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The year 2024 was the hottest in the modern era, followed by 2023. Do these temperatures signal
unexpected changes in the climate system? Writing the global annual mean temperature as the sum of two
terms, greenhouse-gas driven climate change and fluctuations due to internal and external variability, we
model the first term by extending the logarithmic dependance of the temperature anomaly to non-
equilibrium conditions. We validate the method using the illustrative scenarios considered by the IPCC.
Fitting the data, we find that the residuals for 2023 and 2024 are consistent with past fluctuations. We
comment on how putative changes in the climate regime will manifest themselves in coming years.
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Introduction—The annually averaged global mean sur-
face temperature in 2024 was the highest in the modern
instrumental era [1], and likely for much longer than that;
2023 was close behind. We expect temperatures to continue
to rise inexorably as long as we continue to emit greenhouse
gases into the atmosphere, but the past two years were
sufficiently striking that it is necessary to ask, do these
temperatures signal unexpected changes in the climate
system?.
This question was addressed at a special session on

“Cracking the Puzzle of the Anomalous Temperatures in
2023” at 2024 annual meeting of the American Physical
Society [2,3]. The World Meteorological Organization also
addressed the question in its report on the “State of the
Climate 2024” [4]. In both cases, the emphasis was on
estimating the magnitude of various factors such as the
onset of El Niño, changes in the regulation of shipping
aerosols, the rapid onset of Solar Cycle 25, and the Hunga
Tonga volcanic explosion.
In this Letter we take a different approach. We first

establish a simple framework for modeling the change in the
global mean temperature due to changing concentrations of
greenhouse gases in the atmosphere. We then examine the
distribution of observed temperatures relative to this model.
These residuals correspond to fluctuations due to internal
and external variability of the climate system. This approach
allows us to ask whether or not these fluctuations are
consistent with those observed over the course of the past

65 years, since the advent of regular high quality CO2

measurements at Mauna Loa.
Methodology—To address these questions we need to

disentangle effects of climate change from the generic
fluctuations in the climate system. We thus write the global
mean temperature anomaly as the sum of two terms,

ΔðtÞ ¼ θðtÞ þ wðtÞ; ð1Þ

where ΔðtÞ is the global mean temperature relative to the
average over a defined baseline period, θðtÞ is the change in
global mean temperature driven by the change in the
atmospheric concentrations of greenhouse gases, and
wðtÞ captures the internal and external variability of the
climate system, with hwðtÞi ¼ 0. This approach is closely
related to that of “fingerprinting” in attribution studies of the
effects of climate change [5]. Here, however, rather than
seeking to detect a signal in the presence of large back-
ground noise, we are rather seeking to isolate the fluctua-
tions and to study their properties.
The challenge is that while we understand the physics of

the climate system quite well, it is not yet possible to
determine θðtÞ from first principles with an accuracy small
compared to the fluctuations represented by wðtÞ. Thus, for
example, fluctuations are defined with respect to a Loess
smoothing of the time series with a 20 year time constant in
the analysis of [4]. Though well-grounded in techniques of
data analysis, this approach does not incorporate the most
important thing that we know about anthropogenic climate
change: the baseline is driven by changes in greenhouse gas
concentrations in the atmosphere.
We pursue an alternative approach, based on the fact that

θðtÞ is approximately logarithmic with respect to the
atmospheric carbon dioxide concentration [6–10], a result
known since Arrhenius [11]. As usually presented, this is a
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statement about equilibrium temperatures. We extend it
here to consider situations, such as those at the present time,
where the Earth’s radiation budget is out of balance.
Further, as there is a strong correlation between the overall
forcing of all greenhouse gases with that of CO2 (r ¼ 0.996
for NOAA’s Annual Atmospheric Greenhouse Gas dataset
[12] covering the years 1979–2024), we will use the
atmospheric CO2 concentration as a proxy for the com-
bined effects of all greenhouse gases.
We validate the resulting model by showing that it can be

used to fit the five main scenarios used by the IPCC with
errors that are not only small compared to the year-to-year
variability of the Earth’s global mean temperature, but are
also small compared to the uncertainties in the determi-
nation of the global mean temperature.
Our starting point is a simple energy balance model. If the

absorbed solar radiation, A, exceeds the infrared radiation
radiated to space, then the balance goes to warming the
Earth. IfΦ is the Earth’s energy imbalance per square meter,
i.e., the net radiative energy flux at the top of the
atmosphere, and Q is the average total heat content of
the Earth’s climate system per square meter, then

Φ ¼ dQ
dt

¼ cE
dθ
dt

; ð2Þ

where cE is the effective heat capacity per square meter of
the Earth’s climate system (assumed to be constant on the
timescales of interest to us here), and where we neglect
fluctuations wðtÞ. The temperature anomaly is thus propor-
tional to the cumulative integral of the energy imbalance.
We can thus use the estimates for total change in the
heat content of the Earth’s climate system to estimate
cE ¼ 24.3� 3.9 watt years=ðm2 KÞ [13].
Introducing Te as the effective emission temperature of

the Earth, we then have

cE
dθ
dt

¼ A − σT4
e; ð3Þ

where σ is the Stefan-Boltzmann constant.
If we want to consider dynamics near equilibrium, we

can introduce an equilibrium emission temperature T̄e
given by

T̄e ¼
�
A
σ

�
1=4

: ð4Þ

One can then ask how the emission temperature will change
under changes in the Earth’s mean surface temperature, θ,
and under changes in the greenhouse gas concentration of
the atmosphere.
Following Pierrehumbert [7] [p. 149], it is useful to

introduce the notion of an effective radiating level of the
atmosphere, corresponding to the characteristic depth from
which infrared radiation escapes to space. For fixed green-
house gas concentrations, the radiating level stays

essentially fixed as temperature varies [7] [p. 265].
Hence, assuming a linear lapse rate for the atmosphere,
a change in surface temperature implies a corresponding
change in the emission temperature. Conversely, as more
greenhouse gas is added to the atmosphere, more of the
lower parts of the atmosphere become opaque to infrared
radiation, increasing the altitude of the effective radiating
level, and hence, for fixed atmospheric temperature profile,
a reduction in the emission temperature. The resulting
change in outgoing long wavelength radiation is approx-
imately logarithmic in the CO2 concentration [7] [p. 225].
The two effects of interest to us—the change in outgoing
long wavelength radiation due to a change in surface
temperature, and the change in outgoing long wavelength
radiation due to a change in CO2 concentration in the
atmosphere—can thus be incorporated for small changes in
θ or in the CO2 concentration by taking

Te ¼ T̄e þ θ − λ lnðc=crÞ ð5Þ

for some λ (related to the climate sensitivity of the system)
and some reference CO2 concentration cr.
Noting that Te ≈ 255 K [14] [p. 32], while θ and

λ lnðc=crÞ are of the order of a few degrees K at the most
in the foreseeable future, the ratio

θ − λ lnðc=crÞ
Te

ð6Þ

is of the order of 10−2 or less.
Substituting (5) into Eq. (3) and expanding in (6), we

have

T4
E ≈ T̄4

E

�
1þ 4

�
θ − λ lnðc=crÞ

T̄E

��
ð7Þ

It is convenient to introduce a time constant τ defined by

τ ¼ cET̄e

4σT̄4
e
; ð8Þ

that is, the total heat content in the climate system divided
by the rate at which energy is radiated to space. We can then
write (3) as

τ
dθ
dt

¼ −θ þ λ lnðc=crÞ; ð9Þ

where, using the value of cE from above, we have
τ ¼ 6.4� 1.0 yr.
We then determine λ and cr by solving (3), typically

numerically, and vary the parameters (including the initial
value θ0) so as to minimize the rms deviation from the data.
Validation of methodology—We start by considering the

five illustrative emissions trajectories used by the IPCC in
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its sixth assessment report to explore the climate response to
a broad range of greenhouse gas, land-use, and air pollutant
futures [15,16], as illustrated in Fig. 1(a). Figure 1(b)
illustrates the corresponding IPCC AR6 temperature tra-
jectories [17] (solid lines) together with the results of the
process of fitting solutions to Eq. (9) to this data using the
reference CO2 concentration pathways as input. As we only
have annual CO2 data from Mauna Loa for 1959-2024, we
consider fits to the IPPC scenarios over a period of
corresponding length (2015-2080).
The parameters for these fits are reported in Table I. Of

these, the most interesting are the values of λ for each of the
scenarios which differ among themselves, as well as from
the value determined from data (see below in the analysis
section). This is not surprising as each scenario has its own
distinct changing mix of greenhouse gases and other
characteristics. What is important for our present purposes
is that our simple model is able to reproduce the results of
each scenario using only CO2 as a proxy for the overall mix.
The rms error across the five scenarios is 0.007 C. This is

more than an order of magnitude smaller than the standard
deviation of the residuals, and it is about half the size of the
uncertainty of 0.013 C in the 2024 global mean temperature
reported by the WMO [1]. We thus expect that this
procedure can reproduce the actual temperature trajectories
with sufficient precision to study the temperature fluctua-
tionswðtÞ through the residuals of the measured values ofΔ
with respect to the fit θðtÞ.
Data—We now turn to the real world. The longest record

of direct measurements of atmospheric CO2 concentrations
are from the Mauna Loa Observatory [18]. It will be useful
later that the data is well described by

cðtÞ ¼ c0 þ c1eαt; ð10Þ

where, fitting to the entire Mauna Loa dataset, we find
c0 ¼ 255.46� 0.36 ppm, c1 ¼ 59.26� :33 ppm, and
α ¼ 0.01611� :00006 per year. The data and the fit are
illustrated in Fig. 2(a).

For the global mean temperature, we use the average of
GISTEMP [19], NOAA [20], Berkeley Earth [21],
HadCRUT5 [22], and ERA5 [23] data. The various groups
report anomalies relative to varying baselines. The UK Met
Office Climate Dashboard calculates anomalies relative to a
1981-2010 baseline for all of them and then offsets by
0.69 C as the best estimate for that period relative to the
standard 1850-1900 reference period used by the IPCC in
the Sixth Assessment Report. We thus use the data sets as
reported by the UK Met Office [24].
Analysis—Figure 2(b) shows the resulting fit of the global

mean temperature data to the Mauna Loa CO2 data;
λ ¼ 4.55� 0.19 C, cr ¼ 303.9� 2.4 ppm, and θ0 ¼
θðt ¼ 1959Þ ¼ 0.27� 0.06 C. The equilibrium climate
sensitivity, that is, the temperature increase corresponding
to long-term doubling of the atmospheric CO2 concentra-
tion, is thus λ lnð2Þ ¼ 3.16� 0.14 C, in close accord with
the IPCC AR6 conclusion that the “best estimate is 3 °C
with a likely range of 2.5 °C to 4 °C (high confidence)” [25].
Figure 2(c) plots the residuals of the data relative to the

fit, plotted as a function of time. Note that the years 2021-
2024 are denoted by red dots.
Figure 2(d) is a histogram of the residuals. The most

recent four years, 2021-2024, are again illustrated in red.
While 2024 has the greatest residual, it is only marginally
higher than that of the second greatest year. Indeed, the
difference between the two largest residuals (2024 at
0.204 C, and 1981 at 0.196 C) is less than the uncertainty
in measurement of the global mean temperature.
Possible changes in the distribution of fluctuations

around θðtÞ—As we noted in the Introduction, many
factors are known to be correlated with fluctuations about
θðtÞ, but it is difficult to quantify them. Indeed, it is our
hope that our approach will help provide a systematic
framework for evaluating the relative importance of various
factors. For now, though, we merely try to glean what we
can from the distribution of residuals about the fit θðtÞ.
One can use tests such as the Kolmogorov-Smirnov two-

sample test [26] to ask if the distribution of residuals in the
first half of the time period is consistent with that in the
second. One finds a Kolmogorov-Smirnov statistic of 0.21,
corresponding to a p value of 0.45. This provides no reason

(a) (b)

FIG. 1. (a) Projected CO2 concentrations in the five illustrative
emissions trajectories used by the IPCC in its sixth assessment
report to explore the climate response to a broad range of
greenhouse gas, land-use, and air pollutant futures [15,16].
(b) Corresponding global surface temperature. Solid lines indicate
the values used by the IPCC based on CMIP6 model simulations
[17]. The dotted lines are the fits of our model, based on Eq. (9),
illustrating the ability of our simple model to accurately capture
the results of more comprehensive simulations.

TABLE I. Parameters of the solutions to Eq. (9) for fits of the
global mean surface temperatures to each of the five IPCC AR6
illustrative emissions trajectories [17] using the corresponding
reference CO2 concentrations [15,16] as inputs.

Scenario λ cr θ0

SSP5-8.5 3.65 275.9 1.08
SSP3-7.0 3.69 287.4 1.11
SSP2-4.5 3.48 277.7 1.10
SSP1-2.6 3.03 260.7 1.09
SSP1-1.9 2.95 257.3 1.08
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to reject the hypothesis that the two distributions are
the same.
This analysis implicitly assumes that the residuals are

uncorrelated in time. We can check for autocorrelations at
lag 1, for example, by using the Durbin-Watson test [27].
We find a Durbin-Watson statistic of d ¼ 1.570, not
inconsistent with our assumptions.
Of course, we hope that this Letter can be used in the

future to better understand the nature of the fluctuations in
terms of the dynamics of the climate system. It is thus
interesting to examine the distribution of the changes of
residuals. More precisely, Fig. 3(a) is a histogram of
the distribution of wiþ1 − wi, where wi ¼ Δi − θðtiÞ.
Figure 3(b) shows the correlations between successive
changes.
While we do not at present have a model for what

such fluctuations should look like, the rightmost panel of
Fig. 3(a) looks anomalous compared to the rest.
Interestingly, the bin includes two data points: the jump
from 2022 to 2023 (0.27 C) and the jump from 1976 to
1977 (0.28 C). Figure 3(b) shows the correlations between
successive changes in residuals. Whatever the underlying
dynamics responsible for these changes, the fact that there
are two comparable jumps almost 50 years apart suggests
that the recent anomalous temperatures are not the result of
some new process.

Overall, the results appear to be consistent with the past
pattern of fluctuations around the growing mean temper-
ature driven by anthropogenic climate change.
Possible changes in the behavior of θðtÞ—One can

illustrate how a change in the behavior of θðtÞ would
manifest itself by looking, not at the most recent data, but
rather at data from the start of the Mauna Loa dataset.
Indeed, while the Mauna Loa CO2 data only begins in
1958, earlier data are available [28]. These show that there
was an abrupt change in the character of CO2 growth that
began at about that time [see Fig. 4(a)], corresponding to
the fact that it was at just this point that anthropogenic
emissions from fossil fuels surpassed those from land use
changes [29]. The growth in the atmospheric CO2 concen-
tration has been exponential since that time.
We note that Eq. (9) can be solved exactly for the CO2

concentration given by (10):

θðtÞ ¼ λ ln

�
c
cr

�
þ κe−

t
τþ

ατλ

�
2F1

�
1;

1

ατ
; 1þ 1

ατ
;−

c1eαt

c0

�
− 1

�
: ð11Þ

Fitting this to the temperature anomaly data, we find
λ¼ 4.56�0.20C, cr ¼ 304.0� 2.4 ppm, and κ ¼ 0.20�
0.08 C, in excellent agreement with the values we found
earlier by direct numerical integration of Eq. (9) without
making assumptions about the form of cðtÞ.
The term proportional to κ is a solution to the homo-

geneous equation τdθ=dt ¼ −θ. That κ is nonzero reflects
the fact that the temperature at the start of the Mauna Loa
time series was higher than it would have been if the CO2

concentration had been accurately described by Eq. (10) in
the decades before the Mauna Loa measurements began, as
illustrated in Fig. 4(a). It thus signals a change in the
behavior of θðtÞ due to the change in behavior of the rate of
growth of the atmospheric CO2 concentration.
If indeed we are now entering a new regime for warming,

this past history suggests that we are in the very early stages
of it. Any such change will become clear in coming years,
over of a time period of the order of a few τ, and
manifesting itself by a steady drift of the range of residuals
upwards.

(a) (b)

(c) (d)

FIG. 2. (a) Annual mean CO2 concentrations, as measured on
Mauna Loa [18], together with fits to the data using the form of
Eq. (10). Note that the fit to the data using only the years 1959-
2000 does an excellent job of also parameterizing the data for the
full period 1959-2024. (b) Annual global mean temperatures
(average of GISTEMP, NOAA, Berkeley Earth, HadCRUT5, and
ERA5), together with a fit to the data using the Mauna Loa CO2

data as an input to Eq. (9). (c) Fluctuations in the annual mean
temperature due to nonclimatic fluctuations. More specifically,
the dots represent the difference between the annual global mean
temperatures and the corresponding fit to CO2 concentrations, as
illustrated in (b). (d) Distribution of the residuals representing
nonclimatic fluctuations. Blue indicates data from 1959 to 2020;
red indicates data from 2021 to 2024.

(a) (b)

FIG. 3. (a) Distribution of the change in residuals from one year
to the next. Green indicates the change from 1976 to 1977; red
indicates the change from 2022 to 2023. (b) Correlations between
successive changes in residuals.
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Of course we hope that there will be a change in regime,
corresponding not to further accelerations in warming, but
instead an arrest of it as the atmospheric greenhouse gases
are stabilized. One can get an idea of how long it will take
to be sure we are accomplishing these goals, as reflected in
the global mean temperature, by considering Fig. 4(b),
which shows the projected mean temperatures and range of
variation over the course of the next quarter century in two
scenarios: a continuing increase in the CO2 concentration
as given in (10), and a scenario in which the current
trajectory smoothly ameliorates to constant CO2 concen-
trations after 2050.
Closing remarks—Figure 4(b) illustrates two key points:

first, that any changes in behavior of the climate system will
take some years to clearly distinguish from the background
fluctuations, and second, that this is not grounds for
complacency. If we do not stop emitting greenhouse gasses,
temperatures will continue inexorably to rise, further
exacerbated from time to time by natural fluctuations.
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