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Efficient first-principles approach to Gibbs free energy with thermal expansion

Kota Hashimoto®,” Tomonori Tanaka®, and Yoshihiro Gohda®"
Department of Materials Science and Engineering, Institute of Science Tokyo, Yokohama 226-8501, Japan

® (Received 27 September 2024; revised 27 May 2025; accepted 12 June 2025; published 27 June 2025)

We propose a method to evaluate the Gibbs free energy from constant-volume first-principles phonon calcu-
lations. The volume integral of the pressure is performed by determining the volume and the bulk modulus
in equilibrium at finite temperatures, where the pressure and its volume derivative are evaluated utilizing
first-principles calculations of the Griineisen parameter without varying the volume. We validate our method
for fcc Al by comparing it with the conventional quasiharmonic approximation. Furthermore, we integrate our
method with self-consistent phonon theory and apply it to calculations for bee Ti, hep Ti, and tetragonal ZrO,. We
demonstrate the accuracy and computational efficiency of our method by comparing results with those obtained
from directly volume-varied self-consistent phonon calculations. In all cases, our method accurately evaluates

the free energy change caused by thermal expansion using only constant-volume phonon calculations.

DOI: 10.1103/6qgsr-xzgb

I. INTRODUCTION

The Gibbs free energy is a critical quantity for understand-
ing the thermodynamic properties of materials. Moreover,
it serves as the basis for not only phase stability but
also nonequilibrium dynamics, such as the evolution of
microstructures [1,2]. Because of its importance, countless ex-
periments have been conducted and compiled into databases
over the years, in line with the development of the CALPHAD
(CALculation of PHAse Diagrams) method. However, the
evaluation of the free energy based solely on experiments has
become increasingly difficult with the growing complexity
of multicomponent materials. Therefore, there has been a
growing interest in thermodynamics assessment through first-
principles calculations, particularly using density functional
theory (DFT) [3], to address this challenge [4]. Although
DFT is valid only at the ground state, finite-temperature
properties can be estimated by combining statistical mechan-
ical models with DFT. Additionally, data assimilation, which
integrates numerical and experimental data, allows for the
high-precision prediction of materials properties, even when
experimental data are limited [5,6]. These high-precision
predictions have the potential to accelerate materials develop-
ment by enhancing the accuracy of free energy calculations.

Various methods exist for incorporating thermodynamic
contributions into first-principles free energy assessments:
cluster-expansion and variation methods for mixing enthalpy
and entropy [7-13], phonon calculations for vibrational free
energy [14,15], and spin models for magnetic free energy.
Furthermore, interactions between different contributions are
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crucial for the quantitative evaluation of the free energy
[16-18]. For an accurate assessment of the free energy over
a wide range of temperatures, the contribution of thermal
expansion is also important.

Thermal expansion originates primarily from lattice an-
harmonicity, at least in nonmagnetic materials. A prominent
computational method for evaluating thermal expansion is
the quasiharmonic approximation (QHA) [19-31]. Within the
QHA, the equilibrium volume at a finite temperature is de-
termined by performing harmonic phonon calculations on
structural models with varying volumes. However, the QHA is
not applicable to high-temperature phases that exhibit lattice
instability at low temperatures, due to imaginary frequen-
cies. To restore lattice stability at finite temperatures, it is
necessary to consider the anharmonic effects of phonons.
Several approaches exist to incorporate anharmonicity, such
as temperature-dependent effective potentials [32-34], piece-
wise polynomial potential partitioning [35,36], self-consistent
ab initio lattice dynamics [37], and self-consistent phonon
(SCPh) theory [38,39]. Unfortunately, in any of these ap-
proaches, the direct modeling of thermal expansion, as in
the QHA, is computationally expensive because these meth-
ods require substantial resources even for a single-volume
calculation. This poses a crucial challenge in the systematic
evaluation of free energies for materials with diverse compo-
sitions. Previous studies have highlighted the significance of
thermal expansion, emphasizing its impact on phase stability
and phase-transition temperatures [30,40-46]. Therefore, an
efficient approach for evaluating the effects of thermal expan-
sion is in demand.

In this study, we present an alternative approach that evalu-
ates the change in the free energy caused by thermal expansion
from phonon calculations at a single volume. This approach
eliminates the need for computationally demanding calcula-
tions involving many different volumes of supercells. Our ap-
proach is based on the combination of the vibrational pressure
and bulk modulus via Griineisen theory [47]. From phonon
calculations at a single volume, we obtain the equilibrium
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volume and equilibrium bulk modulus, which serve as pa-
rameters in the second-order Birch-Murnaghan equation of
state at any temperature. Using these parameters, the change
in the free energy caused by thermal expansion is calculated
by integrating pressure with respect to volume. We perform
first-principles calculations of the Gibbs free energy and the
coefficient of linear thermal expansion for fcc Al, which is a
system with a large thermal expansion coefficient, to validate
our approach. Furthermore, to demonstrate the accuracy and
computational efficiency of our approach, we integrate it with
SCPh theory and perform calculations of bec and hep Ti, as
well as tetragonal ZrO,, and compare the results with those
obtained from directly volume-varied SCPh calculations.

II. THEORY

The Gibbs free energy G(T', P), where T is the temperature
and P is the external pressure, is obtained via a Legendre
transformation as

G(T,P) = n%/in[F(T, V)+ PV]

= F(T,Veq(T, P)) + PVey(T, P), ey

where F is the Helmholtz free energy, expressed as a function
of T and the volume V [44], and V¢ is the equilibrium volume
at T and P. The mathematical notation of min,[f(x)] means
finding the minimum value of the function f(x) by changing
the variable x. Therefore, V¢4 can be obtained as

Veq(T, P) = argmin[F (T, V) + PV], 2)
14

where argmin, [f(x)] means the value of variable x at which
the function f(x) is minimized. According to Eq. (1), evalu-
ating G(T, P) typically requires Helmholtz free energies over
a range of volumes, since the minimization is performed with
respect to volume. Instead, we introduce a practical scheme
that reconstructs G(7, P) using only the Helmholtz free en-
ergy at a fixed reference volume Vy, i.e., F (T, Vj), aided by an
equation of state.

A. Volume integral of pressure (VIP) method

Our objective is to determine the Gibbs free energy
G(T, {N;}, P) of a single phase, where {N;} is a set of numbers
of atoms with the element index i. In the following discussion,
we consider closed systems. Therefore, we do not write {N;}
as a variable explicitly. The Gibbs free energy G(T', P) can be
written as

G(T,P) =F(T,Ve(T, P)) + PVey(T, P)

Veq
=F(T, %) —/ P(T,V)dV + PVey(T, P), (3)
Vo
where P(T, V') is the pressure as a function of 7 and V.
To calculate the integral term in Eq. (3), we propose
a method named as the volume integral of pressure (VIP)
method. Here, we use the second-order Birch-Murnaghan

equation of state (EOS) [48-50]

() -(3)]

where Beq is the bulk modulus at Viq. The parameters Beq
and V¢4 can be determined by evaluating P(T', V) and its first

derivative
: eq<8) ( eq>; ( eq)§
Vo 2 A% T V V

)
T Vo

at Vy. The left-hand sides of Eqgs. (4) and (5) are numeri-
cally calculated from first principles. Thus, By and V.4 are
determined by solving the set of equations. For nonmagnetic
materials, the Helmholtz free energy F (T, V') within the Born-
Oppenheimer approximation can be divided into the following
contributions [51]:

F(I,V)=E(T =0,V)+ Fae(T, V) + Fin(T, V), (6

where E(T =0,V) is the internal energy at zero tempera-
ture except for the zero-point vibrational energy, Fy. is the
electronic free energy defined as a change from the zero-
temperature case, and Fyj, is the vibrational free energy. For
a given atomic configuration, E(7 =0, V') is calculated as the
ground-state total energy from first principles. The electronic
contributions to the free energy can be calculated within the
finite-temperature DFT [52,53]. From the relation

JoF
P(T,V) = _(W> ) (7N
T

the pressure and its volume derivative for each term in Eq. (6)
are obtained. Since computational costs of E(T'=0,V) +
Foe(T,V) are in general modest, a set of this quantity for
different volumes can be used to calculate the contributions
to the pressure P and its volume derivative (0P./dV )r. In
contrast, the key point of the VIP method is that we eval-
uate the vibrational contributions to Egs. (4) and (5) from
first-principles phonon calculations at single volume Vj, as
explained in the following subsection.

B. Vibrational pressure and its volume derivative

We derive analytical formulas for P, (7', V') and its volume
derivative, to evaluate the left hand sides in Eqs. (4) and (5).
First, we express the vibrational pressure Py, (7, V) in terms
of the vibrational free energy Fy;, as follows:

hag;(V
Fvib(T,V)szTZIOg[Zsinh ‘;Z;(T)} ®)

q.j

aFvi
Pin(T,V) = — (ZJ_Vb)
T

L () ()
= \dawg; Jp\ OV
h 1
=y Z qu(V)wqj(V)["B(T, liwg; (V) + §i|
q.J

©))
= Fl|:l’lB(T, fl(,()qj(V)) + %i|,

dF; h hiwy ; (V
(—b) = —tanh @q; (V)
8a)qj T 2 2kBT

(10)
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where wg;(V) is the volume-dependent frequency of the
jth phonon with the wave vector ¢, kg is the Boltzmann
constant, ng(7T, fiwg;j(V)) is the Bose-Einstein distribution
function with zero chemical potential, and y,;(V') is the mode
Griineisen parameter [14,45,47,54] as follows:

\%4 3(,(),”(‘/)

V) == sy (n
_ @) @ey .
602,(V)

where e,; is the polarization vector and 6D(q) is the vari-
ation of the dynamical matrix due to a volume change.
Appendix contains the details of the definitions. The deriva-
tive of P,;, with respect to the volume can be written as

(5), B[22, (3)
e[, (),
(2,20, 50),

——Z qujwqu aszib
vz \owg? /g

a.J
+<%&)Gﬂw_l@mﬂm>ﬂ
dwy; ) ¢ V2 Vv av , )
(13)
9% Fyip 7>
(W)T - 4kg T sinh? % (14)

C. Volume dependence of parameters

If the contribution of the term containing ((3y,;wg;)/dV )7
in Eq. (13) is minor, we can evaluate the Gibbs free energy
without phonon calculations at various volumes. To test this
assumption, we redefine Eq. (13) as

Pav) — L 1my (15)
8V T_ V 1 2)s

where B and B, are defined as follows:
1 3 Fyip dFip
B =— (yz.a)z( ) + Y40 <—) ), (16)
4 qu: TN oy ) TN By ) 1
_ Z 0(yqjwg;) dF i, (17)
v 7\ 00g; T‘

q.j

B, =

Note that Eq. (15) is directly related to the bulk modulus as

B=-V op 18
= GVX' (18)

To evaluate the impact of the B, on the Gibbs free energy, we
performed calculations for fcc Al, diamond Si, bee Ti, hep Ti,
and tetragonal ZrO,. These calculations explicitly varied the
volume to assess the influence of the B, on the Gibbs free

‘ V, by structural optimization ‘

Electronic contribution { { Vibrational contribution

Vo oo |

‘ E(T =0,V) + Fy (T, V) ‘ ‘

Y Y

oP,

P (T, V), [ =2
ae(T- Vo) <av )T v

Vo Vo

LTJ

B., and V., from a set of equations at V,
e H Veg 3
e [(70) ‘(W)]
(&), ~26)(5)-(%)
v/, " 2 \ov/, |\ V v

v

oP, vib
P Vib(T’ VO)’
T

Vo

Ve
AF(T, Veq) =— J qP(T, V)dv
Vo

FIG. 1. Flowchart of the VIP method. Pressures and their volume
derivatives are calculated for each electronic and vibrational contri-
bution at V. The equilibrium volume V., and bulk modulus B, at
each temperature are subsequently determined by solving a set of
equations. Finally, the Helmholtz free energy change due to thermal
expansion is obtained by integrating the pressure, described by the
second-order Birch-Murnaghan equation of state, from Vj to Veq.

energy. Our results show that the contribution of the B, is
negligible in all cases. These numerical results are presented
in Sec. S2 within the Supplemental Material [55]. Therefore,
Eq. (13) can be approximated as

<8Pv1b> N —_1 |:)/2a) '2<82Fvib>
v ), V2 9\ g ),

q.j

aFvib
+ J/quqj<8a) ) :| (19)
9] /T

From the above discussions, the flowchart of the VIP method
is as illustrated in Fig. 1. The true strength of the VIP method
lies in its seamless integration with SCPh calculations. Dur-
ing the fitting process to obtain fourth-order force constants
for SCPh calculations, the third-order force constants are de-
termined simultaneously, thereby eliminating any additional
computational costs [38].

D. Computational details

We performed first-principles calculations based on den-
sity functional theory within the projector augmented
wave (PAW) method [56] as implemented in the Vienna
ab initio simulation package (VASP) [57,58]. The generalized
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gradient approximation (GGA) parameterized by Perdew,
Burke, and Ernzerhof (PBE) [59] was employed for the
exchange-correlation functional. Supercells of 3 x 3 x 3 (108
atoms) for fcc Al, and 4 x 4 x 4 (128 atoms) for both hcp
and bcc Ti were employed. The cutoff energy was set to
313 eV and 232 eV for Al and Ti, respectively. A I'-centered
6 x 6 x 6 k-point grid was used for Al, while I'-centered
5x5x5and 7 x 7 x 4 grids were used for bec and hep Ti,
respectively. For tetragonal ZrO,, we used a 3 x 3 x 2 super-
cell with 108 atoms and a Monkhorst-Pack k-point grid of 6 x
6 x 4. The cutoff energy was set to 520 eV and the exchange-
correlation functional was treated within the PBEsol [60]
according to Refs. [61-63]. Interatomic force constants (IFCs)
and phonon frequencies were calculated using the ALAM-
ODE package [64]. The harmonic IFCs were calculated using
the so-called direct method with atomic displacements of
0.01 A. To calculate mode Griineisen parameters, third-order
IFCs were estimated using the least absolute shrinkage and
selection operator (LASSO) technique from randomly dis-
placed structures, as implemented in the ALAMODE package
[64]. For hcp Ti, we explicitly optimized the c/a ratio at
each temperature. Our calculations reveal that the c/a ratio
changes very little, with a maximum variation of only about
0.3% over the studied temperature range. This small change
is consistent with the experimental measurement [65] and the
previous computational study [66] and it supports our approx-
imation that thermal expansion along the a and c axes is nearly
identical. The c/a ratio is presented in Sec. S1 within the
Supplemental Material [55]. For bce and hep Ti, we employed
ab initio molecular dynamics (AIMD) at 1155 K to gen-
erate atomic configurations at finite temperature. Moreover,
harmonic IFCs of hcp Ti were extracted from atomic configu-
rations at finite temperature generated by AIMD at 300 K. In
the estimations of IFCs, we considered anharmonic terms up
to the sixth and fourth order for bce and hep Ti, respectively. In
addition, for tetragonal ZrO,, we employed AIMD to generate
random atomic configurations at 1000 K and performed SCPh
calculations including fourth order IFCs. We calculated the
Born effective charges and the dielectric tensor of tetrago-
nal ZrO, using density functional perturbation theory and
obtained values of &3} = &)y = 5.79, ¢7 =5.19, Z;.(Zr) =
Z3,(Zr) = 5.76, Z; (Zr) = 4.98, Z;(0) = =3.62, Z;,(0) =
—2.13, Z%.(0) = —2.49, which agree well with the previous
computational result [67]. The vibrational free energy based
on SCPh theory is represented in Eq. (8) with an additional
correction term [64,68]. However, this correction term was
disregarded when calculating the vibrational pressure and its
volume derivative because its contribution is small compared
with the harmonic term. Therefore, the vibrational frequency
wq; (V) was simply replaced with Qg;(T, V). The electronic
free energy calculated by using the density of state (DOS)
D(V, ¢) and the Fermi-Dirac distribution function f(7T, ¢) as
follows [69]:

Fele(Ta V) = Eele(Ta V) - TSele(T» V), (20)
Eg(T,V) = /OO eD(V,e)f(T, e)de, 20
Sete (T, V) = kg /“’O DV, e)s(T, e)de, (22)

where

s(T,e) = =[f(T.&)log f(T.&) + (1 = f(T. ¢))
x log (I — f(T, &))], (23)

—1
F(T, &) = [1 +exp (%FT(T))] , (24)

and ep(T) is the Fermi level. The D(V,¢) in Eq. (20) is
calculated from the ground-state total energy first-principles
calculations. The electronic pressure P and its volume
derivative (0P, /dV )1 were calculated using the second-order
Birch-Murnaghan EOS for convenience. Note that the order
of the Birch-Murnaghan EOS has almost no effect on the
determination of Pyl and (3P /0V )7.

In the calculations for bcc and hep Ti, to approximately
account for electron-phonon coupling effects, we also con-
sider the case of replacing the electronic free energy with that
for the atomic configurations with vibrational displacements
FYP(T, V) as follows [69]:

ele

F(T,V)=E(T =0,V)+ Fa(T, V) + Fan(T, V), (25)

le

where

FdiSP(T, V)= EdisP(T, V) — TSdiSp(T’ V), (26)

ele ele ele

EI T vy — /OO eD(T,V, &)f(T, ¢)de, (27)

ele
o0

ST ) = kB/ D'(T,V,e)s(T,e)de,  (28)

ele
00

and D'(T, V, ¢) is the temperature-dependent DOS modulated
by the vibrational atomic displacements. In this case, we
generate vibrational atomic displacement at finite temperature
[14] using the ALAMODE package [64] as follows:

u(lic) = i Releg;(k)e"], (29)

1
—ZQ
VNM, qaj !

where N is the number of atoms in the primitive cell, M is
the mass of the « atoms, e, is the polarization vector, and
the normal mode amplitude Q,; are randomly sampled from
Gaussian distribution P[Q,;] [70,71] as

1 z.
————=¢Xp |:——q;:|, (30)
27'quj 20,

P[qu] =

where aqzj is the variance as follows:

ol = i coth g _ 1 ng(T, liw, ~)+l (31)
U 2w, 2keT wg \ )

We confirmed that quantitative differences between
Helmholtz free energies evaluated by Eqgs. (6) and (25)
are negligible for fcc Al because of strong itineracy of
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valence electrons. Thus, we used Eq. (6) for fcc Al, whereas
Eq. (25) were used for bce and hep Ti at Vy. For tetragonal
ZrO,, Eq. (6) was employed since the electronic contribution
is negligible due to its insulating nature.

III. APPLICATIONS

We apply the VIP method to fcc Al, which is a system with
a large coefficient of linear thermal expansion (CLTE), as a
validation of our method. To further illustrate the effectiveness
and computational efficiency of the VIP method, we combine
it with SCPh theory to perform calculations on bcc and hep
Ti, as well as tetragonal ZrO,, and then compare these results
with those obtained from directly volume-varied SCPh cal-
culations. We also determine the phase transition point of Ti
by evaluating the Gibbs free energy G(T, P) calculated using
the VIP method. In the following calculation, we considered
zero external pressure (P = 0), and Vj in Eq. (3) is chosen
as the volume obtained from structural optimization at zero
temperature. This selection serves as a reasonable and conven-
tional starting reference point for practical calculations. The
sensitivities of the VIP method to the selection of reference
volume for fcc Al and Ti are detailed in Sec. S4 within the
Supplemental Material [55].

A. fec Al

Figure 2 shows the comparison between the VIP method
and the QHA in terms of the free energy and the CLTE for
fcc Al over the temperature range 0—1000 K. The B, term
in Eq. (17), which arises from the volume dependence of
the Griineisen parameters, was evaluated by directly varying
the volume as a part of the validation of the VIP method.
We first evaluate the change in the Helmholtz free energy
AF caused by thermal expansion as shown in Fig. 2(a). The
change in the Helmholtz free energy is about —25 meV /atom
at 1000 K. This indicates that the contribution of thermal
expansion to the free energy is significant at high tempera-
tures. We also compared the Gibbs free energy calculated by
the VIP method with that obtained by the QHA, as shown
in Fig. 2(b). The negligible difference between B; + B, and
By suggests that we can accurately predict the change in
the Helmholtz free energy without incorporating B, into the
calculation. Our method can calculate the Gibbs free energy
within 0.5 meV /atom of the QHA up to 1000 K, even for fcc
Al, where the contribution of thermal expansion is significant.
We also calculated the CLTE for fcc Al, as shown in Fig. 2(c).
The difference in the CLTE between calculations with and
without considering B, is negligible. The VIP results show
good agreement at lower temperatures, up to 600 K, with a
deviation of less than 2%. However, a discrepancy exists be-
tween the results of the VIP method and the experimental data
[65] at high temperatures around 1000 K. This discrepancy is
attributed to the accuracy of EOS; results obtained using the
third-order Birch-Murnaghan EOS within the QHA shown as
the green line in Fig. 2(c) significantly reduce the deviation
from the experimental data. Although the error arises from
the order of the EOS, we emphasize that even in fcc Al—
which has a large coefficient of thermal expansion and is
therefore highly sensitive to differences in EOS accuracy—

(a) O T T
By
? —5F —e— B, + By -
i W —e— QHA
= —10F N .
= .
nF =15 \ 7
) N
SR N,
< N\
\\7\
-25r | | | | N
0 200 400 600 800 1000
Temperature [K]
By
g —e— B+ By
= 02
—
=
=00
=3
]
|
e —02F -
<]
) S l l I
0 200 400 600 800 1000
Temperature [K]
40
(c) f f
30~
L
L oo By =
i —_— 31 + B-z
g —e— QHA (BM2)
10 —e— QHA (BM3) 7
O Touloukian et al. (1975)
0 | 1 1 |

0 200 400 600 800 1000
Temperature [K]

FIG. 2. Comparison between the VIP method and the QHA in
terms of the free energy and the CLTE for fcc Al over the temperature
range 0—1000 K. (a) The change in the Helmholtz free energy caused
by thermal expansion AF = — f‘Zeq P(T,V)dV in Eq. (3). (b) The
difference in the Gibbs free energy between the VIP method and
the QHA. (c) The CLTE «; = 1/3ay = 1/(3Veq)(dVeq/dT), where
ay is the coefficient of volumetric thermal expansion and Vg is
the equilibrium volume at each temperature. The orange line is the
standard VIP result [B; only, Eq. (16)]; the red line is a reference
that also includes B, [B; + B,, Egs. (16) and (17)]. The blue and
green lines represent the CLTE obtained by the QHA fitted by using
the second-order Birch-Murnaghan EOS (BM2) and the third-order
Birch-Murnaghan EOS (BM3), respectively. The maximum devia-
tion of the CLTE between the VIP method and the QHA, both using
BM2, is less than 2% at 1000 K. By comparison, the CLTEs within
the QHA derived from the BM2 and BM3 deviate from each other
by roughly 10% at the same temperature. The open circles represent
the experimental CLTE by Touloukian et al. [65].

this level of error still allows for an adequate description
of the coefficient of thermal expansion. We therefore expect
that the VIP method will accurately evaluate the CLTE of
many other systems with smaller thermal expansion than fcc
Al. The details regarding the accuracy of the second-order
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FIG. 3. Difference in the free energy between the DFT calcula-
tions and the CALPHAD data [72] of fcc Al. The origin of the DFT
free energies is shifted to the CALPHAD data at 300 K. The orange-
solid line shows the difference in the Gibbs free energy between
the VIP method using the By, as defined in Eq. (16), and the CAL-
PHAD data. The orange-dotted line shows the difference between the
Helmholtz free energy F (T, Vi), without thermal expansion, and the
Gibbs free energy using the CALPHAD data. The blue line shows
the difference in the Gibbs free energy between the QHA and the
CALPHAD data.

Birch-Murnaghan EOS for fcc Al are provided in Sec. S3
within the Supplemental Material [55]. Moreover, simi-
lar discussions for the VIP method applied to diamond
Si are available in Sec. S4 within the Supplemental
Material [55].

Differences between the Gibbs energies by DFT and the
CALPHAD data are presented in Fig. 3. To examine the
temperature dependence, we shifted the origin of the DFT
calculations to match the CALPHAD data at 300 K. Figure 3
clearly shows that the difference between the Helmholtz free
energy F (T, Vp) and the CALPHAD data grows rapidly with
increasing temperature, while the Gibbs free energy Gvip
exhibits much better agreement because of the inclusion of
thermal expansion. This result demonstrates that considering
the change in free energy due to thermal expansion is crucial
for accurately evaluating phase stability.

B. bee and hep Ti

Similar to the discussion on fcc Al, the Gibbs free energy
can be accurately calculated without including B, (Sec. S2
within the Supplemental Material [55]). Therefore, in the fol-
lowing calculations, we used B to determine the Gibbs free
energy with the VIP method. Figure 4 shows the difference
in the Gibbs free energy of Ti between bcc and hcp from
300 to 2000 K. The origin of the vertical axis is shifted
that the values from first principles and those of CALPHAD
coincide at 300 K, because the GGA overestimates the energy
of the bee phase using the static bee lattice as a local max-
imum of the potential energy surface [66]. Both the Gibbs
free energy and the Helmholtz free energy follow a similar
curve until the phase transition temperature. Thermal expan-
sion significantly affects the absolute values of the Gibbs free
energy as shown in Sec. S4 within the Supplemental Material

60 T T T
---- CALPHAD
=l Gvip w/ Ffll(h b
g ,
= —— G/ By -
- ig
2 —— F(T,Vj) w/ Fy”
'E —20 " —— Gy w/ Fue =
6 —40 Gg%l%lllfe w/ Fee _
F(T7 M)) VV/ E‘lu
—60 | | | | | |
500 750 1000 1250 1500 1750 2000

Temperature [K]

FIG. 4. Difference in the Gibbs free energy between bcc and
hep Ti from 300 to 2000 K. The origin of the DFT calculations
is shifted to the CALPHAD data at 300 K. At the phase transition
temperature T, the vertical axis becomes zero. The black-dashed
line represents the Gibbs free energy of the CALPHAD data. The
orange and blue lines represent the differences in the Gibbs free
energies between bee and hep Ti calculated by using the VIP method
and the volume-varied SCPh calculations as denoted by Gy and
Gylume - respectively, with vibrational atomic displacements, while
the red line represents the difference in the Helmholtz free energy.
The green, purple, and brown lines are same as the orange, blue, and
red lines but without vibrational atomic displacements, respectively.

[55]. However, because the thermal expansion contributions
to the Gibbs free energy in the bce and hep phases are very
similar, their effects nearly cancel out when calculating the
free energy difference. In contrast, considering vibrational
atomic displacements significantly affects the evaluation of
the relative phase stability; the Gibbs free energy leads to
a better agreement with the CALPHAD data by including
electron-phonon couplings Fe(li:p(T, V). Table I lists the phase
transition temperatures 7; of Ti in the different definitions of
free energy.

Figure 5 shows the difference in the free energy between
the VIP method and the CALPHAD data [72] of bec Ti from
900 to 2000 K. The DFT values are shifted to match the
CALPHAD data at 1150 K that is indicated by the vertical
dashed line. As observed with Al, incorporating the change
in the free energy caused by thermal expansion improves

TABLE I. Phase transition temperatures 7. of Ti in the differ-
ent definitions of free energy. The CALPHAD data is taken from
Ref. [72].

Computational conditions T.

Gypw/FP 1167 K
Gymew /o 171K
F(T, Vo)w/F® 1189 K
Gypw/Fee 952 K
Gg‘&”,{l"ew /Fete 941 K
F (T, Vo)W/Fae 961 K
CALPHAD 1155 K
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FIG. 5. Difference in the free energy between the DFT calcu-
lations and the CALPHAD data [72] of bec Ti. The origin of the
vertical axis is shifted to be zero at 1150 K that is indicated as the
vertical dashed line. The orange and blue lines represent the differ-
ences in the Gibbs free energies between bec and hep Ti calculated
by using the VIP method and the volume-varied SCPh calculations
as denoted by Gyp and Gg"C‘;hme, respectively, with vibrational atomic
displacements, while the red line represents the difference in the
Helmholtz free energy. The green, purple, and brown lines are same
as the orange, blue, and red lines but without vibrational atomic
displacements, respectively.

th¢ agreement with the CALPHAD data for Gyp including
FYP(T, V). Even though the Helmholtz free energy F(T, Vy),

ele .
which excludes the effect of F*P(T, V') appears to reproduce

the CALPHAD data better, tlies agreement can be attributed
to mere error cancellation, as thermal expansion and electron-
phonon couplings have opposite tendencies with each other as
is clear from the figure. Namely, electron-phonon couplings
increase the Gibbs free energy of the bcc phase. Particularly,
the VIP method accurately reproduces the Gibbs free energies
obtained by volume-varied SCPh calculations.

The difference in the electronic free energy between bcc
and hep Ti is shown in Fig. 6. As is seen from the figure, the ef-
fect of electron-phonon couplings destabilizes the bcc phase,
where the difference in the electronic free energy between bec
and hcp Ti decreases from approximately 50 meV/atom to
10 meV /atom. It should be noted that the maximum errors in
the electronic free energy for five vibrational atomic displace-
ments were & 0.5 meV/atom for bcc and £ 0.2 meV/atom
for hcp, indicating that even a single sampling may be
sufficient.

In connection with the above discussion, Figs. 7(a) and
7(b) show the electronic DOS of bce and hep Ti, respec-
tively. In bec, the DOS at the Fermi level decreases with
increasing temperature. In contrast, the DOS at the Fermi
level increases with increasing temperature in hcp. A par-
ticularly notable point is that the randomization of atomic
coordinates leads to a smoother DOS with increasing temper-
ature. Although the 3d valence electrons of Ti are localized,
the randomization of atomic coordinates caused by vibra-
tional atomic displacement leads to a smoother DOS and
significant changes in the DOS at the Fermi level. The elec-
tronic free energy difference between the bee and hep phases,
caused by changes in the DOS because of vibrational atomic

0 W
10k =
5
3 20 -
=
)
= =30 —
S a0 .
T:_: 50 w/o disp. .

—— w/ disp.
—60 I | |
0 500 1000 1500 2000

Temperature [K]

FIG. 6. Difference in the electronic free energy between bec and
hep Ti from 0 to 2000 K. The pink and cyan lines show the difference
in the electronic free energy between bce and hep Ti, without or with
electron-phonon couplings, respectively. The electronic free energies
taking F3P(T, V) into account by five samplings of vibrational

ele
atomic displacements are plotted using the least squares method.
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FIG. 7. Electronic density of states (DOS) of Ti with the (a) bcc
and (b) hcp structures. The top and bottom figures show the DOS of
the bce and hep phases, respectively. The blue to red lines show the
DOS between 0 and 2000 K. The blue line represents the DOS at
0 K, which includes zero-point vibration. The shaded area shows the
DOS without vibrational atomic displacements.

224309-7



HASHIMOTO, TANAKA, AND GOHDA

PHYSICAL REVIEW B 111, 224309 (2025)

TABLE II. Estimated CPU times (in core-hours) for bee Ti, hep
Ti, and tetragonal ZrO, of DFT calculations. The SCPh calculations
were implemented for seven volumes. The CPU times were obtained
using an AMD EPYC 7702 2.0 GHz 64-core processor in ISSP
supercomputers.

CPU time (core hour) of DFT calculations

VIP Volume-varied SCPh
bee Ti 243 1,953
hep Ti 348 1,860
tetragonal ZrO, 186 1,432

displacements, i.e., electron-phonon couplings, plays a pivotal
role in determining the phase transition temperature. Omitting
this contribution leads to substantial discrepancies, particu-
larly at elevated temperatures. Finally, we present the compu-
tational costs for calculating the Gibbs free energy of bcc and
hep Ti within SCPh theory using the VIP method, as detailed
in Table II, which indicates a significant advantage of our
method.

C. Tetragonal ZrQO,

Figure 8 shows the comparison between the VIP method
and the volume-varied SCPh calculations for tetragonal ZrO,
in terms of the free energy and the coefficient of volumet-
ric thermal expansion (CVTE) over the temperature range
0-1500 K. The difference in the Gibbs free energy between
the VIP method and the volume-varied SCPh calculations is
less than 1 meV /atom over the temperature range 0—1500 K.
This figure demonstrates the applicability of the VIP method
to accurately and efficiently reproduce the results obtained
by volume-varied SCPh calculations even for tetragonal ZrO,
with six atoms in the primitive cell. Calculated CVTE exhibits
the deviation of approximately 7.5% from the volume-varied
SCPh at 1500 K, but improved accuracy is also observed
at lower temperatures (e.g., deviation approximately 4.5%
at 600 K). We employed c/a-varied SCPh calculations that
independently varied the a and ¢ axes to minimize the Gibbs
free energy at each temperature. The resulting ¢/a ratio can be
considered constant in the temperature range 01500 K, with
a maximum change of less than 0.06% from 0 K. The results
of the c¢/a-varied SCPh calculations for tetragonal ZrO, in
terms of the CLTE and the CVTE over the temperature range
0-1500 K are shown in Sec. S5 within the Supplemental
Material [55]. Table II also lists the computational costs for
calculating the Gibbs free energy of tetragonal ZrO, within
SCPh theory using the VIP method.

IV. SUMMARY

We have proposed a method, i.e., the VIP method, for cal-
culating the Gibbs free energy from constant-volume phonon
calculations. A notable advantage of our method compared
with the conventional QHA is its ability to calculate vibra-
tional pressure and its volume derivative from single-volume
first-principles phonon calculations using Griineisen param-
eters resulting in a significant reduction in computational
costs. We applied our method to fcc Al exhibiting significant

0=
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=
-
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>
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FIG. 8. Comparison between the VIP method and the volume-
varied SCPh calculations in terms of the free energy and the CVTE
for tetragonal ZrO, over the temperature range 0-1500 K. (a) The
change in the Helmholtz free energy caused by thermal expansion
AF = — fv‘;“‘ P(T,V)dV in Eq. (3). (b) The difference in the Gibbs
free energy between the VIP method and the volume-varied SCPh
calculations Gg"clf;ﬁ‘e. (c) The CVTE ay = 1/Viq (dVeq/dT ) where Veq
is the equilibrium volume at each temperature. The orange line is the
standard VIP result [B; only, Eq. (16)]; the red line is a reference
that also includes B, [B; + B,, Egs. (16) and (17)]. The blue lines
represent the CVTE obtained by volume-varied SCPh calculations.
The maximum deviation of the CVTE between the VIP method
and the volume-varied SCPh calculations is about 7.5% at 1500 K.
The crystal structure shown as inset of (a) was generated using
VESTA [73].

thermal expansion, where the Gibbs free energy and the lin-
ear coefficient of thermal expansion calculated by the VIP
method agree well with the QHA and experimental results.
Furthermore, we also applied our method to bce and hep Ti,
where effects of thermal expansion and electron-phonon cou-
plings nearly cancel out in evaluating the Gibbs free energy
of the bce phase. Considering both effects, the hcp-bec phase-
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transition temperature agrees satisfactorily with experimental
results. Moreover, we applied the VIP method to tetragonal
ZrO;,. In these cases, the Gibbs free energy and the coefficient
of linear thermal expansion calculated by the VIP method
agree well with the volume-varied SCPh calculations. Be-
cause of the low computational costs of our method, we expect
high-throughput first-principles phase diagram calculations
will become possible, opening up a pathway for materials
design considering phase equilibria. Such an approach should
also be reinforced by, e.g., data assimilation techniques.
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APPENDIX: FORCE CONSTANTS
AND GRUNEISEN PARAMETER

If the vibrational displacements are small compared with
the interatomic distance, the potential energy U ({R;}) where
R; is the atomic position of the interacting atomic system can
be expanded in a power series of the displacements u; = R; —
R as follows:

U=Uy+U,+Us+Us+ ..., (A1)

1
Un= ; Z q);u ..... u,,(llKl;-n;ann)
{l.ec,u}
X Mm(ll’(l)' : 'uu,,(ann)v (A2)

where ¢ = x,y, z and u,(lk) is the displacement of atom «
in the /th unit cell. In. Eq. (A2) the linear term U, is omitted
because atomic forces are zero in equilibrium positions. The
coefficient ®,,, . (lik1, ..., l,k,) defined as

U
uay, (Liicr) - - Ay, (i) | gy 0y

(A3)

CD;/.] ..... u,,(lllcl;~'~;ln’(11) =

are called the nth order interatomic force constants in real-
space representation. The phonon frequency w,; can be
obtained by diagonalizing dynamical matrix D as

Y D(kk's Qe (k'3 q)) = wg e, (i q)),  (A4)

o
1 I
D,(ki'3q) = ———= Y ®,,(0; k)™ ) (A5
(KK’ q) _MKMK,IZ/,L( ) (AS)
where e(k; qj) is the polarization vector and M, is the atomic
mass of atom « and r(/) is the translational vector of the /th

unit cell. Griineisen parameter in Eq. (12) is derived from the
change in the dynamical matrix §D [54,74] as

% \T )
Yo (V) = —% (A6)
8D (k' q) = —MiMK/ ;(S(Dlw(ll(; I'")et =)
(A7)
8§,k l'k") = Z Dl U Uk (k).
1" k" A
(A8)
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