≤ 2 (see Ref. [16] for the full expression). A max-
imally efficient traditional LSC chromophore will have
γ = 1, meaning one photon absorbed will result in one
photon being emitted by the chromophore, whereas a PM-
LSC with 200% photon conversion efficiency has γ = 2.
We note that, while the notion of a fractional γ is not
physical in the single-photon limit, in the thermodynamic
limit which we study, it is purely a ratio of underly-
ing photon-yielding processes. For example, in organic
semiconductors, the interplay between singlet fission or
intersystem-crossing pathways for photoexcited singlets
sets the effective γ of the system, with pure singlet fis-
sion yielding γ = 2 and pure intersystem crossing yielding
γ = 1, assuming the triplets eventually yield luminescent
species of interest [17].

Improvements in PM efficiency at low brightness would
offer impressive concentration factors for PM-LSCs, sug-
gesting that PM technologies may play an important role in
low-brightness energy harvesting systems. At low bright-
ness, even a small improvement in γ , from 1 to 1.2 would
offer a twofold increase in the maximum concentration
factor of PM-LSCs, implying that moving away from tra-
ditional LSCs to even a weakly efficient PM process yields
gains in the concentration factor. For the highest bright-
nesses, however, a diminishing return on the investment of
improving γ is made.

Taking the example of singlet fission photon-multiplier
systems, Fig. 4 suggests that even a small improvement
in singlet fission efficiency at low brightnesses could lead
to impressive improvements in the maximum concentra-
tion factors of PM-LSCs. At high brightnesses, however,
current demonstrations of singlet fission systems exhibit
population-dependent annihilation effects, which would
also diminish singlet fission efficiency [19].

Furthermore, this work suggests that exothermic singlet
fission chromophores may lead to higher maximum con-
centration factors relative to endothermic singlet fission
chromophores [17]. Without the inclusion of another heat
source, endothermic singlet fission chromophores would
act to reduce the entropic loss in Eq. (11), and hence,
reduce the concentration limit.

Practical demonstrations of PM-LSCs utilize quantum
cutting, where ytterbium-doped perovskite nanocrystals
feature a photoluminescence quantum yield approaching
200% and virtually zero self-absorption loss [8,9]. These
systems show great promise for PM-LSCs; however, the
ytterbium-doped perovskite chromophores exhibit long-
lived excited states on the order of milliseconds. These sys-
tems violate our assumption that the chromophore exhibits
quick electronic recovery to a photon accepting state [20].
While these systems exhibit long-lived excited states, they
will not reach the concentration limits described here.

Record demonstrations of traditional LSCs achieve con-
centration ratios on the order of 1–10 [21]. Although at
high brightness the PM-LSC concentration limit is signif-
icantly below that of traditional LSCs, it is still on the
order of 102–103. Analytical models and ray tracing sim-
ulations that explicitly include reabsorption effects better
match concentration and optical efficiencies from practical
demonstrations of LSCs [22]. In any case, without uti-
lization of hot carrier solar cells coupled to LSCs, Auger
recombination in standard photovoltaics will play a signif-
icant role at high photon flux, potentially hampering the
potential gains of large concentration factors [23].

V. CONCLUSION

Considering the propagation and transformation of radi-
ation in the thermodynamic limit, we obtain the entropy
generation rate for a photon-multiplicative process. From
the second law of thermodynamics, we obtain the concen-
tration limit for an ideal PM-LSC. Unlike traditional LSCs,
the maximum concentration in a PM-LSC is dependent
on the brightness of the incident field. For very high con-
centration factors, particularly under bright conditions, the
PM-LSC will require a large thermal loss, analogous to the
Stokes shift in a traditional LSC. We find, at low bright-
ness, the PM-LSC may exceed the concentration limit
of traditional LSCs. Furthermore, at low brightness, the
improvements required in the photon-multiplier efficiency
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need only be small to have a dramatic impact on the
concentration limit.
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