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Edge correlations and link prediction in growing hypergraphs
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We propose a generative, mechanistic model of temporally evolving hypergraphs in which hyperedges form
via noisy copying of previous hyperedges. Our proposed model reproduces several stylized facts from many
empirical hypergraphs, is learnable from data, and defines a likelihood over a complete hypergraph rather than
ego-based or other subhypergraphs. Analyzing our model, we derive asymptotic descriptions of the node degree,
edge size, and edge intersection size distributions in terms of the model parameters. We also show several features
of empirical hypergraphs which are and are not successfully captured by our model. We provide a scalable
stochastic expectation maximization algorithm with which we can fit our model to hypergraph data sets with
millions of nodes and edges. Finally, we assess our model on a hypergraph link prediction task, finding that an
instantiation of our model with just 11 parameters can achieve competitive predictive performance with large

neural networks.
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I. INTRODUCTION

Many complex systems are composed of simple compo-
nents participating in multiway interactions. Such systems—
often called higher-order networks [1] to distinguish them
from networks composed of only pairwise interactions—have
received much attention in recent years. Higher-order net-
works preserve richer structural information about a system
and therefore admit a broader array of measures, dynam-
ics, and algorithms than their pairwise counterparts [2—4].
Higher-order networks are frequently represented as either
hypergraphs or simplicial complexes [5]. Whether a given
system demands a higher-order representation, and which one
to choose, are subtle modeling questions [6] driven by both
the data analysis techniques to be used and the structure of the
data itself.

Hypergraphs are among the most flexible data structures
for representing higher-order networks. In hypergraphs, each
multiway interaction is represented by an edge consisting of a
set of nodes of arbitrary finite size. While simplicial complex
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representations require that every subset of every edge is also
present in the data, hypergraphs require no such stipulation.
Empirically, many hypergraphs come close to satisfying this
subset inclusion criterion, but many others do not [7]. While
many hypergraph data sets include only the memberships of
nodes in edges, other data sets may include node attributes [8],
directedness or generalized node-edge roles [9,10], and tem-
poral information about the arrival or duration of interactions
[11,12]. The latter case is often described under the heading of
temporal hypergraphs, and is our modeling focus in this paper.
Some examples of systems naturally represented by temporal
hypergraphs include group socializing, email communication,
and scholarly collaboration [13—15].

Models of temporal hypergraphs can both shed light on
the mechanisms underlying the evolution of higher-order net-
works and enable the prediction of future interactions. Our
modeling framework is motivated by a simple, fundamental
difference between hypergraphs and dyadic graphs. In dyadic
graphs, all edges contain two nodes (ignoring self-loops). Any
pair of edges can therefore intersect on zero, one, or two
nodes. The number of two-edge motifs [16] in undirected
graphs (in which self-loops are disallowed but multiedges are
allowed) is therefore three. In contrast, in hypergraphs, an
edge of size i may intersect with another edge of size j on a set
of any size k < min{i, j}. The number of possible two-edge
motifs in a hypergraph [17,18] with maximum edge-size k is
therefore O(k?), since the sizes of two edges, as well as the
size of the intersection can all be distinguished. A wide range
of intersection behavior is observed in empirical hypergraph
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data [19], at rates much higher than explained by simple null
models [20].

Several generative models have been proposed which pro-
duce large hypergraph edge intersections [21]. The model
of Lee, Choe, and Shin [19] reproduces several empirical
intersection patterns in a hypergraph with specified edge-size
and node degree distributions. Because these features of the
data are specified in advance, the model is statistically gen-
erative but does not model mechanistic evolution in growing
hypergraphs. The correlated repeated unions (CRU) model of
Benson, Kumar, and Tomkins [22] is an explicitly mechanistic
and temporal hypergraph model: arriving edges are formed
as unions of noisy copies of previous edges. Copy models
have a rich history in network science, serving, for example,
as an early alternative to preferential attachment as a mech-
anistic explanation for heavy tails in the degree sequences
of dyadic graphs [23-26]. The CRU model is designed to
generate hypergraphs in which the same subsets of nodes
appear in multiple edges. This model, however, is designed
for subsampled hypergraphs which may be viewed as single
“sequences of sets.” Applying the model to a full hypergraph
dataset requires the researcher to subsample the data into one
or more such sequences; this limits the model’s ability to
describe hypergraphs in which seemingly disparate sequences
may merge, and also prevents the researcher from evaluating
a model likelihood on the complete data. Roh et al. [27]
details the degree distribution and edge-size distribution for
a model of growing hypergraphs with preferential linking in
which the evolution of the hypergraph is based entirely on
adding new nodes to current edges and nodes. Our proposed
model is perhaps most similar to the hypergraph preferential
attachment models proposed by Avin et al. [28] and Giroire
et al. [29] which involve several types of updates to the hy-
pergraph, such as isolated vertex addition and multiple types
of edge addition. In each timestep, one of these actions is
selected and performed. In contrast, our model involves a
single, multipart update step. In each timestep, a new edge
is formed as a noisy copy of an existing edge that was formed
at a prior time, supplemented with nodes existing elsewhere
in the hypergraph and novel nodes added after copying.

One way to validate a model of hypergraph growth is to
show that it reproduces macroscopic structural features ob-
served in empirical data. We further validate our model via
hyperedge link prediction: given observations of the hyper-
graph up to a specified time, we aim to predict which possible
new edges are likely to form in the future. The link prediction
task was first popularized for dyadic graphs [30]. The gen-
eralization of link prediction to hypergraphs was popularized
by Benson et al. [31] and has since received treatment from a
wide range of approaches [32-34], with techniques including
linear discriminative models [31], neural discriminative mod-
els [35], statistical generative models [36], and mechanistic
generative models [22,28,29,37]. Link prediction in hyper-
graphs has a broad range of applications. In collaboration
networks, predicting future collaborations among multiple en-
tities can aid in resource allocation and project planning [38].
In chemical networks, forecasting interactions among a set of
molecules can contribute to drug discovery and understanding
molecular processes [39]. In metabolic networks, predicting
reactants and products can facilitate the discovery of novel

metabolic pathways [32]. In logistics and supply chain man-
agement, predicting future connections in a hypergraph can
optimize the flow of goods and resources [40]. In social net-
works predicting future interactions can validate mechanistic
models of complex human social behavior [41]. In knowledge
hypergraphs, predicting unseen multiway relations can help
improve reasoning [42].

Our work is organized as follows. In Sec. II, we de-
scribe the model update and derive asymptotic descriptions
of the edge-size distribution, node degree distribution, and
edge intersection rates. The generative nature of this HCM
also provides a principled statistical framework for fitting and
evaluating model fit to data. However, because we do not
observe the identity of the edge which is (noisily) copied in
each timestep, direct optimization of the model likelihood
is intractable. Instead, we develop a stochastic expectation-
maximization algorithm [43] for the inference task. In Sec. 111,
we use stochastic expectation-maximization to fit our model
to 27 empirical hypergraphs of sizes spanning several or-
ders of magnitude. We also evaluate the fitted model on a
hyperedge prediction task with real-world hypergraphs, find-
ing competitive predictive performance benchmarking against
neural network methods [35,44]. despite the extremely low-
dimensional parameter space of the model. We close with dis-
cussion and suggestions for model generalizations in Sec. I'V.

II. METHODS
A. Hyperedge copy model (HCM)

Our proposed model generates a sequence of growing hy-
pergraphs. At each discrete timestep 7, let H® = (N©, £©)
be a hypergraph with node set N© and edge set £©.
Each hyperedge e € £@ is a named set of nodes e C N'®.
Multiedges—in which two distinctly named edges are equal
as sets—are permitted. The degree of node v in hypergraph
HD is dV = > ecew 1[v € €], the number of edges contain-
ing vin £O).

We consider only a single method of updating the hy-
pergraph from time ¢ to time ¢ 4 1, which consists of the
following four substeps:

(1) Edge selection: a single edge f is selected uniformly at
random (u.a.r.) from £®. Then, one node vy is selected u.a.r.
from f to seed the new edge e+,

(2) Edge sampling: the remaining nodes v € f\{vy} are
each included in e“*! independently with probability 1
[0, 1].

(3) Extant node addition: A nonnegative integer g is sam-
pled from a distribution which we express as a probability
vector y. We require that ¥ be an element of S*, where S*
is the set of probability vectors indexed O through k. The
choice of k gives the largest possible number of extant nodes
which can be added in a single update step. With a slight abuse
of notation, we write g ~ ¥ to denote this sampling process.
Then, g distinct nodes are selected u.a.r. from N ) and added
to e+,

(4) Novel node addition: a nonnegative integer b ~ f is
sampled, where again f is a probability vector, and b distinct
nodes are created and added to e+,

After forming ¢+, we define the updated hypergraph
HIHD = (NO U D g0y {e+D}), Algorithm 1 gives a
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FIG. 1. Schematic illustration of the edge generation process for our Hyperedge Copy Model (HCM). (a) Current hypergraph H®. (b)
Edge selection: An edge f is selected uniformly at random (u.a.r.) from £® and a node vy is selected u.a.r. from f to seed the new edge e“*1.
(c) Edge sampling: The remaining nodes v € f\{vo} are each selected i.i.d. with probability # for inclusion in e“*". (d) Extant node addition:
A number g ~ y is sampled. Then, a set of g distinct nodes is sampled u.a.r. from N\ f and added to ¢“*V. (e) Novel node addition: A
number b ~ B is sampled. Then, a set of b distinct nodes is created and added to both AN'“*1 and e“+V. (f) Edge e+ is added to £¢+1.

formalized summary of the model, and Fig. 1 gives a
schematic graphical illustration. The parameters of the model
are the copy probability n, the extant node distribution y, and
the novel node distribution B. For notational compactness, we
will use the vector @ = (5, y, B) to refer to the concatenation
of these three parameters. The total number of scalar parame-
ters of the model is 2k + 1.

ALGORITHM 1. Hyperedge copy model (HCM) update step.

Require: H® = (N(‘),S“‘)), nel0l],yeskpe
SE
e+ 10
Sample f ~ Uniform (5(”)
Sample v ~ Uniform (f)
e e U {vo}
for node v € f\ vo do

With probability 7, e « t+1 U {v}
> Extant node addition

> Edge selection

> Edge sampling

Sample g ~
Sample V' ~ Uniform (N(?\f)

et et yy

Sample b ~ 3 > Novel node addition
n < ‘Nm

NED  NO U {vpgr, . Ungs}

et ) {Vnt1,--, Unyb}

S+ o) | lt+D)
return H*HD = <N(t+1),5(t+1))

B. Asymptotic degree and edge-size distributions

We now derive several asymptotic properties of our pro-
posed HCM. We first derive the asymptotic mean edge size,
as well as a linear system describing the complete edge
size distribution. Let (k) be the mean edge size in H®. We
will compute this mean under an assumption of stationarity.
Each time an edge is constructed, there are in expectation
1 +n({k) — 1) nodes sampled in the edge sampling step, i,
nodes sampled in the extant node addition step, and (g nodes
sampled in the novel node addition step, where p. denotes
the mean of the corresponding distribution. At stationarity, we
therefore have the self-consistent equation

(ky =1+ n({k) = 1)+ pp + g, (D
from which it follows that, provided n < 1,
l—n+py+u
(k) = — TP 2)

I—n

When n = 1, the edge size is nonstationary and grows ar-
bitrarily large, as reflected in the divergence of Eq. (2). To
describe the edge size distribution, let W € R**¥ be the matrix
whose entry w;; gives the probability that the produced edge
e+ has size i given that the sampled edge f has size j. As
we show in Appendix C 2, the entries of W have closed-form
expressions in terms of the parameter vector 6:

j—1 i—¢

=33

£=0 h=0

. |
(’ , )n‘a—n)f“yhﬂ,-_z_h. 3)

The stationary distribution of edge sizes under our model is
then given by the Perron eigenvector of the matrix W. We
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give several examples of computing the stationary distribu-
tion of edge sizes for synthetic and empirical data sets using
Eq. (3) in Fig. 5. Turning now to the degree distribution, we
first calculate the mean degree (d). In any hypergraph of n
nodes and m edges, it holds that n{(d) = m(k). At large ¢, in
expectation m/n ~ 1/, since on average there are j1g nodes
added per new edge. Provided that n < 1 (so that (k) is finite),
we therefore have

d) = {k) = M 4)

I mp(l =)

Furthermore, the tails of the degree distribution are power-law
with an exponent that depends on the model parameters. In
Appendix C 1 we follow a derivation by Mitzenmacher [45] to
argue that, for large d, the proportion p,; of nodes with degree
d is approximated, for large d, by the power law p; o< d ¢,
where the exponent ¢ is given by

I —n+py+ ug
I—n(l—uy — up)

¢=1+ ®)
An intuitive explanation for the occurrence of a power law in
this context is that the edge selection and sampling steps of
the HCM choose nodes in proportion to the number of edges
in which those nodes are present; i.e., their degree. Degree-
proportional sampling is a classical mechanism for generating
power-law degree distributions [23,46]. We show examples of
the power law exponent predicted by our model in comparison
to synthetic and empirical data sets in Fig. 5.

C. Asymptotic edge intersection sizes

It is possible to compute the exact asymptotic structure of
the densities of pairwise intersections in our proposed model.
We express this structure in terms of the joint distribution

rip = pel =i |fl=jlenfl=klle>f), (6

where e > f indicates that edge e appears later than edge f.
We present a probabilistic argument in Appendix C 3 for a
claim describing the asymptotic structure of the intersection
sizes in our model. Under this claim, if By < 1, then there
exist constants g; jx such that, as the number of edges m grows
large:

(i) The intersection sizes r;j; are related to the constants
qijk aS

k=0,

otherwise.

gijk + O(m™")

m~'qijx + O(m™?) @

Tijk =

(ii) The constants g;jx can be computed as the entries of
the unique nonnegative eigenvector of a matrix C determined
by the parameters 5, y, and .

These asymptotics are illustrated in Fig. 2 on a large syn-
thetic hypergraph simulated according to the HCM. We show
the proportion r; = Zij rije of pairs of edges of any size
intersecting on a set of size k over time (left) and at the
final timestep (right), and compare these to the asymptotic
predictions of Eq. (7). The predictions agree closely with sim-
ulated values, matching both the m~! scaling and the predicted
intercepts.

O  Simulation
---- Theory

10 e - \ 103 |
. Tee Q
. — k=0 . ..'~ = \‘
£ 100 — k=1 \ 2 107 >
& o \ = ..
107 — k=3 \ 107
— k=4
w00 K3 107
k=6
k=7
1071 1011
10° 10! 102 10° 10* 10° 10°¢ 0 2 4 6
Timestep t Intersection size k

FIG. 2. Illustration of the edge intersection asymptotics given by
Eq. (7). We simulated an HCM for 10° timesteps with parameters
n = 0.3, B uniform on {1, 2}, and y uniform on {0, 1}. (Left): Scaling
of intersection size densities r; as a function of timestep ¢. Dotted
lines give empirical intersection rates. Solid lines for k > 1 give
the predicted scaling m~! Zi ; Gijks with g;jx computed as the entries
of the leading eigenvector for a matrix C determined by the model
parameters. Note the log-log axes. (Right): Proportion r; of pairs of
edges intersecting on a set of size k at the end of our simulation after
10° timesteps, compared with predictions obtained from Eq. (7).

D. Other asymptotic properties

Our HCM displays several other asymptotic structural
properties which differ from simpler models of evolving hy-
pergraphs (Fig. 3). We fit the HCM to the email-enron
dataset using the stochastic expectation-maximization (SEM)
algorithm described in the following section. We simulated
a synthetic hypergraph generated according to the model. We
also simulated two other synthetic hypergraphs: one generated
according to a temporal Erd6s-Rényi-type model (ER) that
replicates the edge-size distribution of the fitted HCM, as well
as a preferential attachment-type model (PA) which also repli-
cates the power law degree distribution. Details on these two
alternative models can be found in Appendix D. We measured
four structural properties of the empirical email-enron hy-
pergraph and the three synthetic hypergraphs: uniform degree
assortativity [20], clustering coefficient [47], edit simpliciality
[7], and edge intersections [7] (values shown in Fig. 3). In the
case of email-enron, we observe that the behavior of the
HCM is quite distinct from that of the ER and PA models. The
HCM replicates the degree assortativity less well than either
the ER or PA models and replicates the clustering coefficient
roughly as well as the ER model. For edit simpliciality and
intersection sizes, the HCM does not quantitatively capture
the correct measurement, but does qualitatively express that
these quantities are not asymptotically vanishing, in contrast
to the predictions by both the ER and PA models. We show
the same experiment on several other datasets in Fig. 9.

E. Inference via stochastic expectation maximization

We use maximum-likelihood estimation to learn the pa-
rameters 7, y, and f of our proposed HCM from a dataset
containing time-stamped hyperedges. The HCM has the struc-
ture of a latent-variable model: the edge ¢“*" that was
added in timestep ¢ + 1 is observed, but the edge f that was
sampled in the edge-selection step to generate ¢*! is not.
This structure lends itself naturally to optimization via the
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FIG. 3. Structural properties of the email-enron temporal hypergraph and three synthetic models. We note that assortativity is highly
dataset-dependent, and the behavior of different models changes drastically with different datasets. Specifically, for edge intersection size, we
observe that only HCM has demonstrated nondiminishing intersection sizes over time steps, as shown in the same experiment on several other

example datasets in Fig. 9.

expectation-maximization (EM) algorithm [48]. Let FU¢+D
be the true but unobserved edge that was sampled in the
edge-selection step. Given the observation of ¢+ and some
current estimate @ of the parameters, the probability that the
true FU+D was edge f is
P(E(t+1), F(t+1) — f,0)
P(et+D;0)

]P)(e(t+1), F(t+1) — f’o)

= Zf’ ]P)(e(tJrl)’ F@+D) — f/;g)

_ I[D(e(t+l)|F(t+l) = f;0)
X POFED = f1.0)°

P(F(Hrl) — f|€(t+1);0) —

where the final line follows because the selection of F (D=
in the HCM is uniform over the edge set £*). The proba-
bilities appearing in this final expression are determined by
Algorithm 1 and can be computed in closed form. The gen-
eral EM algorithm applied to the single observation of e+
proceeds by maximizing the expectation of the log-likelihood
with respect to a new parameter estimate, with the expecta-

tion taken with respect to P(FU+D = f | ¢¢*1;0), which we
now abbreviate p“*1(f; @) for notational compactness. In our
case, this maximization problem has a closed-form solution in
terms of the vector s of expected sufficient statistics of the dis-
tributions involved in sampling. This vector has components

si= Y pUOIf Net Y, ®)
-
2= P50\, ©)
f
Sy = Zp“*“(f;0)1[|e(’+1>\j\/(’)| — 1], (10)
f
see =2 P NEOUE N NN = 0. D

f

Once s is computed, the maximum likelihood estimates for the

parameters are
A S1 — 1 N N (12)
—_— —, —_— S , = s .
n= Si+s—1 Ye = 83,0 Be 4.0

Importantly, we are guaranteed that s; > 1 by the require-
ment of Algorithm 1 that [f Ne“ V| > 1 for all f with
ptD(f;0) > 0. In standard, full-batch EM, we would com-
pute averages of the expected sufficient statistics across the
entire sequence of new edges, and then use Eq. (12) to form
new parameter updates. We would then repeat this process
until convergence to a local maximum of the likelihood func-
tion, which is guaranteed by standard theory. For our setting,
however, the full-batch EM algorithm is infeasible due to the
computational cost of forming the distributions pU*V(f;8),
requiring summation over all ¢ edges that arrived prior to time
t 4 1. This sum thus includes order m terms for each timestep,
where m is the number of edges in the hypergraph, which is
computationally prohibitive for hypergraphs with m > 10* on
modern personal computers. We therefore instead consider a
stochastic variant of EM [43]. Starting from an arbitrary initial
vector §(0) of estimates of the expected sufficient statistics,
we update with an exponentially moving average. In each
algorithmic step t of stochastic EM, we sample an edge e
uniformly at random. We then construct the vector s(t) of
expected sufficient statistics from the observation of according
to Egs. (8) to (11). Next, we update §(t) according to

S(t+1)=01— p(x)8(7) + p(r)8(7).

Here, p(7) is a learning schedule that determines the rate of
update in the estimate of the expected sufficient statistics. The
running estimate (1) of the parameter vector @ is obtained
from Eq. (12), using §(7) in place of s. We use a learning
schedule p(tr) = t~! and terminate the algorithm when the
relative change in the estimate of 1 between the most recent
100-step windows falls below 10~2. Although the above pro-
cedure is described for temporal hypergraphs, we also apply
the same stochastic EM approach to nontemporal hypergraphs
by imposing a randomized pseudo-temporal ordering. Specif-
ically, we randomly assign edges to synthetic time steps and
ensure that no edge is selected more than once in the sampling
process, thereby mimicking the temporal structure assumed
in the model. This allows us to perform likelihood-based in-
ference by treating the randomized sequence as input to the
same generative model. Although the temporal structure is
synthetic, the parameters estimated in this manner still allow
us to assign meaningful likelihood scores to observed edges,
enabling tasks such as link prediction in nontemporal settings.
We emphasize that while this randomized ordering permits

13)

024305-5



HE, CHODROW, AND MUCHA

PHYSICAL REVIEW E 112, 024305 (2025)

1.0 1.0
0.8 Ya 0.8
0.6 L4 0.6
<
0.4 0.4
0.2 > 0.2
Y4
1078 105 102 107 10°¢ 10° 10° 1072
log(ug)

threads-stack-overflow
congress-bills

coauth-dblp Y
coauth-mag-geology

Y A coauth-mag-history contact-high-school
dawn contact-primary-school
) disgenenet email-enron

diseasome email-eu
kaggle-whats-cooking hospital-lyon
ndc-classes hypertext-conference
ndc-substances invs13

> ® tags-ask-ubuntu invs15

LT Vv tags-math-sx malawi-village
101 100 A tags-stack-overflow science-gallery
log(,) <« threads-ask-ubuntu sfhh-conference
»  threads-math-sx

FIG. 4. Visual summary of parameters obtained by SEM fits of our HCM to empirical hypergraphs. We show 7 and the expectations
ug = ;ifiand p, =Y, iy;. We use linear scale for 5 and log scale for ug and p,. When fitting the model using SEM, the default length k
of B and p is set to be equal to the largest edge size in the corresponding empirical hypergraphs. Coauthorship datasets are shown in orange;
biological datasets in pink; information datasets in green, and social interaction datasets in blue.

parameter estimation and link scoring, metrics which rely
on true temporal dynamics are only applicable for genuinely
time-resolved data.

III. RESULTS
A. SEM-HCM on empirical data

We used SEM to fit our HCM to 27 empirical hypergraphs
provided by the XGI package for Python [49]. Clock-times
to convergence ranged from 1.6 seconds in the case of the
diseasome dataset (516 nodes and 903 edges) to 2.9 x 10*
seconds (8 hours) for the threads-stack-overflow dataset
(2.7 x 10% nodes and 1.1 x 107 edges). We give convergence
times and more detailed descriptions of learned parameters in
Table III.

Figure 4 summarizes the parameters obtained by SEM fits
of our HCM to empirical hypergraphs. We group the datasets
into four broad categories: coauthorship, biological, informa-
tion, and social interaction. The social interaction networks
in our dataset have very high rates n of edge-copying, along
with relatively low rates of extant or novel node addition.
Coauthorship networks tend to display lower rates of edge-
copying and higher rates of extant and novel node addition.
Biological and information networks display less clear pat-
terns, with different networks in these categories displaying
very different estimated parameter values. On the whole, most
datasets exhibit seemingly small values of u,,, consistently be-
low one, indicating low rates of adding extant nodes elsewhere
in the hypergraph to the edge being copied. The kaggle and
disgenenet graphs, however, stand out as outliers among the
larger hypergraphs, introducing substantial numbers of new
nodes at each timestep.

As one form of validation, we compare the actual degree
and edge-size distributions of several datasets to the asymp-
totic descriptions provided by Egs. (3) and (C7), using the
parameters obtained by SEM. We show this comparison in
Fig. 5. We show the slope corresponding to the power-law
exponent for the degree-distribution of the HCM as well as
the complete modeled distribution of edge sizes. We find
rough qualitative agreement in both cases, despite the small
number of parameters that the HCM uses to describe each
dataset. This appears true despite the considerable variety of
network structures shown. Different empirical hypergraphs
may exhibit quite different edge-size distributions: some, like

congress-bills, have a small number of nodes but very
large edges (see Table I below for sizes of each dataset), while
others, like tags—-ask-ubuntu, have much larger numbers of
nodes but much smaller edges. The parameters from the SEM-
HCM fit approximate the degree and edge-size distributions
for these very different empirical hypergraphs.

B. Link prediction on empirical networks

We now use our proposed HCM to perform link prediction
on the empirical hypergraphs. At any given time, the HCM
assigns a probability that any given candidate edge will indeed
be formed in the next timestep. We can therefore perform link
prediction by predicting that high-probability candidates will
be formed and that low-probability candidates will not.

A challenge in most link prediction contexts is the absence
of true negative samples for training and evaluation. Because
our model “training” is simply the SEM algorithm described
above, we do not need negative samples for training; we do,
however, still need them for evaluation. We therefore form
a collection of negative examples by sampling nonrealized
edges to match the degree distribution and edge-size distri-
bution of each empirical network. To do this, we draw the size
for each created negative edge according to the same empirical
edge-size distribution of the (positive) edges while sampling
nodes to be included in the negative set based on the node
degree distribution. To maintain balanced classes, we generate
as many negative examples as there are positive examples. In
each dataset, we use 20% of the observed (positive) edges to
perform SEM. We fit our model using two distinct types of
training data. When timestamped data is available, we take
the first 20% of edges as training data. However, for each
dataset, we also fit on a uniformly random subset of 20% of
the training data, which is not temporally contiguous. We use
this strategy to assess the effectiveness of our model, which
has explicit temporal structure, for settings in which no em-
pirical timestamps are available. To assess the models trained
under each condition, we combine the positive and negative
examples and compute the probability of each candidate being
realized under the HCM.

We consider a positive prediction to be a candidate with
modeled probability above the median. Because the model
outputs a likelihood score (rather than a binary decision), we
convert it into a binary label by using a threshold: we take
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FIG. 5. Degree distributions and edge-size distributions for one synthetic HCM with 10° edges and three empirical datasets: ndc-classes,
email-enron, and tags-ask-ubuntu. In the top row, dashed lines indicate the exponent of the power-law describing the asymptotic degree
distribution using parameters inferred via SEM and Eq. (C7). In the bottom row, the dashed curve gives the modeled asymptotic edge-size
distribution using inferred parameters to compute the matrix W described by Eq. (3) and its associated Perron eigenvector. For the synthetic
hypergraph (first column), the true parameters are used to construct the approximations and no inference is performed. The ndc-classes and
email-enron edge-size distributions have been truncated for visualization purposes.

the median score of the predictions over the training data
as a cutoff. This is necessary because the likelihood values
produced by the model can be extremely small in practice
(e.g., on the order of 1072 or lower for edges that are highly
unlikely or infeasible), and using an absolute threshold would
not provide meaningful separability. Using this threshold, we
classify candidates as positive if their modeled likelihood
exceeds the median and as negative otherwise. While the
binary threshold is used to compute F1, the area under the
receiver-operating characteristic curve (AUC) score is calcu-
lated by ranking candidates by their raw likelihood scores
and evaluating the model’s ability to separate positive from
negative examples across all thresholds. This is possible be-
cause our model outputs a continuous score for each candidate
edge.

From the model’s predictions, we compute AUC and F1
scores. These scores are shown in Table I, with the (t) columns
indicating the use of temporal information for model fitting.
We use a maximum of 103 edges as positive examples for
evaluation; for temporally trained models we use edges im-
mediately following the training set, while in nontemporally
trained models we use up to 10° edges sampled uniformly at
random. There were two extremely dense datasets (dawn and
tags-stack-overflow) in which we were able to perform
inference via SEM but not able to perform link prediction
due to the computational expense of computing the marginal
log-likelihood of a candidate edge. In such hypergraphs, the
number of candidate edges f which could have generated
a new edge e is very large, leading to many terms in the
marginal log-likelihood which must be computed.

Perhaps surprisingly considering that our HCM relies
heavily on temporal information, the link prediction results

from random draws of edges ignoring the temporal timestamp
information are in many cases as good or better than the
predictions obtained from using the temporal ordering sup-
plied with the data. Indeed, our model was especially
successful on many social interaction datasets for which no
timestamps are supplied with the data (bottom rows of Ta-
ble I). Despite the small number of parameters in the HCM,
we are able to achieve AUCs over 0.85 in 14 of 25 datasets for
which we were able to perform link prediction.

We now compare the predictive performance of our HCM
to that of two neural network methods: neural hypergraph
link prediction (NHP) [35] and the logical hyperlink predictor
(LHP) [44]. The NHP study [35] shows results on 5 datasets
and the LHP study [44] shows results on 4 datasets. We test
our HCM on the three of these datasets that appear in both
papers, replicating the experimental setup from these studies
as closely as possible. We compute AUC and F1 scores for
link prediction, as well as training time, and compare our
results to the published results for NHP and LHP. To ensure
comparability, we follow the same training setup: we use a
uniformly random 20% of hyperedges for training and use
the rest for testing. Here, to ensure a fair comparison with
LHP and NHP, we do not use the previously described degree
and size matched sampling method, but instead adopt their
approach to negative sampling: for each positive hyperedge,
we create a corresponding negative sample by randomly re-
placing half of the nodes in the edge with nodes from the
rest of the hypergraph. Because these datasets are relatively
small, we set both y and B to a maximum length of k = 5
during training. Combined with 7, this gives our model a
total of 11 scalar parameters. The neural network models are
much larger: while we do not have exact published parameter
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TABLE I. Link prediction on the empirical hypergraphs provided by the XGI package for Python [49]. The number of nodes n, number
of edges m, and maximum edge size k are shown for each data set. We compute area under the receiver-operating characteristic curve (AUC)
and F1 scores for models trained on timestamped sequences (t) and random sequences of edges, using 20% of the total data in both cases.
“NA” indicates that timestamps were not supplied for the dataset, making it impossible to perform link prediction under the (t) condition. AUC
and F1 scores are computed using either the remaining 80% of data or 10° edges sampled uniformly at random (in the case of large datasets)
as positive examples, then generating an equal number of negative examples, and forming predictions on the examples as described in the
main text. We did not obtain link prediction results for two of the datasets due to computational limitations in the evaluation of the marginal
likelihood. We set the length of y and f to be equal to the largest edge size for each empirical hypergraph for all runs.

Dataset Type n m k AUC F1 AUC(t) F1(t)
coauth-dblp coauthor 1930378 3700681 280 0.871 0.807 0.659 0.745
coauth-mag-geology coauthor 1261129 1590335 284 0.780 0.668 0.544 0.651
coauth-mag-history coauthor 1034876 1812511 925 0.639 0.607 0.367 0.464
dawn biological 2558 2272433 16 — — — —
disgenenet biological 12368 2261 2453 0.574 0.545 NA NA
diseasome biological 516 903 11 0.315 0.320 0.442 0.474
kaggle-whats-cooking biological 6714 39774 65 0.945 0.903 NA NA
ndc-classes biological 1161 49726 39 0.989 0.973 0.988 0.973
ndc-substances biological 5556 112405 187 0.558 0.544 0.616 0.614
tags-ask-ubuntu webpage 3029 271233 5 0.763 0.738 0.697 0.650
tags-math-sx webpage 1629 822059 5 0.740 0.665 0.624 0.588
tags-stack-overflow webpage 49998 14458 875 5 - — — —
threads-ask-ubuntu webpage 125602 192947 14 0.507 0.608 0.429 0.601
threads-math-sx webpage 176 445 719792 21 0.754 0.778 0.674 0.731
threads-stack-overflow webpage 2675969 11305356 67 0.778 0.779 0.686 0.774
congress-bills social 1718 282049 400 0.575 0.540 0.528 0.465
contact-high-school social 327 172035 5 0.989 0.947 0.983 0.937
contact-primary-school social 242 106 879 5 0.951 0.880 0.933 0.853
email-enron social 148 10885 37 0.944 0.882 0.755 0.707
email-eu social 1005 235263 40 0.916 0.863 0.882 0.826
hospital-lyon social 75 27834 5 0.874 0.785 0.636 0.633
hypertext-conference social 113 19036 6 0.934 0.864 NA NA
invs13 social 92 9644 4 0.968 0911 NA NA
invsi1b social 232 73822 4 0.928 0.889 NA NA
malawi-village social 86 99942 4 0.99 0.971 NA NA
science-gallery social 10972 338765 5 1.0 0.999 NA NA
sfhh-conference social 403 54305 9 0.979 0.922 NA NA

counts, information in the LHP paper gives at least 9.8 x 10°
scalar parameters.

We observe in Table II that our HCM performs competi-
tively with the two neural network models: on the iJO1366
dataset it substantially outperforms both; on the iAF1260b
dataset it performs better than NHP and worse than LHP; and

on the USPTO dataset it performs worse than both NHP and
LHP. We conjecture that the comparatively poor performance
of our model reflects in part the small maximum edge size of
this last data set compared to the other two. Another important
consideration is the parameter count and training efficiency
of neural network models. Specifically, for larger networks

TABLE II. Link prediction results of our HCM against two neural network hypergraph link prediction methods, NHP [35] and LHP [44].
The iAF1260b and 1JO1366 datasets are metabolic reaction hypergraphs while USPTO is an organic reactions hypergraphdataset. Negative
edges are generated according to the description and code for LHP. Since none of these datasets are temporal hypergraphs, results are calculated
from 20%/80% training-testing splits over 10 independent randomized trials. We set the lengths of both y and B to be 5 for all runs. The
reported AUC and F1 scores for LHP and NHP are taken from Table 4 of the LHP paper [44]. The original NHP paper presents lower AUC
scores compared to those reported in the LHP paper, possibly due to randomization; the higher of the two reported scores were used here. The
times to train the models (“T”) are also taken from the LHP paper (Table 7), which used an NVIDIA TITAN RTX GPU. Time for fitting the
HCM parameters was measured on X.H.’s personal computer, which possesses an 11th Gen Intel i7-11800H that has 8 cores and 16 logical
processors and 16 GB of RAM.

n m  Max Edge Size NHP AUC NHPF1 NHPT LHPAUC LHPF1I LHPT HCMAUC HCMF1 HCMT
iAF1260b 1668 2084 67 0.582 0415 1min22s 0.639 0.588 Ominl12s  0.605 0.539 Omin42s
iJO1366 1,805 2253 106 0.599 0400 1min50s  0.638 0.620 Omin17s  0.774 0.786 Omin48s
USPTO 16293 11433 8 0.662 0.500 6min15s 0.733 0.650 1min35s 0515 0.554 Omin16s
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such as threads-stack-overflow, neural network methods
become infeasible due to the high number of nodes and edges,
whereas HCM remains scalable and efficient. Although our
training times are typically larger than those reported for
LHP, we note that LHP was trained on a TITAN RTX GPU
while our model was trained on X.H.’s personal laptop, which
possesses an 11th Gen Intel 17-11800H processor with 8§ cores
and 16 logical processors and 16 GB of RAM.

IV. DISCUSSION

We have proposed the hyperedge copy model, a simple
model of hypergraph evolution based on a noisy edge-copying
mechanism. This model is mechanistic, interpretable, and an-
alytically tractable. In addition to several analytic descriptions
of the model’s behavior, we also provide a scalable stochastic
expectation maximization algorithm for fitting the model to
empirical data. We find in Table II that our 11-parameter
model is competitive on link prediction tasks with neural net-
work models containing hundreds of thousands of parameters.

While we primarily evaluate link prediction using global
metrics such as AUC, recent work [50] highlights that such
metrics can overestimate performance in certain settings.
Vertex-centric evaluation frameworks may reveal additional
insights into the local predictive performance of algorithms.
Greater attention should be given to vertex-centric metrics,
which represent a valuable complement to global evaluation
methods.

One direction of future work concerns modeling of recom-
bination of edges. In our HCM, new edges are formed from
a noisy copy of a single prior edge. It may be of interest to
allow edges to form from multiple prior edges; such a process
might model, for example, the formation of broad collabora-
tions from multiple research groups. A version of this idea
is explored in the context of sequences of sets by Benson
et al. [22]. Incorporating such a mechanism into the HCM
would significantly complicate the inference problem, since
the set of possible generators of each edge would grow large.
Fitting such a model to data might require more sophisticated
computational techniques that could be of independent inter-
est. Additionally, custom hypergraph data structures tailored
to specific applications can significantly boost computational
efficiency and can be a promising future direction.

Another direction of future work involves the incorporation
of hypergraph metadata. In a hypergraph with node attributes,
for example, one might model an edge sampling step in which
the node vy sampled from the selected edge e acts as a “leader”
in the next edge; other nodes in e could be more likely to be
copied into the next edge if they share attributes with vy.

It is often claimed that the widespread availability of large
data sets and computational power sufficient to train deep
models has made theory and simple models obsolete in pre-
dictive tasks [51]. We take our results to suggest a continuing
role for simple, interpretable stochastic models in the study of
complex systems, even in the age of deep learning.
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APPENDIX A: PARAMETER ESTIMATION IN
SYNTHETIC HCM HYPERGRAPHS

For consistency, we applied the same convergence criterion
across all experiments in the paper. Specifically, every 100
steps, we calculated the difference between the current and
previous 71 values. If the percentage change was less than
1%, then the loop was terminated. As examples, in Fig. 6 we
show the errors in the parameter estimates as obtained after
different numbers of steps of the algorithm for two synthetic
hypergraphs.

APPENDIX B: RECONSTRUCTION OF HYPERGRAPH
PROPERTIES FROM GENERATIVE MODELS

In Fig. 7, we compare the mean edge size and mean degree
between hypergraphs generated from estimated parameters
(listed in Table IIT) and the original data, for a variety of
real-world hypergraphs.

We perform a similar analysis for synthetic datasets, com-
paring different hypergraph properties, including face edit
simpliciality, which is a more localized concept indicating the
number of subfaces needed to be added to the hypergraph
to render a specific face a simplex. We observe minimal
differences in degree assortativity and edit simpliciality be-
tween the HCM and ER hypergraphs in Fig. 8. However,
discrepancies arise in the clustering coefficient and face edit
simpliciality. Particularly, we see the face edit simpliciality
for ER hypergraphs dropped persistently over time, which is
very different behavior from the HCM (except in the case
when n = 0.7 and ug = 1.3, and even in that case the HCM
face edit simpliciality is orders of magnitude larger than for
the corresponding ER hypergraphs). As was shown in Ref.
[7], face edit simpliciality is usually higher than 10~2 for
real-world hypergraphs, and thus the real-world replication of
the ER model is much worse than that of our HCM, which
keeps steadily above 10~ for all cases studied.

For the clustering coefficient, interestingly, we see in Fig. 8
that the values from the ER and HCM are almost the same
when pg is small. However, when pg = 1.3, the clustering
coefficient quickly drops for the ER hypergraphs, but stays
steady for the HCM model, which has values close to the
real world hypergraph clustering coefficients described in Ref.
[47]. These properties of our HCM with various parameter
sets demonstrate the ability of the model to generate realistic-
seeming hypergraphs, despite its small number of parameters.
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FIG. 6. Estimation of parameters in two synthetic hypergraphs with 10k hyperedges each. The convergence criterion, tested every 100
steps, was reached at 1400 steps for each of them. We show the absolute difference |7} — n| between the estimate and true value of n. We
also show the Kullback-Leibler divergence of the estimates of 8 and y from the true values. The 8 and y here are generated with a random
Poisson distribution, truncated at value 10, with means pg and u, indicated in the plot legends. Note the logarithmic scale of the vertical

axis.

In Fig. 9, we repeat the experiment shown in Fig. 3 for
email-enron on other datasets, to demonstrate different ex-
hibited behaviors across these other datasets, computing the
assortativity, clustering coefficient, edit simpliciality, and in-
tersection sizes for each dataset and the corresponding HCM,
ER, and PA models.

APPENDIX C: ASYMPTOTIC PROPERTIES

1. Power-law degree distribution

We now give a heuristic argument that the degree distri-
bution of our model has an asymptotic power-law tail, with
an exponent that depends on the model parameters. Our argu-
ment is based on rate equations, generalizing an argument by
Mitzenmacher [45] in the context of preferential attachment
dyadic graphs.

Fixd > 1. Let pg) be the proportion of nodes which have
degree d at time 7. The total number of such nodes is np%’.
In timestep ¢ + 1, the change in the number of these nodes

Mean Edge Size

is Ay = ptTOpIED —n®p). We now estimate 8y =

IE[ASH)] in expectation. The probability of an individual
node being selected in the edge-sampling step is proportional
to its degree d in the current hypergraph H), since there are
d edges which could be selected which contain that node.
Normalizing, the probability that a given node selected in the
edge-sampling step has degree d is ﬁ P4, where (d©) is the
mean degree at time r. When a node of degree d is selected in
the edge-sampling step it becomes a node of degree d + 1,
while when a node of degree d — 1 is selected it becomes a
node of degree d. The expected number of nodes so selected is
1 + n((k®) — 1), where (k") is the mean edge size at time 7.
Thus, the expected number of degree d nodes created through
the edge-sampling step is %ﬂ?‘”[(u’ — l)pg)_1 — dpg)].
Through similar reasoning, the expected number of degree
d nodes created through the process of extant node addi-
tion 1is ,uy[pfi’)_1 — pg)]. Since we have assumed d > 1 but
novel node addition can only create nodes of degree 1, only
these two processes contribute. Our expected rate equation
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FIG. 7. Mean edge sizes and mean node degrees compared between fit HCM instances and empirical data. Note the log-log scale.
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with the same expected edge-size. The horizontal axis ranges from ¢ = 0 to 10k, showing how the properties change with the numbers of steps
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FIG. 9. Structural properties of the email-eu (a), ndc-classes (b), and ndc-substances (c) data sets. We show that these datasets have
exhibited behaviors distinct from those of email-enron, shown in Fig. 3 in the main text, highlighting that assortativity is highly dependent
on the underlying structure of the real-world hypergraph. We also note that HCM is the only model that demonstrates nondiminishing edge
intersection sizes across the different datasets.
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TABLE III. Details of parameters retrieved through stochastic expectation maximization with batch size 30 for each hypergraph. We set
the lengths of both 8 and y to be equivalent to the largest edge size in the corresponding real-world hypergraph.

n g My Clock time (s) Training steps (x 10%)
coauth-dblp 0.505 0.403 0.512 23.6 11
coauth-mag- 0.365 0.585 0.630 8.3 8
coauth-mag-history 0.242 0.202 0.110 14.0 18
dawn 0.686 4.15E-19 0.071 8064.3 4
disgenenet 0.099 6.90E-18 6.832 30.3 5
diseasome 0.078 6.23E-04 0.537 1.6 10
kaggle-whats-cooking 0.393 0.151 5.019 930.7 5
ndc-classes 0.996 0.009 0.019 41.1 3
ndc-substances 0.680 0.014 0.180 87.0 5
tags-ask-ubuntu 0.614 0.005 0.569 434.7 4
tags-math-sx 0.785 3.02E-04 0.197 1927.5 5
tags-stack-overflow 0.773 0.003 0.372 29212.2 4
threads-ask-ubuntu 0.058 0.477 0.468 46.6 13
threads-math-sx 0.165 0.191 0.848 85.8 4
threads-stack-overflow 0.082 0.149 1.007 92.6 6
congress-bills 0.294 0.003 1.379 563.2 5
contact-high-school 0.975 1.16E-04 0.034 81.0 3
contact-primary-school 0.910 8.25E-05 0.098 111.5 5
email-enron 0.887 0.013 0.083 24.8 3
email-eu 0.910 0.002 0.108 205.2 5
hospital-lyon 0.945 3.86E-05 0.069 148.9 4
hypertext-conference 0.888 2.63E-18 0.109 34.1 3
invs13 0917 9.77E-08 0.082 23.8 4
invsi1b 0.938 4.11E-06 0.065 56.8 3
malawi-village 0.996 1.32E-18 0.005 168.8 3
science-gallery 0.871 2.10E-04 0.121 6.7 4
sfhh-conference 0.827 1.97E-20 0.185 69.3 5

is then

t+1) G+ () .0
n da TPy

p P
14 n((kD) — 1 . .
= P = ol )

+ wy[p), = PY] (C1)

We now assume stationarity of the degree distribution and
the edge size sequence. At stationarity, we must have p(d'H) =

pg) = p, for some constant p,, as well as (k) = (k) and
(dD)y = (d) for constants (k) and (d). We also have that

(d) =2(k) = %, where we have used the fact that g nodes

n
are added per edge in each timestep. Finally, in expectation,

n+D — n@ = ;5. At stationarity and in expectation, our ap-
proximate compartmental equation now reads

wgpa = al(d — V)pg—1 —dpal + pylpa—1 — pal,  (C2)

14+n((k

where we have defined a = < d>>71). Rearrangement yields

pa_ald—1)+

= (C3)
Pa-1 ad ~+ uy + pg
Sk L (C4)
ad + My + H«ﬁ

Since we are interested in the tails of the degree distribution,
we allow d to grow large, yielding

Pa g _atmusl ©5)
Dd—1 a d
d—1\"*7

R~ <T> . (C6)

Unfolding the recurrence yields, for large d, a power-law
tail, py ~ d ¢, with exponent ¢ =1 + % Inserting explicit
formulae for a, (k) Eq. (2) and (d) Eq. (4), we can express this
exponent explicitly in terms of the model parameters using the
formulas for a, (k), and (d), obtaining

L —n+py + ug
L —n(l = puy — pp)

r=1+ (C7)

2. Edge-size distribution

We describe the entries of the matrix W described in the
main text. Each entry w;; of W represents the conditional
probability

wij =Pdel=i||fl =), (C8)

where f is the edge sampled in the edge-selection step of
Algorithm 1 and e is the final edge formed. We explicitly
construct these probabilities conditional on the events that
£ + 1 nodes are selected in the edge-sampling step and that
h nodes are selected in the extant node addition step. With
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these conditional probabilities, the law of total probability
then yields

wij =Pel =il |fl=j)

1 i—¢

. |
Z(] . )n‘(l—n)f“yhﬁi_z_h. (C9)

j— —
£=0 h=0

The Perron eigenvector of this matrix gives the stationary dis-
tribution of edge sizes in the model. In practice, it is necessary
to select a finite size for the matrix W, which amounts to
artificially setting w;; = 0 for i and j sufficiently large.

3. Asymptotic properties of intersection sizes

We now develop a probabilistic argument supporting the
following claim:

Claim Let r;j; be the expected proportion of pairs of the m
edges, relative to the total number of pairs (';’), which have
sizes i and j with intersection size k, with the expectation
taken with respect to our proposed model and with the edge
of size j appearing before the edge of size i. Then, there exist
constants ¢g;j; > 0 such that

gijk +o(1) k=

C10
m71¢Iijk +O0(m™?) k ( )

Tijk =

1.

WV

Furthermore, the scalars g;jx can be approximated as the solu-
tion of an eigenvector problem q = Cq, where q collects the
scalars g; i in flattened form and the matrix C is a function of
the model parameters «, 8, and y.

Throughout this section, we fix the timestep . We use
the shorthand z £ 7 and 7’ £ 7+ for any time-dependent
quantities z. We also say that f(m) = g(m) if lim,,,—, 2 ((:Z)) =
1, where m is the number of edges in H. We write g < e if e
was added to H after g.

Let Rij £ PO(lel =i gl =j.leNngl=k]|g=e),
where the probability is computed with respect to the
empirical distribution of £®). The quantity R;j corresponds
to a sampling process in which we uniformly select a pair
of edges; arrange them in descending order according to
the timestep in which they were sampled; label the first

J

ri £ PAfI =)

=Y PUfl=L1fl =i 1f O Fl=hlf < HP < f)
th

+Y PAfl =i lfl =61 N fl=hf < HP(F < f)
th

1
=5 Z(rzjh + Tjen)-
th

(later) edge e and the second (earlier) edge g; and then check
whether |e| =1, |g| = j, and |e N g| = k. We will study the
limiting behavior of r;j; £ E[R; ;] as t — oo. Let m = m®
and assume that one edge is added every timestep. Let
Piji £ (";)R[ jk be the corresponding number of ordered pairs
of edges of sizes |e| = i and |g| = j with intersection size k,
ordered so that g < e. Let p;jx = E[P;j].

We first write down a compartmental update for P, ;; when
a single edge e is added. Assume that e is sampled from edge
f in the edge-sampling step. Let Z, ; jx be the indicator of the
event that the new edge e has size i, a previously existing edge
g has size j, and the intersection size of ¢ and g has size k.
Then, the compartmental update for P;j; reads

/
P = Piji + Zzeg,ijk-
ge€

(C11)

It is useful to condition on whether g = f, the edge that was
sampled in generating e:

Pl = Pijk + Zepijk + Z Zegijk- (C12)
geeNf
Computing expectations gives
Pij = Pijkc + Zep ik + Y Zegijio (C13)

geENf

where we have defined z;jx = E[Zegijk]. Since ze,ijx only
depends on edge g through its size j whenever g # f, let
us write y;jx = Zeg,ijk- Similarly, we will use the simplifying
notation z; £ Zef,ijk- Our expected compartmental update
becomes

Pijk = Pijk + Zijk + (m — Dyije. (C14)

We aim to close Eq. (C14) approximately by expressing z; i
and y; j; in terms of 7; ;.

Let us first consider z;x. The probability that an edge f of
size j is selected uniformly at random for sampling can be
written in terms of r;;; by total probability, summing appro-
priately over the possible sizes of some other edge f # f and
conditioning on whether f appears before or after f, noting
that P(f < f)=P(f < f) = % in the absence of any infor-
mation about the time step corresponding to edge f, giving

(C15)
(C16)

(C17)

(C18)

Given | f| = j, the probability that the newly formed edge e has size i and that its intersection with f has size k is then

biwj £ Plel =i, len fl=k|1fl=))
=Pdenfl=kl||fl=pP(el=illenfl=k [fl=))

(C19)
(C20)
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ZP(IeﬂfIZkI|f|=j)]P’(|e|=i|IeﬂfIZk) (C21)

= (,’C_ ) 11—y "Zﬂx% - (C22)

where the third line follows from the second because, for large graphs, the role of the sampled edge f in determining the
properties of the new edge e is fully captured by their intersection. Importantly, this expression does not depend on m in the
long-time limit, since m is large enough so that the number of nodes n in the hypergraph is at least j — k. We also note that we
assume By < 1. We therefore have

1
Zijk = b jrj = zbiklj Z (rejn + rjen).- (C23)
th

We now study y; . Let us condition on |f| = £, | f N g| = h, and the relative temporal order f < gv. g < f. Noting again that
P(f < g =P(g=< f)= 3, wehave

yijk = P(lel =i, |gl = j.len gl =k) (C24)
=Z]P’(g<f)]P’(|f|=€,|g|=j,|fﬂg|=h|g<f)P(|e|=i,|eﬂg|=k| Ifl=¢Clgl=J.lfNngl=hg=<f)
th =rejn 2
! =ik
(C25)

+Y P <P =jlfl=tIfNgl=h|f<Plel=ilengl=kl|lgl=j|fl=¢IfNel=hf=<g
th

=T A <
j =ik jen

(C26)

1
= 5 Z(rejha,‘z‘gjh + rj[hafk‘j[h)v (C27)
th

where the superscript {>, <} on the a coefficients indicates whether e originates as a copy of the succeeding or preceding edge
in the pair, respectively. In our calculation of these a coefficients below, they will be equivalent at the level of the present
approximation. However, it will be important to note that, unlike by ;, these a coefficients depend on m. For notational compact-
ness, letI[h betheevent {|f| =4, |gl =j,|fNgl=hg=< f} andIUl betheevent {|g| = j, |f| =4, |f Ngl=h, f < g}, again
denoting whether the distinguished edge f to be copied is the succeedlng or preceding edge in the pair (and the index on the
event / continuing our convention of listing first the size of the succeeding edge, then the size of the preceding edge, and lastly
the size of their intersection).
Under this notation, we have

Qi jh EP(lel =i, lengl =k | ) (C28)

where the x* is either > or < to distinguish the two cases. Let S(e) be the number of nodes in e formed by the edge-sampling
step. Then, |e N f| = S(e). We expand afkwh by conditioning on s = S(e), writing

aen = P(lel =i lengl =k |I};) = Z P(S(e)=s | I;;)P(lel =i,leNgl =k | S(e) =5, 1;;)
= Z P(S(e)=s | I;;)P(lengl =k | Ste) =s,I},)P(lel = i | Ste) = s, leNgl =k, I};), (C29)
N

where we take note to observe that the sum over possible values of s = S(e) here ranges from 0 to min(|e], |g|), where |g| = j
when calculating ag, ., and |g| = € when calculating az, ;-

Introducing additional notation, let S(e, g) be the number of nodes in e formed by the edge-sampling step that are also elements
of edge g. Under our model definition, this is equivalent to S(e, g) = |e N f N g|. Similarly, let X (e, g) be the number of nodes
in e formed by the extant node addition step that are also elements of edge g. Abusing notation, we also let X (e) denote the total
number of nodes in e formed through the extant node addition step, regardless of whether they intersect with any other edges.
Then, for any edge g < e, we have |e N g| = S(e, g) + X (e, g). We note that under the HCM step process, S(e, g) is independent
of X (e, g) and S(e) is independent of X (e).

We can now further condition our expression for al’fkl ¢in in Eq. (C29) on X (e), writing

Ghn =D _P(S)=s|1};,) Y PX(e)=x)P(lengl =k | S(e) =5, X(e) =x,1I};,)
xP(lel =i|Se)=s,lengl =k X(e)=x1;) (C30)
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= Z P(S(e) = s | I};,) Z vP(lengl=k|S(e)=sX(e)=ux1I},)P(lel =i| lengl =k S(e) =5, X(e) = x, I};;)

=Y P(S)=s|1};) > nP(lengl=k|S(e)=sX(e)=ux.1};) Ple| = i| S(e) = 5. X(e) = x).
N —_— P

(C31)
(C32)

(1) 2)
Lejn Tiisxejn

1

ilsx

In the second line we have used the definition of p. In the third line we have used the fact that, conditional on S(e) and X (e), the
size of e is independent of the sizes of f, g, f N g, and e N g, because S(e) and X (e) specify the size of e except for the novel
nodes, which cannot intersect any other edges. We have also named the resulting terms, which we now proceed to compute.

There are two relatively simple terms. First,

-1
1 " o _
e =P (S(&) =5 | ;) = (S_1>n‘ A=

(C33)

since this is simply the probability of selecting a total of s nodes from f (which has size £) to form e during the edge-sampling

(3)
ilsx

step. Next, the term ¢

is simply the probability of sampling i — s — x from the novel node distribution:

(3)
t,‘\sx = Bi—s—x-

(C34)

The more complicated term is tlglzs)xljh‘ We condition on the value of S(e, g):

r,ﬁﬁgdjh 2P(lengl=k|S(e)=s.X(e)=x.1;;)

(C35)

= Z P(lengl =k | S(e) =s.X(e) =x,S(e, 8) =0, 1};,)P(S(e. 9) = 0 | S(e) = 5. X(e) =x,1I;;,)  (C36)

= ZIP’(le Ngl=k|X(e)=x,S(.g) =0.1};)P(Se.g) =0 | Ste) =s.1;3) .

t(4)
klxo€jh

In the third line we have used two simplifications: first,
e N g depends on e N f only through e N f N g, which is de-
scribed by S(e, g). Second, S(e, g) is independent of X (e),
since X (e) specifies the nodes in e that are not in e N f. We
have also again named several terms which we will analyze
further. First, tlgﬁc)a tjn is the probability that k — o extant nodes
are added to e that are also added to g. There are x total extant
nodes added, j — o candidate extant nodes in g, and n — £ to-
tal candidate extant nodes. This probability is hypergeometric:

tlgﬁc)g[jh = P(Ie Ngl=k | X(e) =x,S(e, g) = cr,IZ‘J-h)

(C38)
= HyperGeometric(k —o;x, j —o,n —£)
(C39)
j—o\ (n—t—j+o
— M (C40)

(">

Unlike most of the other terms we have studied, this term
includes a dependence on the extensive quantity n, which can
be re-expressed (in expectation) in terms of m. Let us parse
the asymptotics of this term up to order m~'. When k < o,
trixoejn = 0. When k = o, this expression simplifies in the
asymptotic limit to

tlgtr)ijh = @
=
(".)

=~ 1. (C41)

(C37)
’:j:z;‘h
[
When k = o + 1, we have
j—o\ (h—{—j+o
w _GI0S")
klxoljh — n—_
! (";)
o n—0—j+oy ' x
=({—o)
x—1)! (n—2)
=x(j—o)m . (C42)

Recalling that (d)n = (k)m and that % = ug, we find that,
whenk =0 + 1,

flﬁf?ge =X — o)gm™". (C43)

A similar calculation shows that, if k > o + 1, then t,i?x)a o =
O(m~2). We therefore conclude

0 k < Qork > j,
1 k=o
@ ’
t o = C44
klxo £ jh 3G — o )ugm™! k=0 +1, (C44)
om™?) k>o+1.

Next, tf‘x)e ih is the probability that, among s nodes added

to e through the edge-sampling step, a total of ¢ of them
are also elements of g. This probability is also hyperge-
ometric: we require o successful draws in s total draws
from a population of £ nodes in f containing |[f Ng|l =
h “successful” nodes which are also elements of g. This
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gives
tfr??@,h 2 ]P)(S(E, g=o0 | S(e) =s, Iz(jh) (C45)
= HyperGeometric(o'; s, h, £) (C46)
h\ (e—h
O o

¢
()

These expressions then give us an approximation for
tlils)xl ntwe separate out the cases 0 = kand o = k — 1, yield-

ing
tien =Plengl =kIS(e) =5, X () = x, I}};)

(4) O
\xaljh olstjh

R C)) 5) “) -2
= ke jntiisein + i l)K/htklsﬁ/h +0@m™)

(IR [

- BN

()

(C51)
(C52)

£ wildy, + Wit m ™+ 0m™),
where
h\ (L—h
w](dls)gh é (k)((g)—k) and
h L—h
Witnen 2 %xu — k+ g, (C53)
s

Our approximate compartmental update now reads

;o 1 m—1 -1 -1
Dijk = Dijk + Ebik\j Z("L’jh + Tjen) + — Z[(¢ik\€jh +m” Yiein)rejn + (Pixjjen +m™ ik jen) jen]

th

pljk + )

a. Asymptotic behavior of ri
We now aim to use the compartmental update Eq. (C14),
along with the formulae in Egs. (C23), (C33), (C34), and
(C52) to study the asymptotic behavior of r;jx as m grows
large.
Let us assume that, at stationarity,
(C60)

—
Fijk = m " qijk

J

(C48) djpejn =

(C49)
(C50)

x(j —k+ Dpgm™ + 0(m™?)

1
bzk\j Z(Vljh + rle) + = Z(Wtklﬁjhréjh + 1//lk|jzhrj(fh) + 5 Z(‘ptk\éjhréjh + ¢tk\jlhrﬂh)

This expression says that, to form an intersection of size k
with edge g, we either need to pick k nodes from g during
the edge-sampling step, or k — 1 nodes from g during the
edge-sampling step together with one additional node from
the extant node addition step, with other possibilities being

much less likely. Importantly, wl(qls)e; =0iff k > h+ 1, while
wg:xz n= = 0iff k > h + 2. In particular, wﬁw 0 = > 0. Further-

more, wlilsx@jh 0ifk =0.
To sum up these calculations, we can insert our findings
into Eq. (C32):

(1) (2) (3)
Z ISVZJ'h Z yxtklfxﬁjhttlsx
N X

1 DR -1 -2,),3)
Z |zthVX(wk|s2h WyisxepM +O(m )>’i|sx

(C54)

(C55)
= Gujejn +m " Yingejns (C56)
where
A [§9] a1 .3
¢ik|ljh - Z ts\f]h Z yxwk\sihtzlvx and
0 2) 3)
wikl[.m Z ta\ﬁ]h Z yxwkbxijhttlvx (C57)

We note that, since w,E‘S)x[ 5, = 0if k=0, it is also the case

that ¥ige;n = 0if k = 0. We also have that Yy, =0if k >
h + 2 per the argument above. Our computations above imply
thatqﬁikwh =0ifk > hork > £,and wiklﬁjh =0ifk>h+1,
k>{,ork=0.

(C58)

> (C59)
th

(

for all i, j, k where g; i is a nonnegative constant independent
of m, and A, depends only on k but not on i or j. We assume
that g;jx > 0 when k < i A j, provided that i and j are edge
sizes supported by the model. Our aim is to determine the
values of A; and g, ;. Our strategy is to substitute Eq. (C60)
into Eq. (C59) and then determine the values of A; and g; .
Substituting Eq. (C60) into Eq. (C59), along with p! =

("3 ") rije and pijic = (5)rije gives

m+1 B . (m 1
< 2 >(m+1) )\injk = <2)m )\quk"' zblk|] Zm "(Qe]h+61;eh)+ Zm h(lmk\l]hqwh+1//lk|]ZhQﬂh)

h<t

m— _
+ —— Z MmN (Genirien + qjonBijon)-

L,h

(C61)
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We now move (';’)m’)"‘ gijx to the left side and simplify

m—+1 m m(m + 1 m(m — 1
( ) >(m + 1) Mg — <2)m“ql‘jk = %‘jkl:%(m + )™ — %m“] (C62)
= %[m(m + 1) — (= Dm' ) (C63)
1=, [ 1 1=hy
=M ik m<m+ ) —(m— 1)} (C64)
2 m
mzkaq,-jk i m+1 1=k m—1
_ _m=1 C65
2 ( m ) m (C65)
2= ii i 1 1 1
= duk l+—(1—kk)+0(—)—l+—:| (C66)
2 i m m m
2= ii [ 1 1
=T ik o= —l—o(—)} (C67)
2 i m m
2—Xk T ]
=T ikl m—} (C68)
2 i m
_ @z hom g (C69)
2
£ eom' Mg, (C70)
where we have defined ¢; = 2‘% We assume throughout that A; # 2. We then have
Y L1 _ 1 _
cm' Mg = Ebik\j Zm M (qen + qjen) + > Zm M (Yike jnden + Wikljend jen)
h<e eh
m—1 _
— Z m M (qeinPiriejn + qjenPinjen) (C71)
eh
. 1 _)\.h 1 _)Lh
= Ebik\j Zm (qejn + qjen) + 3 Zm (ikjejnqejn + ik jend jen)
h<e eh
1 _
+ 3 Zml M (qeinPiriein + G jenBikljen)s (C72)
eh
yielding
1 o 1 o
Gijk = z_biklj Zmlk MV Gein + qjen) + >er kak MY e ingejn + Wik jend jen)
Ck h<t ke
1
+ % Z MMM (e indiriejn + qjeninjen) (C73)
eh
provided that A; # 2.
[
We now determine the values of A;. We first consider k = requirement
0. In this case, by ; = 0 and Yiejn = O for all i and j. This
simplifies Eq. (C73) to 1= Z Fijk = Zm_“%'jk (C75)

! _
qijo = e ezh MM (qeinbiojen + qjendiogjen).  (CT4)

The requirement that g;;o be a constant implies that either (a)
aolejh = 0 and aolejh = 0 or (b) )\0 < )\h for all & > 0. Case
(a) occurs only when no novel nodes are added to the hy-
pergraph (Byp = 1). For the remainder of this section, we will
assume that this is not the case. In case (b), the normalization

ijk ijk
implies that A, = O for at least one choice of k. It follows that
Ao = 0.

Furthermore, since by; >0 whenever k <iAj,
Eq. (C73) implies that Ay — A, —1 < 0. Choosing & =0
implies that A; <1 for all k. We now show that, under
our assumptions, A, = 1 for all k > 1. Fix k = argmin, ;A
Consider the exponent of m in the first two terms of Eq. (C73),
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which is Ay — A, — 1 as h ranges. Let us first assume that
these terms do not vanish as m — oo. This requires that
M =1+ Ay« for at least one choice h=h*. If h* > 1,
then we may repeat this argument to find A** such that
A = 1+ Ajp. But then, Ay = 2 + A=, which contradicts
the requirement that Ay — A« — 1 < 0. Therefore, we must
have h* = 0, from which it follows that A; = 1.

So far, we have shown that, for any k such that the first two
terms of Eq. (C73) do not vanish, we must have A, = 1. We
will now show that if the two terms of Eq. (C73) do vanish for
some k = k*, then g;;;, = 0 for all i, j, and i > k*. Since the
sum defining the first two terms includes 4 = 0, vanishing of
the first two terms would imply that A;« < 1. In order for the
second term to remain bounded, we must also have A;, > Ay
for all h > k*, with at least one & > k* such that A, = Ay.
Indeed, the second term of Eq. (C73) can be maximized by
setting A, = A+ for all A > k*. This gives the approximate
linear system

! .
qijk = % Z(sz'hd)ikwjh + qjenPinjen) Yk = k. (CT76)
oh

Recalling that ¢, = O whenever k > h, we find that this
system is closed in the entries g;jx such that A > k*, and
implies that the vector q is an eigenvector with eigen-
value 1 of the matrix C whose action on q is defined by
Eq. (C76). This, however, is impossible, since @y ¢, = 0 for

J

o1
qijk = 5
2c
k h<t

1

+— MM (e indiniejn + 9 jenPin jen)

2¢
K ¢ h>k

alli, k, €, j, h, Y, Gikjejn =1, and ¢ > %, which means that
i > e Pikiejn < 1 and therefore ﬁ 2wl Piiejn + Pirjjen] <
1. This implies that the spectral radius of C is strictly less than
1, so the only solution to the system is q = 0. This contradicts
the assumption that g;j > 0 for all i, j, and k > k*. We
conclude that the first term of Eq. (C73) does not vanish for

any k.
Summarizing, under our assumptions,
0 k=0,
Ak:{l k>l (C77)

To complete our asymptotic analysis, it is necessary to de-
scribe the values of g; ;. We proceed from Eq. (C73). When
k=0, A = 0and c, = 1. We then have

! _
=5 Z m M (G indioen + qjendiorjen) (CT8)
£h>0

qijo
1
=3 Z(sz(ﬁiowo + gjeodioljeo)
¢

+ Z m™ (qejndiojen + 6]j(h¢i0|j(h)] (C79)
IS

1

== Z(%o@ow jo =+ qjeodioljeo)- (C80)
¢

2

Next, whenk > 1, A\, =l and ¢, = % ‘We then have

g 1 e
bty D m™ " qen + qjen) + Yo D T Wigegndegn + Vi jend jen)
k¢ n<k

(C81)

= by kark'ﬁl(qé]‘h +qjen) + Z M (e ingejn + Viijendjen)

h<e

+ Z M (G ke jn + qendinjen)
Lk

£,h<k

(C82)

= by Z m(qejn + qjen) + Z m M (Yo jngen + Vi jendjen)

h<¢e

+ Z (qejnDikiejn + qjenPixijen)
Lk

£,h<k

= biyj Z(CIUO + gjeo) + Z(W;’kwjofhjo + Yirijeoq jeo) +
¢ P

In the case k = 1, this becomes

gijt =buy; Z(qéjo + qje) + Z(lﬂil\zjoqéjo + Vi11je09 o)

¢ ¢
+ Z (Gejn®itiejn + qjentitijen)s (C85)
6h>1

(C83)

Z (qejnPixiejn + qjenPinijen)- (C84)

Lh=>k

(

while the k > 1 case simplifies further, using the fact that
VYikjejn = 0 for k > h + 2, to give

Gije =binij Y _(qejo + qje0)
¢

+ Z (qejnPixiejn + qjendirijen) for k> 1.
eh>k
(C86)
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Jointly, Egs. (C80), (C85), and (C86) define an approximate
linear system for g; ji:

q=Cq, (C87)

where the entries of C are defined to appropriately conform to
the entries of a (vectorized) q. We note that C has nonnegative
entries, so q has to be its Perron eigenvector. In principle,
writing down C and finding the Perron eigenvector would be
sufficient to determine (.

4. Computational challenges

In the experiment shown in the main text, we tracked edge
sizes and intersections up to size 12, resulting in a matrix C of
size 12° x 123. Experimentally, we found that the LAPACK
solver (accessed through the numpy.linalg.eig function in
Python) was able to accurately find the leading eigenpair for
this matrix for some but not all parameter combinations, with
larger values of 1 especially leading to convergence issues.
Our experimental evidence suggests that this was indeed a
solver issue rather than an issue with our proposed approxi-
mation scheme, in that the numerically obtained solution in
such cases was demonstrably not an eigenvalue. Because we
considered the results such as those shown in the main text to
constitute sufficient evidence of the correctness of our approx-
imation scheme, we did not pursue other solvers or otherwise
attempt to solve the system for all parameter combinations.

APPENDIX D: DESCRIPTIONS OF ALTERNATIVE
MODELS

1. Growing hypergraph Erdds-Rényi model

We list the steps that we take for growing hypergraphs in
an Erdds-Rényi manner in a framework similar to what we did
for HCM in the main text. We emphasize that our approach
here is only one way of generating hypergraphs that generalize
Erd6s-Rényi networks and preferential attachment networks;
this particular approach was chosen to maintain a roughly

consistent edge size with the HCM at each time step. Recall
that at each time step of the HCM, we seed the new edge e
with nodes from existing edge f (first uniformly sampling one
node from f, and then adding each other node IID with prob-
ability n)—we denote this positive integer as «. The HCM
step also includes g ~ y extant nodes and b ~ § novel nodes.
Denoting the newly formed edge as e+, our corresponding
Erd6s-Rényi generalization proceeds as follows.

(1) Extant node sampling: Following the above notation,
we select o + g nodes drawn uniformly at random without
replacement from N'® to initiate e+,

(2) Novel node addition: We next sample b from a Poisson
distribution with mean b (so that there is some randomness in
this number compared to the HCM) and add b novel nodes to
e+

After forming e“*", we have an Erdds-Rényi update
H+D — (/\/’(I) U {e(’+l)}, FXONY e(’+1)).

2. Hypergraph preferential attachment model

We do not employ the model of Ref. [28] due to lack
of available code for simulation or inference. Instead, the
generalization of preferential attachment we use here takes the
different numbers from the HCM step, using the two different
numbers of extant nodes to mix preferential and uniform
selection. Note that the Novel node addition step below is
exactly the same as described for Erd&s-Rényi above.

(1) Degree based sampling: We select & nodes drawn with
probability proportional to their degree without replacement
from N'® and name this set o’.

(2) Extant node sampling: We select g nodes drawn uni-
formly at random without replacement from N\ ¢’ to initiate
et

(3) Novel node addition: We next sample b from a Poisson
distribution with mean b (so that there is some randomness in
this number compared to the HCM) and add b novel nodes to
et

After forming e“!, we have a Preferential Attachment
update HOTD = (N U (D}, £ U D),
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