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Nonequilibrium plasma has attracted significant attention owing to its excellent physical properties, which are
highly valued by the industrial community. However, determining the electron temperature in nonequilibrium
plasmas proves challenging unless the energy distribution function is approximated as an ideal Maxwell-
Boltzmann distribution, where the slope of the Boltzmann plot is directly related to temperature based on
traditional Boltzmann-Gibbs statistics. To overcome this problem, Tsallis and Rényi entropies are applied
to nonequilibrium systems using nonextensive Tsallis and extensive Rényi statistics, respectively. Here, the
temperature is determined through a power-law distribution derived from the entropy maximization principle,
which accounts for the influence of previously neglected high-energy electrons. However, because the resulting
distribution function requires a self-consistent function that cannot be solved analytically, a self-consistent
iterative scheme is proposed to calculate the temperature. Consequently, the electron temperature is uniquely
determined in nonequilibrium plasmas, satisfying the entropy maximization principle. This study may open
additional avenues for understanding plasma properties using an additional parameter g expanding the meaning

of temperature 7.
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I. INTRODUCTION

The dynamics of a physical system at equilibrium is gov-
erned by the entropy maximization principle in conventional
statistical physics [1]. However, dynamic systems comprising
multibody Coulomb collision, radiation, absorption, excita-
tion, drift, or diffusion processes, such as the physical ones
associated with plasmas, often deviate from the traditional
Gibbs entropy maximization principle that is considered the
ideal state in standard statistical mechanics [2—4].

In plasma physics, numerous studies have suggested that
the statistical properties of nonequilibrium plasmas often di-
verge from the canonical Maxwell-Boltzmann distributions
owing to their nonequilibrium characteristics. Specifically,
the high-energy tail of these energy distribution becomes
either rich [5-12] or depleted [13-19], depending on the
underlying elementary processes of plasmas. For example,
magnetic reconnection in the Earth’s magnetosphere causes
population inversion that becomes convex downward on a
semi-logarithmic scale [5,6]. In contrast, in atmospheric-
pressure nonequilibrium discharge plasma, the electron en-
ergy distribution function (EEDF) becomes convex upward
as the electrons accelerated by the electric field fail to reach
thermodynamic equilibrium with atoms or ions, particularly
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when their collision frequencies are low. Consequently, re-
searchers often approximate the electron energy distribution
as an empirically derived Druyvesteyn distribution, where the
population is proportional to the modified Boltzmann factor
whose characteristics are proportional to the square of the
energy [13,18].

This deviation from the Maxwell-Boltzmann distribution
causes problems in determining the temperature of each
system. To uniquely determine the temperature of each
dynamical system, its distribution function must be ap-
proximated to the Maxwell-Boltzmann distribution [18,19]
within the framework of traditional Boltzmann-Gibbs statis-
tics, where the slope of the Boltzmann plot is directly related
to the temperature, as follows:

Ei (1)
i X € -
p Xp T

where p; is the probability that the system is in the ith state,
E; is the energy of the ith level, k is the Boltzmann constant,
and T is the temperature. The Boltzmann plot obtained by
plotting p; semi-logarithmically against E; exhibits a straight
line in the equilibrium state. However, some approximations
are required to describe the nonequilibrium state temperature
because the temperature inferred from the slope of the high-
energy region differs from that at the low-energy region, as
shown in the Boltzmann plot in Fig. 1. As a result, the temper-
ature derived from the Boltzmann plot, the partial derivative
of entropy, and the mean energy cannot coexist within con-
ventional Boltzmann-Gibbs statistics.
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FIG. 1. Schematic example of Boltzmann plot comparing
Maxwellian and non-Maxwellian distribution functions. The temper-
ature inferred from the slope in the high-energy region differs from
that in the low-energy region.

The temperatures of nonequilibrium plasma, which do not
obey the Maxwell-Boltzmann distribution, were determined
using the Boltzmann plot [20-22] or the mean energy calcu-
lations [23-27]. However, these temperature measures did not
mathematically coincide under the non-Maxwell-Boltzmann
distribution. Therefore, new approaches using the concept of
entropy were proposed [28-30]. The temperature of out-of-
equilibrium free electrons in cold plasmas was successfully
calculated based on Gibbs statistics [28,29]. These theories
can be used to calculate the partial derivative of the conven-
tional Gibbs entropy with respect to the mean energy of the

electrons as follows:
95\ !
TGibbs = (-) , )
ou

which almost corresponds to the effective temperature T,
given as

2u 2 (>
Lt = — = =

3k 3k J,
where € and f(e) are the electron energy and EEDF, re-
spectively. However, Eq. (2) derived from Boltzmann-Gibbs
statistics is unsuitable for dynamic systems owing to the fail-
ure to satisfy the entropy maximization principle. Because of
the Gibbs entropy maximization, Eq. (2) must hold the ex-
ponential energy distribution function [31]. Consequently, the
two temperatures derived from Gibbs statistics cannot coexist
under realistic conditions [29].

To overcome this problem, we apply nonextensive
Tsallis and extensive Rényi statistics to nonequilibrium sys-
tems. Tsallis and Rényi entropies are generalizations of Gibbs
entropy [32,33], mathematically transforming the exponen-
tial distribution into power-law distributions. The traditional
Gibbs entropy is exactly recovered in the limit ¢ — 1. This
property of power-law functions describes nonequilibrium
characteristics containing rich or depleted high-energy tails,
corresponding to applying nonextensive Tsallis and exten-
sive Rényi statistics. However, because the resulting electron

€f(e)de, 3)

energy distribution function requires a self-consistent func-
tion that cannot be solved analytically, a self-consistent
iterative scheme is proposed to calculate the temperature.
Furthermore, because the electron energy distribution in
plasma is continuous, the direct application of the inherently
discrete nonextensive Tsallis and extensive Rényi statis-
tics is inappropriate. Therefore, we define the Tsallis and
Rényi differential entropy using the electron energy proba-
bility function in plasma to calculate the Tsallis and Rényi
temperatures.

As described above, in the nonequilibrium state, the tem-
perature is determined based on the slope of the distribution
function or the mean energy of each dynamic system [20-27].
However, the system entropy can be calculated directly from
the distribution function without using equilibrium concepts
such as “free energy” [28-30]. We have applied Tsallis en-
tropy to the excitation distribution, which follows a discrete
distribution [30]. In this study, we focus on the temperatures
from the application of Tsallis and Rényi entropies to EEDF,
which follows a continuous distribution. To apply Tsallis
and Rényi statistics to EEDF, Tsallis and Rényi statistics
are redefined using the continuous distribution in Sec. IID.
Furthermore, we discuss their implications. Both entropies
exhibit distinct characteristics in the high-energy region of
distributions, with their curvatures exhibiting opposing behav-
ior. This approach enables the calculation of the temperature
based on the principles of statistical physics. Accordingly, the
present study redefines “electron temperature” in nonequi-
librium plasma systems exhibiting non-Maxwell-Boltzmann
distributions from the perspectives of extended extensive and
nonextensive statistical physics individually. This approach
can potentially open additional research avenues because cur-
rent conventional methods for determining temperature often
overlook the curvilinear distribution of the high-energy tail
in plasma physics. Therefore, by incorporating the parameter
q alongside the temperature 7 within the framework of the
Tsallis and Rényi entropy maximization principles, a more
comprehensive description of the plasma’s properties can be
obtained.

Additionally, numerous studies have explored the applica-
tion of Tsallis and Rényi entropies to several physical systems.
One such study was conducted to derive entropy with the
same physical significance as Tsallis entropy, as well as the
g-exponential form, based on the number of weighted mi-
crostates of the phase space [34]. In contrast, our research
focuses on distributions governed by entropy maximization
conditions, which require specialized self-referential func-
tions. Moreover, by calculating temperature as the partial
derivative of Tsallis and Rényi entropies with respect to the
average energy, we demonstrate the differences in tempera-
ture in Tsallis and Rényi statistics frameworks and discuss
the validity and appropriateness of applying these types of
entropy.

II. THEORETICAL BACKGROUNDS

In statistical physics, researchers developed mathemati-
cal frameworks to explain observed distribution functions
that traditional statistical principles cannot account for
[32,33,35-39]. In particular, in extended extensive and
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nonextensive statistical physics, Tsallis entropy [32] and
Rényi entropy [33] serve as one-parameter extensions that
reflect the degree of departure from Boltzmann-Gibbs statis-
tics. These entropies agree with the traditional Gibbs entropy
in the limit ¢ — 1. These methods enable the description
of its entropy, which fundamentally follows a power-law
distribution instead of a traditional exponential distribution.
Thus, this approach facilitates describing the distributions ob-
served in various systems, which cannot be derived through
ordinary statistical mechanics. Consequently, Tsallis entropy
[40-48] and Rényi entropy [49-55] were applied to var-
ious nonequilibrium phenomena across multiple fields of
physics.

A. Tsallis statistics

This subsection demonstrates that the probability func-
tion should be followed by the g-exponential distribution
function to determine the temperature derived from Tsallis
statistics. By adopting the maximum entropy principle
in Tsallis statistics, as in Boltzmann-Gibbs statistics, the
unique self-referential g-exponential distribution function
can be derived [56,57]. Tsallis statistics is extended by
satisfying the constraint conditions in Eq. (4) and the
following two conditions for the total number of micro-
scopic possibilities of the system W and the g-average
energy U, :

Z?‘;lp?_l
q—1

w
Y opi=1, (5)
i=1

) 4)

Steattis = —k

and

Zyil pei
W b
=1 P

where Stenis 1 the Tsallis entropy and ¢; is the energy
at level i. By selecting U, instead of conventional mean
energy, the macroscopic additivity of U, is preserved in
accordance with the first principle of thermodynamics (en-
ergy conservation). Furthermore, Legendre transformation,
an involution transformation commonly used in thermody-
namics, is satisfied even in Tsallis statistics [56]. Under
the condition of maximizing Tsallis entropy using the
Lagrange multiplier method, this probability function can be
derived as

U, = (©6)

pi [1— B,(1 — q)e& — Uy (7

 Z(B)
Unlike the exponential probability function in Gibbs statistics,
Eq. (7) determines a self-consistent function p; appearing on
both sides, which cannot be solved analytically. Z,(B) is the
generalized partition function given as

w
Z,(B) =Y 1 = B,(1 — g)(ei — U], ®)

i=1

In contrast, B, is defined as

_ q
g+ +a)l—gq)

where « and B are Lagrange multipliers associated with the
normalization constraint. Because g, is regarded as an energy
coefficient, the temperature T _tsnis in Tsallis statistics is
defined as

Bq

B. €))

1
T, —Tsallis = 7 - (10)
B k ﬁq
The obtained T _rsa11is coincides with the physical temperature
derived in accordance with the zeroth law of thermodynamics

[58]
1—g 3Srais |
Tq_Tsams=<1+ p Sq)< aang> ) (11)

Therefore, these temperatures are referred to as the Tsallis
temperature Trg,s- Equations (10) and (11) hold true when
the probability function is governed by Eq. (7). In addition,
we define the temperature

U
Ty, —Tsatiis = Tq, (12)

derived from the g-average energy, which corresponds to its
analogy in Gibbs statistics [30].

B. Rényi statistics

This subsection demonstrates that the probability function
should be followed by the Rényi distribution function, which
exhibits a power-law function similar to that derived from
Tsallis statistics. This property facilitates determination of
the temperature within the Rényi statistics framework. By
adopting the maximum entropy principle in Rényi statistics, a
self-referential power-law distribution function that maintains
duality with Tsallis statistics can be derived, similar to that
used in Tsallis statistics [S9-61]. Rényi statistics is extended
by satisfying the constraint conditions Egs. (13) and (5) and
the following condition on the total number of microscopic
possibilities of system W and mean energy:

In VK 4
Skényi = k%—;p (13)
w
U= Z Di€i. (14)
i=1

By maximizing the Rényi entropy using the Lagrange mul-
tiplier method, this probability function can be derived as
follows:

1 [1—;3‘]_1(6-—11)]le (15)
P= 78 g '

Similar to Tsallis statistics, p; is obtained using Eq. (15) as a
self-referential function, which cannot be solved analytically.
Z,(B) is the generalized partition function

il —1
z;(m:Z[l—ﬂ"q (ei—w}. (16)

i=1
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Additionally, Tg_reny; is defined as

1
Tp_Rényi = ﬁ 17
The obtained Tg_genyi matches the temperature derived from
the partial derivative of the Rényi entropy with respect to the
mean energy, in accordance with the zeroth law of thermody-

namics [60]
OSRenyi |
Tq_Rényiz( a“y) : (18)

Furthermore, these temperatures coincide with those derived
from the mean energy U [59]

U
Ty _Rényi = —- (19)

k
Consequently, the three temperatures in Eqgs. (17)-(19)
coincide with Rényi statistics and are called the Rényi tem-
peratures Trenyi- Eqs. (17)—(19) hold when the probability
function is given by the power-law function Eq. (15).

C. Electron energy distribution in gas discharge
plasma using Boltzmann equation

The Boltzmann equation, developed by Boltzmann in
1872, describes the statistical behavior of nonequilibrium
thermodynamic systems [62]. Based on the Boltzmann equa-
tion, the Maxwell-Boltzmann distribution can be derived as
a stationary solution when the detailed balance and spatial
uniformity conditions hold and there are no external forces.
The EEDF of the fluid-model gas discharge plasma can be
calculated by solving the Boltzmann equation using the fun-
damental collision cross-section data. This equation describes
the transport of electrons, ions, and possibly other reactive
particle species.

We employ BOLSIG+, a two-term Boltzmann solver, which
utilizes updated cross-section data from the LXcat database to
solve the Boltzmann equation. These data encompass elastic
collisions, symmetrical vibrational excitation, electronic exci-
tation, and ionization cross sections [63]. Numerous studies
assessed the cross section for momentum transfer, electronic
excitation, and the ionization of noble gases [64—66]. In this
study, the argon cross section set provided by ISTLISBON,
comprising 39 cross sections (including elastic momentum-
transfer, 37 excitations, and ionization) up to 1 keV, is
employed [64,67-76]. It was reported that when these cross
sections are used as input data in a two-term Boltzmann
solver that the resulting swarm parameters generally agree
with experimental measurements. The solver provides steady-
state solutions to the Boltzmann equation for electrons in
uniform electric fields using a classical two-term expansion.
In addition, it can account for different growth models, qua-
sistationary and oscillating fields, electron-neutral collisions,
and electron-electron collisions.

The evolution of the distribution function f(v) is as

follows:

9 E 9 5

A Ly wpr B (AN g
ot m, v\t )y

where E is the electric field acting on the particles in the
fluid and (§f/8t)con is the collision term. The time derivative
of the distribution function incorporates force, diffusion, and
collision terms. By contrast, the distribution function f(v) can
be expanded in spherical harmonics. In solving partial differ-
ential equations, a two-term approximation of f(v) under an
external electric field along the velocity vector in the z axis is
often employed

F) = folv) + %fl(vx @1

where f; is the isotropic part of f(v) and f; is an anisotropic
perturbation [77-79]. Additionally, electrons do not depend
on the spatial coordinates V = 0 at the collisional mean-free
path scale in the symmetric velocity space along the electric
field direction. Therefore, f(v) can be equivalently expressed
as f(v), indicating a scalar velocity function.

The Maxwellian EEDF for electrons is described as
follows [80]:

2 1\ €
wo- () "o (5)E @

which are valid only under equilibrium conditions. The EEDF
is characterized by Boltzmann factor exp[—e/(kT,)] with
weighting factor /€. Therefore, many studies applied the
EEPF

F(e) = 1© (23)

NG
to discuss the properties of plasma [81-83] as the Boltz-
mann plot becomes linear against the Maxwellian EEDF. In
plasma physics, various studies applied EEPF by solving the
Boltzmann equation as a function of the reduced electric field
E /N, where N denotes the number density of neutral particles.

D. Application and adaptation of nonextensive Tsallis
and extensive Rényi statistics: A fitting approach

To describe the entropy of systems using nonextensive
Tsallis and extensive Rényi statistics, the distribution func-
tion should be fitted using Tsallis or Rényi distributions, as
shown in Egs. (7) and (15), respectively. However, because the
electron energy distribution in plasma is continuous, the direct
application of the inherently discrete nonextensive Tsallis and
extensive Rényi statistics is inappropriate. Shannon extended
his entropy concept, which was originally defined for dis-
crete probability distributions, to continuous systems through
differential entropy [84]. Following this analogy, Tsallis dif-
ferential entropy [85] and Rényi differential entropy [86]
emerged. Both differential entropies are defined using EEPF
in plasma as

kfXF‘f(e)de -1
qg—1

In [, Fi(e)de
l—gq

, (24)

STsallis = —

SRényi = ’ (25)

where X is the support of the set of energies €. Similarly,
to determine the effect of temperature on the nonextensive
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TABLE 1. Iterative scheme to solve self-referential function.

Tsallis

Rényi

1: Initialize

2o (B) = / [1— (1 — g)elde
X

1
Foy(e) = [1—B,(1 —q)e]™
© Zq(O)(ﬂ) !
. Jx F§)(€)ede
0=
1 [ Fyexde
2: Iterate k = 0, 1, 2, ..., until convergence

Zek+1(B) = / [1— B,(1 — g)(€ — ugxy)lde
x

Fuqn(e) = 1= B,(1 = q)(€ — uga)]™7

1
Zgk+1(B) [

i Fi()ede
i Fi (e

Ugk+1) =

1: Initialize

—1
z;(o)(ﬁ)=/x<1—ﬁqqe>de

Fo(e) = ——[1-p9=1,
O 0 ®) q

M(O)Z/ F(())(E)édf
X

2: Iterate k = 0, 1, 2, ..., until convergence

/ q_l
mmw=ﬂp—ﬁq

1
q—1 o
I—B——:(e —M(k))i|
q

(e — u<k))i| de

1
Fleiy(€) = Z;(k-u)(ﬂ)|:

M(k+1)=/ Fay1y(e)ede
X

Tsallis and extensive Rényi statistics, we redefine Egs. (6)—(8)
and (14)—(16) as follows:

_ S Fi(e)ede

uq = m, (26)

1 e
F(e) = Zq(ﬂ)[l — By(1 — g)(e —uy)]™, (27)
mm=ﬁp—ma—wewm«, 28)
u:/ F (¢)ede, 29)

X
Fle)= — [1 —pl= l(e—uq)}“, (30)
Z,(B) q
—1

z;(ﬂ)=/2€[1—ﬁqq (6—u)i|d6. (31)

The distribution function, treated as a continuous dis-
tribution, satisfies the equations derived from the extended
extensive and nonextensive statistical physics in Egs. (10)—
(12) and (17)—(19). Therefore, Egs. (11), (12), (18), and (19)
are redefined as

I—gq 0 STsallis -
Ty—tsanis = | 1 s 32
gl < * k Sq)< duy > G2

u

T\, —Tsatis = f, (33)
0SRé i -
T)_Rényi = (%) , (34)
u
Ty —Rrényi = i (35)

Equations (27) and (30) are self-referencing functions, pre-
venting an analytical solution for the probability distribution.
Therefore, a self-consistent iterative scheme is applied, as

shown in Table I. This scheme is the same as that adopted
in our previous study [30].

The dependence of the power-law distribution functions
F(e)(Tsallis) and F'(e)(Rényi), defined in Egs. (27) and (30),
respectively, on arguments gt and gr (¢ parameters in Tsallis
and Rényi statistics) are shown in Fig. 2. The Boltzmann
plot becomes a straight line as the limit ¢ — 1. In addition,
under conditions of maximized entropy, where the probability
distribution follows the power law, a decrease in curvature in
the region below the black line (indicating an increase in gr)
reduces the Tsallis entropy. Conversely, this decrease in cur-
vature in the region below the black line (indicating a decrease
in gr) increases Rényi entropy. The relationship between the
curvature associated with the g value and the two entropy
types is inverse, as illustrated in Fig. 3. Therefore, in cases
where the distribution function shows significant variations in
g while 1/ increases minimally, the Rényi entropy is appro-
priate in terms of entropy’s dependence on the g parameter
and is governed by elementary processes that the curvature
decreases with increasing mean energy. Conversely, in terms
of entropy’s dependence on the ¢ parameter, it might be as-
sumed that the Tsallis entropy is suitable for distributions such
as the excited-state distribution of low-temperature hydrogen
plasma [15,87], where the curvature increases with increasing
mean energy.

III. RESULTS AND DISCUSSION
A. Electron energy probability function

In this study, we simulate a weakly ionized Ar discharge
plasma based on the Boltzmann equation in Sec. IIC to in-
vestigate the EEPF profile as shown in Fig. 4. The plasma
parameters are chosen in accordance with the experimental
observations in earlier studies on plasma generated by com-
mon discharge devices [88,89]. Figure 4 reveals a curved
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FIG. 2. Schematic of the dependence of the g-exponential distribution function. (a) F (¢ )(Tsallis) defined in Eq. (27) on parameter g, with
constant parameters « = —1, 1/8 = 3. (b) F (¢)(Rényi) defined in Eq. (30) on parameter gg, with constant parameters 1/8 = 3.

distribution in the high-energy region, indicating that the
EEPF distribution diverges from the Maxwell-Boltzmann pro-
file. This divergence results from the energy dependence of
the cross sections of inelastic electron collisions, whereas
increasing the electric field generates high-energy electrons in
the tail region. These EEPFs indicate that the electron temper-
ature determined from current conventional Gibbs statistics
varies depending on the analyzed energy region. For nonex-
tensive Tsallis and extensive Rényi statistics, the distribution
function should be fitted by the Tsallis or Rényi distribution
to calculate the temperature, respectively, provided that the
EEPF is represented by the ¢ distribution. The probability
distributions of EEPF F'(¢)(Tsallis) and F' (¢ )(Rényi) fitted by
the Tsallis and Rényi distributions, respectively, are shown in

1

[y
<
IS

[y
=
©

Jury

<
-
N

10—16 4

Electron Energy Probability
Function EEPF F(g) [%]

10720
0 20 40 60 80

Electron Energy ¢ [eV]

FIG. 3. Schematic of the dependence of the extensive and nonex-
tensive differential entropies on g value. The decrease in curvature
in the region below the black line increases gr and decreases gg,
thereby decreasing Tsallis entropy and increasing Rényi entropy,
respectively, for a constant j.

Fig. 5; the specified parameters are listed in Table II. These
results demonstrate that F'(e)(Tsallis) and F'(e)(Rényi) can
more accurately describe the curved properties than when
applying Gibbs statistics, which yields a straight line. Further-
more, F(e)(Tsallis) and F(e)(Rényi) reproduce nearly the
same distribution when the g value is selected appropriately.

B. Tsallis and Rényi entropies

Based on Rényi statistics, the temperature can be derived
from the reciprocal of the partial derivative of Rényi entropy
with respect to mean energy, similar to that in traditional
Boltzmann-Gibbs statistics as described in Eq. (2). In contrast,
the temperature in Tsallis statistics is adjusted based on the

10°
=
2 X 102
E = 10
)
£
= 107*
B3 A
= =
2 = —E/N=10Td
10°¢
= g —E/N=8Td
g€ —E/N=6Td
P
58 . .8 E/N=4Td
3E 10 —E/N=2Td
= —E/N=1Td
10_10||||I|||11||||I|||
0 5 10 15 20
Electron Energy ¢ [eV]

FIG. 4. EEPF of the weakly ionized Ar plasma obtained by the
method described in Sec. I D, calculated using BOLSIG+ [63] under
the following conditions: gas temperature 7, = 0.026 eV, electron
density n, =2 x 10"* cm™3, and ionization degree 0.012%, for re-
duced electric field range 1 < E/N [Td] < 10.

015201-6



DEFINITION OF ELECTRON TEMPERATURE OF ...

PHYSICAL REVIEW E 112, 015201 (2025)

10°
=
£ = 102
2 Q
£
> = 1074
1
5 g 107°
g b5 —— F(g) (Tsallis)
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Electron Energy ¢ [eV]

10710

FIG. 5. Fitting curve of the probability distribution of the EEPF
of the weakly ionized Ar plasma at reduced electric field E/N = 5Td
using the best fitting parameters of Tsallis distribution F'(e )(Tsallis)
with gr = 0.845 and Rényi distribution F(e)(Rényi) with gr =
1.154. Other plasma parameters are chosen to be the same as in
Fig. 4.

q value, as described in Eq. (11). In Fig. 6, the relationship
between Tsallis differential entropy [Eq. (24)] and g-average
energy [Eq. (26)] is shown in red, whereas that between
the Rényi differential entropy [Eq. (25)] and mean energy
[Eq. (29)] is shown in blue.The Tsallis and Rényi differential
entropies increase with increasing g average and mean energy,
respectively. Although a decrease in curvature (increase in gr)
typically causes the Tsallis differential entropy to decrease,
the increase in this case is due to the significant variation in
1/B with changes in curvature.

Notably, the thermodynamic stability conditions should re-
quire the concave entropy function. It was reported that Tsallis
and Rényi entropies fail to fulfill the condition of concavity
for ¢ > 1 [90], and when entropy exhibits concavity, the sys-
tem’s heat capacity is found to become negative. However, in

TABLE II. Effect of electric field on g-parameters in Tsallis and
Rényi statistics. The test conditions are as follows: gas temperature
T, = 0.026 eV, electron density n, = 2 x 10" cm—3, and ionization
degree 0.012%, for reduced electric field range 1 < E/N [Td] < 10.

Tsallis Rényi
E/N [Td] qr 1/ qr 1/
1 0.913 1.68 1.085 1.55
2 0.880 2.15 1.118 1.92
3 0.862 2.40 1.134 2.10
4 0.854 2.55 1.145 2.25
5 0.845 2.70 1.154 2.35
6 0.835 2.85 1.160 2.45
7 0.833 2.90 1.163 2.50
8 0.832 2.95 1.165 2.55
9 0.825 3.10 1.170 2.65
10 0.818 3.15 1.178 2.70

1.08 2.60
>
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FIG. 6. Tsallis differential entropy versus g-average energy and
Rényi differential entropy versus mean energy. The plasma parame-
ters are chosen to be the same as in Fig. 4, scanned within the range
of the reduced electric field from 1 < E/N [Td] < 10.

certain types of black holes, including Schwarzschild holes,
the entropy is not necessarily required to be concave for
thermodynamic stability under specific conditions [91]. More-
over, negative heat capacity was reported in high-temperature
hydrogen plasma waves [92]. This highlights the necessity of
carefully choosing Tsallis and Rényi temperatures to match
specific physical systems. In the plasma system investigated in
this study, the simulations demonstrate thermodynamic stabil-
ity, showing that, as electron energy increases, the temperature
correspondingly rises. Therefore, applying Tsallis entropy
with 0 < gt < 1 is appropriate for this study’s plasma system.
Furthermore, this finding aligns with the principle of entropy
increase associated with g-averaged energy. In contrast, the
Rényi entropy with gg > 1, which has been reported to fail in
satisfying the condition of concavity, is regarded as physically
unsuitable in the plasma system investigated in this study.

C. Temperature based on nonextensive Tsallis
and extensive Rényi statistics

Using Tsallis and Rényi statistics, we calculated sev-
eral temperatures, as defined in Egs. (10), (32), (33), (18),
(34), and (35). The results in Fig. 7 confirm the relation
Tg—tsattis = Ty—Tsaltis = Ty, ~Tsantis; the three temperatures de-
rived for electrons in nonequilibrium plasma using Eqgs. (10),
(32), and (33) on Tsallis statistics coincide. Additionally, we
confirm the relation Tg_renyi = Ty—rényi = Tv—Rényi; the three
temperatures derived for electrons in nonequilibrium plasma
using Egs. (18), (34), and (35) on Rényi statistics also coin-
cide. In addition, Fig. 7 illustrates the comparison between
Trsattis> TRényi> and Tiow, , which is the temperature determined
by the differential coefficient of the distribution function at
€ = 0eV (obtained with values of O and 0.003 eV). The
inequality Trgiis > Trenyi always holds due to Treyis being
determined by the g-average energy U, with a power exponent
less than 1. However, since the Rényi entropy fails to satisfy
the property of concavity in gg > 1 [90], it is deemed unsuit-
able as a physically meaningful entropy in this study’s plasma
system. Thus, the resulting Rényi temperature is nothing more
than a hypothetical value derived through formal calculation.
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FIG. 7. Comparison between electron temperatures based on
nonextensive Tsallis and extensive Rényi statistics plotted against
reduced electric field.

Consequently, the Tsallis temperature derived from the Tsallis
entropy, satisfying concavity in 0 < gt < 1, more effectively
characterizes the features of this study’s plasma system. Fur-
thermore, Tjow, has the highest calculated temperature, as
any distribution function has a larger slope than that of the
differential coefficient of the distribution function ate = 0eV.
Therefore, the temperature derived from Tsallis and Rényi
statistics considers the curvilinear distribution of the high-
energy tail, as opposed to that determined from the differential
coefficient of the distribution function.

Given that the EEPF of the low-temperature weakly ion-
ized plasma discussed in Sec. III A exhibits a power-law tail,
it can be fitted by the Tsallis and Rényi distributions, and
the Tsallis and Rényi temperatures are determined. How-
ever, in nonequilibrium plasma that evolves over time and
exhibits a non-power-law tail, as exemplified by relativistic
laser-induced physics [93] such as plasmas generated by rel-
ativistically intense and high-temporal-contrast femtosecond
laser pulses, fitting with the Tsallis and Rényi distributions
becomes inadequate. Nevertheless, nature favors distributions
with power-law tails; indeed, numerical studies demonstrate
that power-law tails are the intrinsic outcome of various dy-
namical processes, including phenomena such as magnetic
reconnection [5,94,95], shock wave [6], plasma turbulence
[96-98], and low-pressure gas discharge plasma [13,87].
Hence, these power-law distributions can represent various
natural phenomena because they are derived from the princi-
ples of Tsallis and Rényi entropy maximization. This implies
that the principle of entropy maximization is fundamental to
numerical nonequilibrium phenomena in nature.

IV. CONCLUSION

This study investigated the temperature of out-
of-equilibrium free electrons that deviate from the
Maxwell-Boltzmann distribution, as documented in numerous
observations. In nonequilibrium plasmas, the electron
temperature cannot be uniquely determined using traditional

Boltzmann-Gibbs  statistics. Specifically, the electron
temperature derived from the slope of the Boltzmann
plot, which indicates temperature under the Gibbs entropy
maximization principle, does not align with the partial
derivative of entropy with respect to the mean energy.
Moreover, the electron temperature derived from the mean
energy cannot coexist within the framework of current
conventional Boltzmann-Gibbs statistics. To overcome
this problem, Tsallis and Rényi entropies were applied to
nonequilibrium systems based on extensive and nonextensive
statistical physics. This approach determined the electron
temperature from a power-law distribution under the
entropy maximization principle rather than an approximated
exponential distribution in the Boltzmann plot. Thus,
the electron temperature was uniquely determined: in
nonequilibrium plasmas, the electron temperature derived
from the partial derivative of entropy and the mean or
g-average energy successfully coexist.

This may open additional research avenues, as current con-
ventional methods for determining temperature often overlook
the curvilinear distribution of the high-energy tail in plasma
physics. Therefore, it is possible to describe more detailed
properties of the plasma using the ¢ parameter in addition
to the temperature 7' based on the Tsallis and Rényi entropy
maximization principles. When the limit ¢ — 1, traditional
Gibbs entropy is exactly recovered, suggesting the unification
of these different distributions encountered in nonequilibrium
plasmas. Consequently, the ultimate goal of this study lies
in several practical applications and discussions on physical
phenomena in the world, by introducing additional param-
eters g that expand the meaning of temperature 7. These
enhancements enable a more precise and high-resolution rep-
resentation of the application and nature of plasma using
temperature 7" and the g parameter related to curvature. There-
fore, it opens some perspectives for the application to various
distribution functions in which the high-energy tail of these
energy distribution becomes either rich or depleted. Possible
application areas include plasma processing [99-101], plasma
medicine [102,103], thermonuclear fusion [104-106], and
space plasma [5,107]. Although our analysis focuses on plas-
mas containing a depleted high-energy component [13-19],
there are potential applications in plasmas characterized by
distribution functions that incorporate a rich high-energy com-
ponent [5-12].

However, nonextensive statistical mechanics contain open
problems [108]. Their physical significance remains un-
defined, although studies have been conducted based on
superstatistics [11] and the derivation of ¢ exponents and
Tsallis entropy based on the number of weighted microstates
of the phase space [34]. Furthermore, the constraint of requir-
ing the same g parameter across multiple systems remains
in place. Advancing the understanding of temperature in
nonequilibrium systems requires resolving the existing unre-
solved issues.
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