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We present a general, nonperturbative method for deriving effective Hamiltonians of arbitrary order for
periodically driven systems based on an iterated integration-by-parts technique. The resulting family of effective
Hamiltonians reproduces the well-known Floquet-Magnus expansion, now enhanced with explicit error bounds
that quantify the distance between the exact and approximate dynamics at each order, even in cases where the
Floquet-Magnus series fails to converge. We apply the method to the semiclassical Rabi model and provide
explicit error bounds for both the Bloch-Siegert Hamiltonian and its third-order refinement. Our analysis shows
that, while the rotating-wave approximation more accurately captures the true dynamics than the Bloch-Siegert
Hamiltonian in most regimes, the third-order approximation ultimately outperforms both.
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I. INTRODUCTION

Quantum systems with time-dependent driving are essen-
tial for manipulation, control, and implementation of quantum
technologies [1–8]. However, solving their exact dynamics
is often challenging, even for simple systems, due to the
presence of time-dependent terms. Effective Hamiltonians are
commonly used to approximate the dynamics [8–10], yet
deriving error bounds between the exact and approximate
dynamics is nontrivial and rarely addressed. Providing such
bounds is, however, critical to assess the validity and the
accuracy of the approximations [10–13].

The model that triggered our work is the well-known semi-
classical Rabi model, which describes a periodically driven a
two-level system (qubit) [14–18] with the following Hamilto-
nian:

H (t ) = ω0

2
Z + gcos(ωt )X

= ω0

2
Z + g

2
(eiωt + e−iωt )(σ+ + σ−), (1)

where ω0 is the natural frequency of the qubit corresponding
to the energy splitting between its two levels, ω is the driving
frequency, and g characterizes the strength of the driving. We
assume ω0, ω, g > 0 without loss of generality. Here, X , Y ,
and Z are the Pauli matrices, and σ± = 1

2 (X ± iY ) are the
raising and lowering operators of the two-level system. We set
h̄ = 1 throughout this work. The Rabi model has been widely
studied for its applications in coherent control and quantum
state manipulation, making it a cornerstone in studies of light-
matter interactions.

Despite its simplicity, computing its exact dynamics is
challenging, and the solution is cumbersome [19–21]. The

*Contact author: deyanirban89@gmail.com

rotating-wave approximation (RWA) [7,14,15,22], which con-
sists of neglecting the counterrotating terms g

2 (eiωtσ+ +
e−iωtσ−), is commonly used to simplify the time dependence
but breaks down over time even for moderate interaction
strengths. Recently, error bounds for the RWA were developed
for both the semiclassical [10] and quantum [11,12] Rabi
models, which quantitatively capture its breakdown.

The Bloch-Siegert shift [1,2,16,23] is a correction to the
Hamiltonian in the RWA incorporating the effect of the coun-
terrotating terms as a perturbation in the inverse frequency.
It has been experimentally demonstrated [24–28], and it is
relevant for achieving precise quantum control and manipu-
lation, particularly in systems such as trapped ions [29–31]
and nitrogen-vacancy centers [25,26,32]. The Bloch-Siegert
shift can be derived using a variety of methods such as Floquet
theory [2,33,34], Magnus-Taylor [9] and Floquet-Magnus ex-
pansions [35–41], and the path-sum approach [23] and by
using unitary transformations [5,6]. While these approaches
all predict the correct terms, they do not offer a bound on the
error between the dynamics generated by the Bloch-Siegert
Hamiltonian and the original Rabi Hamiltonian, which is cru-
cial for determining the validity of the approximation across
the range of parameters.

Motivated by the semiclassical Rabi model, we present a
nonperturbative general method to derive effective Hamilto-
nians up to any order for arbitrary bounded periodic Hamil-
tonians. The key idea is to repeatedly apply the integration-
by-parts technique originally introduced in Refs. [10,11].
A similar idea was recently introduced to bound higher-
order versions of the Trotter product formula [42] and
to compute performance bounds in randomized dynamical
decoupling [43]. Surprisingly, the family of effective Hamil-
tonians obtained this way coincides with the one given by the
Floquet-Magnus expansion (see, e.g., Ref. [40]); additionally,
however, our method also provides explicit error bounds at
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any order, which then apply equally to the Floquet-Magnus
expansion. Compared to the tail bound of the Magnus expan-
sion [44], our bounds have two key advantages. First, they
do not rely on the convergence of the Magnus expansion
and therefore have a wider range of applicability. Second,
the current bounds on the Magnus expansion come from tail
bounds of the exponential function and therefore scale expo-
nentially bad in time, whereas our bounds show linear scaling.
Furthermore, while the Floquet-Magnus expansion is limited
by a finite radius of convergence, our approach, based on
successive refinements of Duhamel’s formula, yields effective
Hamiltonians with explicit error bounds without requiring
convergence at all.

By applying this technique to the semiclassical Rabi
model, we derive the Bloch-Siegert Hamiltonian and establish
error bounds for the approximate dynamics. We compare the
dynamics generated by the RWA and Bloch-Siegert Hamil-
tonians with the original Rabi model and analyze how their
error bounds scale over time. Extending the analysis beyond
the Bloch-Siegert approximation, we derive the next-order
correction and obtain its explicit error bound. As will be
shown, the Bloch-Siegert Hamiltonian is good at capturing the
dynamics at multiples of the period but performs worse than
the RWA over time. The third-order correction outperforms
both approximations.

This paper is structured as follows. In Sec. II, we introduce
our method based on iterated integration by parts for arbitrary
time-periodic bounded Hamiltonians and show the equiva-
lence with the Floquet-Magnus approach. In Sec. III, we then
use this machinery to derive the Bloch-Siegert Hamiltonian
and obtain an explicit error bound. In Sec. IV, we derive
the third-order effective Hamiltonian and compute its error
bound, followed by a comparison with the RWA and Bloch-
Siegert Hamiltonians. Finally, we summarize our findings in
Sec. V. Appendix A contains the proof of one inequality used
in Sec. II, while Appendix B includes a Mathematica script
for generating effective Hamiltonians of arbitrary orders and
computing their error bounds.

II. GENERAL ITERATIVE INTEGRATION-BY-PARTS
FORMULA

In this section we introduce a general method based on
an integration-by-parts lemma to characterize the difference
between two unitary evolutions generated by periodic and
bounded Hamiltonians. This method enables us to derive ef-
fective Hamiltonians and to provide rigorous error bounds
between the exact and approximate dynamics at any order.
Our method is general and nonperturbative: It applies to arbi-
trary time-dependent Hamiltonians, requires no assumptions
on parameter values, and yields explicit error bounds with-
out requiring convergence. It applies for arbitrary coupling
strengths and over any time interval. Its versatility makes it
a powerful tool for assessing the validity and the accuracy of
effective descriptions.

A. Integral formula for the difference between evolutions

Our goal is to quantify the distance between the uni-
tary evolutions generated by two distinct time-dependent

and bounded Hamiltonians H1(t ) = H1(t + T ) and H2(t ) =
H2(t + T ) on a Hilbert space H, with common period T . We
start with the corresponding Schrödinger equations,

d

dt
Uj (t ) = −iHj (t )Uj (t ), Uj (0) = 1 ( j = 1, 2). (2)

Assuming both H1(t ) and H2(t ) are locally integrable in time,
the difference between the evolutions generated by them can
be expressed by a Duhamel integral by directly integrating the
corresponding Schrödinger equations [10]:

U1(t ) − U2(t ) = −i
∫ t

0
dsU1(t )U †

1 (s)[H1(s) − H2(s)]U2(s).

(3)

The basic idea is to split the integrand into its time average
and the deviation from the average. To this end, we define
the time average of a time-dependent operator A(s) with
period T as

A = 1

T

∫ T

0
ds A(s) (4)

and the deviation from the average as

�(A(t )) = A(t ) − A. (5)

With this notation, we can now write the difference (3) as

U1(t ) − U2(t )

= −i
∫ t

0
dsU1(t )U †

1 (s) (H1 − H2)U2(s)

− i
∫ t

0
dsU1(t )U †

1 (s)�[H1(s) − H2(s)]U2(s), (6)

where we drop the time dependence of the quantity averaged
over time. In the next step, we perform an integration by
parts, replacing the middle term �[H1(s) − H2(s)] with its
integral (see Ref. [10] for a generalization to locally integrable
Hamiltonians) to get

U1(t ) − U2(t )

= −iS(1)
t U2(t ) − i

∫ t

0
dsU1(t )U †

1 (s) (H1 − H2)U2(s)

−
∫ t

0
dsU1(t )U †

1 (s)
[
H1(s)S(1)

s − S(1)
s H2(s)

]
U2(s), (7)

where we define the integral action by

S(1)
t =

∫ t

0
ds �[H1(s) − H2(s)]. (8)

This equation was the key ingredient in Ref. [10] for deriving
a quantitative error bound for the RWA: Indeed, the integral
action S(1)

t is small for Hamiltonians which oscillate rapidly
around the same average, and the two evolutions are close
to each other. Here, we wish to go further and iterate the
procedure.

To this end, we define the time-dependent superoperator
Kt by

Kt (A(t )) = H1(t )A(t ) − A(t )H2(t ). (9)
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We note that this superoperator maps T -periodic operators
into T -periodic ones and that it appears in the last term in
Eq. (7). Again, we decompose it into its time average and the
deviation from the average:

Kt
(
S(1)

t

) = Kt
(
S(1)

t

) + �
(
Kt

(
S(1)

t

))
. (10)

We can then perform another integration by parts for the
deviation part. Iterating this procedure L times, we obtain
the following expression for the difference between the two
evolutions:

U1(t ) − U2(t )

=
L+1∑
k=1

(−i)kS(k)
t U2(t ) − i

∫ t

0
dsU1(t )U †

1 (s)

×
(

L∑
k=0

(−i)kKs
(
S(k)

s
) + (−i)L+1Ks

(
S(L+1)

s

))
U2(s),

(11)

where the functions S(k)
t , defined by

S(0)
t = 1,

S(k)
t =

∫ t

0
ds

[
Ks

(
S(k−1)

s

) − Ks
(
S(k−1)

s
)]

(k � 1), (12)

play the role of kth-order integral actions.
Here and in the following, we denote by � = 2π/T the

frequency of the two Hamiltonians. With this notation, one
readily sees that the integral actions satisfy

S(k)
t = O(�−k ) (13)

at any given time t . We also note that each of these functions,
except the zeroth one, vanishes at the full period:

S(k)
T = 0 (k � 1). (14)

B. Deriving effective Hamiltonians

Equation (11) can be directly used to bound the distance
between the evolutions induced by two arbitrary periodic
Hamiltonians H1(t ) and H2(t ) sharing a common period, irre-
spective of whether this distance is small or not. Here, we will
take one step forward and utilize this formula to construct ef-
fective Hamiltonians: Given a periodic Hamiltonian H (t ) with
period T , we will search for a time-independent Hamiltonian
in the form

Heff,L =
L∑

k=0

1

�k
H (k)

eff , (15)

again with � = 2π/T , such that the evolutions generated by
H (t ) and Heff,L coincide up to the desired order. This will
be done by using Eq. (11) with H1(t ) = H (t ) and H2(t ) =
Heff,L and fixing the Hermitian operators H (k)

eff (k = 1, . . . , L)
so that

L∑
k=0

(−i)kKs
(
S(k)

s
) = O(�−(L+1)) (16)

is satisfied in the expansion (11). Indeed, if this condition is
satisfied, if we apply Eq. (11) and take Eq. (13) into account,
the distance between the evolutions satisfies

‖U (t ) − e−iHeff,Lt‖ = O(�−1) (17)

up to times of order t ∼ O(�L ). Above, as well as in
the remainder of the paper, ‖ · ‖ shall denote the opera-
tor norm on H, defined by ‖T ‖ = sup0 �=x∈H ‖T x‖/‖x‖ for
every bounded linear operator T . In other words, the condi-
tion (16) is sufficient to define an effective time-independent
Hamiltonian whose dynamics approximates the real one
up to times of order t ∼ O(�L ). We can thus extend the
validity of the approximation longer and longer as we col-
lect higher- and higher-order corrections to the effective
Hamiltonian Heff .

We also notice that, under the same condition (16), the
distance between the evolutions induced by H (t ) and Heff

becomes especially good after a full period. Indeed, by again
using Eq. (11) with H1(t ) = H (t ) and H2(t ) = Heff , insert-
ing the condition (16), and taking Eq. (14) into account,
we get

‖U (T ) − e−iHeff,LT ‖ = O(�−(L+1)). (18)

Therefore, our technique to derive effective Hamiltonians is
tailored to approximate the real dynamics with arbitrarily high
precision over full periods.

C. Equivalence to the Floquet-Magnus expansion

The Floquet-Magnus expansion is a systematic approach
for deriving effective Hamiltonians in periodically driven sys-
tems [35–40]. We shall briefly recall this approach here. In
the Floquet theory, given a time-dependent Hamiltonian H (t )
with period T and an initial time t0, one defines the so-called
Floquet Hamiltonian HF[t0] via the following equality:

U (t0 + T, t0) = T exp

(
−i

∫ t0+T

t0

dt H (t )

)
= e−iHF[t0]T ,

(19)

with U (t, t0) being the unitary evolution generated by H (t ).
This equality uniquely defines HF[t0] up to a branch choice
for the logarithm. With this definition, the unitary evolution
of the system can be decomposed as

U (t, t0) = UF(t, t0)e−iHF[t0](t−t0 ). (20)

The argument [t0] indicates that the Floquet Hamiltonian
HF[t0] depends on the initial time t0 (see Ref. [40] for elabora-
tions on this point). The Floquet Hamiltonian HF[t0] captures
the evolution of the driven system at stroboscopic times
t0 + mT , m = 0, 1, 2, . . . (macromotion), while the evolution
between the stroboscopic times (micromotion) is described by
UF(t, t0) [40], which is periodic in both arguments, UF(t +
T, t0) = UF(t, t0 + T ) = UF(t, t0).

In general, it is hard to derive the Floquet Hamilto-
nian HF[t0] exactly. The Magnus expansion [44–46] provides
a useful approach to systematically compute the Floquet
Hamiltonian HF[t0], particularly in the high-frequency regime,
where the convergence of the Magnus expansion is ensured.
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The resulting expansion of HF[t0], the Floquet-Magnus expan-
sion, reads

HF[t0] =
∞∑

k=0

H (k)
F [t0], (21)

with the first two terms given by the formulas

H (0)
F [t0] = 1

T

∫ t0+T

t0

dt H (t ), (22)

H (1)
F [t0] = 1

2iT

∫ t0+T

t0

dt1

∫ t1

t0

dt2 [H (t1), H (t2)]. (23)

Higher-order terms involve nested commutators of the Hamil-
tonian H (t ) and can be computed systematically [44]. The
full Floquet-Magnus expansion also provides a series for the
micromotion UF(t, t0), but our focus is the macromotion, for
which the Floquet-Magnus series and the Magnus series at full
period coincide up to a factor of T [35] in the following sense.
Recall that, in the Magnus expansion, one writes the unitary
evolution as

U (t, t0) = eA(t,t0 ), A(t, t0) =
∞∑

n=1

An(t, t0). (24)

Therefore, at stroboscopic times,

U (t0 + T, t0) = eA(T ) = e−iHF[t0]T , (25)

so that A(T ) ≡ A(t0 + T, t0) = −iHF[t0]T with a proper
choice of logarithmic branch. Hence, at a full period, the Mag-
nus and Floquet-Magnus expansions are equivalent, differing
only by the overall factor T .

We claim that, for every integer L, the effective Hamil-
tonian Heff,L derived in the previous section [see Eq. (15)]
exactly corresponds to the sum of the first L terms in the
Floquet-Magnus expansion (21) of HF[t0]. In other words, the
two methods produce the same effective Hamiltonians at any
order. Without loss of generality, we will prove this claim
for t0 = 0 and set U (t, 0) ≡ U (t ). First notice that, for every
k � L, the kth-order term in the Floquet-Magnus expansion
(21) satisfies

H (k)
F [0] = O(�−k ), (26)

just like the kth-order term in the expansion (15) of our effec-
tive Hamiltonian Heff,L. Equation (26) implies

‖HF[0] − HF,L[0]‖ = O(�−(L+1)), (27)

where HF,L[0] is the sum of the first L terms in the Floquet-
Magnus expansion (21). Therefore, the difference between the
corresponding evolutions at t = T is of the same order:

‖U (T ) − e−iHF,L[0]T ‖ = O(�−(L+1)), (28)

where we used the fact that, at each full period, the evolution
induced by the Floquet Hamiltonian reproduces the exact one
[see Eq. (20)]. The same property holds for the evolution
induced by our Lth-order effective Hamiltonian [see Eq. (18)].

Combining Eqs. (18) and (28), we derive

‖e−iHeff,LT − e−iHF,L[0]T ‖ = O(�−(L+1)). (29)

As proven in Appendix A, for large enough � a constant
C > 0 exists such that

‖Heff,L − HF,L[0]‖ � C‖e−iHeff,LT − e−iHF,L[0]T ‖, (30)

thus implying

‖Heff,L − HF,L[0]‖ = O(�−(L+1)). (31)

As both Heff,L and HF,L[0] are polynomials in �−1 of order L,
this implies Heff,L = HF,L[0]. Therefore, the two Hamiltonians
exactly coincide order by order, as claimed.

As such, the Floquet-Magnus expansion and our strategy
to derive effective Hamiltonians yield the same result. Re-
markably, however, our method also provides an explicit error
bound on the distance between the evolutions generated by the
original and effective Hamiltonians. Equivalently, our method
provides rigorous, quantitative error bounds for the Floquet-
Magnus expansion—independently of whether said expansion
converges.

III. APPLICATION TO THE SEMICLASSICAL RABI
MODEL AND EXPLICIT ERROR BOUNDS

We now apply our formalism to the semiclassical Rabi
Hamiltonian H (t ) in Eq. (1) with a large driving frequency
ω. To this end, we begin as usual by transforming to the rotat-
ing frame with respect to the free Hamiltonian H0 = (ω/2)Z
of the Hamiltonian H (t ). In this frame, the Hamiltonian
reads

Ĥ (t ) = eiH0t [H (t ) − H0]e−iH0t

= δ

2
Z + g

2
X + g

2
[cos(2ωt )X − sin(2ωt )Y ], (32)

where δ is the detuning between the natural and driving fre-
quencies of the system: δ = ω0 − ω. Hereafter, we focus on
the resonant case δ = 0, i.e., ω = ω0, where

Ĥ (t ) = g

2
X + g

2
[cos(2ωt )X − sin(2ωt )Y ]. (33)

We point out that, as this Hamiltonian oscillates with fre-
quency 2ω, the quantity � as introduced in Sec. II corresponds
to � = 2ω.

Before applying our formalism to this Hamiltonian, let us
compute the first two terms of its Floquet-Magnus expansion
(21) via formulas (22) and (23) with T = 2π/� = π/ω. We
take t0 = 0 and omit the explicit indication of the initial time,
that is, H (n)

F ≡ H (n)
F [0]. The first contribution reads

H (0)
F = g

2
X. (34)

This corresponds to the standard RWA, which captures the
time-averaged part of the Hamiltonian. The second contribu-
tion reads

H (1)
F = − g2

8ω
Z. (35)

This is the well-known Bloch-Siegert shift [1].
We will now apply the iterative strategy introduced in

Sec. II to the semiclassical Rabi model. As proven in the
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general case, our procedure will reproduce the same results as
the Floquet-Magnus expansion but will also yield an explicit
bound on the corresponding error on the dynamics.

A. Derivation of the Bloch-Siegert Hamiltonian

We aim to find a time-independent effective Hamiltonian
Heff approximating the evolution generated by the Hamilto-
nian Ĥ (t ) in the rotating frame up to order O(ω−1). To this
end, we use the formula (11) for H1(t ) = Ĥ (t ) and H2(t ) =
Heff and consider the expansion

Heff,1 = H (0)
eff + 1

ω
H (1)

eff . (36)

We will determine the operators H (0)
eff and H (1)

eff by imposing
the condition (16) for L = 1 to be satisfied. We list explicit
expressions for all relevant quantities in formula (11). Direct
computations yield

Kt (S
(0)
t ) = Ĥ (t ) − Heff,1

= g

2
X + g

2
[cos(2ωt )X − sin(2ωt )Y ]

− H (0)
eff − 1

ω
H (1)

eff , (37)

S(1)
t (t ) =

∫ t

0
ds

[
Ks

(
S(0)

s

) − Ks
(
S(0)

s
)]

= g

4ω
{sin(2ωt )X − [1 − cos(2ωt )]Y }, (38)

Kt (S
(1)
t (t )) = Ĥ (t )S(1)

t (t ) − S(1)
t (t )Heff,1

= g2

4ω
sin(2ωt )1 − g

4ω2
{sin(2ωt )X

− [1 − cos(2ωt )]Y } H (1)
eff , (39)

S(2)
t (t ) =

∫ t

0
ds

[
Ks

(
S(1)

s

) − Ks
(
S(1)

s
)]

= g2

8ω2
[1 − cos(2ωt )]1

− g

8ω2
{[1 − cos(2ωt )]X + sin(2ωt )Y } H (0)

eff

− g

8ω3
{[1 − cos(2ωt )]X + sin(2ωt )Y } H (1)

eff .

(40)

With these quantities in hand, we thus obtain

Ks
(
S(0)

s
) = g

2
X − H (0)

eff − 1

ω
H (1)

eff . (41)

Our general condition (16) reads Ks(S
(0)
s ) = O(ω−1), which

we achieve by setting

H (0)
eff = g

2
X. (42)

As expected, this is the standard RWA for the semiclassical
model. To derive the higher-order effective model, we like-
wise look at the next order ω−1 and require it to vanish as

well. We get contributions from the first two terms

Ks
(
S(0)

s
) − iKs

(
S(1)

s
)

= g

2
X − H (0)

eff − 1

ω
H (1)

eff − ig

4ω
Y H (0)

eff − ig

4ω2
Y H (1)

eff . (43)

By using H (0)
eff = g

2 X , the condition (16) for L = 1 yields

H (1)
eff = −g2

8
Z. (44)

To summarize, at the first two iterative orders, our techniques
precisely yield the RWA Hamiltonian and the Bloch-Siegert
Hamiltonian,

HRWA = Heff,0 = g

2
X (45)

and

HBS = Heff,1 = g

2
X − g2

8ω
Z, (46)

compatibly, as expected, with the Floquet-Magnus expansion.

B. Error bound between the evolutions

As already mentioned, our technique allows us to directly
establish analytic error bounds to the validity of the Bloch-
Siegert approximation, generalizing the results in Ref. [10],
where such a bound was provided for the RWA,

‖U (t ) − e−iHRWAt‖ � g

2ω

(
1 + g

2
t

)
. (47)

This is of crucial importance for determining the validity
of the approximation, as it provides insight into how an evolu-
tion generated by an effective Hamiltonian diverges from the
original evolution over the time and, importantly, clarifies the
parameter regime within which the approximation holds.

To this purpose, we consider Eq. (11) with H1(t ) = Ĥ (t ),
H2(t ) = HBS, and L = 1. We take norms on both sides of
Eq. (11) and bound the distance between the evolutions

by combining supt ‖∑L+1
k=1 (−i)kS(k)

t ‖, ‖∑L
k=0(−i)kKs(S

(k)
s )‖,

and sups ‖Ks(S(L+1)
s )‖ via the triangle inequality. We get the

following bound in the case of resonant driving (ω = ω0):

‖U (t ) − e−iHBSt‖

� g

2ω

√
1 + 3g2

16ω2
+ g4

256ω4
+ 3g3t

32ω2

(
1 + g2

24ω2

)
. (48)

In Appendix B, we provide a Mathematica script which
automatically computes the effective Hamiltonian Heff,L and
the quantities relevant for the estimation of the distance.
As expected, the error bound goes to zero as ω → ∞, thus
rigorously certifying the validity of the Bloch-Siegert approxi-
mation. Similar to the bound for the RWA derived in Ref. [10],
this bound consists of a time-independent term, which dom-
inates for small t , and a term which increases linearly with
t , eventually rendering the bound trivial at sufficiently large
times. In both regimes, the bound outperforms the one for
the RWA both as g → 0 and as ω → ∞, as both parameters
appear in Eq. (48) in higher powers.
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A bound for nonresonant driving with δ = ω0 − ω can also be derived using our method:

‖U (t ) − e−iHBSt‖

� g

2ω

√(
1 − δ

2ω

)2

+ 3g2

16ω2

(
1 − 2δ

3ω
+ δ2

12ω2

)
+ g4

256ω4
+ g3t

32ω2

√
1 + 4δ2

g2

+ g3t

16ω2

√
9 + 4δ

ω
+ 4δ2

ω2
+ δ3

2ω3
+ δ4

16ω4
+ g2

8ω2

(
5 + δ

ω
+ δ2

4ω2

)
+ g4

256ω4
+ 4δ2

g2

(
7 + 4δ2

g2
+ δ

ω
+ 3δ2

4ω2

)
. (49)

This bound is valid for −1 < δ/ω � 2(5 − 2
√

5).
Note that we always have δ/ω = ω0/ω − 1 > −1 since

ω0, ω > 0. We also note that this bound does not reduce to the
bound (48) in the limit δ → 0. This is because we employed
an upper bound on sups ‖Ks(S(L+1)

s )‖ to get the bound (49)
while we estimated sups ‖Ks(S(L+1)

s )‖ precisely to get the
bound (48).

C. Numerical comparison between Bloch-Siegert and RWA

We now proceed to compare the evolutions induced by the
semiclassical Rabi model and its Bloch-Siegert approximation
numerically. In general, higher-order effective Hamiltonians
are expected to provide more accurate approximations by
capturing finer details of the original interaction. Accordingly,
one would expect that the Bloch-Siegert will generate a closer
dynamics to the exact evolution than the RWA. In fact, as
shown in Fig. 1, this is not the case: The RWA shows lower
error than the Bloch-Siegert Hamiltonian, even over longer
timescales.

It is insightful to examine the dynamics at stroboscopic
times, i.e., at integer multiples of the driving period, as the
Bloch-Siegert Hamiltonian is constructed to closely approxi-
mate the exact evolution at those exact times [see Eq. (18)].
Indeed, as shown in Fig. 2, the Bloch-Siegert Hamiltonian
outperforms the RWA at early stroboscopic times. However,
as illustrated in Fig. 1, its accuracy deteriorates over longer

FIG. 1. Numerical distance (in the operator norm) between the
exact evolution generated by the semiclassical Rabi Hamiltonian and
the evolutions of the RWA (green) and Bloch-Siegert (blue) Hamil-
tonians for large times. We set g = 1 and ω = 5 for the numerics.

times, and eventually, it performs worse than the RWA even at
those times.

As we will see, in order to effectively improve the RWA,
we will need to go to the third-order effective Hamiltonians,
which will be shown to outperform the RWA both analytically
and numerically.

IV. BEYOND THE SECOND ORDER

Previously, it was observed that the evolution governed
by the Bloch-Siegert Hamiltonian does not exhibit improved
dynamics compared to the RWA Hamiltonian, even over
longer time scales. This result appears counter-intuitive. To
investigate this further, we derive the third-order effective
Hamiltonian and establish its bound in the resonant case,
enabling a detailed comparison of its behavior with the RWA
and Bloch-Siegert Hamiltonians.

A. Third-order effective Hamiltonian

As in the previous section, we use the iterative integration-
by-parts method to derive the third-order Hamiltonian.
Coming back to the resonant case δ = 0, we search for an
effective Hamiltonian Heff,2 in the form

Heff,2 = H (0)
eff + 1

ω
H (1)

eff + 1

ω2
H (2)

eff . (50)

FIG. 2. Numerical distance (in the operator norm) between the
exact evolution generated by the semiclassical Rabi Hamiltonian and
the evolutions of the RWA (green) and Bloch-Siegert (blue) Hamil-
tonians for short times. We set g = 1 and ω = 5 for the numerics.
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We first calculate the following quantities:

Kt
(
S(0)

t

) = g

2
X − H (0)

eff − 1

ω
H (1)

eff − 1

ω2
H (2)

eff , (51)

Kt
(
S(1)

t

) = g

4ω
Y H (0)

eff + g

4ω2
Y H (1)

eff + g

4ω3
Y H (2)

eff , (52)

Kt
(
S(2)

t

) = g3

32ω2
X − g2

8ω2
H (0)

eff + g

8ω2
XH (0)2

eff − g2

8ω3
H (1)

eff

+ g

8ω4
XH (1)2

eff − g2

8ω4
H (2)

eff + g

8ω6
XH (2)2

eff . (53)

From the discussion in the previous section, we can identify
the first two terms as H (0)

eff = g
2 X and H (1)

eff = − g2

8 Z . To deter-
mine H (2)

eff , we impose the condition (16) for L = 2. Since

2∑
k=0

(−i)kKs
(
S(k)

s
) = − 1

ω2
H (2)

eff − g3

32ω2
X + O(ω−3), (54)

the condition (16) for L = 2 requires

H (2)
eff = − g3

32
X. (55)

Collecting the three terms, we get

H3rd = Heff,2 = g

2
X − g2

8ω
Z − g3

32ω2
X. (56)

As expected, this coincides with the third-order approxima-
tion obtained by the Floquet-Magnus expansion. See, for
instance, Ref. [9].

B. Error bound and numerical comparison
between different orders

Having identified H3rd, we can estimate a quantitative
bound on the distance between the effective evolution and
the exact one. To this purpose, we consider Eq. (11) with
H1(t ) = Ĥ (t ), H2(t ) = H3rd, and L = 2. We take norms on
both sides of Eq. (11) and bound the distance between the
evolutions in the same way as done for the bound in Eq. (48)
to get

‖U (t ) − e−iH3rdt‖ � g

2ω

√
1 + 5

( g

4ω

)2
+ 4

( g

4ω

)4
−

( g

4ω

)6
+ 13

( g

4ω

)8
− 6

( g

4ω

)10
+

( g

4ω

)12

+ g4t

2(4ω)3

[√
1 +

( g

4ω

)2
+ 2

( g

4ω

)4
+

( g

4ω

)6

+ 2

√
1 − 3

( g

4ω

)2
+ 14

( g

4ω

)4
− 19

( g

4ω

)6
+ 18

( g

4ω

)8
− 7

( g

4ω

)10
+

( g

4ω

)12
]
. (57)

This bound is valid for g/ω < 2
√

2.
We complete this analysis by also providing a numerical

comparison between the evolutions generated by the three

FIG. 3. Numerical distance (in the operator norm) between the
exact evolution generated by the semiclassical Rabi Hamiltonian and
the evolutions of the RWA (green), Bloch-Siegert (blue), and third-
order (red) effective Hamiltonians for large times. We set g = 1 and
ω = 5 for the numerics. Additionally, the bounds for each of these
effective Hamiltonians are shown as dashed lines.

effective Hamiltonians and the exact one. Figures 3 and 4
summarize our analytical and numerical results. While the

FIG. 4. Log-log plot of the distance (in the operator norm)
between the exact evolution generated by the semiclassical Rabi
Hamiltonian and the evolutions generated by the RWA (green),
Bloch-Siegert (blue), and third-order (red) effective Hamiltonians for
large times. We set g = 1 and t = 100 for the numerics. Additionally,
the bounds for each of these effective Hamiltonians are shown as
dashed lines.
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FIG. 5. Numerical distance (in the operator norm) between the
exact evolution generated by the semiclassical Rabi Hamiltonian
and the evolutions of the RWA (green), Bloch-Siegert (blue), and
third-order (red) effective Hamiltonians for times in multiples of the
period. We set g = 1 and ω = 5 for the numerics.

bounds become loose over time, they reproduce the correct
scaling in the frequency ω asymptotically. We can see that the
dynamics generated by the third-order effective Hamiltonian
H3rd effectively outperforms both the RWA and Bloch-Siegert
Hamiltonians. This is more clearly shown in Fig. 5, where
we evaluate only the errors at multiples of the period. As
discussed in the previous section, the Bloch-Siegert dynam-
ics initially outperforms the RWA at these times, but its
validity eventually deteriorates. By contrast, the dynamics
generated by H3rd consistently outperforms both over very
large timescales. This highlights the significance of the third-
order effective Hamiltonian, which not only provides a tighter
bound but also delivers more stable dynamics, with the error
remaining better compared to the others for longer times. This
numerical analysis extends naturally to higher-order effective
models. At the fourth order, simulations indicate that the
dynamics closely tracks the third-order approximation for a
substantial time window but eventually deviates more sig-
nificantly. Therefore, the third-order model ultimately yields
better long-time accuracy, much like the RWA outperforming
the Bloch-Siegert Hamiltonian. This suggests the presence of
a potential even-odd effect in the semiclassical Rabi model:
The (2k − 1)th-order approximations may maintain accuracy
over longer timescales than their (2k)th-order counterparts.
This is likely a model-specific effect not captured by our gen-
eral bounds, thus highlighting the importance of combining
analytical estimates with numerical insights to identify the
most effective approximation schemes in practice.

V. CONCLUSION

In this paper we developed a method based on the
integration-by-parts lemma to derive nonperturbative effec-
tive Hamiltonians up to arbitrary order. Our method enables
derivation of explicit error bounds between the original and ef-
fective Hamiltonians. The method produces exactly the same
effective Hamiltonians as of the Floquet-Magnus expansion,

enabling us to find rigorous and quantitative bounds to its
error at any order. Importantly, our bounds do not require the
Magnus expansion to converge.

We applied our method to compute the Bloch-Siegert
Hamiltonian from the Rabi Hamiltonian, established a rig-
orous and quantitative bound to the corresponding error in
the dynamics, and also provided a numerical study of the
performances of both approximations. Surprisingly, the latter
analysis showed that over long times, the RWA Hamilto-
nian outperforms the Bloch-Siegert Hamiltonian, despite the
latter being a higher-order approximation. Only for shorter
times does the Bloch-Siegert perform better at multiples of
the driving period. To deepen our analysis, we derived the
third-order effective Hamiltonian, computed its error bound,
and compared its dynamics with the Bloch-Siegert and RWA
Hamiltonians. Our analysis shows that the third-order Hamil-
tonian outperforms both and offers greater stability over
longer times. Additionally, its error bound is significantly
tighter, demonstrating more accuracy.

This work presents a framework for deriving an effective
Hamiltonian for arbitrary orders and analyzing errors between
effective and original evolutions across arbitrary times t and
coupling strengths g. Importantly, we showed that the er-
ror converges to zero as the driving frequency ω increases,
confirming the validity of the approximations in the high-
frequency regime. By explicitly deriving error bounds, our
method offers a powerful tool for assessing the validity of
effective Hamiltonians in diverse quantum systems. These
findings are highly relevant for the advancement of future
quantum technologies, where precise error quantification is
critical for ensuring accuracy, scalability, and reliability.

Future research will be devoted to generalizing the frame-
work presented here to unbounded Hamiltonians. Importantly,
this would allow us to improve the results in Refs. [11,12] by
deriving higher-order effective Hamiltonians for the quantum
Rabi model possibly outperforming the standard RWA.
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APPENDIX A: PROOF OF EQ. (30)

In this appendix we provide a proof of Eq. (30). To this end,
consider two operator-valued functions R 
 λ �→ A(λ), B(λ),
with A(λ) and B(λ) being bounded self-adjoint operators
for every λ. We also assume that the two functions λ �→
A(λ), B(λ) are operator norm continuous and that A(0) =
B(0) = 0. Define UA(λ) = eiA(λ) and UB(λ) = eiB(λ). We claim
that, for every 0 < ε < π , a C > 0 and r > 0 exist such that,
for every |λ| < r,

‖A(λ) − B(λ)‖ � C‖UA(λ) − UB(λ)‖. (A1)

The case considered in the main text is thus covered by setting
λ := �−1.

To prove Eq. (A1), first note that, since λ �→ A(λ), B(λ) are
norm continuous and A(0) = B(0) = 0, an r > 0 exists such
that, for every |λ| < r,

‖A(λ)‖ < ε, ‖B(λ)‖ < ε. (A2)

In particular, the spectra of A(λ) and B(λ) are entirely con-
tained in the segment [−ε,+ε]. Consequently, the spectra
of UA(λ) and UB(λ) are contained inside the arch {eiθ : θ ∈
[−ε,+ε]}. Furthermore, we have

A(λ) = −i ln UA(λ), B(λ) = −i ln UB(λ), (A3)

where ln(·) is the principal branch of the complex logarithm
function, whose branch cut is on the negative real axis and
thus does not intersect the spectra of the two unitaries UA(λ)
and UB(λ). By using the Riesz-Dunford functional calculus
(see, e.g., Ref. [47]), we can write these logarithms as complex
integrals:

ln UA(λ) = 1

2π i

∮
�

ln z [z − UA(λ)]−1 dz,

ln UB(λ) = 1

2π i

∮
�

ln z [z − UB(λ)]−1 dz, (A4)

where � is any positively oriented closed curve that winds
once around the arc {eiθ : θ ∈ [−ε,+ε]} containing the spec-
tra of both unitaries UA(λ) and UB(λ) and stays away from the
negative real axis. As such,

A(λ) − B(λ)

= −i ln UA(λ) + i ln UB(λ)

= − 1

2π

∮
�

ln z {[z − UA(λ)]−1 − [z − UB(λ)]−1} dz

= − 1

2π

∮
�

ln z [z − UA(λ)]−1[UA(λ) − UB(λ)]

× [z − UB(λ)]−1 dz, (A5)

where the second resolvent formula was used in the last step.
Taking norms,

‖A(λ) − B(λ)‖ � 1

2π
‖UA(λ) − UB(λ)‖

∮
�

|ln z|

× ‖[z − UA(λ)]−1‖‖[z − UB(λ)]−1‖|dz|.
(A6)

Let d� be the smallest value of the distance between the
curve � and the spectra of UA(λ) and UB(λ) (we chose �

so that d� > 0). Then, the resolvents of UA(λ) and UB(λ)
satisfy

‖[z − UA(λ)]−1‖ � 1

d�

,

‖[z − UB(λ)]−1‖ � 1

d�

. (A7)

Furthermore, as � is a finite path and ln is continuous on
it, M� ≡ maxx∈� |ln z| < ∞. Therefore, by Eq. (A6) and the
latter inequalities,

‖A(λ) − B(λ)‖ � M�

2πd2
�

(∮
�

|dz|
)

‖UA(λ) − UB(λ)‖

= M�|�|
2πd2

�

‖UA(λ) − UB(λ)‖, (A8)

where |�| is the (finite) length of the path �, thus proving the
claimed inequality with C = M�|�|/(2πd� )2.

APPENDIX B: MATHEMATICA SCRIPT FOR COMPUTING
EFFECTIVE HAMILTONIANS AND EVALUATION

OF ERROR BOUNDS

We present here a Mathematica script implementing the
method presented in this paper for deriving effective Hamil-
tonians. The script is capable of computing the terms of
the effective Hamiltonian to arbitrary orders and generates
all necessary expressions for estimating error bounds be-
tween the dynamics governed by the effective and original
Hamiltonians.

1. Computation of the S(k)
t , Kt (S

(k)
t ), and H (k)

eff terms

The first part of the code computes the integrated action
S(k)

t , the functions Kt (S
(k)
t ), and the H (k)

eff terms that constitute
the effective Hamiltonians.
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(* Define the time -dependent periodic Hamiltonian here: H(t)=H(t+T) *)

H[t_] := ;

CC[t_] = -I H[t];

(* Define period T and \[ CapitalOmega] in terms of the oscillation frequency
from the Hamiltonian *)

T = ;
\[ CapitalOmega] = 2 \[Pi]/T;

(* Generate basis matrices of arbitrary dimensions *)
Clear[GeneratePositionBasisMatrices]
GeneratePositionBasisMatrices[d_] :=

Module [{ basisMatrices , mat , i, j},
basisMatrices = {};
For[i = 1, i <= d, i++,
For[j = 1, j <= d, j++,

mat = ConstantArray [0, {d, d}];
mat[[i, j]] = 1;
AppendTo[basisMatrices , mat]

];
];
basisMatrices

];

(* Set dimension d *)
d = Length[CC[t]];
basisMatrices = GeneratePositionBasisMatrices[d];
Id = IdentityMatrix[d];

(* Set the order of approximation here. This also sets the number of iteration
for the integration by parts *)

(* Set order of approximation *)
L = 1;
(* Set assumptions on variables g, \[ Omega], t, \[ CapitalOmega] *)
Assumptions = {Array[v, d^2 - 1, Complex ]};

(* Variables for iterative calculation *)
Clear[S, K, Kav , SumKav , Dterms]
(* Note that Dterms = -i H_{eff , L} *)
Dterms = {ConstantArray [0, {d, d}]};

(* Iterative procedure *)
For[l = 0, l <= L, l++,
Print ["\n"];
Print ["* l = ", l];
AppendTo[Dterms , -I 1/\[ CapitalOmega ]^l (Array[v, d^2] . basisMatrices)];
Print[" Dterms = ", Dterms ];
DD = Sum[\[ Lambda ]^j Dterms [[j + 1]], {j, 0, l + 1}];
(* Initialize S and K *)
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S = {Id};
K = {\[ Lambda] CC[t] - DD};
Kav = {};
For[j = 0, j <= l, j++,
KK[t_] = K[[j + 1]];
(* AVERAGING: Express immediately in terms of \[ CapitalOmega] *)
AppendTo[Kav , (1/T) Integrate[KK[u], {u, 0, T}]];
KKav = Kav[[j + 1]];
(* Update S and K *)
AppendTo[S, Integrate[KK[s] - KKav , {s, 0, t}]];
AppendTo[K, \[ Lambda] CC[t] . S[[j + 2]] - S[[j + 2]] . DD];

];
SumKav = Sum[Kav[[j + 1]], {j, 0, l}];
SeriesKav = Series[SumKav , {\[ Lambda], 0, l + 1}] // FullSimplify;

Print ["\!\(\* UnderoverscriptBox [\(\[ Sum]\), \(j = 0\), \
\(l\)]\) \!\(\* OverscriptBox[SuperscriptBox [\(K\), \((j)\)], \
\(_\)]\) = ", SeriesKav ];

Sol = Solve[
Flatten[Table[SeriesCoefficient[SeriesKav [[i, j]], l + 1], {i, 1, d}, {j, 1,

d}]] == Flatten[ConstantArray [0, {d, d}]], Array[v, d^2]];

Print["Sol = ", Sol];
Print ["\n"];

Dterms = Dterms /. Flatten[Sol] // FullSimplify;

Print ["\!\(\* SuperscriptBox [\(D\), \((j)\)]\) = ", Dterms ];

Kav = Kav /. Flatten[Sol] // FullSimplify;

Print ["\!\(\* OverscriptBox[SuperscriptBox [\(K\), \((j)\)], \(_\)]\) = ",
Kav /. {\[ Lambda] -> 1} // FullSimplify ];

K = K /. Flatten[Sol] // FullSimplify;

Print ["\!\(\* SuperscriptBox [\(K\), \((l + 1)\)]\) = ",
K[[(l + 1) + 1]] /. {\[ Lambda] -> 1} // FullSimplify ];

S = S /. Flatten[Sol] // FullSimplify;

Print ["\!\(\* SuperscriptBox [\(S\), \((j)\)]\) = ",
S /. {\[ Lambda] -> 1} // FullSimplify ];
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2. Computation of the error bound

In the next section of the code, the required norms of specific elements are computed to derive the explicit bound. In
some cases Mathematica may struggle to simplify the solution or evaluate the norm of expressions such as

∑L+1
k=1 S(k)

t and∑L
k=0 Kt (S

(k)
t ) + Kt (S

(L+1)
t ). When this occurs, we apply the triangle inequality to obtain a simpler but less tight bound.

\* UnderoverscriptBox [\(\[ Sum ]\), \(j = 1\), \(l + 1\) ]\(S[\([j + 1]\) ]\)\)];

Print ["\!\(\* UnderoverscriptBox [\(\[ Sum]\), \(j = 1\), \(l + 1\)]\)\
\!\(\* SuperscriptBox [\(S\), \((j)\)]\)=",
ES /. {\[ Lambda] -> 1} // FullSimplify ];

Print ["=", Series[ES, {\[ Lambda], 0, l + 2}] // FullSimplify ];

ET1 = FullSimplify [\!\(
\* UnderoverscriptBox [\(\[ Sum ]\), \(j = 0\), \(l\)]\( Kav [[\(j + 1\) \(]\) ]\)\)];

ET2 = FullSimplify[K[[(l + 1) + 1]]];

ET = FullSimplify[ET1 + ET2];

Print ["\!\(\* UnderoverscriptBox [\(\[ Sum]\), \(j = 0\), \(l\)]\)\
\!\(\* OverscriptBox[SuperscriptBox [\(K\), \((j)\)], \(_\)]\) + \
\!\(\* SuperscriptBox [\(K\), \((l + 1)\)]\)=",
ET /. {\[ Lambda] -> 1} // FullSimplify ];

Print ["=", Series[ET, {\[ Lambda], 0, l + 2}] // FullSimplify ];

Print["Norm [\!\(\* UnderoverscriptBox [\(\[ Sum]\), \(j = 1\), \(l + 1\)]\)\
\!\(\* SuperscriptBox [\(S\), \((j)\)]\)]=",
FullSimplify[Norm[ES /. {\[ Lambda] -> 1}]]];

Print["Norm [\!\(\* UnderoverscriptBox [\(\[ Sum]\), \(j = 0\), \(l\)]\)\
\!\(\* OverscriptBox[SuperscriptBox [\(K\), \((j)\)], \(_\)]\)]=",
FullSimplify[Norm[ET1 /. {\[ Lambda] -> 1}]]];

Print["Norm [\!\(\* SuperscriptBox [\(K\), \((l + 1)\)]\)]=",
FullSimplify[Norm[ET2 /. {\[ Lambda] -> 1}]]];

Print["Norm [\!\(\* UnderoverscriptBox [\(\[ Sum]\), \(j = 0\), \(l\)]\)\
\!\(\* OverscriptBox[SuperscriptBox [\(K\), \((j)\)], \(_\)]\) + \
\!\(\* SuperscriptBox [\(K\), \((l + 1)\)]\)]=",
FullSimplify[Norm[ET /. {\[ Lambda] -> 1}]]];
]

(* Terms contributing to the error bound *)
Print ["\n"];

ES = FullSimplify [\!\(
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