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We introduce and study interacting topological states that arise in time-reversal symmetric bands with an
underlying obstruction to forming localized states. If the U (1) valley symmetry linked to independent charge
conservation in each time-reversal sector is spontaneously broken, the corresponding “excitonic” order parameter
is forced to form a topologically nontrivial texture across the Brillouin zone. We show that the resulting phase,
which we dub a textured exciton insulator, cannot be given a local-moment description because of a form of
delicate topology. Using toy models of bands with Chern or Euler obstructions to localization, we construct
explicit examples of the Chern or Euler texture insulators (CTIs or ETIs) they support, and demonstrate that
these are generically competitive ground states at intermediate coupling. We construct field theories that capture
the response properties of these new states. Finally, we identify the incommensurate Kekulé spiral phase observed
in magic-angle bi- and trilayer graphene as a concrete realization of an ETI.
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I. INTRODUCTION

Understanding the insulating state remains an enduring
challenge in condensed matter physics. An early distinction
was drawn between band insulators—where the insulating be-
havior is driven by interactions of electrons with the periodic
lattice of positive ions—and Mott or correlated insulators,
which require electron-electron interactions. This has since
been greatly enriched by the injection of ideas from both sym-
metry and topology, most famously with the prediction [1–7]
and subsequent discovery [8,9] of topological insulators and
their myriad generalizations, leading to a finer classification of
band insulators. An equally important yet perhaps less widely
known theme is the recognition that in many cases correlated
insulators must either break symmetries or host emergent frac-
tionalized excitations [10–14], features that arise as a result of
the interplay of crystalline and time reversal symmetries with
charge or spin conservation. Together, these ideas serve as
key organizing principles for classifying different insulating
phases of matter.

A traditional starting point for understanding interacting
insulators takes an atomic limit wherein the electron charge
is frozen on lattice sites, so that the ultimate phase struc-
ture is decided by the behavior of other on-site degrees of
freedom, most commonly the electron spin. However, such
a description in terms of “local moments” can be obstructed
in situations where the combination of symmetry and band
topology forbids the construction of localized orbitals for the
low-energy electrons [15–17].

*These authors contributed equally to this work.

In this work, we introduce new examples of broken-
symmetry correlated insulators that cannot be understood
from a local-moment picture. The absence of such a descrip-
tion ultimately stems from the obstruction to a symmetry-
preserving localized Wannier representation as dictated by
the nonzero Chern or Euler invariants of the underlying
symmetry-unbroken bands. This forces any “excitonic” order
parameter describing the breaking of one of the protecting
global U (1) symmetries within these bands to form a topolog-
ically nontrivial texture across the Brillouin zone. Although
this texturing is typically disfavored at strong coupling, we
demonstrate that it characterizes the generic nonfractionalized
and translation symmetry-preserving insulating state at inter-
mediate coupling. In the latter regime, the frustration between
kinetic dispersion and exchange ferromagnetism enables such
texturing to be energetically competitive. We explore prop-
erties of these insulating states via a series of toy models
and effective field theories. (We use the terms “Chern texture
insulator” (CTI) or “Euler texture insulator” (ETI)—omitting
“exciton” for brevity—to reflect that these arise from distinct
obstructions, and reserve the umbrella term “textured exci-
ton insulator” to describe both collectively.) We then show
that the previously predicted “incommensurate Kekulé spiral”
(IKS) [18] state of matter in magic-angle graphene bilayers
and trilayers is an example of an Euler texture insulator, and
explain the hitherto-mysterious fact that it only emerges in
the presence of strain. Given the recent observation of IKS
order via scanning tunneling microscopy (STM) [19,20], this
connection immediately roots the ETI in experimental reality.
In a companion paper [21], we use numerical Hartree-Fock
studies to identify several Chern-obstructed moiré materials
as candidates for realizing CTIs.
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A. Motivation

We motivate our considerations by introducing the simplest
setting in which a textured excitonic insulator can arise, con-
sisting of a pair of degenerate Chern bands with Cτ = τC,
distinguished by a time-reversal-odd “valley” index τ = ±1.
Such a valley degree of freedom is relevant to several semi-
conductors, graphene [22–24], and moiré materials. We will
assume that this is a purely internal degree of freedom [25]
that realises a U(1)V symmetry, equivalent to the independent
conservation of charges in each valley. Working at an electron
density sufficient to fill one of the two bands sets the stage for
one of the basic questions we explore in this work: How do
repulsive interactions open a gap in this time-reversal invariant
system?

Opening an insulating gap in the absence of generalized
translational symmetry breaking [26] or fractionalization re-
quires the spontaneous breaking of (at least) one of the two
symmetries: time-reversal or U(1)V [10–12]. The first case is
easy to understand: electrons can form a fully valley-polarized
(VP) phase termed an orbital Chern insulator [27–30]; for
|C| = 1 this has the same underlying topology as a Landau
level, and is hence nonlocalizable. Breaking U(1)V symme-
try is more subtle, since this implies intervalley coherence
(IVC), i.e., a nonzero expectation value of the form �kk′ =
〈c†

τ,kc−τ,k′ 〉, which is equivalent to an “exciton condensate”
where the pairing is between a particle and a hole taken from
bands with equal and opposite Chern numbers. For topo-
logical reasons, such an order parameter cannot be constant
throughout the Brillouin zone of allowed momenta k, k′, and
is forced to vanish within it, making it energetically unfavor-
able at strong coupling unless interactions are tuned into a
regime that is physically difficult to achieve [27]. Therefore
the resulting inter-Chern coherent U(1)V -breaking states were
considered unlikely to emerge in the flat-band, strong cou-
pling limit [27,29,31]. Similar arguments can also be applied
to “Euler-obstructed” bands [32], characterized by a Ĉ2zT̂
symmetry (a composition of time-reversal and a π -spatial
rotation), which can in a sense be viewed as a “doubled”
version of the C = ±1 problem described above.

As we motivate shortly, upon introducing a finite band-
width that moves the problem away from strong coupling, a
new type of U(1)V -breaking state, that we term the “Chern
texture insulator” (CTI), emerges under generic conditions.
The structure of the CTI is best understood by considering
how the valley order parameter evolves across the BZ: it lies
at the poles of the valley Bloch sphere (indicating maximal
VP) at a pair of time-reversal conjugate points (“nodes”) in
the BZ, but rotates gradually to lie in the plane (indicating
maximal IVC order) away from these points (see Fig. 1).
The mandates of the underlying band topology are satisfied
by a 2π winding of the IVC order about each of the nodes.
(Formally, the pattern near each node is that of a “meron”
[35–37].) If the two nodes have the same VP, the texture
breaks time reversal, leading to a |C| �= 0 state with coexisting
time reversal breaking and IVC. This state, that we dub the
tilted-valley-polarized (TVP) insulator, cannot be localized
for the same reason as the orbital Chern insulator (although we
show below that its IVC properties mark it as a subtly distinct
topological phase). In contrast, if the nodes have opposite VP

FIG. 1. Schematic representation of a Chern texture insulator
from C = ±1 bands. Top plots show the noninteracting band struc-
tures ετ (k) in valley τ = ± with Chern numbers Cτ = ±1 and
corresponding creation operators c†

k,τ
. The � point, where the dis-

persion has its minimum, is indicated with a cyan (magenta) square
in τ = + (−). The maximum of the dispersion is at τP. Middle plot
shows the momentum-dependent valley pseudospin order n(k) in the
CTI1 state at half-filling in a smooth gauge. The pseudospin order is
defined by its components ni(k) = ∑

τ,τ ′ 〈c̃†
k,τ

σ i
τ,τ ′ c̃k,τ ′ 〉, where σ i is

a Pauli matrix with i = x, y, z, c̃†
k,+ = c†

k,+, and c̃†
k,− = c†

k+q,−. Inter-
valley coherence hybridizes k in τ = + with k + q in τ = −. The
spiral wavevector q is influenced by kinetic energy considerations,
e.g., aligning the band maximum at P in τ = + with the band min-
imum at � in τ = −. Color shows the τz component, which is also
related to the Berry curvature. n(k) is defined using a smooth gauge,
which implies that the order parameter winds by 4π around the
Brillouin zone as a result of topological considerations. Bottom plots
illustrate Bloch spheres with the pseudospin n(k) corresponding to
valley polarization along τ = +, valley polarization along τ = −,
and intervalley coherence respectively

the texture can preserve time reversal. The resulting phase, the
CTI, has C = 0 so it is not obvious whether a similar order
could arise in a model of local moments. We address this
question in Sec. I B by describing the topological properties
of this state.

The stabilization of IVC in this intermediate-coupling
regime can be motivated from the fact that a finite bandwidth
favors an equal occupation of the two valleys, while Coulomb
interactions seed exchange ferromagnetism. A final axis of
complexity arises from the freedom of the IVC to involve
electrons at k − τq/2 in valley τ ; when q �= 0 the order
parameter is a “spiral” in valley space. This allows the system
to lower the energy cost of the textured exciton insulator by
adjusting the points where the electron is polarized in valley
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τ to coincide with minima of the dispersion in that valley.
The problem of optimizing q to achieve the lowest energy
can be framed in terms of a heuristic “lobe principle” that
appropriately aligns the dispersion minimum in one valley
with the dispersion maximum in the other valley [18]. The
combination of this freedom as well as the ability of the valley
order parameter to smoothly evolve from VP to IVC across
the Brillouin zone—thereby minimizing the loss of exchange
energy—together explain why the textured exciton insulator
emerges as a competitive ground state for nonzero dispersion
(and also why it was missed in previous variational studies).
The additional variational freedom of the state to adjust its
choice of q in response to changes in twist angle, strain, etc.
also explains why it is a relatively robust energetic state that
survives in experimentally realistic systems [19,20].

B. Topology of the Chern texture insulator

In order to understand the topology manifested by the
CTI, it is useful to first distinguish three types of topology
encountered in band theory: namely, “strong”, “fragile”, and
“delicate”. The distinction between trivial and strong topo-
logical phases is robust against the addition of any number
of topologically trivial filled or empty bands [38]. In con-
trast, fragile topological phases can be trivialized upon the
addition of filled trivial bands, i.e., valence bands that lie
below the Fermi energy [39–41]. Finally, the recently intro-
duced notion of delicate topological phases refers to those
unstable to adding additional filled or unfilled bands either
above or below the Fermi energy (i.e., both in the conduction
and valence subspaces) [42,43]. The distinction between the
forms of topology can depend on the symmetries imposed: For
example, the flat bands of TBG exhibit strong topology if the
(approximate) particle-hole symmetry is elevated to an exact
symmetry [44,45], but otherwise only exhibit fragile topology
[46–51]. Which of these notions applies to the Chern texture
insulator?

To address this question conceptually, we now introduce a
simplified four-band model that captures the essential topo-
logical features while abstracting away detailed energetics.
(We simply sketch the arguments here and defer detailed com-
putations to Appendix A.) Consider the Bloch Hamiltonian

H = [d(k) · σ]τ z , (1)

where τ z labels the U(1) charge, and the Pauli matrices σ i

act on an orbital index labeled by A and B. We take the
time-reversal symmetry (TRS) to act as T = τ xK (K : i →
−i is complex conjugation), which implies that dx(k) and
dz(k) are odd functions of k and dy(k) is even. We can in-
troduce a topological gap while preserving both U(1) and T
by choosing d(k) such that the unit vector d(k)/|d(k)| covers
the unit sphere once, resulting in a lower (upper) band with
valley-dependent Chern number C = τz (−τz). Half-filling the
lower band subspace furnishes a setting for the CTI: A pair
of |C| = 1 bands that are exchanged by T̂ , a global U(1)V

symmetry corresponding to the valley charge conservation,
and enough electrons to fully fill exactly one band. (If we take
charge neutrality to coincide with the gap between the lower
and upper subspaces, this corresponds to filling ν = −1.)

Now, we observe that since C �= 0, it is impossible to
choose a smooth and periodic gauge for the Bloch functions
for any single band, and this forces slower-than-exponential
decay of their Fourier transform, i.e., the Wannier functions
[52]. Hence it is impossible to construct exponentially lo-
calized Wannier states while preserving U(1)V (unless, of
course, we hybridize the lower and upper bands). We now
argue that upon introducing intervalley coherence and hence
spontaneously breaking U(1)V , it is possible to remove this
obstruction by hybridizing only the lower bands in the two
valleys. This is especially transparent for the model in Eq. (1).
To see why, first note that it is possible to build a perfectly
localized valley-polarized ν = −1 state by hybridizing upper
and lower bands within a single valley (say, the one with
τz = 1)—for example, we could simply place a single electron
in the A orbital in each unit cell. Evidently, such a state
has inter-Chern but not intervalley coherence. Next, we note
that by construction the orbital wavefunction of the C = −1,
τz = −1 lower band is exactly equivalent to that of the C =
−1, τz = +1 upper band. Therefore, by starting with the
wavefunction of inter-Chern valley-polarized state described
above written in the band-and-valley basis and simply swap-
ping labels in the C = −1 sector (simultaneously from τz =
+1 to τz = −1 and upper to lower), we obtain an inter-Chern
and intervalley coherent state built solely from the lower
bands in each valley. The resulting occupied intervalley co-
herent band has C = 0 and hence admits an exponentially
localized Wannierization [53].

Nevertheless, a vestige of the underlying obstruction re-
mains if we consider correlation functions of operators with
a definite U(1)V charge: such correlators cannot be made
strictly on-site. To see this, we argue by contradiction. For a
fermion bilinear to have a purely on-site expectation value,
its Fourier transform must be constant across the Brillouin
zone. However, the nonzero Chern number implies that each
of the two orbital components of the valence band Bloch states
in a single valley vanish at least once in the Brillouin zone.
Therefore, in the state we have constructed, any momentum-
space fermion bilinear with a definite valley charge will pick
up such zeros, obstructing its adiabatic continuity to a con-
stant nonzero value. Hence, we conclude that such expectation
values cannot be made fully on-site. Thus, we find that such
operators retain a memory of the nontrivial topology of the
U(1)V -symmetric bands, which manifests itself as an obstruc-
tion to a trivial atomic limit with strictly on-site correlations.
Perhaps more intuitively, we argue (see Appendix A) that as
a corollary, the charge variance within a single unit cell is
always nonvanishing. In a true “local moment” picture we
would expect that such charge fluctuations vanish. This is
similar to the notion of “multicellularity” introduced in the
context of delicate topological phases [42]. This analogy sug-
gests that the obstruction to making operators with definite
valley charge on-site can be removed if we mix in another set
of trivial orbitals either above or below the Fermi energy. We
confirm explicitly that this is indeed the case in Appendix A.

We conclude from this that the CTI exhibits an obstruction
to an atomic limit that is a form of delicate topology inherited
from the fragile/strong topology of the parent bands. While
mixing with other bands can remove this obstruction, this
is typically penalized energetically in many settings, making
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the delicate topological limit a good starting approximation.
In fact, we will show that the CTI generically (i.e., except
possibly for a measure-zero set of parameters) belongs to the
subset of delicate topological phases that exhibit a stronger
form of “noncompact” topology [54,55]. This means that
there exist no Wannier functions that are strictly compact, i.e.,
they can be exponentially localized but with tails extending to
arbitrarily distant unit cells.

While the model we have introduced is highly simplified,
we will show that its important features apply more generally,
to systems with either nontrivial strong or fragile topology in
the symmetric bands.

C. From Chern to Euler textures

The Euler texture insulator (ETI) poses a conceptually dis-
tinct setting from the CTI. Here, the minimal model involves
two bands in each valley—four in total—as required in order
to define a nontrivial Euler class [44,47,56]. This is associ-
ated with a symmetry that acts within a single valley—for
example the Ĉ2zT̂ symmetry in TBG—and forces the two
bands in a valley to be linked by a pair of Dirac points with
the same winding number (which is reversed in the other
valley). Our goal is to find a Ĉ2z- and T̂ -preserving insu-
lator at ν = ±1, such that we have enough electrons to fill
exactly one of these four bands. Attempting to replicate the
CTI construction in the “Chern bases” within the four-band
subspace would break Ĉ2z symmetry, necessitating a different
approach.

Recall that in the CTI, gaplessness caused by the topo-
logically mandated zeros in the U(1)V order parameter was
evaded by valley polarizing in the vicinity of these nodes.
Imagine now that we are instead in the ETI setting, where even
before imposing any IVC we have gapless Ĉ2zT̂ -mandated
Dirac nodes in each valley, which we can view as a local
singularity in the Bloch states. We can then bring the Dirac
points in one valley, say τ = +, into coincidence with non-
singular patches of the BZ in the opposite valley with τ = −1
(if necessary, by boosting the momentum in one valley) and
then choose to locally polarize into this nonsingular valley.
TRS then forces us to do the opposite for the singular points
in the τ = − valley, and we are then free to impose IVC
everywhere else (one can show that this IVC would have to
involve both inter- and intra-Chern components). The result-
ing valley texture is similar to that of the CTI, but plays a
subtly different role: instead of directly gapping out nodes
in an IVC order parameter, here the valley texture instead
“hides” the Euler-enforced band singularity in one valley by
forcing the electrons into the other valley where the singu-
larity is at a different point of the BZ, and vice versa. It
is because of this distinct topological role played by a su-
perficially similar valley texture that we distinguish the CTI
and ETI.

The preservation of Ĉ2z has further important implications
for the topological response of the ETI, making it distinct from
the CTI; one can instead view the ETI as symmetry-tuned to a
boundary between two distinct CTIs with opposite choice of
valley Chern number. The ETI is also a delicate topological
phase in that it can be trivialized by hybridizing with addi-
tional trivial bands.

D. Plan of attack and outline of this paper

Itinerancy, interactions, and topology each play an impor-
tant role in the CTI and ETI. Understanding the influence
of each of these ingredients is a challenging task, that we
address by deploying a series of models and approximations.
In outlining these now, we also sketch the organization of this
paper.

We begin in Sec. II by introducing the CTI within the
context of the so-called “lowest Landau level” (LLL) model,
which comprises a pair of LLLs with valley-contrasting mag-
netic fields (and hence opposite Chern numbers) subject to
a periodic potential. The LLL basis states are caricatures of
the strong-coupling bands that are used as a starting point
for study of several graphene-based moiré materials, while
the finite dispersion allows us to move away from the flat-
band limit and into the intermediate coupling regime. This
setup, first studied in Ref. [27], is relevant to Ĉ2z-violating
moiré platforms that can have isolated valley Chern bands
in the single-particle band structure. As discussed above, the
IVC order parameter cannot be uniform because of the Chern
obstruction. To address this, Ref. [27] introduced the exciton
vortex lattice (EVL), a candidate IVC phase that is gapless
because of the presence of vortices in the IVC order param-
eter. This phase, among others, was predicted to compete
with the valley-polarized Chern insulator in the presence of
finite dispersion and/or valley interaction anisotropy. In our
self-consistent Hartree-Fock (HF) calculations, we find that
the phase diagram is dominated for a large parameter regime
by a previously overlooked phase: the Chern-texture insulator,
which we identify as the CTI1 [57]. We demonstrate that the
CTI1 can be viewed as a gapped version of the EVL, where
the vortex cores are converted into merons whose positions are
dictated energetically by the lobe principle. We also identify a
second |C| = 1 insulating phase distinct from the fully valley-
polarized phase positioned between the CTI1 and the fully
valley-polarized phase, that we dub the tilted valley polarized
(TVP) insulator.

To generalize the problem to capture “Euler-obstructed
bands”—as relevant, for instance, to TBG—we must include
Ĉ2z symmetry. This is done, in Sec. III, by considering a setup
with two bands in each valley with net nonzero windings at
Dirac point band touchings (equivalent to nonzero Euler num-
ber). We argue that at half-filling of the conduction or valence
bands, a valley U (1) breaking insulating mean-field state with
Ĉ2zT̂ symmetry must be an ETI, which is a Ĉ2z-symmetric
generalization of the CTI discussed previously, where the role
of the valley texture is to “hide” the Dirac nodes—which are
mandated by Ĉ2zT̂ —by locally valley-polarizing in the BZ so
as to empty the valley in which the nodes occur.

In Sec. IV, we further investigate various properties of
the CTI1 and TVP via low-energy effective field theories,
which we use to show that a real-space IVC vortex in the
CTI1 induces a charge density wave (CDW) halo at 2k∗, with
±k∗ the momenta of the meron cores in the ground state.
We also construct the appropriate response actions for the
two phases. The CTI1 exhibits a mixed Chern-Simons term
between the gauge fields for charge and translation, implying
that a real-space vortex of a translational-symmetry breaking
charge density-wave order binds an electric charge of ±e/2.
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Interestingly, we find that the TVP realizes the second entry
of Kitaev’s 16-fold way [58]. We comment on the connec-
tion between the CTI and the ETI in light of the topological
response.

As we have emphasized at the outset, moiré materials
provide natural candidate platforms for the textured exci-
ton insulators introduced in this work, and indeed this work
was motivated in part by the STM observation of IKS order
near ν = −2 in twisted bilayer [19] and mirror-symmetric
trilayer graphene [20]. In Sec. V we argue that the IKS
state in both these systems is an example of an ETI, thereby
demonstrating the experimental reality of the ETI. In a com-
panion paper [21], we use microscopic HF simulations to
predict the emergence of CTIs associated with spiral IVC
order in an array of other moiré materials that lack Ĉ2z

symmetry.
We close with a discussion and outlook in Sec. VI. Various

topological aspects of the CTI/ETI are discussed in a pair
of appendices while additional analytical derivations, model
Hamiltonians, and numerical results are provided in the Sup-
plemental Material (SM) [59].

II. LLL MODEL AND CHERN TEXTURE INSULATORS

In this section, we study a lowest Landau level (LLL) based
Hamiltonian designed to capture the essential physics of CTIs
in systems that lack Ĉ2z symmetry. We begin by explaining
the basic picture of CTIs in Sec. II A. The Hamiltonian of the
LLL model is described in Sec. II B, while its phase diagram
is presented in Sec. II C. In Sec. II D, we describe the exciton
vortex lattice (EVL) order parameter, which provides physical
intuition behind the various phases. Finally, we discuss some
generalizations in Sec. II E.

A. Basic picture

A key aspect of the CTI is the interplay between energetic
considerations and topological constraints, which we now
briefly exemplify with the simplest C2z-breaking scenario of
two TRS-related bands with opposite Chern number C = τ in
the two valleys τ = ± (see Fig. 1).

For one electron per unit cell, an insulating mean-field
state that preserves (generalized) translation symmetry can
be described by a normalized valley pseudospin ni(k) =∑

τ,τ ′ 〈c̃†
k,τ

σ i
τ,τ ′ c̃k,τ ′ 〉 defined over the Brillouin zone (BZ),

where σ i is a Pauli matrix with i = x, y, z, c̃†
k,+ = c†

k,+, and

c̃†
k,− = c†

k+q,−. As discussed shortly, the introduction of q
allows for spiral IVC states. The ground state at strong in-
teraction U is expected to be a TRS-breaking valley-polarized
Chern insulator (n ‖ ẑ) in order to minimize exchange energy.
If the single-particle bandwidth W is comparable to U , then
the dispersion ετ (k) needs to be taken into account. An insu-
lating mean-field state with good kinetic and exchange energy
can be obtained by inducing IVC as follows. In the example of
Fig. 1, the band dispersions in the two valleys both have their
global minimum in the BZ at �, while their band maxima are
at τP. As a result, hybridizing the valleys at relative wavevec-
tor q = 0 is not desirable since only one of these minima can
be occupied. Similarly, there is no guarantee that such IVC
will effectively avoid occupation of the band maxima at τP.

The lobe principle [18] resolves these concerns by considering
IVC at a finite q. In particular, the “boost” momentum q is
chosen such that the band maximum (which is associated with
a high-energy “lobe”) in τ = + aligns with the band minimum
(a low-energy lobe) in τ = −, and vice versa. For Fig. 1,
this is achieved with q = −P. An energetically competitive
TRS-invariant valley spiral is then constructed by inducing
IVC across most of the BZ, except at the lobes where n(k)
tilts towards the valley with lower kinetic energy. Favorable
valley exchange is ensured by enforcing a smooth modulation
of n(k) across the BZ.

At this point, our discussion of IVC has not addressed the
electronic band topology. Therefore, it could equally well be
applied to topologically trivial models, such as the Hubbard
model with spin U (1)-preserving spin-orbit coupling. For the
latter in the strong-coupling regime, the IVC spiral is con-
nected to kinetically driven (superexchange) magnetism of
localized valley moments [60–63]. Such a picture evidently
cannot hold if the underlying bands are topological. For the
valley Chern bands in Fig. 1, the key topological constraint is
that the IVC order parameter 〈c†

k,+ck+q,−〉 [i.e., the in-plane
part of n(k)] must possess at least two vortices in the BZ.
This arises because in a smooth gauge, c†

k,τ
winds by 2πτ

around the BZ, and hence the IVC order parameter has a net
4π winding [27]. These vortices would naïvely just lead to
gapless points (see the discussion of the exciton vortex lattice
in Sec. II D) and an energy penalty for the IVC spiral. How-
ever, the lobe principle naturally admits patches in momentum
space where the valley pseudospin is compelled by the kinetic
energy to orient towards the poles. Hence, the IVC vortices
can be accommodated as smooth merons in n(k) that maintain
good exchange energy, as illustrated in Fig. 1, leading to a
fully gapped insulator.

We call the resulting state a Chern texture insulator (CTI1).
It is an example of a textured exciton insulator, because
condensation of intervalley excitons of the valley-polarized
state, which can restore T̂ symmetry, is topologically frus-
trated because of the opposite Chern numbers carried by
the bands. This mandates a complex texture in the valley
pseudospin n(k). In fact, at this filling, the CTI1 is the
unique time reversal invariant insulating mean-field phase
that preserves translation symmetry for all U (1)V -symmetric
observables. The subscript “1” in CTI1 indicates that the
constituent bands have C = ±1. This notation alludes to
the existence of related CTIs distinguished by the type
and degree of the underlying topological frustration, but
which share common characteristics such as time-reversal
symmetry and kinetically driven IVC between bands re-
lated by T̂ . Our analysis clarifies that the lobe principle
and the triggering of k-dependent intervalley order, possibly
at finite spiral wavevector q, are general energetic consid-
erations that frequently arise in the intermediate-coupling
regime where U 	 W . Note that the commensurability of
q is considered a subsidiary issue that depends on the spa-
tial symmetries and details of the model. However, there
can be additional topological constraints on IVC depending
on the topology of the participating bands. The complex
interplay between these energetic and topological factors
yields the CTI, which forms a novel family of electronic
states.
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B. Model

1. Magnetic Bloch basis

We now turn to a concrete interacting model to explicate
the properties of the CTI and related competing states. The
description of the LLL model below closely follows that of
Ref. [27]. The single-particle Hilbert space consists of two
LLLs that carry a valley index τ = ± and experience opposite
magnetic fields B = −τBẑ leading to opposite Chern numbers
C = τ . With the magnetic length 	B set to 1, the LLL wave-
functions in Landau gauge A = −τBxŷ are

ukτ (r) = 1√
π

1
2 Ly

eikye− (x−τk)2

2 (2)

with corresponding creation operators c†
kτ

. Note that the
position-momentum locking goes in opposite directions in
the two valleys. This setup clearly breaks Ĉ2z symmetry,
which interchanges the valleys and would require the Chern
numbers to be identical. We note that related setups of
opposite-field Landau levels have previously been considered
in Refs. [27,64–74].

We consider a square lattice with lattice constant a = √
2π

corresponding to one flux per unit cell. We define the mag-
nitude of the primitive reciprocal lattice vector Q = 2π

a = a.
We consider a cylinder geometry with Lx = Nxa → ∞ and
periodic direction Ly = Nya. The first magnetic BZ contains
momenta k such that kx ∈ [0, Q), ky ∈ [0, Q), for both valleys.
The magnetic Bloch functions

φkτ (r) = 1√
Nx

∑
n

eiτkx (ky+nQ)uky+nQ,τ (r)

kx = 2πn

Nxa
, n = 0, . . . , Nx − 1

ky = 2πn

Nya
, n = 0, . . . , Ny − 1, (3)

are eigenfunctions of the magnetic translation operators

T̃τ,x = e−iτQyTx, T̃τ,y = Ty,

φk,τ (r + ax̂) = eiτQyeikxaφk,τ (r),

φk,τ (r + aŷ) = eikyaφk,τ (r), (4)

where Tx, Ty are ordinary translation operators (i.e., Tx =
eiapx ). The magnetic Bloch functions are defined with
a smooth gauge that is not periodic in the momentum
argument k,

φk+Qx̂,τ (r) = eiτkyQφk,τ (r), φk+Qŷ,τ (r) = φk,τ (r). (5)

The gauge choice above is inherited by the associated mag-
netic Bloch basis creation operators d†

k,τ
. We impose an

anti-unitary time-reversal symmetry T̂ that relates the valleys

T̂ d†
k,τ

T̂ −1 = d†
−k,−τ

. (6)

2. Single-particle dispersion

To model a single-particle dispersion, we project a periodic
potential VSP(r) onto the LLLs

ĤSP
τ =

∫
drVSP(r)ψ†

τ (r)ψτ (r), (7)

where ψ†
τ (r) is the LLL-projected fermion creation operator.

The harmonics of the potential, which are compatible with
the choice of magnetic unit cell, are mapped to the dispersion
ετ (k) according to [27]

cos

(
2πnxx

a
+ φx

)
→ ετ (k) = e− n2

x π

2 cos(τnxkya + φx ),

cos

(
2πnyy

a
+ φy

)
→ ετ (k) = e− n2

y π

2 cos(τnykxa + φy).

(8)

For a lowest-harmonic square cosine potential with
φx = φy = 0, we obtain

VSP(r) = −w

(
cos

2πx

a
+ cos

2πy

a

)
,

ετ (k) = −W

4
(cos kxa + cos kya), W = 4we− π

2 , (9)

which will be used in this section unless otherwise stated.

3. Interactions

For the interaction Hamiltonian, we consider the U (1)v-
symmetric density-density interaction

Ĥint = 1

2A

∑
q∈all,τ,τ ′

Ũττ ′ (q) : ρτ (q)ρτ ′ (−q) : (10)

where A = LxLy is the system area, and ρτ (q) is the projected
density operator

ρτ (q) = e− q2

4

∑
k∈BZ

eiτ (kx+ qx
2 )qy d†

kτ
dk+q,τ (11)

≡
∑
k∈BZ


τ (k, q)d†
kτ

dk+q,τ , (12)

which implicitly defines the form factors 
τ (k, q) (see also
Ref. [75] and Sec. S1 within the SM [59]).

The bare interaction potential in valley space is

Ũττ ′ (q) =
(

u0(q) + u1(q) u0(q) − u1(q)
u0(q) − u1(q) u0(q) + u1(q)

)
ττ ′

. (13)

For the isotropic component u0(q), we choose the dual gate
screened interaction u0(q) = 2πU tanh qdsc

q where dsc is the
distance between the gates and the sample plane. We also in-
troduce a valley-anisotropic component u1(q). For simplicity,
we consider an overall scaling

u1(q) = αvu0(q) (14)

which effectively corresponds to different dielectric constants
for the intravalley and intervalley interactions for αv �= 0.
Unless otherwise stated, we set U = 1.
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4. Winding of order parameters and boosting

In a smooth gauge, certain order parameters are expected
to wind around the BZ. Consider the IVC (inter-Chern) order
parameter �(k) for a translation-invariant state, and its value
after shifting in momentum space by Qx̂,

�(k) ≡ 〈d†
k,+dk,−〉 → �(k + Qx̂) = �(k)e2ikyQ, (15)

where we have used Eq. (5). On the other hand, �(k) is peri-
odic in the ky direction. This implies that �(k) must wind by
4π when traversing the boundary of the BZ counterclockwise.
In particular, this means that any �(k) that corresponds to a
physically sensible state (i.e., no discontinuities) must have
at least one zero in the BZ in order to accommodate the
winding, which could be achieved by, e.g., two vortices each
with winding 2π .

In our HF calculations, we will sometimes “boost” the
momentum in valley τ = − by q in order to access valley
spiral orders. This amounts to allowing hybridization between
d†

k,+ and d†
k+q,−, in which case the analogous (smooth) order

parameter is

�q(k) ≡ 〈d†
k,+dk+q,−〉, (16)

which similarly must have vortices in the BZ to accommodate
the 4π winding.

C. Phase diagram

We perform self-consistent HF calculations on an Nx × Ny

momentum mesh at half-filling, i.e., when there are enough
electrons to fully occupy one of the two bands. The one-
body density matrix Pk,τ ;k′,τ ′ = 〈d†

k,τ
dk′,τ ′ 〉 is constrained to

satisfy a generalized translation invariance parameterized by
a wavevector q, which will be referred to as the “boost”.
This means that only Pk,τ ;k,τ , Pk,+;k+q,−, and Pk+q,−;k,+ are
allowed to be nonvanishing, i.e., IVC is only permitted at
wavevector q,

Pk,+;k′,− ∝ �q(k)δk′,k+q. (17)

A nonzero IVC at q �= 0 implies valley spiral order. On
the other hand, valley-diagonal observables yield translation-
invariant expectation values since 〈d†

k,τ
dk′,τ 〉 ∼ δk,k′ .

Figure 2 presents a HF phase diagram as a function of
kinetic bandwidth W and valley interaction anisotropy αv.
[See Sec. S1 within the SM [59] for analogous results with
an additional second harmonic component to the dispersion
ετ (k)]. For reasons to be made apparent later, we restrict
the boost to q = (0, 0) or (Q/2, Q/2). All data points shown
have a positive indirect gap. We first summarize the broad
features of the phase diagram. Around the lower left cor-
ner (αv = W = 0), we find the valley-polarized (VP) phase
where all electrons occupy one of the two valleys. This is
an exact eigenstate across the phase diagram, since it is the
unique many-body state in its U (1)v sector. The VP phase is
surrounded by a narrow sliver of states with finite IVC, but
which still have a nonzero valley polarization. We dub this
the tilted valley-polarized (TVP) phase, whose boost is q =
(Q/2, Q/2), except for W = 0 where we find that q = (0, 0)
and (Q/2, Q/2) are degenerate [76]. For larger W and αv, the
phase diagram is dominated by the CTI1. The CTI1 has T̂
symmetry, and its boost q follows the same rules as for the

FIG. 2. HF phase diagram of the LLL model at half-filling. αv

is the valley interaction anisotropy, and W is the kinetic bandwidth
arising from a square cosine potential. The gate distance dsc = 6a,
and the interaction scale U = 1 (see Sec. II B 3). Color indicates
the magnitude of intervalley coherence (IVC). White lines indi-
cate approximate phase boundaries. System size is 24 × 24, and
the valley boost is fixed to either q = (0, 0) or (Q/2, Q/2). (VP,
valley-polarized; TVP, tilted valley-polarized; CTI1, Chern texture
insulator).

TVP. Below, we discuss these phases and their transitions in
more detail by zooming in on the αv and W axes of Fig. 2.

1. αv axis

Figure 3(a) focuses around the phase transitions in the flat
band limit (W = 0), with boost q = (0, 0). The VP phase
for small αv has uniform Berry curvature, and its HF band
structure is also flat for W = 0. As proposed in Ref. [27], the
VP is the candidate state for the quantized anomalous Hall
(QAH) insulator observed in hBN-aligned TBG at ν = +3
[77,78], and is expected to have a finite threshold of stabil-
ity against αv and W . The fact that VP survives a nonzero
αv > 0 (i.e., weaker intervalley vs intravalley interactions) is
at first glance surprising—in the usual quantum Hall bilayer at
ν = 1, a nonzero interlayer distance d weakens the interlayer
interaction and drives interlayer excitonic condensation to
minimize the charging energy [37,79]. However, the situation
in the LLL model is different, as the two valleys have opposite
Chern numbers [80], and there is no SU (2)v symmetry even
for αv = 0. Moreover, Ref. [27] argued that IVC is energet-
ically penalized because the corresponding order parameter
�(k) must admit vortices because of topological constraints
(see Sec. II B 4). By mapping to an effective problem of a
superconductor in a magnetic field, Ref. [27] derived a trial
time-reversal invariant IVC state, dubbed the exciton vortex
lattice (EVL), and showed that its energy was higher than the
VP for small αv. In the BZ, the EVL possesses two 2π vortices
where the band structure forms Dirac points. The EVL and its
order parameter will be discussed in more detail in Sec. II D.

At αv 	 0.013, the VP begins to develop IVC through what
appears to be a continuous phase transition. In the resulting
TVP phase, which is still a QAH state with |C| = 1, the HF
gap and valley polarization remain finite. In fact, the valley
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FIG. 3. HF phase diagram of the LLL model at half-filling along the αv and W axes. The gate distance dsc = 6a, and the interaction
scale U = 1. (a) Phase diagram as a function of anisotropy αv for zero dispersion (W = 0). C is the Chern number, Wocc. is the bandwidth
of the occupied HF valence band, IVC is intervalley coherence, and VP is valley polarization. Boost is fixed at q = (0, 0). (b) Properties of
a representative TVP state. (Left) Momentum-dependent valley order parameter. Color indicates 〈τz〉, while arrows indicate in-plane order.
(Right) HF conduction band dispersion. The valence band has −E (k) because of particle-hole symmetry. (c), (e), (f) Same as (b) except
for different parameters and states. (d) Same as (a) except as a function of dispersion W for zero anisotropy (αv = 0). Boost is fixed at
q = (Q/2, Q/2). System size for all plots is 24 × 24.

pseudospin remains within one hemisphere throughout the
BZ. For the boost q = (0, 0) enforced here, the IVC devel-
ops across the entire BZ except at two fully valley-polarized
nodes that can either be at ±(Q/4, Q/4) or ±(Q/4, 3Q/4).
Just below the phase transition at higher αv 	 0.025, the
momentum-resolved valley pseudospin resembles two merons
in momentum space [Fig. 3(b) left]. Note that the “core polar-
ization” and the in-plane winding of 2π are identical for the
merons, the latter being consistent with the net 4π winding
around the BZ that is topologically required for the IVC
order parameter �(k). While the HF dispersion E (k) of the
conduction band (the HF valence band dispersion is −E (k)
because of particle-hole symmetry) has a minimum at the
meron cores, it remains gapped throughout the TVP phase.
The gap is smallest at the meron cores because the rapid
texturing of the valley pseudospin there suppresses the Fock
exchange. As will be explained in Sec. II D, the TVP in this
limit resembles the EVL with small valley masses of the same
sign at the two vortices.

A weakly first-order topological transition occurs at αv 	
0.025 where one of the merons changes its core valley po-
larization [see Fig. 3(c)]. The resulting CTI1 preserves T̂
and hence has C = 0. While the net valley polarization |〈τz〉|
vanishes, its average magnitude across the BZ 〈|τz|〉 is nonzero
because of the valley polarization around the meron cores. At
these positions, the HF gap is smallest, and the Berry cur-
vature has pronounced peaks with opposite signs. The CTI1

resembles the TVP except with opposite valley masses at the
two EVL vortices [82].

2. W axis

For valley isotropic interactions (αv = 0), Fig. 3(d) shows
the phase diagram with boost q = (Q/2, Q/2) in the vicinity

of the phase transitions. We remark that the physics of the LLL
model along the W axis is more relevant to the moiré materials
in Sec. V and Ref. [21], since the long-range density-density
interaction naturally has αv = 0, and the bandwidth W is
usually comparable to the interaction strength and can often
be tuned with a displacement field. Similar to Sec. II C 1, the
transition at W 	 0.8 between the VP and TVP appears to
be continuous or very weakly first order. However, the TVP
has some qualitative differences to that along the αv axis. As
shown in Fig. 3(e) for a TVP that has a net polarization in τ =
+, the valley pseudospin tilts into the opposite hemisphere
around k = (Q/2, Q/2), but maintains finite IVC and does
not fully polarize along τ = −. The zeros in �q(k), required
by the net 4π pseudospin winding, are at k = (0, Q/2) and
(Q/2, 0).

As can be inferred from the small peak in the HF dispersion
of the TVP at (Q/2, Q/2) [Fig. 3(e)], the nonzero valley boost
and tilting into the opposite valley is driven by the details
of the noninteracting band structure, which we now explain
with the lobe principle outlined in Sec. II A. For the square
cosine potential used here, the dispersion ε(k) has a minimum
at (0,0) and a maximum at (Q/2, Q/2) in the unboosted “lab
frame”. Consider initially a VP state that is fully polarized in
τ = +. This has good exchange energetics, but poor kinetic
energy around the maximum of ε(k) at (Q/2, Q/2). The sys-
tem can lower its kinetic energy while remaining insulating
(with uniform particle occupation of 1 across the BZ) in the
following way. We boost valley τ = − by q = (Q/2, Q/2),
which aligns the dispersion minimum in that valley with
the maximum in τ = +. Then, we tilt the VP state towards
τ = − at k = (Q/2, Q/2) (where k is defined relative to
the unboosted BZ of τ = +). This tilting, which introduces
IVC, is done smoothly in momentum space in order to re-
duce the loss of exchange gain. For sufficiently large W , the
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lowering of kinetic energy is able to overcome the exchange
penalty.

At larger W 	 0.92, there is a strongly first-order transition
to the T̂ -invariant CTI1 phase. As shown in Fig. 3(f), the val-
ley pseudospin is fully polarized along τ = + (τ = −) at k =
(0, 0) [k = (Q/2, Q/2)]. The HF band structure clearly shows
the influence of the kinetic energy. Unlike in the W = 0 case
in Sec. II C 1, the HF gap is maximum at the valley-polarized
meron cores, which are now significantly more spread out in
momentum space to take advantage of the band extrema. The
way that exchange and the dispersion ε(k) combine to shape
the properties of the CTI1 is reminiscent of the lobe principle
used to explain the stabilization of the IKS in TBG [18]. The
precise relationship between the CTI and the IVC phases in
moiré graphene will be explained in more detail in Sec. V and
Ref. [21]. As we will see, while the IKS in TBG requires a
Ĉ2z-symmetric model for a proper description (see Sec. III),
the CTI in the LLL model has closely related cousins in other
materials [21].

Since the lowest-harmonic dispersion of Eq. (9) has in-
tervalley nesting at half-filling, the CTI1 phase persists as
W → ∞. However, we emphasize that the CTI1 is funda-
mentally an intermediate-coupling order that does not rely
on weak-coupling nesting instabilities. In Sec. S1 within the
SM [59], we show that the CTI1 phase survives for a large
range of parameters at finite W ∼ 1 in the presence of higher
harmonics in the dispersion, which eliminates the nesting.

D. Exciton vortex lattice

In this section, we discuss exciton vortex lattice (EVL),
which was first introduced in Ref. [27], and its relation to
the CTI.

1. Construction of order parameter

We first briefly recap the motivation behind the EVL [27].
Our goal is to write down an order parameter corresponding
to strong IVC between the two valleys, which in real space in-
volves the fermion bilinear �(r) ∝ 〈ψ†

+(r)ψ−(r)〉, with ψ†
τ (r)

the position creation operator in valley τ . By performing a
particle-hole transform in valley τ = −, we see that �(r)
effectively describes a superconducting order parameter in
a fictitious system that experiences a net magnetic field. As
there is no Meissner effect in 2D, the system is forced to ac-
commodate the field through vortices in the order parameter,
which will arrange to form a lattice [83]. The resulting phase
is dubbed the exciton vortex lattice (EVL).

In momentum space, we can derive the order parameter of
the EVL (see Sec. S1 within the SM [59] for details)

�EVL,q

(
k − q

2

)
= �0e2ikxky−k2

y θ3

(
kx + iky

Q
,

s + i

2

)

= �EVL,q

(
−k − q

2

)
(18)

where �0 is some overall normalization and q denotes the
intervalley boost of τ = − relative to τ = +. The Jacobi
theta function of the third kind θ3(z, α) has nodes at z =
mα + n + α+1

2 where m, n ∈ Z. Hence, �EVL,q(k − q
2 ) either

has vortices at ±(Q/4, 3Q/4) for s = 1, or ±(Q/4, Q/4) for
s = −1.

FIG. 4. Properties of the CTI1 constructed from the EVL ansatz
[Eq. (20)] with q = 0 and s = −1 in the LLL model. Plots show
the in-plane pseudospin (arrows) and out-of-plane valley polarization
(color) in the BZ. (a) Results for W/�0 = 0. (b) Same as (a) but for
W/�0 = 0.5.

Figure 4(a) plots the in-plane order of the ground state
projector of the mean-field Hamiltonian

h(k) =
(

0 [�EVL(k)]∗
�EVL(k) 0

)
(19)

constructed using the EVL order parameter with q = 0. Thus,
�EVL(k) controls the direction of the in-plane component of
the valley pseudospin n(k). As we have chosen s = −1, the
IVC exhibits nodes at ±(Q/4, Q/4). Consistent with the dis-
cussion in Sec. II B 4, the pseudospin winds by 4π when going
around the BZ counterclockwise. Since the magnetic Bloch
operators are periodic in the ky direction, it is straightforward
to detect the vorticity of each vortex by tracking the rotation of
the pseudospin along ky as a function of kx. For instance, the
pseudospin does not wind along ky at kx = 0, but after passing
the vortex at kx = Q/4, the pseudospin winds by 2π along ky.

2. Trial state for CTI

The quasiparticle spectrum of the EVL state is gapless
because of the Dirac points at the two vortices. However,
there is no symmetry that protects these Dirac points. Hence,
the EVL requires fine-tuning, and it is natural to ask what
proximate phases are obtained by gapping the Dirac points,
which would likely reduce the total energy. In fact, we al-
ready know the answer from the discussion in Sec. II C 1. As
shown in Figs. 3(b) and 3(c), the TVP can be reached from
the EVL by generating identical interaction-induced valley
masses at the two Dirac points, while the CTI1 is obtained
by generating opposite valley masses. By smoothly canting
towards the poles of the valley Bloch sphere at the vortex
cores and forming pseudospin merons in momentum space,
the system can lower the exchange energy, while respecting
the topological constraints imposed on the order parameter
(i.e., vanishing of IVC at the meron cores). This possibility of
gapping the Dirac points of the EVL by tilting in valley space
was missed in the analysis of Ref. [27]. Along the αv-axis of
the HF phase diagram [Fig. 3(a)], the transition between the
TVP and CTI1 appears very weakly first order, such that the
EVL is skipped entirely.

The CTI1 at finite bandwidth W [Fig. 3(f)] can also
be obtained by orienting the pseudospin of the EVL (with
appropriate q) along opposite poles at the vortex cores.
This case is conceptually simpler because the single-particle
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dispersion ετ (k) is an obvious candidate for the origin of the
valley masses [84]. To see this, consider for simplicity the
q = 0, s = −1 EVL whose vortices are at ±(Q/4, Q/4) in
the BZ [Fig. 4(a)]. We then apply a lowest-harmonic cosine
potential [Eq. (8)] with phases φx = −φy = −π/2 chosen so
that the minima and maxima of the dispersions in the two
valleys anti-align, and coincide with the vortex cores [85]. We
now solve the T̂ -symmetric mean-field Hamiltonian

HMF =
∑
k,τ,τ ′

d†
k,τ

hτ,τ ′ (k)dk,τ ′ ,

h(k) =
(

ε+(k) [�EVL(k)]∗
�EVL(k) ε−(k)

)
, (20)

to obtain the density matrix Pτ,τ ′ (k) = 〈d†
k,τ

dk,τ ′ 〉. As shown in
Fig. 4(b), the resulting pseudospin texture forms two merons
with opposite core polarities in momentum space, resembling
the CTI1 obtained within self-consistent HF calculations.
Apart from the U (1)v phase, the only nontrivial free param-
eter in Eq. (20) is the ratio W/�0 between the bandwidth
and the IVC mean-field strength. By tuning this ratio for
q = (Q/2, Q/2) and φx = φy = 0, we can recover the CTI1

state in Fig. 3(f) with errors in the local pseudospin of less than
1%, reinforcing the notion that the CTI1 is a gapped version
of the EVL.

E. Extensions

So far, the calculations in this section have used a first-
harmonic single-particle dispersion whose “lobe” spacing
(Q/2, Q/2) coincides with the vortex spacing in the EVL
ansatz of Eq. (18). As a result, the CTI1 can be intuitively
understood as simply applying opposite valley masses around
the two Dirac points [see Eq. (20) and Fig. 4]. However, the
band structures in realistic materials are complex and prone
to interaction-induced renormalization. External effects like
strain can also break rotational symmetries. In Sec. S1 within
the SM [59], we show that the CTI1 survives for more general
single-particle dispersions ετ (k). This underscores the fact
that (i) the topological frustration of the CTI1 is a generic
feature of coherence between opposite Chern bands, and (ii)
the flexibility of the lobe principle provides a broad energetic
basis for the stabilization of CTIs in a variety of conditions.

The LLL model does not straightforwardly accommodate
bands with higher Chern numbers |C| > 1, but we can antici-
pate the general properties of the CTIn for a one-band model
with C = nτ in the two valleys. In this case, the IVC order
parameter in a smooth gauge must wind by 4nπ around the
BZ. Hence, the CTIn must have vortices/merons in the BZ to
accommodate this winding. Their positions and multiplicities
will be controlled by the interplay between exchange physics
and the details of ετ (k). An example of a CTIn with n = 2 in
a moiré system is presented in Ref. [21].

Finally, we comment on the effects of introducing addi-
tional bands. As discussed in Sec. I B and Appendix A 1, the
CTI has C = 0 and possesses exponentially localized Wan-
nier orbitals, but yet does not admit an atomically localized
description. However, this obstruction is delicate in that it is
not robust to adding trivial bands. In Appendix A 2, we show
that a CTI can in principle relax its nontrivial valley texture by

mixing into these bands, eventually connecting to the atomi-
cally trivial limit, though such mixing may be energetically
unfavorable especially if the additional bands are sufficiently
remote in energy.

III. EULER-TEXTURED INSULATORS

In this section we discuss the physics of the ETI in Ĉ2z-
and T̂ -symmetric systems where the single-particle Hamil-
tonian in each valley has a nontrivial Euler topology. The
focus is on the topological considerations underlying the
ETI, although we briefly comment on energetic considera-
tions where relevant. We first summarize the properties of
the Euler class that will be relevant for our purposes. The
Euler class e2 is an integer-valued topological invariant that
characterizes the topology of two-band systems with a space-
time inversion symmetry that squares to one, which we will
take to be Ĉ2zT̂ in this work. A nonzero e2 presents an Euler
obstruction to a symmetric exponentially localized Wannier
representation, and enforces gapless band crossings with a
net winding number of −2e2 between the two bands [47,56].
A single Ĉ2zT̂ -symmetric band from this two-band subspace
therefore has singularities. It is always possible to construct a
nonsymmetric basis consisting of bands with Chern numbers
C = ±e2, such that Ĉ2zT̂ maps the Chern bands onto each
other [33,86–88]. An example of |e2| = 1 is given by the cen-
tral bands of TBG within a single spin-valley flavor. This can
be seen from the existence of a sublattice-polarized “Chern
basis” in TBG with C = τσ , where Ĉ2zT̂ flips the sublattice
index but leaves the valley invariant. In Sec. S2 within the SM
[59], we introduce another two-band model with e2 = 1 that
is based on LLLs and generalizes the model of Sec. II.

In Sec. III A, we first demonstrate that a gapped U (1)v-
breaking mean-field insulator at ν = ±1 in a two-valley
model with an Euler obstruction in each valley that otherwise
preserves all other symmetries must be an ETI. In Sec. III B,
we discuss an effective toy model that further elucidates the
physics of the ETI. Further variants of the toy model are
studied in Sec. S2 within the SM [59].

A. General arguments

We consider a model with two bands per valley [89], which
preserves Ĉ2z, T̂ and U (1)v. As usual, Ĉ2z and T̂ flip the valley
index. We require that the two single-particle bands within a
valley carry a nonzero Euler class e2. Importantly, this means
that within a valley, any single Ĉ2zT -symmetric band selected
from the two-band space must have singularities in the BZ.
We add electron interactions that preserve all the symmetries.
The filling ν = 0 corresponds to charge neutrality, so that the
system is fully occupied at ν = +2 and fully unoccupied at
ν = −2.

We are interested in constructing a gapped Ĉ2z- and T̂ -
symmetric insulator at ν = ±1. Ruling out fractionalization
and both time-reversal and translation symmetry breaking
means that such an insulator must be intervalley coherent.
Since there are multiple bands and no net Chern number in
each valley, the CTI discussion in Sec. II does not straight-
forwardly apply here, and it is a priori not clear that there is
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an obstruction to having a uniform nonvanishing IVC across
the BZ.

We now demonstrate that such an insulating IVC state
is still frustrated at ν = ±1 owing to the nontrivial Euler
topology. To see this, we focus on ν = −1 for concreteness,
and consider the occupied intervalley-coherent band |HF, k〉
at ν = −1 that is separated by a charge gap to other bands.
This band can be expressed generally as

|HF, k〉 = α(k) |HF+, k〉 + β(k) |HF−, k〉 , (21)

which implicitly defines a pair of time-reversal-related,
valley-diagonal, and normalized bands |HF+, k〉 and
|HF−, k〉, dubbed the “valley-filtered” bands [90]. The
coefficients α(k) and β(k), whose magnitudes are gauge
independent, parametrize the momentum-dependent valley
structure of the IVC insulator. Given our assumptions,
each valley-filtered band individually obeys Ĉ2zT̂ symmetry.
However, because of the nontrivial Euler class of the two-band
Hilbert space in each valley, the valley-filtered bands must
contain singularities in the BZ as pointed out above. In order
to construct a physically smooth insulating state, the valley
pseudospin cannot solely lie in-plane, but must fully cant
towards the poles for some momenta in order to hide the
effects of these singularities. In other words, α(k) and β(k)
each must vanish (i.e., the system is locally valley polarized)
at different points in the BZ, manifesting a nontrivial valley
texture. We dub this type of insulating order an ETI, an
example of which is the IKS in TBG and TSTG (see Sec. V).

Our analysis highlights that a Ĉ2z- and T̂ -symmetric
ETI at |ν| = 1 can be insulating despite the intrinsic two-
band Euler topology within each valley, because the U (1)v
symmetry-breaking mixes the valleys into a combined four-
band problem. An alternative Ĉ2zT̂ - and U (1)v-symmetric
stripe insulator at half-filling of a single spin-valley flavor of
TBG, which furnishes a single two-band space with |e2| = 1,
was proposed in Ref. [91] (see also Ref. [92]). There, the
spontaneous doubling of the moiré unit cell leads to a four-
band problem in the reconstructed BZ, enabling a gap to be
opened at the Fermi level via non-Abelian braiding of Dirac
points [47,93].

We now compare and contrast the construction of the CTI
and ETI with reference to the general decomposition of a
gapped IVC band in Eq. (21). In the CTIn setting, there is only
one band in each valley, such that the valley-filtered bands
|HFτ , k〉 are fixed, and are generic Chern bands. Owing to the
mandatory 4πn winding of the order parameter, introducing
IVC as in Eq. (21) leads to vortices, whose positions can
be anywhere in the BZ, with associated Dirac points in the
electronic spectrum. The vortex positions are ultimately fixed
by energetic considerations, such as the lobe principle, and the
CTIn is realized upon gapping these Dirac points and forming
a smooth valley pseudospin texture.

On the other hand, in the ETI setting where each valley
contains two bands with nontrivial Euler class, the valley-
filtered bands are not uniquely specified at the outset. Indeed,
we could pick any set of |HFτ , k〉 as long as they satisfy
Ĉ2z and T̂ . Crucially, different choices lead to different po-
sitions of singularities that are required because of the Euler
topology. To create an IVC insulator, these singularities would
need to be hidden by locally valley-polarizing in momentum

space, leading to an ETI with a nontrivial valley texture.
Again, the precise choice of ETI that is stabilized (if at all) in
some Hamiltonian depends on energetic details that are influ-
enced by many factors such as band dispersion and quantum
geometry.

B. Toy model for ETI

The previous subsection highlighted the choice of valley-
filtered bands |HFτ , k〉 in Eq. (21) as an important aspect of
the ETI, i.e., that band from each valley is chosen to partici-
pate in intervalley coherence in the occupied band? To further
illuminate the physics of the ETI, we focus on a regime where
the appropriate valley-filtered bands can be approximated in
a physically intuitive manner. In particular, we imagine that
the band structure in each valley is strongly dispersive, with
the lower and upper bands connected with two noninteracting
Dirac points with identical winding consistent with |e2| = 1
(see Fig. 5). At ν = −1, the noninteracting Fermi level in-
tersects the lower band in each valley. If the interaction is
relatively weak compared to the bandwidth, then a putative
ETI at ν = −1 would primarily be built from the lower bands,
and a reasonable assumption is to take these to be |HFτ , k〉
(highlighted in blue). This fixes at the outset the singularities
of the valley-filtered bands to where they would have con-
nected to the upper bands in the noninteracting band structure.

We now introduce a phenomenological toy model that cap-
tures the formation of an ETI in the regime described above.
We choose the BZ to be the same as that of the LLL in
Sec. II, so that kx ∈ [0, Q), ky ∈ [0, Q) for both valleys. The
two bands in each valley are described by 2 × 2 matrices
H+(k) and H−(k) in sublattice space [94]:

H+(k) =
(

0 f (k; k1)∗ f (k; k2)∗
f (k; k1) f (k; k2) 0

)
, (22)

H−(k) = H∗
+(−k). (23)

The system is invariant under TRS and twofold rotation that
act on valley and sublattice as T̂ = τ xK and Ĉ2z = τ xσ x

respectively. TRS leads to the constraint (23) that links the
Hamiltonians in the two valleys. The sublattice basis carries
Chern number C = τ zσ z so that the Euler class |e2| = 1 in
each valley.

The inter-sublattice tunneling function f (k; k′) has a vortex
at k′ in the BZ and satisfies the appropriate (quasi)-periodicity
in momentum space for Chern bands. In particular, we choose
here

f (k; k′) = ei(kx−k′
x+Q/2)ky e−(ky−k′

y+Q/2)2/2

× θ3((k − k′)/Q + (1 + i)/2, i), (24)

which satisfies f (k + Qx̂; k′) = f (k; k′)eikyQ and f (k +
Qŷ; k′) = f (k; k′), meaning that Hτ (k) obeys boundary con-
ditions consistent with the LLL Bloch wavefunctions [see
Eq. (5)]. The noninteracting Dirac points that connect the
lower and upper bands in valley τ are located at τk1 and τk2

and have opposite winding in the two valleys [95]. Since we
are interested in filling ν = −1 where the upper bands will
be remote in energy, and are assuming that the ETI will be
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FIG. 5. Noninteracting band structure of the ETI toy model. In each valley, we take a linecut in ky that intersects the noninteracting Dirac
points. We take k1 = (Q/4, 3Q/8) and k2 = (Q/4, 5Q/8) in Eq. (22). When constructing the ETI in Sec. III B, we project onto the lower bands
(highlighted blue).

constructed solely from the lower bands, we can safely project
into the lower bands,

|lower,+, k〉 = |+〉 ⊗ 1√
2

(
1

−eiθ (k)

)
, (25)

|lower,−, k〉 = |−〉 ⊗ 1√
2

(
1

−e−iϕ(k)

)
, (26)

where

θ (k) = arg[ f (k; k1) f (k; k2)], (27)

ϕ(k) = arg[ f (−k; k1) f (−k; k2)]. (28)

The goal is to induce a gapped T̂ - and Ĉ2z-symmetric IVC
state at half-filling of this projected subspace (equivalent to
ν = −1 in the full four-band problem). The projected Hamil-
tonian can be generally parameterized as

H̃ (k) =
(

ε(k) + δ(k) �̃(k)
[�̃(k)]∗ ε(k) − δ(k)

)
, (29)

where ε(k) + τδ(k) is the dispersion of the lower band in val-
ley τ , and �̃(k) describes the projected intervalley coherence,
to be discussed below. In order to open a direct gap at ν = −1,√

|�̃(k)|2 + δ(k)2 must be nonvanishing for all momenta k.
In Fig. 6(a), we show a representative plot of the valley dis-
persion difference δ(k). This takes values of opposite signs
near the noninteracting Dirac points within each valley [96],
since they are high-energy features of the band dispersion of
the lower bands. The noninteracting Dirac points in one valley
are therefore separated by lines of δ(k) = 0 from those of the
other valley. The formation of an ETI thus requires a projected
IVC mean-field �̃(k) that does not vanish at momenta where
δ(k) = 0.

As a first attempt to obtain an ETI, we add following Ĉ2zT̂ -
symmetric uniform IVC term [97]

HTIVC = �TIVCτ xσ x , (30)

which could arise from interaction effects. Note that since
τ xσ x only hybridizes Chern bands with the same Chern num-
ber, there is no topological obstruction to having a uniform
�TIVC. In Fig. 6(b), we plot the corresponding projected ma-
trix element [100] |�̃(k)|, which exhibits two nodal lines that
connect the noninteracting Dirac points in opposite valleys
at k1 and −k2, as well as k2 and −k1. The bands of H̃ (k)
are now connected by two residual Dirac points [red stars

in Fig. 6(b)] where δ(k) = �̃(k) = 0 with opposite winding
number. In Sec. S2 within the SM [59], we show that this
happens generally for any k1, k2.

To bring the residual Dirac points together and annihilate
them, we add an additional inter-Chern IVC term that pre-
serves the Ĉ2z and T̂ symmetries but now couples bands of
opposite Chern numbers

Hinter = Re[�inter(k)]τ x + Im[�inter(k)]τ yσ z. (31)

FIG. 6. Toy model for ETI in the BZ, projected to the lower
bands. The unprojected valley-diagonal kinetic term is given in
Eq. (22). Any boost q has been absorbed into the momentum ori-
gin such that TRS takes k → −k. (a) Difference δ(k) between the
dispersions of the lower bands in the two valleys. Noninteract-
ing Dirac points in valley τ = + are at k1 = (Q/4, 3Q/8) [grey
triangle] and k2 = (Q/4, 5Q/8) [black triangle]. TRS-related non-
interacting Dirac points in valley τ = − are indicated with dots.
(b)–(d) Projected IVC matrix element �̃(k) [Eq. (29)] for a fixed
TIVC coupling strength �TIVC = 0.1 [Eq. (30)] and variable inter-
Chern coupling strength [Eq. (31)]. Panels (b)–(d) correspond to
�inter = 0,−0.085, −0.1, respectively. Note that the lower limit of
the color scale has been clamped. Red stars indicate residual Dirac
points in the projected Hamiltonian of Eq. (29). The residual Dirac
points have annihilated in (d), leading to the formation of an ETI.
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We choose �inter(k) = �inter f (k; kinter ) f (k; (x̂ + ŷ)Q − kinter )
with kinter = 0. This functional form satisfies the topological
winding required for hybridization between bands of different
Chern number. Hinter is also projected to the lower bands,
which yields a contribution to �̃(k).

As shown in Figs. 6(c) and 6(d), a sufficiently strong �inter

“rewires” the nodal lines of the projected IVC matrix element
|�̃(k)|, so that they now connect the noninteracting Dirac
points within each valley. As a result, the residual Dirac points
between the lower two IVC bands annihilate and a direct gap
opens at ν = −1, leading to an ETI [101]. This illustrates
that a simple uniform IVC term does not suffice to generate
a gapped ETI, and a more complicated combination of IVC
terms is required.

We relegate more detailed aspects of the toy model and
related Hamiltonians to the SM [59] (Secs. S2 and S3). There,
we also discuss energetic considerations regarding the posi-
tions k1, k2 of the noninteracting Dirac points. Having them
close together within one valley, and far apart from those
in the other valley, is conducive towards the formation of a
gapped ETI. Finally, we also repeat the calculation without
projecting onto the lower bands.

IV. FIELD THEORY

In the LLL model introduced and analyzed in Sec. II,
we found two unconventional exciton condensates, the TVP
and CTI1 states, which spontaneously break the valley U (1)v

symmetry. The TVP state also breaks time-reversal symmetry
and is a quantum anomalous Hall state, whereas the CTI1

state is time-reversal symmetric. In this section we analyze
the physical consequences of the delicate and strong topology
of these two states via a low-energy effective field theory. At
the end of this section we comment on the generalization to
the ETI.

To identify the relevant continuum model, let us start by
summarizing the main ingredients of the LLL model. We start
with two Chern bands with valley quantum number τ z = C,
where C = ±1 is the Chern number. The relevant symmetries,
besides charge conservation and translation, are

U (1)v : eiθτ z
(valley U (1)v), (32)

T̂ : τ xK (time reversal, K : i → −i). (33)

Both the TVP and CTI1 states can be described at the mean-
field level by the following two-band Hamiltonian in the
valley (τ z) basis [c.f. Eq. (20)]

H (k) =
(

ε+(k) �(k)
�∗(k) ε−(k)

)
, (34)

where �(k) is the valley symmetry-breaking order parameter.
If time-reversal is preserved, then ε−(k) = ε+(−k). As ex-
plained previously, because the valley coherence is between
two bands with opposite Chern number with |C| = 1, the or-
der parameter must have two vortices with the same winding.
In the vicinity of a vortex located at k∗ we can write

�(k) = �[(k∗
x − kx ) + i(k∗

y − ky)] + O((k∗ − k)2) . (35)

If time-reversal is preserved, then the two vortices are at
±k∗. Crucially, we see that near the vortex, the mean-field

Hamiltonian takes the form of a Dirac Hamiltonian, and M =
(ε+(k∗) − ε−(k∗))/2 is the Dirac mass.

We can now write down a low-energy Hamiltonian as-
suming that the Dirac mass is much smaller than �. If
time-reversal symmetry is preserved, corresponding to the
CTI1 state, it is given by [102]

HD(k) = (kxτ
x + kyτ

y + Mτ z )μz , (36)

where we have adopted units such that � = 1, and μz labels
the two mini-valleys, i.e., the two different gapped Dirac
fermions. Note that time-reversal acts as T̂ = μxτ xK, and
translation becomes a mini-valley U (1) symmetry. The time-
reversal breaking case, corresponding to the TVP state, can be
described with

HD(k) = (kxτ
x + kyτ

y)μz + Mτ z , (37)

i.e., now the Dirac mass has the same sign in the two
mini-valleys. Below we will use these two different Dirac
Hamiltonians as the starting point for our analysis of the
topological properties of the TVP and CTI1 states [103].

A. IVC vortex-core states

Let us first introduce a real-space vortex in the IVC order
parameter. The corresponding low-energy Hamiltonian in a
single mini-valley is

H = [R(θr )]mnτ
m
(
i∂n + 1

2∂nθrτ
z
) + Mτ z , (38)

where

R(θr ) =
(

cos θr sin θr
− sin θr cos θr

)
(39)

is the SO(2) matrix that rotates over an angle θr. For a
vortex configuration, we take θr to be the polar angle, i.e.,
θr = tan−1(y/x). The Hamiltonian in Eq. (38) is the same as
the Read-Green Hamiltonian that describes a vortex in the
order parameter of a p + ip superconductor [104], with the
important difference that in our case H is defined in valley
space, and not in Nambu space. Despite this difference, we
can immediately conclude that there is a midgap state that
is exponentially localized at the vortex core. In particular, it
holds that H |ψ〉 = 0 for

|ψ〉 =
(

1
−i

)
× e−Mr/2

√
r

, (40)

where r is the radial distance to the vortex core at the origin,
and we have assumed that M > 0. Note that generically |ψ〉
is a midgap state and not a zero-mode. For a superconductor
it would be a true zero mode because of the particle-hole
symmetry. In our case, however, the Hamiltonian can con-
tain a term 1(ε+(k∗) + ε−(k∗))/2 proportional to the identity,
which we have ignored in our low-energy Dirac Hamilto-
nian. This term shifts the entire single-particle spectrum and
hence shifts |ψ〉 away from zero energy. Despite not being a
zero-mode, |ψ〉 nevertheless remains a midgap state (in the
two-band model).
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1. CTI1 case

In the time-reversal symmetric (CTI1) case the vortex core
will bind the following two midgap states, coming from the
two different mini-valleys:

|ψk∗ 〉 = eik∗·r
(

1
−i

)
× e−Mr/2

√
r

, (41)

|ψ−k∗ 〉 = e−ik∗·r
(

1
−i

)
× e−Mr/2

√
r

. (42)

These two states are degenerate as they are interchanged by
time reversal. We can energetically split the midgap states in a
time-reversal symmetric way by raising/lowering the energy
of the states

|ψ+〉 = cos(k∗ · r + α)

(
1
−i

)
× e−Mr/2

√
r

, (43)

|ψ−〉 = sin(k∗ · r + α)

(
1
−i

)
× e−Mr/2

√
r

. (44)

These states will induce a halo of charge density oscillations
with wavevector 2k∗. So we can lower the energy of the
vortices of the CTI1 state by coupling to a charge density wave
(CDW) order parameter.

2. TVP case

In the time-reversal broken (TVP) case the two vortex-core
states coming from the two mini-valleys are

|ψk∗ 〉 = eik∗·r
(

1
−i

)
× e−Mr/2

√
r

,

|ψ−k∗ 〉 = e−ik∗·r
(

1
i

)
× e−Mr/2

√
r

. (45)

In this case taking linear combinations does not induce charge
oscillations.

B. Response action

Let us now couple the low-energy theory to background
gauge fields in order to identify potential quantized response
coefficients. In the presence of background gauge fields, the
Lagrangian (without mass term) is

L = ψ†iDtψ − ψ†μzen
mτmiDnψ, (46)

where ψ contains four complex fermions ψτμ labeled by
valley and mini-valley, and

Dμ = ∂μ + iAμ + iωμτ z + iBμμz. (47)

This Lagrangian is invariant under

ψ → e−iθψ, Aμ → Aμ + ∂μθ, (48)

ψ → e−iαμz
ψ, Bμ → Bμ + ∂μα, (49)

ψ → e−iϕτ z
ψ, ωμ → ωμ + ∂μϕ ,

en
m → en

l [R(2ϕ)]lm.

(50)

The gauge fields for charge, translation, and valley are thus
respectively A, B, and ω. Note that ω is an SO(2)-restricted

version of the spin connection, and en
m can be thought of as

a restricted vielbein. Hermiticity of the Hamiltonian requires
that

∂nen
m = 2en

l ε
lmωn . (51)

This equation can be solved by taking

ωn = 1
4εlmel p∂nep

m . (52)

Under time reversal, the gauge fields transform as

(A0, Ax, Ay) → (A0,−Ax,−Ay ), (53)

(B0, Bx, By) → (−B0, Bx, By), (54)

(ω0, ωx, ωy) → (−ω0, ωx, ωy) . (55)

1. CTI1 case

Let us now add the time-reversal symmetric mass term
Mψ†τ zμzψ to the Lagrangian in Eq. (46) and integrate out
the fermions. The resulting response action contains following
mixed Chern-Simons term:

sgn(M ) × 1

2π
AdB. (56)

Note that this term is time-reversal symmetric because the
A and B gauge fields transform oppositely under time rever-
sal. The response term in Eq. (56) has previously also been
found in Ref. [105] for mono-layer graphene gapped with
a staggered sublattice potential. To establish the connection
to this work, note that in our notation the low-energy Dirac
Hamiltonian of graphene is written as

HMLG = kxτ
xμz + kyτ

y + Mτ z , (57)

where Mτ z is the mass term generated by the sublattice
potential. Time-reversal symmetry acts as TMLG = μxK. If
we perform a basis transformation with τ x in (mini-)valley
μz = −1, we obtain

H ′
MLG = (kxτ

x + kyτ
y + Mτ z )μz , (58)

and T ′
MLG = τ xμxK. The basis transformation thus maps both

the low-energy Dirac Hamiltonian and the time-reversal op-
erator of graphene to those of the CTI1. And as graphene
gapped with a sublattice potential goes to a trivial atomic
insulator for M → ∞, we thus conclude that the response
term in Eq. (56) does not imply that the CTI1 has nontrivial
stable topology, which agrees with our previous conclusion
that the CTI1 topology is of the delicate type. Nevertheless,
the mixed Chern-Simons term in Eq. (56) does have physical
consequences. For example, if we induce 2k∗ CDW order by
adding (μx, μy) mass terms, then a vortex of the CDW phason
trapped by a π flux of B carries an electric charge Q = ±1/2
(for mono-layer graphene the same happens for a vortex in the
valence-bond order parameter [105–108]).

Despite the similarity between the low-energy theories of
trivially gapped graphene and the CTI1, there are also im-
portant differences between the two systems: (1) the Dirac
dispersion in the CTI1 case is generated by a U(1) order
parameter, and (2) in contrast to graphene, M → ∞ does
not correspond to a trivial atomic limit for the CTI1. This is
because the CTI1 mass term changes sign in the Brillouin zone
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(as it has a different sign in the two mini-valleys). As a result,
for M � 1, the CTI1 state can be thought of as a metallic
state with a Fermi surface located at M(k) = 0, i.e., where
ε+(k) = ε−(k), weakly gapped by the IVC order parameter.

2. TVP case

In the time-reversal broken case we add the mass term
Mψ†τ zψ to the Lagrangian in Eq. (46). Integrating out the
fermions now produces following terms with quantized coef-
ficients in the response action:

sgn(M ) ×
[

1

4π
AdA − 1

4π
ωdω

]
. (59)

The first term tells us that the system is a quantum anomalous
Hall state. The second term is a descendent of the gravita-
tional Chern-Simons term. In Sec. S4 within the SM [59], we
provide an explicit perturbative derivation of the gravitational
Chern-Simons term in order to ensure that Eq. (59) contains
the correct level with our normalization convention for the
fields.

The Chern-Simons term for ω implies that the TVP state
is an IVC version of the the second entry in Kitaev’s 16-fold
way [58]. To see this, imagine that the valley U(1) symmetry
is gauged. The IVC order is a valley charge-2 condensate, and
induces a Higgs phase with a surviving deconfined Z2 gauge
field. The valley π fluxes, which are screened by a 2π vortex
of the IVC order, remain well-defined anyonic quasiparticles.
We will call these anyons a. The valley Chern-Simons term
implies that the topological spin of a is [109]

θa = e−2π i/8 , (60)

which is equal to the topological spin of π fluxes in the second
entry of the 16-fold way [58]. Note, however, that in the
original 16-fold way, the a anyons are π fluxes associated
with the fermion-number conservation symmetry, whereas for
the TVP the a anyons are valley fluxes associated with the
valley-charge conservation symmetry.

Because the U(1) charge of every local operator is equal
to its U(1)v charge modulo 2, a U(1) and U(1)v π rotation
are equivalent, and hence the continuous part of the symmetry
group before exciton condensation is (U(1) × U(1)v )/Z2. If
U(1)v is gauged, the remaining global symmetry group is
U(1)/Z2. The modding out by Z2 reflects the fact that charges
of local operators in the gauge theory are quantized in mul-
tiples of 2 (e.g., c†

K c†
K ′ is uncharged under the gauge group

and hence a local operator). Let us now imagine adiabati-
cally threading a thin solenoid of π flux through the system.
After gauging U(1)v , a U(1) π flux is invisible to all local
operators, and hence is “pure gauge”, i.e., it can be removed
by a large gauge transformation. So the combined operation
of adiabatically threading a U(1) π flux followed by a large
gauge transformation maps between eigenstates of the U(1)v
gauge theory. But because of the AdA Chern-Simons term, a
charge 1/2 is nucleated during the flux threading. We thus
arrive at the conclusion that the flux insertion creates an anyon
with electric charge 1/2. Due to the Z4 fusion rules (a4 = 1)
[58], and the requirement that all local operators have even
integer charge, the only anyon that can have charge 1/2 is a.

C. Connection to the ETI

We finally comment on the connection between the re-
sults obtained in this section and the ETI state introduced
in Sec. III. Our low-energy theory for the TVP and CTI1 is
derived from a two-band model. The ETI, however, results
from symmetry breaking in a set of bands with an Euler
obstruction, and hence requires at least four bands. This means
that our low-energy theory cannot be applied to the ETI in
a straightforward way. Nevertheless, the ETI and the CTI±1

are closely related. To see this, consider for concreteness the
ETI toy model in Sec. III B, where the ETI is constructed
by hybridizing the lower band of the Ĉ2zT̂ -symmetric non-
interacting model Hτ (k) in each valley [Eqs. (22) and (23)].
Because of the Euler topology, the lower band in each valley
is connected to the upper band by two noninteracting Dirac
points. These can be gapped by applying a small Ĉ2z-odd sub-
lattice mass σ z, generating Chern bands. If the sublattice mass
takes the same positive value in both valleys, then the lower
bands of Hτ (k) have Chern number C = τ , and hybridizing
them with IVC would lead to a CTI1. On the other hand, a
negative coefficient for σ z would generate lower bands with
C = −τ , giving rise to a CTI−1 upon inducing IVC. The
ETI can hence be interpreted as the Ĉ2z-symmetric boundary
between the CTI1 and CTI−1. Given that the coefficient of the
BdA term has a different sign for the CTI−1 than for the CTI1,
we thus conclude that the BdA term is odd under Ĉ2z, and
hence vanishes for the ETI. Similarly, the CTI±1 host different
vortex core states (1,∓i)T . We therefore expect that neither of
these states will appear as midgap states for the ETI.

V. ETIS IN EXPERIMENTS: IKS ORDER

As promised, after having elucidated the topological and
energetic aspects of CTIs and ETIs in model systems, we now
turn to exploring their emergence in more realistic systems.
In the interests of sharply delineating predictions from the
interpretation of existing experiments, we focus here on the
latter. We examine two cases where the spiral IVC order antic-
ipated in a textured exciton insulator has already been directly
observed in experiment: namely, the IKS states observed
via STM in twisted bilayer graphene and mirror-symmetric
twisted trilayer graphene (TSTG). In both cases, IKS states
emerge in Ĉ2z-symmetric settings so that we identify them
as ETIs. In a companion work [21], we use numerical HF
studies to propose that CTIs can emerge in experimentally
accessible parameter regimes in several other Ĉ2z-breaking
moiré materials.

A. Twisted bilayer graphene

1. Background

Magic-angle TBG is a Ĉ2z-preserving system that is an
archetypal example in which itineracy, interactions, and
topology are all important in understanding the phase dia-
gram. Near the magic angle θ 	 1.05◦, each spin and valley
possesses two narrow bands at charge neutrality that are
connected by Dirac points, and energetically isolated from
the remote bands [110,111]. While in-plane rotation Ĉ2z and
spinless time-reversal symmetry (TRS) T̂ combine to prevent

035129-15



YVES H. KWAN et al. PHYSICAL REVIEW B 112, 035129 (2025)

a nonzero Berry curvature in the single-particle basis, the
central bands in each flavor are anomalous and carry a nonzero
Euler index.

The phase diagram of the correlated (often, insulating)
states that emerge near integer filling of the central bands
at low temperatures represents one of the most basic charac-
terizations of the interacting physics of TBG. It also places
important constraints on the theoretical model and influences
the physics of proximate metallic phases. In the “strong-
coupling” framework [98,99,112], correlated insulators can
be intuitively constructed by polarizing into Chern bands in
a similar vein to quantum Hall ferromagnetism [113,118].
While this provides some intuition and has various elegant
analytically tractable limits, it is unable to explain some key
experimental facts. Most notable is the empirical finding that
despite the reproducible presence of correlated insulators at
ν = ±2, the state at charge neutrality ν = 0 is gapless in most
devices [119–129], precisely where strong-coupling theory
would predict the most robust insulators.

A resolution to this discrepancy was provided in the STM
experiment of Ref. [19], which obtained high-resolution im-
ages of the microscopic graphene-scale ordering over moiré
length scales. It concluded that in typical TBG devices that
had non-negligible amounts of strain, the charge neutrality
point is gapless, as pointed out theoretically in Ref. [130,131],
while the normal state across a range of nonzero fillings,
including the gapped insulator at ν = ±2, is consistent with
the incommensurate Kekulé spiral (IKS) order that was first
predicted earlier in Ref. [18] (see also subsequent theory in
Refs. [132,133]). The characteristic feature of the IKS, which
preserves Ĉ2z and T̂ , is intervalley coherence (IVC) at a finite
incommensurate wavevector q, i.e., the system hybridizes the
two graphene valleys K and K ′ at finite momentum and forms
an intervalley spiral. The IVC generates a symmetry-breaking
Kekulé pattern on the graphene scale [134,135], which mod-
ulates slowly on the moiré scale according to q. As noted
by Ref. [18], the competition between exchange physics and
kinetic energy that drives the formation of an intervalley spiral
can be understood in terms of the heuristic “lobe principle”,
which we briefly recapitulated in Sec. II A. This also provides
a quantitative prediction of q, which can be compared with
STM experiments that extract this wavevector by carefully
tracking the spiral modulation of the microscopic Kekulé pat-
tern across the moiré superlattice [19]. However, the manner
in which topology both underpins the frustration and charac-
terizes the resulting IKS state was previously unknown, and
the precise role played by strain has been unclear. As we will
argue shortly, these are clarified by the recognition that the
IKS state is an ETI.

Before proceeding, we comment on the real-space tex-
turing of the IVC order parameters within each moiré unit
cell. By comparing to theoretical calculations, Ref. [19] used
characteristic features of the intra-moiré-cell IVC modula-
tions seen in STM, in particular the patterns of real-space
vortices, as further evidence for IKS order. We caution though
that these real-space nodes cannot directly be used to infer
CTI or ETI character, because even “trivial IVC” insulators
[136] can host such nodes. We show an explicit example for
a different moiré material in Ref. [21], but provide a simple
argument here motivating this possibility. Consider a textured

exciton insulator that contains IVC vortices in real-space.
As explained in the introduction, the momentum-space IVC
nodes can in principle be unfrustrated by a small amount
of hybridization with remote bands, reflecting the delicate
topology of the textured exciton insulators. Such small mixing
though does not remove the real-space IVC vortices, which
are locally stable. Nevertheless, we emphasize that detailed
mapping of the intra-moiré cell texturing remains invaluable
in pinning down the nature of the correlated states [19].

2. IKS as ETI

At the noninteracting level, heterostrain unpins the Dirac
points from the KM, K ′

M corners, which migrate towards the
mBZ center [137] [see the noninteracting band structure in
Fig. 7(a)]. This tendency of the Dirac points to move towards
�M is enhanced by the intrinsic nematic instability, the origin
of which can be traced to the inhomogeneous Berry curva-
ture of the Chern bands [131]. Since strain also broadens
the bandwidth, this raises the possibility of IKS states with
a finite q whose value is determined by the kinetic energy
considerations of the lobe principle. Figures 7(b) and 7(c)
show an example IKS state for ν = −2, and analogous results
can be obtained for |ν| = 2, 3. HF calculations generally find
that the gapped IKS for |ν| = 2, 3 preserves Ĉ2z. Furthermore,
within our spin-collinear calculations, these states are spin-
unpolarized at |ν| = 2 or spin-polarized at |ν| = 3. As argued
in Sec. III A, this necessitates intervalley frustration and the
formation of an ETI owing to the Ĉ2zT̂ -protected topology.
One signature of this is the perfect valley polarization (which
implies vanishing IVC) at certain points in the mBZ as shown
in Fig. 7(b). This perfect valley polarization is necessary to
smooth out the singularity in the valley-filtered basis caused
by the nontrivial Euler topology, which manifests in a diverg-
ing quantum metric. There is also a nonzero winding in the
Chern basis at a singularity close to �M , as shown in Fig. 7(c).
We notice that the singularity has 4π winding, which may
be contrasted with the two Dirac points with 2π windings
each in the noninteracting dispersion. This results from the
hybridization between single-particle valence and conduction
bands because of energetic reasons.

Beyond clarifying the nature of the nontrivial topology
in the IKS, our analysis also emphasizes the importance of
the close proximity of the (interaction-renormalized) Dirac
points within each valley. Otherwise (as we illustrate using
a two-band variant of the LLL model in Sec. S3 within the
SM [59]), the IVC state may end up gapless, or spontaneously
break Ĉ2z to neutralize the intervalley frustration. The results
of Sec. III also shed light on the absence of a gapped IKS in
TBG for |ν| = 0, 1. At ν = 0, both spin sectors are at charge
neutrality with EF around the Dirac points. Hence, there is
minimal kinetic penalty for occupying the valence band of
each valley, which precludes kinetically driven (spiral) IVC
that is essential to the formation of any textured exciton insu-
lator. At |ν| = 1, moderately strong interactions may induce
a spin polarization such that one spin sector is now at odd
filling. In this sector, the competition between valley exchange
and kinetic energy can then lead to a frustrated intervalley
condensate, with a boost q chosen according to the lobe
principle. However, the other spin sector is still at its charge
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FIG. 7. Twisted bilayer graphene (TBG) at θ = 1.1◦. Uniaxial heterostrain of strength ε = 0.25% is applied along x̂. HF is performed at
ν = −2 on a system of size 30 × 30, with a fixed boost q that connects �M to MM along the x̂ direction, as plotted in (b). The ground state is a
spin-unpolarized ETI, referred to as an incommensurate Kekulé spiral (IKS) in Ref. [18]. We project to the central bands, and use the “average”
interaction scheme. All plots are shown for one spin sector. (a) The noninteracting dispersion of the valence band in valley K . The cyan square
labels �M and the triangles label the Dirac points. Heterostrain unpins the Dirac points and moves them towards �M . The dispersion in valley K ′

is a time-reversed copy of that in valley K . (b) Momentum-resolved valley polarization of the HF ground state. The magenta square indicates
�M in valley K ′ and the noninteracting Dirac points in valley K ′ are indicated with dots. At some momentum near �M of each valley, there is
perfect polarization into the opposite valley. (c) The color plot shows the trace of the quantum metric of the valley-filtered basis in valley K ,
|HF+〉. We observe diverging quantum metric near �M , which indicates a singularity. We further expand the valley-filtered basis into the Chern
basis |HF+〉 = 1√

2
(|C = +1〉 + e−iθ |C = −1〉), and show the angle θ with arrows. We observe a winding of 4π at the singularity. In the ETI,

the singularity is smoothed out by complete polarization into the opposite valley.

neutrality point, and therefore remains gapless. This explains
the absence of a charge gap in the IKS at |ν| = 1 [18].

We also comment on the q-independent distinction be-
tween the IKS and certain strong-coupling states that also
satisfy Ĉ2z and spinless TRS T̂ , focusing on ν = −2 for
concreteness [138]. A spin-polarized version of the so-called
TIVC insulator can be constructed by occupying |ψ+〉 =

1√
2
(|KA ↑〉 + |K ′B ↑〉) and |ψ−〉 = 1√

2
(|KB ↑〉 + |K ′A ↑〉) in

the Chern basis [139], which exhibits nonvanishing IVC
across the mBZ. This state is able to evade IVC frustration
because the spin polarization means that there is never a single
isolated band below or above the gap within each spin sector,
invalidating the argument for the ETI outlined in Sec. III A.
|ψ+〉 and |ψ−〉 involve hybridization between bands of the
same Chern number, which is not topologically obstructed,
and are mapped into each other under T̂ . A quantum spin
Hall variant of the TIVC that still preserves U (1)s consists
of |ψ+〉 = 1√

2
(|KA ↑〉 + |K ′B ↑〉) and |ψ−〉 = 1√

2
(|KB ↓〉 +

|K ′A ↓〉), but this state only satisfies a spinful TRS, and not
spinless T̂ -symmetry. This therefore invalidates the Euler ob-
struction because it requires Ĉ2zT̂ symmetry. The TIVC can
be stabilized in low-strain HF calculations including electron-
phonon coupling [140–142] and may explain the observed
IVC in the ultralow strain sample of Ref. [19].

We discuss the role of Ĉ3z-breaking in enabling a gapped
ETI in TBG. If Ĉ3z is not explicitly or spontaneously broken,
the spiral wavevector q can only take values �M, KM or K ′

M
for which the Kekulé pattern is moiré-commensurate. Any of
these choices leads to at least one momentum in the mBZ
that contains one Dirac point from both valleys. At the Dirac
point, the states with conjugate Ĉ3z eigenvalues are degenerate
since they are mapped into each other under Ĉ2zT̂ . Hence, it is
not possible, even in the presence of Ĉ2zT̂ -preserving IVC, to
energetically isolate a single band above or below EF in each
spin sector without breaking Ĉ3z. Our analysis thus highlights
why strain plays such a crucial role in stabilizing IKS order
in TBG/TSTG, by providing the requisite Ĉ3z breaking, an
aspect that has until now been somewhat mysterious.

Finally, the Ĉ2z symmetry can be explicitly broken by
aligning to the hBN substrate, whose effect can be modelled
with a sublattice mass �hBNσ z [28,77,78,143]. This imbues
the noninteracting bands with nonzero Chern numbers, and
has been invoked to explain the QAH effect observed at ν =
+3 [27,28,144]. While the IKS in Ref. [18] persists for a finite
range of �hBN, the ETI designation is no longer valid because
of the lack of Ĉ2z. By studying the valley-filtered basis, we
find in our HF calculations that the IKS becomes a CTI±1 in
the presence of a small �hBN.

B. Mirror-symmetric twisted trilayer graphene

Mirror-symmetric twisted trilayer graphene (TSTG) shares
many similarities with TBG, because its Hilbert space can
be decomposed into a mirror-even TBG sector and a mirror-
odd monolayer graphene sector at zero interlayer potential
[145,146]. Soon after the experimental identification of the
IKS in TBG, similar hallmark signatures were reported in
mirror-symmetric twisted trilayer graphene (TSTG) around
ν = ±2 [20]. Transport measurements also yield results con-
sistent with the IKS [147].

In previous work, we explored the HF phase diagram
of TSTG under varying heterostrain and displacement field
[148]. These studies indeed identify the usual IKS at finite
strain; in the absence of a displacement field �V , this is an
ETI with similar properties to the IKS state in TBG.

In addition, Ref. [148] also identified a distinct Ĉ2z-
breaking Kekulé spiral phase at large displacement field,
which survives to the limit of zero strain where the wavevec-
tor q becomes commensurate with the moiré lattice. Since
Ĉ2z is spontaneously broken, this phase cannot be an ETI.
As discussed in Ref. [21], the question of whether this is
a CTI is more subtle because of the presence of multiple
bands near EF , and the lack of clear spectral gaps that are
present in the other platforms studied above. Our analysis
suggests that the Ĉ2z-breaking Kekulé spiral is also not a
CTI [21].
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VI. DISCUSSION

Textured exciton insulators belong in the regime where
interactions, band dispersion, and electronic topology are all
significant. In contrast, the physics at weak-coupling is cen-
tered around the Fermi surface, and nesting, which is not
generic, is necessary to open a full insulating gap. In the
case of intervalley order, the spiral wavevector q is a purely
kinetic property set by the details of the Fermi surfaces that
are local in the BZ. On the other hand, when interactions
dominate, a global view of the BZ is important. For triv-
ial single-particle bands, conventional intervalley spiral order
can arise from a localized Mott-like picture. For topological
bands, ferromagnetic and topological insulators are expected,
akin to quantum Hall ferromagnetism. When interactions
and kinetic energy are comparable, both global properties of
the single-particle wavefunctions across the whole BZ, such
as the band topology, and local properties, such as the details
of the kinetic dispersion, come together to stabilize and shape
the textured exciton insulators. We emphasize that the physics
here cannot be fully understood through the lens of either the
weak- or strong-coupling limits.

For moiré systems, the intermediate-coupling regime can
be accessed by appropriate choices of physical parameters
such as the interaction strength, twist angle, displacement
field, and strain. These conspire to stabilize the IKS state in
magic-angle bi- and trilayer graphene, which as we have ar-
gued above is an example of an ETI. As we show in Ref. [21],
several Ĉ2z-breaking moiré materials favor the formation of
CTIs in physically plausible parameter regimes. The pres-
ence of band topology can often be experimentally verified
through observation of correlated (fractional) Chern insula-
tors, including with a perpendicular magnetic field. From the
perspective of strongly interacting topological physics, it is
typically desirable for interactions to be dominant relative
to the band dispersion. In this context, we believe that tex-
tured exciton insulators are important for several reasons.
As evidenced in the HF phase diagrams at integer fillings,
they are often the correlated phases that are adjacent to more
conventional flavor-polarized (topological) insulators. An un-
derstanding of the stability of such strong-coupling states thus
requires careful consideration of the energetic competition
with textured exciton insulators. Furthermore, factors such as
interaction-induced band renormalization [149–153], and ex-
perimentally relevant variables like twist angle inhomogeneity
[125] and strain [154–156], may complicate our assessment of
the relative strength of interactions, and favor the emergence
of intermediate-coupling orders. A prime example of this is
the ubiquity of IKS order in TBG and TSTG devices exam-
ined by STM [19,20], which arises because of unintentional
strains whose introduction is often unavoidable when prepar-
ing twisted samples.

For the models considered here, as well as TBG, TSTG
and most of the materials in Ref. [21], although several single-
particle bands may participate nontrivially in the formation of
the textured exciton insulator, the intervalley frustration can
be straightforwardly diagnosed since the relevant interacting
bands are isolated. A natural question that arises is how the
classification of CTIs and ETIs generalizes to more compli-
cated multiband situations. For instance, the Euler index e2

relevant to the ETI is a property of a Ĉ2zT̂ -symmetric set of
two bands, but there are other possible multi-gap topologies
characterized by different symmetries or greater numbers of
bands. However, involvement of other bands can complicate
the analysis if there are no clear spectral gaps to higher remote
bands.

We have shown that textured exciton insulators inherit a
delicate topology that obstructs an adiabatic connection to an
atomically localized description. One way to understand this
is that the strong or fragile topology of the constituent sym-
metric bands forces the valley pseudospin to form a complex
texture in momentum space. The latter implies a nonvanish-
ing quantum geometry for the textured exciton insulator, as
we show in Appendix B by deriving a lower bound for the
integrated trace of the quantum metric [157]. The Chern or
Euler topology of the underlying bands also leads to certain
conditions on the components of their quantum geometric ten-
sor [86,158–160]. It would be interesting to combine this with
the intervalley frustration to develop more refined quantum
geometric bounds for the CTI or ETI, and investigate their
physical consequences for quantities such as the superfluid
weight for superconductivity [33,86,157,161–163].

Another important consideration is the impact of correc-
tions beyond mean-field theory. It may be possible to establish
the stability of the various textured exciton insulator phases
using more sophisticated techniques. For instance, the pres-
ence of IKS order in strained TBG has been theoretically
corroborated at |ν| = 3 in the density-matrix renormalization
group study of Ref. [133]. Since the competing spin-valley
polarized phases that appear at strong interaction strengths
are likely to be close to Slater determinant states, we expect
that inclusion of quantum fluctuations should relatively favor
the textured exciton insulators. This is a question that should
be considered both in highly controllable settings such as the
simplified models introduced in this work, but also for more
realistic ones that capture the more involved features of moiré
materials.

The numerical phase diagrams in this work are based on
HF calculations assuming a generalized translation symme-
try. The latter is generated by T̂Reiq·Rτ z/2, where q is the
IVC spiral wavevector, and T̂R is a translation operator by a
moiré lattice vector R. This guarantees that valley-diagonal
observables, such as the moiré-scale charge density, remain
moiré-periodic. However, alternative symmetry-breaking or-
ders such as CDWs can also exploit the non-negligible
dispersion, as proposed in Ref. [164] for TBG. In the flat-band
limit, Refs. [64,65,74] have shown that phase separation can
be energetically favorable for the LLL model. More detailed
calculations are required to fully flesh out the various phase
diagrams.

Consider the situation where the nontrivial interacting
physics predominantly occurs within one pair of TR-related
Chern bands c†

k,τ
with C = τn. At half-filling, the CTIn is the

unique gapped mean-field phase that has T̂ and generalized
translation symmetries. Beyond mean-field level, it is still
meaningful to detect the topological frustration of a CTIn

based on correlators of c†
k,+ck+q,−. However, there is the pos-

sibility of other genuinely many-body incompressible phases
that still preserve translation and time-reversal symmetries,
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especially for strong interactions. One exotic example for n =
1 is a fractional topological insulator [165–170] adiabatically
connected to the product of two time-reversed lattice analogs
of the Moore-Read state [171].

The fluctuations of the textured exciton insulators, which
have a gapless branch because of broken U (1)v-symmetry,
impact the finite-temperature responses, and may help seed
other proximate phases such as superconductivity. An avenue
for future work is to study whether there are universal features
in the collective modes arising from the topological inter-
valley frustration, which may constrain their coupling to the
low-energy electronic degrees of freedom. Furthermore, the
range of stability of the CTIs and ETIs to finite doping should
be established, as has been done theoretically for the IKS in
TBG [132].

In a companion paper [21], we have investigated the HF
phase diagrams for several Ĉ2z-breaking moiré systems, and
we leave a detailed discussion of the feasibility of realiz-
ing CTIs in specific settings to that work. Looking beyond
moiré, other platforms that contain the minimal ingredients—
topological bands in the intermediate coupling regime with a
U (1) index that is flipped under time-reversal symmetry—are
prime candidates for hosting textured exciton insulators.

We comment on the distinction between the constraints
derived from electronic topology on the excitonic (interval-
ley) order parameter considered here, and the topology of
individual excitons that has been addressed in previous works
[68,172–180]. The latter concerns the evolution of the wave-
function |ψexc(q)〉 of a single exciton as a function of its
center-of-mass momentum q. The possibility of nontrivial
exciton topology can be motivated from the LLL model in
the absence of band dispersion, where the neutral excitation
spectrum of the valley-polarized insulator at ν = 1 consists of
a set of flat excitonic bands with Cexc = 1 [68]. Various novel
many-exciton phases have also been studied [69,71,176,177].
However, for general models, the topology at the single-
exciton level can be trivialized by the envelope function,
which can depend sensitively on the details of the interacting
Hamiltonian. In contrast, the nontrivial conditions on the ex-
citonic order parameter of textured exciton insulators depend
only on the electronic band topology, and are impervious to
the specifics of the single-exciton problem.

Topological phases such as (fractional) Chern insulators in
2D materials are usually experimentally identified by measur-
ing quantized electrical Hall response in transport, or tracking
how the incompressible state evolves in a magnetic field
according to the Streda formula with various probes. Such
signatures are absent in textured exciton insulators. They are
hence challenging to detect directly, and require compara-
tively indirect evidence to verify their presence. Properties of
the integer phase diagram can help narrow down the possi-
bilities. For instance, the presence of an insulating phase and
unbroken time-reversal symmetry (e.g., absence of anomalous
Hall effect) at odd integer fillings implies either density wave
order or intervalley coherence if the more exotic possibility
of topological order is not invoked. If there is indepen-
dent evidence of well-isolated topological bands, the scenario
of intervalley coherence then likely implies a CTI or ETI
phase. In graphene systems, IVC can be probed directly by
imaging the Kekulé distortion on the graphene lattice scale.

The intervalley wavevector q has been extracted experimen-
tally by analyzing the long-wavelength spiral modulation in
moiré superlattices [19,20]. In Ref. [19], the identification of
vortices in the spatial profile of the local valley and sublattice
order within the moiré unit cell was further used to support
the presence of IKS order in TBG. An interesting question
is whether textured exciton insulators more generally impose
nontrivial constraints on the real-space patterns of such vor-
tices. Finally, as derived in Sec. IV, order parameter defects
can induce CDW order, which may be detectable with local
imaging techniques.

ACKNOWLEDGMENTS

We thank Jonah Herzog-Arbeitmann, Andrei Bernevig, Ji-
abin Yu, and Frank Schindler for insightful discussions, and
are especially grateful to Andrei Bernevig for a compact
but illuminating conversation about noncompactness. This
work was supported by a Leverhulme Trust International
Professorship (Grant No. LIP-202-014, Z.W.), by a Univer-
sity of Zurich postdoc Grant (No. FK-23-134, G.W.), by
the European Research Council under the European Union
Horizon 2020 Research and Innovation Programme via Grant
Agreements No. 804213-TMCS (S.A.P.) and No. 101076597-
SIESS (N.B.), and by EPSRC Grants No. EP/S020527/1
and No. EP/X030881/1 (S.H.S.). Y.H.K. is supported by a
postdoctoral research fellowship at the Princeton Center for
Theoretical Science.

DATA AVAILABILITY

The numerical data used to generate the figures in this work
are available from the corresponding author upon reasonable
request.

APPENDIX A: CTI AND TOPOLOGY

The simplest setting of a CTI involves an energetically
isolated pair of Chern bands that are interchanged by TRS
and labeled with a “valley” U (1)v label τ = ±. The U (1)v
symmetry prevents these bands from hybridizing with each
other in the absence of interactions. Because of the nontrivial
stable Chern topology, there is evidently an obstruction to
U (1)v-symmetric exponential Wannier localization, let alone
an atomically trivial description. As detailed in Sec. II of
the main text, a CTI can form at half-filling when interac-
tions spontaneously break the valley conservation, leading to
a charge gap. Since CTIs preserve TRS, the resulting filled
band has C = 0 and hence can be exponentially localized.
Despite the removal of the Wannier obstruction, one can still
ask whether the CTI can be treated in a Mott or atomic limit
picture, where the ground state is a Slater determinant of
real-space fully localized valley moments. In this Appendix,
we use a toy model calculation to illustrate that this is not
possible—the Wannier obstruction of the U (1)v-symmetric
bands translates to an obstruction against atomic localization
for the CTI. Certain one-body correlation functions are re-
quired to have nonvanishing non-on-site elements, and the
local charge density has nonzero fluctuations. We then demon-
strate the obstruction against atomic localization is “delicate”,
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in that mixing with remote bands allows for deformation to
the atomic limit without closing the gap. Finally, we discuss
whether the Wannier functions of the CTI can be made com-
pact.

1. Toy two-band model and local moment obstruction

As a motivating example, consider a system with two
orbitals σ = A, B and two valleys τ = ±. Importantly, here
we consider the orbitals to be trivial atomically localized
orbitals. For any many-body state, we define the filling to
be ν = −2 when all orbitals are empty, and ν = +2 when
all orbitals are occupied. The single-particle U (1)v-preserving
Hamiltonian is

H =
(

d(k) · σ 0
0 −d(k) · σ

)
, (A1)

where TRS T̂ = τ xK constrains dx(k), dz(k) to be odd func-
tions, and dy(k) to be an even function. We assume that the
2 × 2 Hamiltonian d(k) · σ is gapped, and the valence band
has Chern number C = +1, while the conduction band has
C = −1. We let αv,σ (k) and αc,σ (k) denote the negative and
positive eigenvalue eigenvector of d(k) · σ, respectively. In
components, we have

αv (k) =
(

cos θkeiϕ1(k)

sin θkeiϕ2(k)

)
,

αc(k) = iσ yα∗
v (k) =

(
sin θke−iϕ2(k)

− cos θke−iϕ1(k)

)
. (A2)

Crucially, the nonzero Chern number implies that d(k)/|d(k)|
covers the unit sphere once, such that cos θk and sin θk each
vanish at least somewhere in the BZ. For simplicity, we as-
sume that this happens once in the BZ for each of cos θk and
sin θk. We consider a smooth but nonperiodic gauge, such that
ϕ1(k) winds by 2π around where cos θk vanishes, and ϕ2(k)
winds by 2π around where sin θk vanishes.

Let ∣∣uτ
n (k)

〉 =
∑

σ

uτ
n,σ (k) |k, τ, σ 〉 (A3)

denote the eigenstates of H , where n = c, v indexes the con-
duction or valence band. We have the inverse relation

|k, τ, σ 〉 =
∑

n

[
uτ

n,σ (k)
]∗ ∣∣uτ

n (k)
〉
. (A4)

Note that the Fourier transform

|r, τ, σ 〉 = 1√
N

∑
k

e−ik·r |k, τ, σ 〉

= 1√
N

∑
kn

e−ik·r[uτ
n,σ (k)

]∗ ∣∣uτ
n (k)

〉
, (A5)

where N is the number of unit cells, yields atomically local-
ized basis orbitals |r, τ, σ 〉.

From Eq. (A1), we see that H is designed such that the
valence band of τ = + has the same A/B-orbital Bloch state
as the conduction band of τ = −, such that

u+
v,σ (k) = αv,σ (k), u+

c,σ (k) = αc,σ (k),

u−
v,σ (k) = αc,σ (k), u−

c,σ (k) = αv,σ (k). (A6)

A single Chern band within a valley does not admit an
exponentially localized Wannier representation. However, the
two Chern bands within a valley carry opposite Chern num-
bers and hence can be easily recombined to yield atomically
localized orbitals [see Eq. (A5)]. Ignoring any energetic con-
siderations for the moment, consider building a new band
|ψ+,A(k)〉 by invoking inter-Chern coherence between the
conduction and valence bands in the τ = + valley,

|ψ+,A(k)〉 =
∑

n

[u+
n,A(k)]∗ |u+

n (k)〉

=
∑
nσ

[u+
n,A(k)]∗u+

n,σ (k) |k,+, σ 〉

=
∑

σ

([αv,A(k)]∗αv,σ (k) |k,+, σ 〉

+ [αc,A(k)]∗αc,σ (k) |k,+, σ 〉)

= |k,+, A〉 . (A7)

If we now build a ν = −1 state by fully occupying this new
band, then all one-body correlation functions

Pτσ,τ ′σ ′
(r, r′) = 〈c†

r,τ,σ cr′,τ ′,σ ′ 〉

= 1

N

∑
k

e−ik·(r−r′ )Pτσ,τ ′σ ′
(k) (A8)

would be purely on-site r = r′ and localized on τ = + and
σ = A.

If the conduction band is much higher in energy than the
valence band, then the physics can be projected onto the
valence bands, The situation is then analogous to the LLL
model in Sec. II, and a CTI can be stabilized at ν = −1
by breaking U (1)v because of interactions (note that the va-
lence band projection amounts to energetically forbidding the
single-valley inter-Chern state discussed above, so the only
route to inter-Chern coherence is to also require intervalley
coherence). We consider the occupied band of the following
specific CTI:

|ψCTI(k)〉 =
∑

τ

[
uτ

v,A(k)
]∗ |uτ

v (k)〉

=
∑
τσ

[
uτ

v,A(k)
]∗

uτ
v,σ (k) |k, τ, σ 〉

=
∑

σ

([αv,A(k)]∗αv,σ (k) |k,+, σ 〉

+ [αc,A(k)]∗αc,σ (k) |k,−, σ 〉). (A9)

The construction of |ψCTI〉 above is superficially very similar
to that of |ψ+,A〉 in Eq. (A7). In both cases, we are combining a
C = −1 and a C = +1 band to create a C = 0 band, such that
there is no obstruction in the latter to constructing exponen-
tially localized Wannier functions. Indeed, even the expansion
coefficients are similar, which has been deliberately done in
an attempt to maximize the localization. The only difference
is that |ψCTI〉 mixes the valleys: yet this difference is crucial
to the topological structure of the CTI, as we now elucidate.

The key point is that |ψCTI〉 does not admit a fully localized
representation, and possesses non-on-site correlations. To see
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this, we first write down the projector in momentum space

Pτσ,τ ′σ ′
CTI (k) = (

uτ
v,A(k)

[
uτ

v,σ (k)
]∗)([

uτ ′
v,A(k)

]∗
uτ ′

v,σ ′ (k)
)
.

(A10)

Now consider the following summed one-body correlation
function 〈(∑

τ

c†
τσ (r)

)(∑
τ ′

cτ ′,σ ′ (r′)

)〉

= 1

N

∑
k,ττ ′

e−ik·(r−r′ )Pτσ,τ ′σ ′
(k). (A11)

For the CTI, the above evaluates to δr,r′δσ,σ ′,A by exploiting
orthonormality. While this is purely on-site, this does not
correspond to the expected value for a band |ψτx,A〉 of fully
localized in-plane valley moments localized on the A orbitals∣∣ψτx,A

〉 =
∏

r

1√
2

(|r,+, A〉 + |r,−, A〉), (A12)

which instead yields 2δr,r′δσ,σ ′,A for Eq. (A11). In fact, any
one-body correlator for |ψτx,A〉 is purely on-site. On the other
hand, observables for |ψCTI〉 that carry definite valley charge
give non-on-site contributions. For instance, the correlator

〈c†
+σ (r)c−,σ ′ (r′)〉 = 1

N

∑
k

e−ik·(r−r′ )u+
v,A(k)[u+

v,σ (k)]∗

× ([u−
v,A(k)]∗u−

v,σ ′ (k) (A13)

cannot be strictly on-site, because the product of u’s necessar-
ily vanishes at certain points in the BZ for Chern bands. We
thus find that any operator with definite valley charge retains
a memory of the nontrivial topology of the U (1)v-symmetric
bands, which is manifested as an obstruction to a trivial atomic
limit with strictly on-site expectation values.

The nonlocality of correlation functions in |ψCTI〉 also
leads to on-site charge fluctuations. Consider the on-site num-
ber operator n(r) = ∑

τσ c†
τ,σ (r)cτ,σ (r) and its variance

Var[n(r)] = 〈n(r)2〉 − 〈n(r)〉2

= 〈n(r)〉 −
∑

ττ ′σσ ′
|〈c†

τ,σ (r)cτ ′,σ ′ (r)〉|2. (A14)

For both |ψ+,A〉 and |ψτx,A〉, we have Var[n(r)] = 0 as ex-
pected. For |ψCTI〉, we have

VarCTI[n(r)] = 1 − 1

N2

∑
kk′

Tr[PCTI(k)PCTI(k
′)] (A15)

where Tr is a trace over all orbitals labeled by σ and τ . Since
PCTI(k) necessarily varies in the BZ for a CTI, we thus find
finite on-site charge fluctuations.

2. Additional bands and delicate topology

In this subsection, we first illustrate generally that a CTI in
a model with one band per valley can be deformed infinites-
imally into a trivial IVC state without closing the charge gap
by introducing remote degrees of freedom. By trivial IVC, we
mean that the IVC is nonvanishing throughout the BZ, and
hence the valley-filtered bands have zero Chern invariant. We

consider a CTIn state with n = 1 for simplicity. We therefore
conclude that the obstruction to an atomic limit for a CTI is a
form of delicate topology inherited from the strong topology
of the U (1)v-symmetric system.

Begin with a general one-band CTI constructed from
|uτ (k)〉 (the cell-periodic part of the Bloch function), where
τ = ± indicates the valley, which is locked to the Chern
number C = τ . We choose a smooth gauge for these bands,
such that ∂ka |uτ (k)〉 is finite. This can always be done if we
allow the gauge to be nonperiodic.

The general form of the filled band of the CTI is

|uCTI(k)〉 =
∑

τ

cτ (k) |uτ (k)〉 . (A16)

We assume that the CTI is fully polarized towards τ = − at
k0. This means that c−(k) ∼ 1 near k0. At the same time,
we must have a vortex in c+(k), which reflects the fact that
the overall valley pseudospin has a meron centered at k0

when plotted in a smooth gauge. With appropriate choice
of smooth gauge, we can choose c+(k) ∼ (kx − k0x ) + i(ky −
k0y). Hence the CTI wavefunction near k0 can be parameter-
ized as

|uCTI(k)〉 = ((kx − k0x ) + i(ky − k0y)) |u+(k)〉
+

√
1 − |k − k0|2 |u−(k)〉 . (A17)

We now introduce some remote set of states |u+,rem(k)〉
in valley +. This could be a band defined over the BZ, but
we will see shortly that this is not necessary for the present
argument. We simply require |u+,rem(k)〉 to be gauge-fixed
such that it is smooth in the vicinity of k0. We would like
to mix in an infinitesimal amplitude δ(k) of |u+,rem(k)〉 near
k0. Hence, we choose δ(k) to be an infinitesimal and smooth
function that decays rapidly away from k0. Having δ(k) decay
for large k − k0 avoids potential issues regarding topological
constraints arising from any nontrivial topology of |u+(k)〉
and |u+,rem(k)〉. We now write down the filled band corre-
sponding to some new IVC state

|utrivial(k)〉 = ((kx − k0x ) + i(ky − k0y)) |u+(k)〉
+ δ(k) |u+,rem(k)〉
+

√
1 − |k − k0|2 − δ(k)2 |u−(k)〉 . (A18)

Note that we can perform an analogous deformation using
|u−,rem(k)〉 at the other lobe at −k0 where the CTI is fully
polarized towards |u+(k)〉. The short range of δ(k) prevents
the deformations from interfering with each other.

|utrivial(k)〉 is evidently an infinitesimal deformation of
|uCTI(k)〉. Furthermore, |utrivial(k)〉 is trivial because the IVC
never vanishes. If the charge gap of the CTI was finite, then
the charge gap of |utrivial(k)〉 remains finite.

We address whether |utrivial(k)〉 corresponds to a “phys-
ically smooth” state. The criterion we use here is that the
quantum geometry of |utrivial(k)〉 is finite and does not diverge.
The quantum geometric tensor of some band |u(k)〉 is

Qab
k = 〈

∂ka u(k)
∣∣Qk

∣∣∂kbu(k)
〉

(A19)

where Qk = 1 − |u(k)〉 〈u(k)|. For the quantum geometric
tensor to be not divergent, a sufficient condition is that
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∂ka |u(k)〉 does not diverge. Since the Bloch states in Eq. (A18)
are smooth, it is clear that ∂ka |utrivial(k)〉 does not diverge.

At the same time, the “valley-filtered” (VF) basis does di-
verge. We can write down the normalized VF basis |uVF,+(k)〉
for |utrivial(k)〉 in valley τ = + near k0

|uVF,+(k)〉 = (kx − k0x ) + i(ky − k0y)√
|k − k0|2 + δ(k)2

|u+(k)〉

+ δ(k)√
|k − k0|2 + δ(k)2

|urem(k)〉 . (A20)

This certainly has a diverging quantum geometry, since it
rapidly flips from |urem(k)〉 to |u+(k)〉 as we move infinites-
imally away from k0 for infinitesimal δ(k). However, the key
is that the valley polarization near k0 in |utrivial(k)〉 cancels out
this divergence.

We now show that the initial CTI can be further deformed
to a trivial atomic limit using the remote states. To do so,
we now specify that |uτ,rem(k)〉 comes from a valleyful and
atomically trivial symmetric set of orbitals that satisfies TRS.
We can then deform δ(k) to be 1/

√
2 across the entire BZ

without encountering singularities, leading to

|uatomic(k)〉 = 1√
2

( |u+,rem(k)〉 + |u−,rem(k)〉 ), (A21)

which clearly represents a limit of atomically localized
moments.

3. Noncompactness of translation-invariant CTI
with intravalley Ĉ2n symmetry

In Appendix A it was shown that the CTI exhibits a form
of delicate topology which obstructs an atomic limit. Here we
show the that in the presence of an intravalley Ĉ2n symmetry,
i.e., a 2n-fold rotation symmetry along an axis perpendicular
to the plane, the CTI Wannier functions cannot even be made
compact if strict translation symmetry is imposed—i.e., with
these symmetries the CTI is a noncompact atomic insulator
[54]. We also show that if the CTI admits compact Wannier
functions in the absence of an intravalley Ĉ2n symmetry, such
CTIs are extremely rare.

We start from the filled CTI band, which we write as

|uCTI(k)〉 =
∑

τ

cτ (k)|vτ (k)〉|τ 〉 , (A22)

where we have used the notation |uτ (k)〉 = |vτ (k)〉|τ 〉 to make
explicit that the two Chern bands with Chern number C = τ

live in different valleys and hence are mutually orthogonal.
The corresponding CTI Wannier state centered at position R
is then

|WR(r)〉 = 1

N

∑
k

eik·(r−R)
∑

τ

cτ (k)|vτ (k)〉|τ 〉. (A23)

Let us now consider the part of the Wannier function which is
supported in valley τ ,

〈τ |WR(r)〉 = 1

N

∑
k

eik·(r−R)cτ (k)|vτ (k)〉. (A24)

Even though it is constructed from states in a single Chern
band, this function is exponentially localized because |cτ (k)|

varies in the Brillouin zone. Note that if |cτ (k)| were fixed
to 1, then (A24) would be a Wannier function for a Chern
band, which cannot be exponentially localized. The crucial
property that enables exponential Wannier localization is that
the Chern-number-enforced singularity in |vτ (k)〉 is removed
by taking cτ (k) to vanish at the location of the singularity.
Let us now assume that it is possible to choose cτ (k) such that
〈τ |WR(r)〉 is compact. Combining these functions for different
R, we would then have set of compact functions that almost
spans the complete Chern band. Almost, because in k space
we are missing the state at the location of the singularity.
To get the missing state, we can consider a different set of
functions

〈τ |W ′
R(r)〉 = 1

N

∑
k

eik·(r−R)c′
τ (k)|vτ (k)〉 , (A25)

where the phase of c′
τ (k) is related to that of cτ (k) by a

singular gauge transformation, which moves the singularity
to a different location in k space, and |c′

τ (k)| vanishes at
the new location of the singularity. Equation (A25) provides
us with a different set of exponentially localized functions,
which span the Chern band except for the momentum state
at the new location of the singularity. But (A24) and (A25)
together form an overcomplete basis for the Chern band.
In Sec. III G of Ref. [181] it was proven that there exists
no (overcomplete) set of compact functions that can span a
topologically nontrivial band. This implies that if 〈τ |WR(r)〉
is compact, then 〈τ |W ′

R(r)〉 cannot be compact (but both can
be exponentially localized). Put differently, if a cτ (k) exists
such that 〈τ |WR(r)〉 is compact, then cτ (k) comes with a
unique, special location in momentum space where the zero
of cτ (k) has to be. Any other c′

τ (k) with a zero that is not
at this special point cannot give rise to compact Wannier
functions for the CTI. This means that given a set of time-
reversal related opposite Chern bands, the CTI made from
those Chern bands can only admit compact Wannier func-
tions if the nodes in the IVC order parameter are exactly
at this special point. If the Chern bands have a Ĉn symme-
try with n = 2, 3, . . . , then this special point has to be a
high-symmetry point. As discussed in the main text, the CTI
must have its order parameter nodes, which correspond to
the zeros of c±(k), at two momenta that are interchanged by
time-reversal symmetry. In the presence of both intravalley
Ĉ2n symmetry and strict translation symmetry (which for-
bids a nonzero spiral wavevector q for the CTI), these nodes
are therefore necessarily away from the high-symmetry point
where they would have to be to allow for a compact Wannier
representation.

It is also interesting to note that the result of Ref. [182],
i.e., that a compact tight-binding Hamiltonian cannot produce
an exactly flat Chern band, follows as a corollary. To see
this, consider the tight-binding Hamiltonian H (k) and assume
it has an exact flat band with energy E and corresponding
eigenvectors |u(k)〉, and nonflat bands En(k). We start by
writing the flat band projector as

|u(k)〉〈u(k)| =
∮

dz

2π i

1

z − H (k)
, (A26)

where the integral is along a circle in the complex plane
centered at E , and with a radius smaller than the gap to the
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neighboring bands. We can rewrite this as∮
dz

2π i

1

z − H (k)
=

∮
dz

2π i

1

det(z − H (k))
Adj(z − H (k))

= 1∏
n (E − En(k))

Adj(E − H (k)) ,

(A27)

where Adj is the adjugate matrix. If the Hamiltonian is
compact, then H(k) consists of polynomials in eia1·k and
eia2·k, where a1 and a2 form a basis for the Bravais lat-
tice. The same is then true for Adj(E − H (k)), and hence
for

∏
n(E − En(k))|u(k)〉〈u(k)|. The Fourier transforms of∏

n (E − En(k))u∗
a(k)|u(k)〉 would then be compact, for any

choice of a. Since the ua(k) cannot all vanish at the same point
in momentum space, we have thus obtained an overcomplete
set of compact functions that spans the band. It must therefore
be trivial.

APPENDIX B: QUANTUM GEOMETRIC BOUNDS
FOR TEXTURED EXCITON INSULATORS

In this Appendix, we consider lower bounds on the in-
tegrated trace of the quantum metric for CTIs and ETIs.
The derived lower bound only uses the fact that the valley
pseudospin is forced to point along opposite poles some-
where in the BZ for textured exciton insulators, and does not
incorporate possible refinements to the bound from spatial
symmetries or the topology of the U (1)v-symmetric bands.
Our discussion closely follows the formalism and derivations
of Ref. [157]. For simplicity, we consider a square real-space
unit cell with basis lattice vectors a1 = ax̂ and a2 = aŷ, so that
a general lattice vector is R = r1a1 + r2a2 with integer r1, r2.
The corresponding basis RLVs are b1 = 2π

a x̂ and b2 = 2π
a ŷ,

with a general RLV being G = g1b1 + g2b2.
We first define the Abelian quantum geometric tensor

TrGi j = Tr[P(∂iP)(∂ jP)], (B1)

where P is the gauge-invariant Hermitian projector onto the
Nocc occupied bands (we consider Nocc = 1 appropriate for
CTIs and ETIs), ∂i indicates a momentum derivative along
ki with i = x, y, and the trace Tr is taken over the space of
all orbitals (note that this subsumes all possible degrees of
freedom including valley). The momentum argument k has
been suppressed above. For simplicity, we neglect the “em-
bedding” of orbitals in the unit cell so that we can choose
P(k) = P(k + G). Equation (B1) can be split into the sym-
metric quantum metric and anti-symmetric Berry curvature

TrGi j = gi j − i

2
fi j . (B2)

We will focus on the quantum metric, which takes the form

gi j = 1
2 Tr[(∂iP)(∂ jP)], (B3)

and is positive semi-definite. We define the integrated trace of
the quantum metric (a dimensionless scalar)

G = 1

2

∫
BZ

d2k
(2π )2

∑
i

Tr[(∂iP)(∂iP)], (B4)

where the integral is taken over the BZ. Our goal will be to
derive a finite lower bound on G. We first expand in a Fourier
series

P(k) =
∑

R

e−iR·k p(R),

p(R) = a2

(2π )2

∫
BZ

d2keiR·kP(k). (B5)

From Hermiticity, we have p†(R) = p(−R). Since there is
one occupied band, we also have

∑
R ||p(R)||2 = 1, where

||A||2 = TrA†A is the Frobenius norm. G can be expressed in
dual R space as

G =
∑

R

|R|2
2a2

||p(R)||2, (B6)

which is a sum of positive terms (except for R = 0, which
vanishes).

For a textured exciton insulator, we know that the IVC has
to vanish and point along opposite poles at (at least) two dis-
tinct points k = ±k∗ in the BZ. We allow k∗ to lie anywhere
(except at time-reversal invariant momenta) to minimize the
bound on G. The difference of the projectors at these nodal
points is

P(k∗) − P(−k∗) =
∑

R

−2i sin(k∗ · R)p(R). (B7)

Taking the Frobenius norm and using the triangle inequality
leads to

||P(k∗) − P(−k∗)|| �
∑

R

2| sin(k∗ · R)| × ||p(R)||

�
∑
R�=0

2||p(R)||. (B8)

The left-hand side of the above equation gives ||P(k∗) −
P(−k∗)|| = √

2, because P(±k∗) orient along opposite direc-
tions in valley space, and are hence orthogonal. We are then
left with the problem of minimizing Eq. (B6) subject to the
constraints

1√
2
�

∑
R �=0

||p(R)|| and
∑

R

||p(R)||2 = 1. (B9)

Intuitively, we expect a lower bound on G to arise from putting
as much of the weight of ||p(R)|| as is consistent with the
normalization condition on the harmonics R with the smallest
sizes, as long as this saturates the first inequality above. This
intuition is formalized in the “concentration lemma” [157].
For the case of the square lattice, we consider ||p(a1)|| =
||p(−a1)|| = α and ||p(a2)|| = ||p(−a2)|| = β such that that
α + β = 1

2
√

2
and the rest of the weight is placed at R = 0.

Equation (B6) is minimized for α = β = 1
4
√

2
, leading to

G � 1
16 . (B10)

The above result can be generalized to different BZ
geometries. Furthermore, we anticipate that the bound on
G may be tightened by accounting for the quantum ge-
ometry intrinsic to the valley-symmetric bands that is
finitely bounded from below because of their nontrivial
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topology. In addition, there may be refinements if the posi-
tions of the IVC nodes are constrained, which could arise
from spatial symmetries such as Ĉ3z. These questions are

somewhat detail-dependent and hence beyond the scope of
our analysis here, so we leave their resolution to future
work.
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