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Quantum many-body analysis of spin-2 bosons with two-body inelastic decay
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Bose-Einstein condensates of 87Rb atoms with a hyperfine spin of 2 are open quantum systems, where the
atoms are lost through two-body inelastic collisions. In this dissipation process, a collision channel with total spin
of 4 is forbidden by angular momentum conservation, which results in magnetization of the atoms remaining in
the condensate. Here, we investigate the quantum many-body properties of spin-2 bosons that undergo two-body
atomic loss. We show that the system finally reaches a steady state, which is a mixture of the states with maximum
total spins. In addition, we find that a nonclassical steady state can be obtained by applying and quenching the
quadratic Zeeman field.
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I. INTRODUCTION

Atomic Bose-Einstein condensates (BECs) with spin de-
grees of freedom [1] have been produced experimentally by
far-off-resonant optical traps [2]. The spin degrees of freedom
enable a rich variety of ground-state phases [3–5] and topo-
logical excitations [6,7]. For example, skyrmions, monopoles,
and knots have been experimentally demonstrated [8–12].

Spin-2 BECs have attracted much interest because they
exhibit more diverse magnetic phases than spin-1 BECs
[13–15]. However, for the atomic species used in experiments
(e.g., 87Rb), the spin-2 hyperfine state has a larger energy than
the spin-1 state and is unstable against transition to the spin-
1 state through binary collisions [16–18]. In such inelastic
collisions, the hyperfine energy (e.g., � 6.8 GHz for 87Rb)
transforms to kinetic energy and the colliding atoms escape
from the trap. Such a system with particle dissipation is an
example of an open quantum system [19–21].

In the experiment reported by Eto et al. [21], magnetization
was observed to dynamically develop in a spin-2 BEC of
87Rb atoms, even though the spin-dependent contact inter-
action was not ferromagnetic. The mechanism involved in
such magnetization is spin-dependent atomic loss, in which
two-body inelastic collisions of particles with a total spin of 4
(= 2 + 2) are prohibited because of angular momentum con-
servation (i.e., only atomic pairs with different spin directions
are lost). Consequently, the remaining atoms tend to become
magnetized in the same direction.

In Ref. [21], the experimental results were confirmed by
numerical calculations using the mean-field approximation.
However, the mean-field picture is inappropriate for systems
with a small number of particles. In fact, when the trap
confinement is tight and all atoms occupy the same spatial
wave function, the true ground state of a spin-1 BEC with
antiferromagnetic interaction is a symmetry-preserving state
referred to as a fragmented state [22–24]. Recently, such a
quantum many-body state was experimentally observed in a
BEC with ≈100 atoms [25,26].

In the present study, using the Lindblad master equation
[27], we perform a quantum many-body analysis of spin-2

bosons that undergo two-body inelastic loss. We obtain two
main results. The first result is that the steady state reached
after long-time evolution is shown to be a statistical mixture
of the states with maximum total spins (i.e., the final state is
fully magnetized). The second result is that we can obtain a
nonclassical quantum many-body state (Schrödinger-cat-like
state) as the steady state. By applying a quadratic Zeeman field
and quenching it, we can increase the probability of obtaining
the nonclassical state. We numerically solve the time evolu-
tion of the master equation for 20 particles and demonstrate
the two aforementioned phenomena.

The remainder of this paper is organized as follows. First,
we formulate the present open quantum system in Sec. II and
describe the dynamics of the system using the Lindblad master
equation. In Sec. III, we focus on the steady states of this
equation and analyze their general properties. In Sec. IV, we
present the results of numerical simulations of the dynamics
of the system. The conclusions to this study are provided in
Sec. V.

II. FORMULATION OF THE PROBLEM

A. Master equation with atomic loss

We consider spin-2 bosonic atoms confined in a trap
potential V (r). The field operators ψ̂m(r) annihilate atoms
in the magnetic sublevels m = −2,−1, 0, 1, 2, which sat-
isfy the bosonic commutation relations [ψ̂m(r), ψ̂†

m′ (r′)] =
δ(r − r′)δm,m′ . The noninteracting component of the Hamilto-
nian is given by

Ĥ0 =
∫ 2∑

m=−2

{
ψ̂†

m(r)

[
− h̄2∇2

2M
+ V (r)

]
ψ̂m(r)

+ qm2ψ̂†
m(r)ψ̂m(r)

}
dr, (1)

where M is the mass of an atom and q is the quadratic
Zeeman coefficient. Here, we ignore the linear Zeeman effect
because it can be eliminated by the unitary transformation.
The quadratic Zeeman term is realized by applying an external
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magnetic field. The interaction term Ĥint that represents the
elastic collisions is written as

Ĥint =
∫ ∑

F=0,2,4

gF
2

F∑
M=−F

Â†
FM(r)ÂFM(r)dr, (2)

where F is the total spin of the colliding atoms and gF =
4π h̄2aF/M with aF being the s-wave scattering length of the
collision channel with F . The operator ÂFM is defined as

ÂFM(r) =
2∑

m,m′=−2

CFM
m,m′ ψ̂m(r)ψ̂m′ (r), (3)

where CFM
m,m′ is the Clebsch-Gordan coefficient. The Hamilto-

nian for the total system is given by Ĥ = Ĥ0 + Ĥint.
Next, we consider two-body inelastic collisions, in which

a transition from a hyperfine spin-2 state to a hyperfine spin-1
state occurs. The energy difference between hyperfine spin-2
and spin-1 states for 87Rb is � 6.8 GHz, and this energy is
transferred to the kinetic energy of the colliding atoms, caus-
ing them to escape from the trap. The dynamics of such an
open quantum system with atomic loss can be described by
the density operator ρ̂(t ) as

d ρ̂(t )

dt
= 1

ih̄
[Ĥ , ρ̂(t )] +

[
d ρ̂(t )

dt

]
loss

, (4)

where [d ρ̂(t )/dt]loss represents the atomic loss due to inelastic
collisions. Assuming that the atoms escaping from the trap do
not interact with other atoms, the atomic loss is described by a
Markov process. In this case, [d ρ̂(t )/dt]loss in Eq. (4) is given
in the Lindblad form as [20]

[
d ρ̂(t )

dt

]
loss

=
∫ ∑

F=0,2

bF
4

F∑
M=−F

[2ÂFM(r)ρ̂(t )Â†
FM(r)

− Â†
FM(r)ÂFM(r)ρ̂(t )

− ρ̂(t )Â†
FM(r)ÂFM(r)]dr, (5)

where bF is the loss coefficient for a collision channel with
total spin F . Notably, for F = 4, inelastic collisions are
forbidden (i.e., b4 = 0) because of the conservation of spin
angular momentum. The first term in the square brackets in
Eq. (5) is called a jump term, which eliminates two particles
from the system.

B. Previous results

Here, we briefly review the results of a previous study
on a spin-2 87Rb BEC with particle dissipation [21]. In this
previous study, all atoms were initially in the m = 0 state and
the subsequent dynamics was investigated. It was observed
that the system eventually became fully magnetized in the
transverse direction despite the ferromagnetic state being en-
ergetically unfavorable [15]. This is due to the spin-dependent
inelastic collisions (b4 = 0); that is, atoms with different spin
directions are selectively lost.

A numerical analysis was also performed in Ref. [21], in
which Eq. (4) was reduced to the dissipative Gross-Pitaevskii
equation. In the mean-field approximation, the macroscopic

wave function ψm(r, t ) ≡ Tr[ψ̂m(r)ρ̂(t )] obeys [20]

ih̄
∂ψm(r, t )

∂t
=

[
− h̄2∇2

2M
+ V (r) + qm2

]
ψm(r, t )

+
∑

F=0,2,4
M=−F ,...,F

g̃F

2∑
i, j,k=−2

CFM
m,i

× CFM
j,k ψ�

i (r, t )ψ j (r, t )ψk (r, t ), (6)

where g̃F = gF − ih̄bF/2 for F = 0, 2, and g̃4 = g4. In
Ref. [21], the numerical solutions of Eq. (6) were found to
agree well with the experimental results. However, the mean-
field approximation is only valid for a large number of atoms
and we do not use Eq. (6) in the present study.

C. Single-mode approximation

We consider a situation in which atoms are tightly trapped
and the size of the atomic cloud is much smaller than the
spin healing length. In this case, all atoms occupy the same
spatial wave function with a uniform spin state and we can
use the single-mode approximation. The field operators can
be rewritten as

ψ̂m(r) � âmψSMA(r), (7)

where âm are bosonic operators and the wave func-
tion ψSMA(r) is the ground state of [−h̄2∇2/(2M ) + V ]
ψSMA = ε0ψSMA satisfying the normalization condition∫ |ψSMA(r)|2dr = 1. Substituting Eq. (7) into Eqs. (1) and (2),
we obtain

Ĥ = ε0N̂ + q
2∑

m=−2

m2â†
mâm

+
∑

F=0,2,4

gF
2V eff

F∑
M=−F

Â†
FMÂFM, (8)

where N̂ = ∑
m â†

mâm, V eff = [
∫ |ψSMA(r)|4dr]−1, and

ÂFM =
2∑

m,m′=−2

CFM
m,m′ âmâm′ . (9)

Similarly, substituting Eq. (7) into Eq. (5) gives the single-
mode approximation of the particle loss terms. We thus obtain
the master equation for the single-mode approximation as

d ρ̂(t )

dt
= 1

ih̄
[Ĥ, ρ̂(t )]

+
∑

F=0,2

bF
4V eff

F∑
M=−F

[
2ÂFMρ̂(t )Â†

FM

− Â†
FMÂFMρ̂(t ) − ρ̂(t )Â†

FMÂFM
]
, (10)

where Ĥ is given by Eq. (8).
The energy eigenstates of Ĥ in Eq. (8) are expressed in

the form |N0, NS, F, Fz〉 for q = 0, where NS is the number of
particles forming singlet pairs, N0 is the number of remaining
particles, F is the total spin, and Fz is the magnetic quantum
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number [22]. The total number of particles is N = N0 + 2NS .
The energy eigenvalue is given by

E = ε0N + c0

2V eff
N (N − 1) + c1

2V eff
[F (F + 1) − 6N]

+ c2

5V eff
NS (N + N0 + 3), (11)

where c0, c1, and c2 are defined as

c0 = 4g2 + 3g4

7
,

c1 = g4 − g2

7
,

c2 = 7g0 − 10g2 + 3g4

7
.

(12)

We note that the energy eigenstates |N0, NS, F, Fz〉 are inde-
pendent of the values of the interaction parameters g0, g2,
and g4.

III. STEADY STATES REACHED AFTER A LONG TIME

This section provides a general discussion of the steady
state for the master equation (10) with a single-mode approx-
imation. The steady states satisfy

d ρ̂(t )

dt
= 0. (13)

In Sec. III A, we investigate the form of the steady state for a
system with an initial particle number of 2; in Sec. III B, we
extend the discussion to general particle numbers.

A. Two-particle solution

As a simple toy model, we consider an initial state in which
two atoms occupy the m = 0 state:

|0, 0, 2, 0, 0〉 = 1√
2

(â†
0)2|vac〉, (14)

where |vac〉 is the vacuum state. We solve the master
equation (10) and obtain the steady state for t → ∞.

We abbreviate the relevant energy eigenstates as

|0〉 ≡ |vac〉,
|1〉 ≡ |N0 = 0, NS = 1, F = 0, Fz = 0〉,
|2〉 ≡ |N0 = 2, NS = 0, F = 2, Fz = 0〉,
|3〉 ≡ |N0 = 2, NS = 0, F = 4, Fz = 0〉. (15)

The initial state in Eq. (14) can be expanded by these energy
eigenstates as

|0, 0, 2, 0, 0〉 = 1√
35

(
√

7|1〉 −
√

10|2〉 + 3
√

2|3〉). (16)

We write the time evolution of the density operator as

ρ̂(t ) =
3∑

i, j=0

ci j (t )|i〉〈 j|. (17)

Applying ÂFM to the states |i〉, we have Â00|1〉 = Â20|2〉 =√
2|0〉 with all other combinations being zero; their Hermitian

conjugates give Â†
00|0〉 = √

2|1〉 and Â†
20|0〉 = √

2|2〉. Conse-
quently, Eq. (10) is expressed in the form

d ρ̂(t )

dt
= 1

ih̄

3∑
i, j=0

[Ei − Ej − i(Di + Dj )]ci j (t )|i〉〈 j|

+ 2D1c11(t )|0〉〈0| + 2D2c22(t )|0〉〈0|, (18)

where Ei and Di are E0 = D0 = 0, E1 = g0/V eff , D1 =
b0/(2V eff ), E2 = g2/V eff , D2 = b2/(2V eff ), E3 = g4/V eff ,
and D3 = 0.

We solve Eq. (18) for the initial condition of ρ̂(0) =
|0, 0, 2, 0, 0〉〈0, 0, 2, 0, 0|. For i �= j, we have

dci j (t )

dt
= 1

ih̄
[Ei − Ej − i(Di + Dj )]ci j (t ), (19)

giving ci j (t ) = ci j (0) exp{[Ei − Ej − i(Di + Dj )]t/(ih̄)}.
Since Di + Dj > 0 for i �= j, the off-diagonal coefficients
become ci j (t ) → 0 as t → ∞. For the diagonal elements cii,
Eq. (18) gives

dc00(t )

dt
= 2D1c11(t ) + 2D2c22(t ),

dc11(t )

dt
= −2D1c11(t ),

dc22(t )

dt
= −2D2c22(t ),

dc33(t )

dt
= 0, (20)

which are solved to give

c00(t ) = c11(0)(1 − e−2D1t ) + c22(0)(1 − e−2D2t ),

c11(t ) = c11(0)e−2D1t ,

c22(t ) = c22(0)e−2D2t ,

c33(t ) = c33(0). (21)

In the limit of t → ∞, c11(t ) → 0 and c22(t ) → 0, whereas
c33(t ) maintains its initial value. Thus, we obtain the steady
state as

ρ̂(t ) → 17
35 |0〉〈0| + 18

35 |3〉〈3| (t → ∞). (22)

Other than the vacuum state |0〉, this steady state only contains
the state |3〉 = |N0 = 2, NS = 0, F = 4, Fz = 0〉 that has the
maximum total spin F = 2N = 4. This is because particle
loss occurs only through the F = 0 and 2 channels. The max-
imally polarized state therefore does not undergo particle loss
and survives in the steady state. The above simple analysis
for two particles implies that, for general numbers of particles
also, the steady state only contains the states with maximum
total spins. In the next subsection, we will show that this is the
case.

B. General forms of steady states

In this subsection, we prove that the steady state satisfying
Eq. (13) is a mixture of energy eigenstates with the maximum
total spin. In the following, we denote the density operator for
the N-particle subspace as ρ̂N and express the density operator
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for the total Hilbert space as

ρ̂(t ) = ⊕Nini
N=0ρ̂N (t ), (23)

where Nini is the maximum number of atoms contained in the
initial state.

First, we consider the case of q = 0. We abbreviate the
states with the maximum total spin F = 2N as

|F = 2N, Fz〉 ≡ |N0 = N, NS = 0, F = 2N, Fz〉, (24)

where −2N � Fz � 2N . We define a density operator that
only consists of the states with maximum total spin as

ρ̂SS
N ≡

∑
Fz,F ′

z

cFzF ′
z
|F = 2N, Fz〉〈F = 2N, F ′

z |, (25)

where cFzF ′
z

is an element of a positive semidefinite Hermitian
matrix. Using Eq. (25), we define the density operator as

ρ̂SS ≡ ⊕Nini
N=0ρ̂

SS
N . (26)

We will prove that Eq. (26) is a necessary and sufficient
condition for a steady-state solution of Eq. (10) satisfying

1

ih̄
[Ĥ , ρ̂SS] +

∑
F=0,2

bF
4V eff

F∑
M=−F

(
2ÂFMρ̂SSÂ†

FM

− Â†
FMÂFMρ̂SS − ρ̂SSÂ†

FMÂFM
) = 0. (27)

First, we show that Eq. (26) is a sufficient condition for
Eq. (27). The commutator in Eq. (27) vanishes,

1

ih̄
[Ĥ, ρ̂SS] = 0, (28)

since the bases contained in Eq. (25) are eigenstates of Ĥ with
the same eigenvalues. The state in Eq. (24) is expressed as
[22]

|F = 2N, Fz〉 = Z−1/2(F̂−)	F (â†
2)N |vac〉, (29)

where F̂−=2(â†
1â2+â†

−2â−1)+√
6(â†

0â1+â†
−1â0), 	F=2N−Fz,

and Z = N!(4N )!	F !/(4N − 	F )!. From the form of Â00 =
(â0â0 − 2â1â−1 + 2â2â−2)/

√
5, we find Â00(â†

2)N |vac〉 = 0
and [Â00, F̂−] = 0, which gives Â00(F̂−)	F (â†

2)N |vac〉 = 0.
Similarly, Â2M satisfies Â2M(â†

2)N |vac〉 = 0. From the
commutation relations between Â2M and F̂−,

[Â2,2, F̂−] = 0,

[Â2,1, F̂−] = 2Â2,2,

[Â2,0, F̂−] =
√

6Â2,1,

[Â2,−1, F̂−] = 2
√

6Â2,0,

[Â2,−2, F̂−] = 4Â2,−1, (30)

we obtain Â2M(F̂−)	F (â†
2)N |vac〉 = 0. Thus, we have shown

that

ÂFM|F = 2N, Fz〉 = 0 (31)

for F = 0 and 2, clearly indicating that the second term on the
left-hand side of Eq. (27) also vanishes:

∑
F=0,2

bF
4V eff

F∑
M=−F

(
2ÂFMρ̂SSÂ†

FM

− Â†
FMÂFMρ̂SS − ρ̂SSÂ†

FMÂFM
) = 0. (32)

Next, we prove that Eq. (26) is a necessary condition for
Eq. (27). In the steady state satisfying Eq. (13), the time
derivative of the average particle number d〈N̂〉/dt must be
zero. Using the master equation (10) and the commutation
relation

[N̂, ÂFM] = −2ÂFM, (33)

we can express the time derivative of the average particle
number as

d〈N̂〉
dt

= Tr

[
N̂

d ρ̂(t )

dt

]

= −Tr

⎡
⎣ ∑

F=0,2

bF
V eff

F∑
M=−F

ÂFMρ̂(t )Â†
FM

⎤
⎦

= −
∑

F=0,2

bF
V eff

F∑
M=−F

Tr
[
Â†
FMÂFMρ̂(t )

]

= 0. (34)

From the positive definiteness of Â†
FMÂFM, each term of the

sum in the third line of Eq. (34) must vanish. Equation (34)
therefore leads to

ÂFMρ̂Â†
FM = 0, (35)

for F = 0, 2.
In general, the density operator ρ̂ is written as a mixture of

pure states {|ψk〉}k=1,2,...,K as

ρ̂ =
K∑

k=1

Pk|ψk〉〈ψk|, (36)

where Pk is positive. When the density operator satisfying
Eq. (35) is expressed by Eq. (36),

ÂFM|ψk〉 = 0 (F = 0, 2) (37)

must hold for each pure state |ψk〉. The states in Eq. (24)
satisfy Eq. (37), as shown in Eq. (31). We can show that no
other states satisfy Eq. (37) as follows. Equation (37) leads to

∑
F=0,2

bF
2V eff

F∑
M=−F

Â†
FMÂFM|ψk〉 = 0. (38)

Since the operator on the left-hand side has the same form as
the Hamiltonian in Eq. (8) with ε0 = g4 = q = 0, the eigen-
value λ is given by

λ = b2

14V eff
[2N (2N + 1) − F (F + 1)]

+ 7b0 − 10b2

35V eff
NS (N + N0 + 3), (39)
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from Eq. (11). The quantum numbers NS and F that give λ = 0
are only NS = 0 and F = 2N ; that is, Eq. (38) is satisfied only
by superpositions of the states in Eq. (24). Therefore, Eq. (37)
is satisfied only by the states in Eq. (24). Thus, Eq. (26) is a
necessary condition for Eq. (27). In conclusion, Eq. (13) for
q = 0 is satisfied if and only if the density operator has the
form of Eqs. (25) and (26).

Finally, we consider the steady state for q �= 0. The above
proof is valid also for q �= 0 if all of the bases used in Eq. (25)
are eigenstates of Ĥ with the same eigenvalue. However, be-
cause of the quadratic Zeeman term in the Hamiltonian, some
of the states in Eq. (24) are not eigenstates of the Hamiltonian;
for these states, Eq. (28) does not hold. Among the states in
Eq. (24), only the states

|F = 2N, Fz = −2N〉 = (â†
−2)N

√
N!

|vac〉,

|F = 2N, Fz = 2N〉 = (â†
2)N

√
N!

|vac〉, (40)

and

|F = 2N, Fz = −2N + 1〉 = â†
−1(â†

−2)N−1

√
(N − 1)!

|vac〉,

|F = 2N, Fz = 2N − 1〉 = â†
1(â†

2)N−1

√
(N − 1)!

|vac〉, (41)

are eigenstates of the Hamiltonian with eigenvalues Eq=0 +
4qN for Eq. (40) and Eq=0 + 4q(N − 1) + q for Eq. (41),
where Eq=0 is the eigenvalue of the Hamiltonian for q = 0.
Thus, if the density operator in Eq. (25) is constructed from
the states in Eqs. (40) and (41) such that Eq. (28) is satisfied,
we obtain a steady state for q �= 0.

IV. NUMERICAL RESULTS

We study the time evolution of the system by numerically
solving the master equation (4) using the fourth-order Runge-
Kutta method. The initial state is a Fock state

|�ini〉 = (â†
0)Nini

√
Nini!

|vac〉, (42)

occupying the m = 0 state, as in the experiment in Ref. [21].
Here, we restrict ourselves to Nini = 20, which requires ≈109

matrix elements to represent the density operator. We consider
an atomic gas of 87Rb confined in an isotropic harmonic
potential with a trap frequency ω/(2π ) = 2 kHz. We use
the single-particle ground-state wave function for the single-
mode approximation, and the effective volume is given by
V eff = [

∫ |ψSMA(r)|4dr]−1 � 2.2 × 10−13 cm3. The interac-
tion and dissipation parameters are set to the values given in
Table I. For these interaction parameters, the ground state of
the Hamiltonian for q = 0 is the state where all atoms form
singlet pairs [22].

As the system evolves over time, the total density operator
for the system has the form ρ̂ = ⊕20

N=0ρ̂N , where N are even
integers. The expectation value of an operator Â is given
by 〈Â〉 = Tr[Âρ̂]/Tr[ρ̂]. The spin operator in the j direction
( j = x, y, z) is expressed as F̂j = ∑2

m,m′=−2[ f j]m,m′ â†
mâm′ ,

where f j are spin-2 matrices. For the present initial state, 〈F̂j〉

TABLE I. Interaction and dissipation parameters gF and bF of
87Rb, taken from Refs. [13,20], respectively.

Interaction 10−11 cm3/s Loss 10−11 cm3/s

g0/h̄ 4.34 b0 0.0099
g2/h̄ 4.59 b2 0.0243
g4/h̄ 5.15

always vanish as the system evolves. We define the transverse
magnetization as

S⊥ =
√〈

F̂ 2
x + F̂ 2

y

〉
. (43)

To examine whether the state converges to the fully magne-
tized steady state in Eq. (26) with Eqs. (24) and (25) [or with
Eqs. (40) and (41) for q �= 0], we introduce the normalized
spin-squared operator as

F̂2
norm = F̂ 2

x + F̂ 2
y + F̂ 2

z

2N̂ (2N̂ + 1)
. (44)

To avoid divergence arising from N = 0, we define the density
operator restricted to the N > 0 subspace as ρ̂N>0 = ⊕20

N=2ρ̂N .
The expectation value of Eq. (44) is taken with respect to this
restricted state as

F 2
norm = Tr

[
F̂2

normρ̂N>0
]

Tr[ρ̂N>0]
. (45)

This quantity becomes unity for the fully magnetized steady
state in Eq. (26). Let PN be the probability of finding the
system in a state with N particles:

PN = Tr[ρ̂N ]

Tr[ρ̂]
. (46)

We define the probability of measuring a magnetization of m
within the N-particle subspace as

Qm = Tr[P̂mρ̂N ]

Tr[ρ̂N ]
, (47)

where P̂m is an operator describing the projection onto the
eigenstates of F̂z with an eigenvalue m.

A. Without quadratic Zeeman effect

First, we numerically solve the master equation for q = 0.
Figure 1(a) shows the time evolution of the average particle
number 〈N̂〉 and the normalized total magnetization F 2

norm.
The average particle number rapidly decreases in the early
stage, since the initial density operator contains an abundance
of states with F < 2N , which are subject to inelastic decay.
After several hundred milliseconds, the states with F < 2N
are depleted and the decrease in 〈N̂〉 becomes slow; 〈N̂〉
finally converges to � 3 over long periods. The normalized
total magnetization F 2

norm increases monotonically, as shown
in Fig. 1(a), and finally converges to unity; this behavior
indicates that the final state is the fully magnetized steady
state, given by Eq. (26). Because of the rotational symmetry
of the system, the expectation values 〈F̂x〉, 〈F̂y〉, and 〈F̂z〉 of the
magnetization remain zero as the system evolves.
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(a)

(b)

(c)

FIG. 1. Time evolution for q = 0 with the initial state in Eq. (42).
(a) Average particle number 〈N̂〉 (blue or dark gray line) and normal-
ized total magnetization F 2

norm (red or light gray line). Inset: Log-log
plot of the average particle number 〈N̂〉 (blue or dark gray line) and
the expression in Eq. (48) (black line) as a function of the scaled
time T = bt/V eff + N−1

ini with b = 0.0081×10−11 cm3/s. (b) Particle
number distributions PN at (i) t = 0, (ii) 0.44 s, and (iii) 8.8 s. The
dotted line in (iii) represents a Poisson distribution restricted to even
integers in Eq. (49) with η = 3.08. (c) Distributions Qm of the z
magnetization at 8.8 s. The dotted lines correspond to Eq. (51). See
the Appendix for Qm in the subspaces with other N .

The decrease in 〈N̂〉 in Fig. 1(a) can roughly be estimated
as follows. Assuming that Tr[Â†

FMÂFMρ̂] in Eq. (34) is of
the order of 〈N̂〉2, we have d〈N̂〉/dt ∼ −b〈N̂〉2/V eff , where
b is a parameter comparable to the values of b0 and b2. This
differential equation is solved to give

〈N̂〉 = 1
b

V eff t + 〈N̂〉−1
0

, (48)

where 〈N̂〉0 is the initial average particle number.
Fitting the numerical results for 〈N̂〉 to Eq. (48) for
0 � t � 0.22 s with 〈N̂〉0 = Nini, we find the value of b to be
b � 0.0081 × 10−11 cm3/s. The inset in Fig. 1(a) compares
Eq. (48) with the numerically obtained average particle
number 〈N̂〉 on a log-log scale, where T = bt/V eff + N−1

ini .
Equation (48) well describes the initial decrease in 〈N̂〉. The
numerical result deviates from Eq. (48) for large T , since the
fully magnetized atoms � 3 remain in the steady state, which
is not included in Eq. (48).

Figure 1(b) displays the particle number distributions PN

at different times. As time progresses, we observe that the
distribution becomes broad, and that its peak moves toward
smaller particle numbers because of inelastic loss. For large t ,
the particle number distribution converges to a shape resem-
bling a Poisson distribution restricted to even integers,

PN = ηN

N! cosh(η)
, (49)

with a peak at N = 2. Fitting the observed distribution to a
Poisson distribution yields η � 3.08, which is shown as the
dotted line in Fig. 1(b). The mechanism that the observed
particle number distribution resembles a Poisson distribution
merits further study.

Since the initial state in Eq. (42) is an eigenstate of F̂z

with an eigenvalue zero, the initial magnetization distribution
Qm in the subspace of N = Nini = 20 is localized at m = 0
(i.e., Qm = δm,0). At later times, Qm is broadened by inelastic
loss of particles with m1 + m2 �= 0, where m1 and m2 are the
magnetic quantum numbers for the lost particles. As a result, a
statistical mixture of states with different m is generated in the
subspaces of N < Nini. Figure 1(c) shows Qm at t = 8.8 s, at
which the distributions have almost converged to those of the
final steady state. The distribution Qm in the N = Nini = 20
subspace is still localized at m = 0, and there are broader
distributions in subspaces with smaller N .

For comparison, we consider the N-particle fully polarized
mean-field state,∣∣� (N )

MF (ϕ)
〉 = R̂(ϕ)|F = 2N, Fz = 2N〉, (50)

where R̂(ϕ) = e−iϕF̂x e−iπ/2F̂y is the rotation operator. This state
is fully polarized in the x-y direction with an azimuthal angle
ϕ, and all N atoms occupy the same spin state with a distribu-
tion

QMF
m = 1

24N

(
4N

2N + m

)
. (51)

The density operator after the time evolution is a statistical
mixture of different m (not a superposition), since components
with different m are generated by the jump term in the master
equation, not by the unitary part. Using the mean-field states
in Eq. (50) with different ϕ, we can construct such a statistical
mixture as

ρ̂N ∝
∫

dϕ
∣∣� (N )

MF (ϕ)
〉〈
�

(N )
MF (ϕ)

∣∣, (52)

since the off-diagonal elements with different m and m′ in the
integrand are proportional to ei(m′−m)ϕ and vanish by integra-
tion. The state in Eq. (52) also has the same distribution as
Eq. (51).

The dotted lines in Fig. 1(c) show the distribution in
Eq. (51). We find that Qm in the N = 8 subspace (also in the
subspaces with smaller N) agrees well with Eq. (51), which
indicates that the steady state reached after a long time is well
approximated by a direct sum of Eq. (52) with different N .
This result is consistent with the experimental and mean-field
results in Ref. [21], in which fully polarized states in the x-y
directions were obtained after time evolution.

By contrast, as shown in Fig. 1(c), the distributions in the
subspaces with larger particles (N = 18 and 20) are narrower
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than Eq. (51). In particular, for N = Nini = 20, the distri-
bution Qm = δm,0 remains unchanged from the initial state.
However, this state ρN=20 obtained as the steady state in the
N = 20 subspace is strikingly different from the initial state in
Eq. (42). This difference is easily understood from the simple
two-particle example, in which the initial state in Eq. (16) con-
tains various states, whereas the steady state in Eq. (22) only
contains the maximum spin state in the N = Nini subspace.
The N = Nini = 20 subspace in the steady state should be

ρN=20 ∝ |F = 2N, Fz = 0〉〈F = 2N, Fz = 0|, (53)

according to the proof in Sec. III B. This state is highly non-
classical, since it can be written as

|F = 2N, Fz = 0〉 ∝
∫

dϕ
∣∣� (N )

MF (ϕ)
〉
, (54)

where the terms with Fz = m in the integrand are proportional
to eimϕ and the m �= 0 terms vanish by integration. The state
in Eq. (54) is a superposition of the different mean-field
states and can be regarded as a Schrödinger-cat-like state.
However, the probability of observing this state is very small:
PN=20 ≈ 10−8 [see (iii) of Fig. 1(b)].

B. With quadratic Zeeman effect

As shown in the previous subsection, the steady state in
the N = Nini = 20 subspace is the highly nonclassical state
|F = 2N, Fz = 0〉. In general, deviations from the mean-field
approximation become more significant in subspaces with
larger N . However, the survival probability PN for the steady
state is extremely low for large N , as shown in Fig. 1(b), and
experimental observation is almost impossible.

To enhance PN for the case with large N in the steady
state, we include the quadratic Zeeman effect. As has been
shown in Ref. [21], the quadratic Zeeman effect changes the
relative phases between different magnetic sublevels, which
can increase the transverse magnetization. The increase in the
transverse magnetization enhances PN for large N , since the
atomic spins tend to align in the same direction and atomic
loss is suppressed.

We include the quadratic Zeeman term with q/h̄ = 204 Hz
in the Hamiltonian in Eq. (8), which corresponds to a mag-
netic field of 484 mG. This value of q is chosen so that the
initial rise in the transverse magnetization is maximized. The
dotted line in Fig. 2(a) shows the transverse magnetization S⊥.
In the early stage of evolution, S⊥ rapidly increases because
of the quadratic Zeeman effect, and then oscillates. Such
behavior has also been observed experimentally [21]. Subse-
quently, S⊥ decays to a small value because of the particle
loss. The dotted lines in Fig. 2(b) show the time evolution
of the average particle number 〈N̂〉 and the normalized total
magnetization F 2

norm. The value of F 2
norm first oscillates and

then increases toward unity. Although the final steady state
should have F 2

norm = 1 according to the proof in Sec. III B,
the convergence is slow. The average particle number 〈N̂〉
monotonically decreases with time and converges to a small
value, since the steady state consists of only a limited set
of states, as given by Eqs. (40) and (41). Consequently, the
probability PN is localized near N = 2, and PN for large N is
still very small in the steady state [Fig. 2(c)]. In this scheme

(a)

(b)

(c)

FIG. 2. Time evolution for q/h̄ = 204 Hz with and without
quenching of q. In the case with quenching, q is suddenly changed to
zero at t = 11.0 ms. (a) Transverse magnetization S⊥ with quench-
ing (solid line), without quenching (dotted line), and without the
quadratic Zeeman term (dashed line). (b) Average particle number
〈N̂〉 (red or dark gray lines) and normalized total magnetization
F 2

norm (red or light gray lines) with quenching (solid lines) and
without quenching (dotted lines). (c) Particle number distribution
at t = 1.76 s with quenching (filled boxes) and without quenching
(striped boxes).

of a constant q, therefore, the subspaces with N � Nini do not
survive and a nonclassical state cannot be obtained.

To obtain the nonclassical state, we quench the quadratic
Zeeman coefficient to q = 0 at t = 11.0 ms, at which S⊥
reaches its first peak. Quenching of q is realized by switching
off the external magnetic field. The solid lines in Figs. 2(a) and
2(b) show that 〈N̂〉 and S⊥ remain large for a long time as a
result of quenching of q. This is attributed to the survivable
states being extended from Eqs. (40) and (41) to Eq. (24).
Figure 2(b) shows that F 2

norm converges to unity, which in-
dicates that the fully magnetized steady state is reached.
Figure 2(c) shows that, in the steady state, PN has a peak at
N = 18 and the probability PNini = P20 that no atoms are lost
is � 0.13, which is much larger than that in the case without
quenching of q. Thus, the nonclassical state in Eq. (53) is
obtained with a probability of 13% by this quench protocol.
As shown in Fig. 2(c), the steady state consists not only of the
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(a)

(b)

FIG. 3. Distribution Qm of z magnetization in subspaces with different particle numbers N at the final stage of evolution. The dotted lines
show Eq. (51). (a) Distributions Qm for q = 0 at t = 8.8 s, corresponding to Fig. 1 [panels for N = 8, 18, and 20 are the same as those in
Fig. 1(c)]. (b) Distributions Qm at t = 1.76 s with quenching from q/h̄ = 204 Hz to zero at t = 11.0 ms, corresponding to Fig. 2.

N = 20 subspace but also of subspaces with other N . If we
can detect the lost atoms escaping from the trap, the particle
number N remaining in the system can be determined and we
obtain the pure nonclassical state in Eq. (54).

V. CONCLUSIONS

We have investigated the dynamics of spin-2 bosons with
atomic dissipation. In a previous related study [21], it was
shown experimentally and numerically that dissipation can
enhance the transverse magnetization in the time evolution,
and the results of the mean-field calculations were found to
agree well with the experiments. By contrast, the present work
focused on the quantum many-body nature of a system with a
small number of particles. We proved that the steady states for
this system are restricted to statistical mixtures of states with
maximum total spins, given by Eq. (26) with Eqs. (24) and
(25). We performed numerical simulations using the master
equation with and without the quadratic Zeeman term. In the
simulations without the quadratic Zeeman term, we confirmed
that the system indeed reached a steady state with the max-

imum total spins. However, the probability of obtaining the
nonclassical state in Eq. (53) was extremely small. In the sim-
ulations that included the quadratic Zeeman term, the trans-
verse magnetization was enhanced, but the nonclassical state
was still lost from the final steady state. When the quadratic
Zeeman term was removed in the early stages of time evolu-
tion, a relatively large number of particles was found to remain
in the steady state. Therefore, the nonclassical state in Eq. (53)
can be obtained with a high probability. This finding suggests
that particle dissipation not only destroys the quantum proper-
ties but also highlights nontrivial quantum many-body states.
Although we considered 87Rb atoms in the present study, other
atomic species, such as 23Na atoms, may be experimentally
suitable, since their inelastic decay rates are much larger
[28–30] and steady states can be reached much faster.
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APPENDIX: DISTRIBUTION Qm OF z MAGNETIZATION
IN SUBSPACES WITH DIFFERENT N

In this appendix, we present the z-magnetization distribu-
tion Qm in each subspace for different particle numbers N at
the final stage of evolution. In Fig. 3, the histograms represent

the distributions Qm obtained from the numerical simulations,
whereas the dotted lines plot Eq. (51). Figure 3(a) shows the
results for q = 0 with the initial state in Eq. (42). The distribu-
tions agree well with Eq. (51) for small N (6 � N � 10). By
contrast, for large N , the distributions tend to localize around
m = 0. However, the probability of occupying these sub-
spaces is very small, as discussed in the main text. Figure 3(b)
shows the distributions after quenching from q/h̄ = 204 Hz
to q = 0. The distributions for small N (4 � N � 8) are well
described by Eq. (51). As in the q = 0 case, the distributions
for large N are localized around m = 0; however, they appear
with substantially higher probabilities than those for q = 0
[see Figs. 1(b) and 2(b)]. In the N = Nini = 20 subspace, the
states are strictly restricted to the Fz = 0 sector. These states
are described by Eqs. (53) and (54).
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