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We derive the gauge-general expressions of the two gyro-gravitomagnetic functions entering the spin-
orbit sector of the effective-one-body (EOB) Hamiltonian up to the fifth-and-half post-Newtonian (5.5PN)
order. Our results include both local and nonlocal-in-time contributions, providing the most general
analytical formulation of the linear-in-spin conservative dynamics within the EOB framework. These
expressions are then employed to compute two gauge-invariant observables for quasicircular orbits: the
binding energy and the fractional periastron advance. We also use them to compare two spin gauge choices:
the well-known Damour-Jaranowski-Schifer (DJS) gauge, in which the gyro-gravitomagnetic functions are
independent of the orbital angular momentum, and the alternative anti-DJS (or DJS) gauge, designed to
reproduce in the test-mass limit the spin-orbit interaction of a spinning test particle in a Kerr background.

For a circular, equal-mass, equal-spin binary, our analysis indicates that the DJS gauge provides a slightly
improved description of the inspiral dynamics, suggesting potential advantages for its use in future EOB

waveform models.
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I. INTRODUCTION

The detection and detailed characterization of gravita-
tional-wave (GW) signals from the coalescence of compact
binaries are essential for inferring the properties of these
systems, understanding their formation channels, and per-
forming precise tests of general relativity (GR) [1-6].
Achieving these goals requires continually improving ana-
lytical waveform models. A key element of this modeling
effort is the accurate description of spin effects in the orbital
dynamics of compact binaries [7-36], as these effects leave
a significant and observable imprint on the emitted gravi-
tational radiation.

Several analytical approximation schemes have been
developed to describe the conservative dynamics of
compact binaries in GR. The post-Newtonian (PN) for-
malism [37-41] is an expansion valid in the slow-motion,
large-separation (i.e., weak-field) regime and is typically
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organized as a series in inverse powers of the speed of light,
where a term proportional to 1/¢" corresponds to the 5PN
order. The post-Minkowskian (PM) framework [42—45], by
contrast, expands in the gravitational constant G and
applies at arbitrary velocities while still requiring suffi-
ciently large separations. Finally, the gravitational self-
force (GSF) approach [46—49] relies on a perturbative
expansion in the small mass ratio and is therefore restricted
in mass range, while remaining valid in both strong-field
and high-velocity regimes.

Building on one or more of these approximation schemes,
the effective one-body (EOB) formalism [50-53] provides
a powerful framework that (i) anchors the description of
binary evolution to the strong-field dynamics of a test body,
thereby extending the domain of validity of the underlying
perturbative information, and (ii) consistently incorporates
calibrations to numerical relativity (NR) simulations. The
result is a semianalytical approach capable of generating
accurate inspiral-merger-ringdown waveforms for coalesc-
ing binaries of any type, including systems with spin, tidal
interactions, and eccentric orbits [54-81].

In the conservative sector, the EOB dynamics is typically
encoded in a Hamiltonian

Hgop :M\/1+2y(f{eff—1), (1)
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where the rescaled effective Hamiltonian Heff = H.q/u
governs the motion in the effective problem associated
with a binary system of total mass M = m; + m,, reduced
mass u = m;m,/M, and symmetric mass ratio v = /M.
Neglecting contributions beyond linear order in the spins
and considering spin-aligned (or antialigned) binaries, H
can be decomposed as [82]

Heff = I:Igg)(R’P(p’PR)
+ P,[Gs(R.P,, Pg)S + Gs (R,P,, Pg)S.,], (2)

where R is the relative separation between the two bodies,
P, is the orbital angular momentum, Py is the radial
momentum, and (S, S, ) denote the magnitudes of the linear
combinations of the individual spins (S;,S,) defined
below in Eq. (5). In the decomposition (2), the orbital
Hamiltonian A g;}’ , describing the nonspinning component of
the conservative dynamics, is augmented by a spin-orbit term
(second line) whose coupling strength is encoded in the two
effective gyro-gravitomagnetic functions Gg and Gy .

Within the EOB framework, the functions Gy and G are
fixed by matching the linear-in-spin results for the
conservative two-body dynamics, as derived in any of the
standard perturbative approaches. For instance, Refs. [74,83]
determine them using PM-gravity results. In this work,
instead, we focus on their determination within PN theory,
whose linear-in-spin sector has been systematically devel-
oped across numerous studies.

In particular, Ref. [82] derived Gg and G at next-to-
leading order, corresponding to 2.5PN accuracy in the
Hamiltonian, a result later extended to 3.5PN in
Refs. [84,85], and confirmed by an independent derivation
in Ref. [86,87], using an effective-field-theory approach.
By adapting the “Tutti Frutti” method [88-91] to spinning
systems, Refs. [92,93] further determined Gg and Gy at
4.5PN order. More recently, the same strategy was
employed in Ref. [94] to push the accuracy to 5.5PN.

Itis important to recall that the explicit form of G and G,
is, in general, influenced by arbitrary choices of spin gauge.
In Ref. [82], this freedom was used to impose the simpli-
fying condition that both functions be independent of the
angular momentum P, thereby defining what is now known
as the Damour-Jaranowski-Schifer (DJS) gauge. While
Refs. [84,85] computed Gg and Gg in a general, gauge-
unfixed form, the higher-PN-order results of Refs. [92-94]
were obtained exclusively in the DJS gauge. This motivated
the recent analysis of Ref. [95], which derived the 4.5PN-
accurate, gauge-unfixed expressions of Gg and Gg and
carried out a first exploratory investigation of the potential
advantages of adopting a spin gauge alternative to the DJS
one, namely the so-called “anti-DJS” (or DJS) gauge.

Prompted also by Ref. [96], which highlighted the
benefits of the DJS gauge in the large-mass-ratio region
of the parameter space, in the present work we extend the

analysis of Ref. [95] by (i) pushing the gauge-general
determination of the gyro-gravitomagnetic functions up
to 5.5PN order, matching the accuracy of the DJS-gauge
computation of Ref. [94], and (ii) providing the correspond-
ingly accurate result within the DJS gauge. We then assess
the performance of the two spin gauges by comparing the
associated linear-in-spin binding energy for circular orbits.

As already shown in Ref. [94], tail-transported nonlocal-
in-time terms appear in the 5.5PN spin-orbit sector of the
conservative dynamics, just as they do in the orbital sector
at 4PN order. We therefore follow the standard strategy of
treating the local-in-time and nonlocal-in-time effects
separately. At the level of the gyro-gravitomagnetic func-
tions, this corresponds to the 5.5PN decomposition

5.5PN __ 5.5 PN,loc 5.5 PN,nonloc
Gy =Gy + Gy , (3a)
Ggf PN _ G;S PN, loc + G;S PN.nonloc7 (3b)

where the local and nonlocal components, denoted respec-
tively by the superscripts “loc” and “nonloc,” are computed
and provided separately.

Regarding the structure of the paper, we organize it as
follows. In Sec. II, we clarify our notation and conventions.
In Sec. III, we address the nonlocal contributions arising
from tail effects, implementing the Delaunay-averaging
procedure at 5.5PN order. This is complemented in
Sec. IV by the derivation of the local-in-time component
of the gyro-gravitomagnetic functions, which proceeds
through the computation of the conservative, local-in-time
part of the PN-expanded scattering angle. Section V is
dedicated to the computation of the binding energy and
periastron advance for quasicircular orbits, which also serve
as diagnostic tools to test the 5.5PN-accurate, gauge-general
expressions for Gy and Gg obtained in the previous
sections. These expressions are then employed in Sec. VI
to derive the corresponding forms in the DJS and DJS spin
gauges, which we compare at the level of the spin-orbit
contribution to the circular-orbit binding energy. Finally, we
draw our conclusions in Sec. VIIL.

We also supplement this paper with an Appendix, which
reviews additional technical details relevant to the compu-
tation discussed in Sec. III, and with a supplementary file
[97], where we provide, in electronic form, all the main
analytical results derived throughout this work.

II. COMPUTATIONAL SETUP

We consider a system of two Kerr black holes with
masses m and m,, total mass M = m; + m,, and reduced
mass u = mym,/(m; + m,). Let v denote the symmetric
mass ratio and ¢ the antisymmetric mass ratio, defined as

vt s M_ g (4)

M M

where, without loss of generality, we assume m; > m,.
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Let S; and S, denote the spins of the two black holes. In
the EOB description of spinning binaries, the basic spin
variables are: the Kerr parameters a; = S;/m;; the dimen-
sionless spins y; = |S;|/m3; the effective linear combina-
tions

S=8,+8,, s, ="Mg Mg . (5)
m;

nmy

the symmetric and antisymmetric dimensionless spin com-
binations

xX1+x X1—X
)(S:%a )(A:%- (6)

When referring to the nonrescaled, dimensionful quantities,
the relative separation, angular momentum, radial momen-
tum, and Hamiltonian are denoted by (R, P, P, H ). In the
rescaled, dimensionless form, these variables are

r=—. p=—. p,=—r. H==_ ()

H
U
The rescaled total momentum is, as usual, given by
p> = p;+p,/r*. It is also convenient to introduce the
dimensionless variable u = 1/r, which, in geometric units,
coincides with the magnitude of the Newtonian potential.
Finally, for the gyro-gravitomagnetic functions we employ
the u-rescaled combinations, gs = Gg/u® and g5 = Gy /u’.

In all our calculations, we restrict ourselves, for sim-
plicity, to the case of spin-aligned (or antialigned) binaries.
However, our results remain valid for generic precessing-
spin configurations [92], since at linear order in the spins
the gravitational spin-orbit coupling depends only on the
scalar product between the spin and the orbital angular
momentum, and is therefore insensitive to transverse spin
components.

Because we focus exclusively on linear-in-spin effects,
all higher-order spin contributions to the conservative
dynamics are neglected throughout this work.

Finally, we adopt geometric units and set G = ¢ = 1,
restoring factors of 1/c¢ only when needed to indicate the
post-Newtonian order of PN-expanded expressions.

III. NONLOCAL SPIN-ORBIT DYNAMICS IN
FULL GAUGE GENERALITY AT 5.5PN

In this section, we focus on the nonlocal 5.5PN compo-
nents of the spin-orbit dynamics. We begin by recalling
the procedure for computing the Delaunay-averaged
Hamiltonian at 5.5PN accuracy. We then show how to use
it, combined with a suitable general ansatz in the nonlocal

spin-orbit part of the effective Hamiltonian, to determine the

gauge-general expressions of gy~ P oM = G Phnonloc /3,3

and 95 3 PN.nonloc. _ = Gy MNmone 13 namely the nonlocal

components of the 5.5PN gyro-gravitomagnetic functions
introduced in Eq. (3).

A. Delaunay-averaged nonlocal Hamiltonian at 5.5PN

For the sake of clarity and self-consistency, we begin by
briefly reviewing the computation of the 5.5PN Delaunay-
averaged Hamiltonian, originally carried out in Ref. [94]
and independently reproduced by us.

It is well known that, starting at the fourth subleading
post-Newtonian order (namely at 4PN in the orbital sector
and at 5.5PN in the spin-orbit sector), nonlocal-in-time
contributions enter the conservative two-body dynamics.
Accordingly, the action can be split into two components,
SIEN = SnPN 4 SnPR ., where the orbital part of SN has
been computed up to 6PN [53,89,91].

The nonlocal part of the rescaled action, containing the
leading-order contributions in both the orbital and spin-
orbit sectors (at 4PN and 5.5PN, respectively), is given by

Skgﬂoc :/dtPf28/6/| 9ym /) (8)

where Pf,,. denotes the Hadamard partie finie regulari-
zation [98] with arbitrary length scale s, introduced to
regularize the singularity at ¢ = ¢, and F}')' (7, 7') is the
time-symmetric gravitational-wave energy flux, restricted
to its leading orbital and spin-orbit contributions.

Once the nonlocal action (8) is evaluated, the corre-
sponding leading-order contribution to the Hamiltonian,
denoted SH-O . follows directly from the nonlocal term in

nonloc? )
the action and is related to it through

St = = [ 010 )
To evaluate Eq. (8), we require the explicit form of the
time-symmetric gravitational-wave energy flux,

() + 2 10Dy, (10)

Fro(t,t
( ) 45 L

3
_I z('j)(t>l ,('j
where /;; and J;; denote the mass- and current-type quadru-
pole moments Retammg only the leading-order contribu-
tions that are spin-independent or linear in the spins, their
expressions in the center-of-mass frame read [99,100]

1. = Muxtix) 1 [m3
ij = MuxVx +?

W(4v<i(sl x x)J)

=5x0(S; x v))) +1 < 2} (11a)
= Méux'(x x v)/)

3 (my .. my ;i

12 J>__1 (i J) 11
+2c[Mx S > Sz}, (11b)
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where x and v denote the relative position and velocity of the
binary, and angular brackets indicate the symmetric trace-
free projection.

For the spin-aligned binaries we consider, the motion is
planar. We can thus write

x = Mr(cos ¢, sing,0), (12a)

v = Mi(cos ¢, sin@,0) + Mr¢(—sing, cos¢,0), (12b)

where we used mass-rescaled polar coordinates. It is then
convenient to express r and ¢ in terms of orbital elements
through the quasi-Keplerian parametrization, originally
developed in Ref. [101], extended to 3PN accuracy in
Ref. [102], and later generalized to include linear- and
quadratic-in-spin contributions in Refs. [103,104]. At 1PN,
the order we need in Eq. (8), such parametrization is given by

r=a,(l1—e.cosu,), (13a)
= 2K arctan 1+e, tan ¢ (13b)

v= I—e, "2

£ =nt=u,—essinu,, (13¢)

where a, is the semimajor axis, e,, e,, and e, denote
respectively the radial, angular, and time eccentricities, u, is
the eccentric anomaly, n is the mean motion, and K is the
fractional periastron advance. For completeness, additional
details on the quasi-Keplerian parametrization, as well as
the relations between the orbital elements and the corre-
sponding gauge-invariant quantities (at leading nonspinning
and linear-in-spin order), are provided in the Appendix.

When inserting the parametrization (13) into the quadru-
pole moments (11a)—(11b), one must carefully handle the
time derivatives. Up to relative 2.5PN order, the orbital
elements (a,, e,, e,. e,;,n, K) may be treated as constant in
time, since each of them can be expressed in terms of
energy and angular momentum [see Eqs. (A8)—(A15b)],
which are conserved quantities before radiation-reaction
effects enter at 2.5PN order [101,105].

Because the quasi-Keplerian parametrization is required
here only up to 1.5PN accuracy, the eccentric anomaly u, is
the only remaining time-dependent variable, and its evo-
lution is governed by Kepler’s equation (13c), which yields

. (14)

g =——.
1 —e,cosu,
This relation allows one to straightforwardly order-reduce
the time derivatives appearing in the quadrupole moments.
It is important to remark that the integral (8) can only be
analytically computed, for bound systems, within a small-
eccentricity expansion. This is achieved by expressing the
eccentricities e, and e, in terms of e, (see the Appendix)
and then expanding in powers of e,. In parallel, it is

convenient to make the time dependence of u, explicit by
solving Kepler’s equation in terms of Fourier-Bessel
functions, namely

*.2
u, = nt+ Z%Jk(ke[) sin(knr), (15)

k=1

where the Fourier series can be truncated consistently at the
same order as the eccentricity expansion.

Once these operations are carried out on the energy flux
in Eq. (8), the Delaunay-averaged nonlocal Hamiltonian is
obtained, as a function of a, and e,, by averaging over one
orbital period.' In particular, by truncating the expansion
in e, at eighth order, we exactly reproduce the Delaunay-
averaged Hamiltonian (SHO ) given in Eq. (2.19) of
Ref. [94].

B. Nonlocal Delaunay-averaged EOB
Hamiltonian at 5.5PN

The next step is to apply the Delaunay-averaging pro-
cedure at the level of the EOB Hamiltonian. Rewriting
Eq. (1) in mass-rescaled form, we obtain

A 1 N
HEOB = — 1+2U(Heff—1), (16)

14

where

Her = \JA@W)[1+ p + (A@)D() = 1)p2 + Qu. p,)]
u3

(17)

+ Cé”” [9s(, prs P)S + gs, (u, prs P)S.].

For our purposes, the EOB potentials A(u), D(u), and
O(u, p,) are taken at 4PN accuracy, including both their
local and nonlocal parts. Among these, only the Q potential
requires an eccentricity truncation; we implement this
by retaining terms up to eighth order in the eccentricity,
which corresponds to keeping powers of p, up to p8. For
completeness, we report their explicit expressions as
follows:

log

Au) =1 =2u + azu® + au* + (a$ + a5 log u)u,

(18a)

D(u) = 1+ dyi® + dyu® + (d + d%log u)u®,  (18b)
O(u, p,) = qupiu® + qupru’ + qepSu® + qgi piu,
(18¢)

'This averaging procedure generates divergent integrals, which
can be regularized, at this order, by taking their Hadamard partie
finie; see, e.g., Sec. IV of Ref. [106] for further details on this
regularization scheme.
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where the coefficients read [53,89] 827 2358912 1399437
gor=|——F ——H5c " Im2+—F—In3
3 25 50
94 41x’ log _ 64 390625 27
az = 2v, ay = <§—3—2)’4 asgzg’/’ +t—g In 5)1/—?1/2—1—61/3, (19¢)
(19a)
B 35772+21 6689921n2+659]8611n 3
i T = \""17s 45 350
2275z 4237 128 256
¢ _ _ =0 == 27734375
“s < 52 60 5 /et s 2)” - 5)1/. (19h)
2
<41” - E) L2, (19b) To single out the nonlocal component of the effective
32 6 Hamiltonian, each EOB potential, as well as the two gyro-

gravitomagnetic functions, is split into a local and a nonlocal
592 contribution, as in Eq. (3).2 Treating the nonlocal parts as
F” .+ (19¢) small corrections (entering at 4PN in the potentials and at

5.5PN in gg and gg ), we arrive at the following leading-

order nonlocal contribution to the effective Hamiltonian:

dy=6v, dy=52w-62  df=

= 533 23761z% 1184 6496
di=|—-——- YE — In 2 . 1 _
45 1536 15 15 5H2€fnloc — 5 <Anonloc 4 Dnonlocp% 4 Qnonloc)
2916 12372
—1 -2 2 1 3
+ 5 n 3>z/ + < 6 60)1/ , (194d) n PZ3” [ Sg‘Sg‘SPN,nonloc 4, gg;SPN.nonloc] (20)
Since our goal is to derive fully general expressions for

o = 2(4 = 30)0, (19) s v e P Js

and gg , without imposing any a priori spin-gauge choice,
we begin by introducing a general ansatz for their nonlocal
5308 496256 33048 5.5PN components, to be inserted into Eq. (20). Focusing,

q43 = <— 15 + T 45 In2 - Tln 3) v for example, on gg, the most general ansatz for its nonlocal
5 3 part that is simultaneously compatible with the 5.5PN order

=837 + 1007, (19f)  and with the eighth order in eccentricity can be written as

2:2 24
NLOl 4,2 N‘LO.nl PrPr 4 gN'Loal Pr
9s ” Y6 2

S - 8 2 pru +g3 pr+g4 pru U

1 4 " "
5.5PN,nonloc __ N*LO,nl 4 N*LOmnl 2 3 N*LO,nl . 2
8|9 u'+g

4:2 2.4 6
N“LO.nl PrPr n N*LOnl PrPr 4 gN'Loal Pr
2

6:2
N‘LO.nl _6 N*LO.nl _§ N*LOnl PrPr
+ 97 pru + 93 —5—

9o e 910 . + 91 Pr+ 91

- 8
N*LO.nl Pr

2:6
N*LO,nl PrPr +
915 L2

4.4
N4LO,nl PrPr +
914 0

+ 913 6

2.2 -4
‘Lol 4 ‘LOnl 2 3 N*LO.nl ;2 N*LO.nl 4 2 N*LO.nl PrPr N4LO.nl Pr
+< llog U +912\I.10g Prt” + G310g - Prt sty Pri” + Gsjog y *+ 96,10z A

2.4 -6 6:2
N4LO.nl PrPr N4LO.nl Pr NYLO.nl _§ N*LO.nl PrPr

NLOnl Pr P}
+ 99.10g e *+ 910,10g s T Git10g Prt Giz0g pE

N*LO,nl _6
+g7,10g pru+ gS,IOg u

4.4 2.6 -8
N*LO.nl PrPr N*LO.nl PrPr N4LO.nl Pr
+913.1ogn I + 914,1ogn 20 + 915,105;11 u12> log ”}’ (21)

4 4 . . . . .
where ( gh Lo, gl‘l;go '“1) form a set of 30v-dependent dimensionless coefficients. An analogous ansatz, involving another set

. 4 4 .
of 30 coefficients (g, =™, Ijn]fo(z)g'nl), is introduced for g3 Mmoo,

We remark that we have chosen the dynamical variables (u, p,, p,) in place of the more natural set (u, p,, p?), with
pr=p’+ p%, u?. This choice is motivated by the small-eccentricity expansion: our variables must also behave as consistent
power counters in e,. While u = O(e?) and p, = O(e,) = p,, the eccentricity counting is less transparent when using p.

“This type of local/nonlocal decomposition was first introduced in Ref. [106].
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Nevertheless, once the matching is performed, one may
always convert p, back to p> by inverting the EOB
Hamilton equation for p, at the required PN accuracy.

Finally, the inclusion of logarithmic terms in the ansatz
is necessary because, at the same PN order, the Delaunay-
averaged nonlocal Hamiltonian obtained in the previous
section contains contributions proportional to loga,.

After inserting the ansatz into SA"$™°, the next step is to
perform the Delaunay averaging. To this end, we use in
Eq. (20) the Newtonian relations

. ryt—1
pr_ }"2 ’

pr="F  p,=1, (22)
and rewrite 7, r, and ¢ in terms of their quasi-Keplerian
parametrization (13a)—(13c). No canonical transformation
is needed here, since harmonic and EOB coordinates start
to differ only at 2PN order.

We observe that this procedure yields two distinct sources
of contributions to the nonlocal spin-orbit Hamiltonian
at 5.5PN:

(i) a contribution originating from the 1.5PN (linear-in-

spin) terms of the quasi-Keplerian parametrization,
when these are applied to the nonlocal 4PN com-
ponent of the EOB potentials;
a contribution arising directly from the nonlocal
spin-orbit part of the Hamiltonian itself, for which,
being already of 5.5PN order, it is sufficient to
employ the Keplerian parametrization.

Expanding in eccentricity up to O(ef) and performing
the orbital average, we finally obtain the explicit expression

(i)

of the 5.5PN nonlocal effective Delaunay Hamiltonian
(6H2 onioc) - The complete result is provided in electronic
form in the Supplemental Materials accompanying this

paper [97].

C. Nonlocal gyro-gravitomagnetic functions in
full gauge generality at 5.5PN

By PN-expanding the energy map (16) and explicitly
separating its local and nonlocal contributions, it is straight-
forward to verify that, at leading nonlocal order, one simply

LO _ LO
has 6H EOB,nonloc 0H eff,nonloc*

We can thus partially fix the coefficients of our ansatz for

5.5PN,nonloc 5

g3 and gg'* PNnonloe - directly identifying the two

Delaunay-averaged Hamiltonians,

<6H{1‘(()2110c> = <5HLO >

eff,nonloc (23)
More precisely, the 5.5PN linear-in-spin sector of Eq. (23)

yields 10 equations involving the 30 coefficients of

g3 PNmomlee and an additional 10 equations involving the

corresponding 30 coefficients of gg'fPN’nO“lOC. Any solution
of these two systems provides relations among the coef-
ficients which, when substituted into the original ansatz,
determine the gauge-unfixed expressions of the two gyro-
gravitomagnetic functions. An explicit example of such a
solution is provided in the Supplemental Materials [97].
Our result for the gauge-general expressions for the
nonlocal 5.5PN components of gg and gg reads

gg.SPN,nonloc — [1/ <_654 _ %” _ 43ﬁlog 2> _ %y log u} 1 p? |:_92N4L0_n1 " u<2515564 2087,

+% log 2 23328 log 3> (<1040 4+ gg{‘;ég(),nl) log 4 +Ilz_z |:8g2N4LO,nl _ g NLoal _ % g5N4Lo,n1

_§ Lo (_ 8102 1 g6ay, — 1220272 92465 272 108 2+ 124902 log 3) + <832y — gghLom 4 Lo
% gg‘%gm) log u] +IZ_§ [_3%6 92N4Lo,n1 4?7 g4N4Lo,n1 % SN“LO,nl _ 7N4L0,n1 _ % SN“LO,nl _ % 9N4L0,n1
?ggil“f‘nl 3 492{1&;,111 B g Is\ﬁ(];;’nl (2 72245086 3 785208 - 80 6?; 472 log 2 — 8387631 log 3

_301;625 log 5) N <_395ﬂ , +¥ glziggm _45_7 ﬂ(];go,nl _% ?%go,m . gr;%go.nl +% g{%go,m
% gl;ﬁ()LgO.M) log u] + P8 g11\114Lo.n1 _ glf:}()(;.nl log u) + 51§2 [712 92N4Lo,n1 — 89 g4N4LO.n1 _ % SN“LO.nl

+67_9 g7N4LO.n1 % g8N4Lo.n1 g 9N4L0.n1 _ N*LOnl _ % gII;I“LO.nl _ % gII;I“LO.nl _ % gllj“LO.nl _ % gy%go,m
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1594 Nipom | 4964 nion 30 niom 24 NeLonl 2 NéLOa y(_ 524132537 + 148096y

71 g4,10g 315 5.log 7 7.log 35 8,log _g 9,log 525

192215036288 22292460117 11346 546 875 ’ ]
— — — log5 74048y — 71265 O 4 g9 N LOM
4725 St 00 87T 51 8 ) + ( Vo e00g F 90h10g
416 N*LO, I _ 69 N4LO I _ ‘L0, 1 _ N4LO 1 N*LO,nl 1 N*LO,nl 3 N*LO,nl 1 N*LO,nl
+ 21 gSlog " 7 710g " gI;log " 7 9log " +glllogn +791210gn +35913logn +7gl4logn IOg u

+ pr[ (70" = gy log w) + ” (giyront _ Ao og u)} + pr[ 2(g O — oo log u)
)
—l—% 98N4L0’n1 gleO Mog u) + (912&0 o 9?2%02“1 log u)] + pr [ (QN Lol gmLO Mog u)

) 6
14 N*LO.nl N4LO,nl Pr N4LO.nl N4LO,nl P N*LO.nl N*LO,nl
+7r(95 " 95 1og "log u) + % (g " ~ 99.10g "log u) + (914 " =9 1ogn log ”)} (24a)

nonloc 48 1456 N 4LOn
g — o (=5 = vy = 2002 ) 24w o+ 1O - 1 og 1)

17512 512 46976 16038 256
+p,{ gf;LO“l+u<———yE+ log 2 — 5 log3>+(——u+gf§}(%“l)logu}

15 5 15 5

-4
pr N4L0,l‘ll 10 N4Lo ]’11 N4LO ]’11 l NALO,HI 123 688 4 096 373 024
A [8 2 T3 Yl W T3%s TV <— 5 5 /ETT3

log 2 + 87480 log 3>

2048 N'LOml | NLOal , 1 NiLOnl i _ ~voal L non 3 nipomt 1 nepoa
+< 3 -8 *210gn +g*4logn +39*510; logu| +— L2 | 79 " 7912 " 359413 " 794 !

18982 N*LO,nl NLOal 1594 N*LO,nl 416 N*LO,nl 4964 N*LO,nl 09 N*LO,nl
a1 Jme T9, T Gae T s 315 eslee T I

30 N*LO,nl 6l N*LO,nl 24 N*LO,nl 8 N*LO,nl 2 N*LO,nl 5043336 364544

7 7 log g *8 _g #8.log 7 *9 _g 9, log - 7 + 5 VE

135717590272 1576308681 o 3964671875, 5) . (182272 Lo, 1 Lol

log 2 +

4725 140 0g 756 «11,log 79*12.10g

3 xiromt | L Niwoa _712 gN4Lo.n1 1 g9 NLOI 416 niom 09 Nepon Ol nion 8 N4LO,n1> log u}

gg*]&log +7g*l4log %2 log *4,log + 21 g*Slog 7 *7,]log 35 +8,log 7 %9 log

X N*LO,nl
+Pr [_ 376 nirom |, 190 niom | 47 NeLoal _ 4 N‘LOnl _|_32 gN4Lo.n1 _‘_1 gN4Lo,n1 —g " _l N“LO.nl
8 *2 x2,log *4 *4,log *5 *5,lo. *8

5 3 5 15 57Slog T 5

1 N4L0,m+y<5839172_192512 1537664096 5911461 6296875, 5)

_ log2— 22 0g 3 —
599 75 5 VETTg7s o8 5 %8 27

(_96256 ﬁ N*LO,nl 4_7 N*LO,nl 32 Lol N‘LOal | 1 N*LO,nl 1 NLOnl) log u]

25 v+ 5 g*Z,log _59*4,10g 159*510;; g*7log +Sg*810g +Sg*910g

pr ¢ pr 4
+p8 { (0" = A oMog u) + u(gy O™ - g 10 log u)} +pt {(gfli On — gy log u)

2 (g O = g0 log u) + (gijLO I u)] +p? [— (GO = gNiom log u)

2 4
i (g]j;LOnl g};lglLo(;nllogu)+ (gg‘LOnl_gg%(znllogu)+ (gI:;LOnl 959]{(%nllogu>:|' (24b)

The remaining coefficients in these expressions should be regarded as gauge coefficients, meaning that they do not affect

physical observables, or more precisely, their determination at the 5.5PN order. By choosing their values appropriately, one

5.5PN,nonloc 5.5PN,nonloc -

can obtain the corresponding forms of gy and gy in any desired spin gauge.
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IV. LOCAL SPIN-ORBIT DYNAMICS IN FULL
GAUGE GENERALITY AT 5.5PN

We now turn to the local contribution to the 5.5PN
conservative spin-orbit dynamics. Following Refs. [93-95],
the physical quantity we work with in this case is the
conservative scattering angle.

A. Conservative scattering angle:
S5.5PN linear-in-spin terms

The scattering angle of a two-body gravitational system
is a gauge-invariant quantity defined, in the context of
unbound motion, as the deflection experienced by one body
as a result of its interaction with the other. It is now well
known that the conservative, local-in-time part of the
scattering angle can be analytically continued from unbound
to bound dynamics by replacing the scattering states with
the corresponding bound states of the two-body system
[107,108]. The scattering angle can therefore be used as a
powerful bridge between scattering results and bound-state
observables, allowing one to fully exploit the fact that it can
be computed directly through both perturbative and numeri-
cal methods.

Regarding the PN determination of the linear-in-spin
contributions to the conservative scattering angle, Ref. [94],
which adapted the general strategy of Refs. [88-91] to
spinning systems, extended the 4.5PN-accurate linear-in-
spin result of Ref. [93] through the computation of the local
5.5PN terms [see Eq. (3.31) therein]. The resulting expres-
sion is determined up to a single undetermined coefficient
in the 1* sector, ngg, whose value awaits input from
complementary higher-order approaches, such as second-
order GSF calculations.

In the absence of a fully determined result, our aim here
is to use the available scattering-angle components to
derive, in gauge-general form, the corresponding 5.5PN
local contributions to gg and gg .

To this end, we must compute the conservative scattering
angle associated with our effective Hamiltonian. In general,
the relation between the two is given by

Umax dl/{ a N
=-2-2| " S p(Eur. ppou). (25
Xeff T A 2 61)(,, Pr( eff> Py u) ( )

where p, (Eq. P, 1) is obtained from the iterative solution
to the Hamilton-Jacobi equation in the effective problem,
Unmax denotes the largest root of p,(Eey. py-u) =0, and

A

E 1s the rescaled effective energy, related to the effective
Hamiltonian through the energy-conservation condition
I:Ieff = Eeff. The subscript “eff” on the scattering angle
is included to emphasize that the quantity is computed
from H.y.

To compute the local contribution to the scattering angle,
the integral (25) must be evaluated using only the local part
of the effective Hamiltonian, both in the EOB potentials

and in the gyro-gravitomagnetic functions. As for the local
5.5PN contributions to the latter, and following the same
strategy adopted in the previous section for the nonlocal
terms, we introduce the most general ansatz compatible
with this PN order, namely

1
5PN.1 4 4 4
gg PN, loc 08 (glN LOp8 gZN LOp6p% g3N L0p4p4}
4 4 4
g4N LOp2p? ng L0p§ gﬁN LOpéu
N*LO ,.2 .4 N*LO ,,6

4
+ g Ot ptu + g8 O p? plu + g O plu

4 4 4
+gNLO 4M2—|-gNLO 2 2M2—|-gNLO 4,2

o P 11 P pPr 12 DPru
4 4 4
+ glgl L0p2u3 + gllj LOP%M?) + gllgf L0M4>, (26)

where we have introduced a set of 15 coefficients, gN'-°. An
analogous ansatz, involving another set of 15 coefficients

N0 s used for g3 "¢ The different structure of this

ansatz, as compared to Eq. (21), reflects the fact that in the
local sector we neither perform a small-eccentricity expan-
sion nor need to account for logarithmic contributions.

At this stage, the 5.5PN determination of y is obtained
by following the same procedure outlined in Sec. III B of
Ref. [95], extending the simultaneous expansion of Eq. (25)
in powers of 1/p,, and 1/c up to orders 1/p;, and 1/c'°,
respectively.

The resulting 5.5PN spin-orbit contribution to the
scattering angle reads

5.5PN,SO __ 55PN/ T N4LO
X eff - S)(S (Eefﬁ Pys 9n )

+ S*)(_SS‘;SPN(Eeff’ p(p’ gI;I’:LO)’ (27)

which exhibits two distinct linear-in-spin contributions,
each depending on the coefficients of the general ansatz
(26) and its gg‘j PNJo¢ analog. The explicit expressions for

both components are provided in the Supplemental
Materials [97].

B. Local gyro-gravitomagnetic functions in
full gauge generality at 5.5PN

We can now proceed to constrain the coefficients of our
general ansatz by imposing the matching condition

55PN,SO _ 5.5 PN,SO
Keff = XKhalil >+ (28)

which follows from the gauge invariance of the scattering

angle. Here ;(%ﬁaﬁll\]'so denotes the local linear-in-spin 5.5PN

contribution to the scattering angle, given in Eq. (3.31)
of Ref. [94].

From the S and S, components of Eq. (28), we obtain
two sets of five equations relating the coefficients of the
local ansatz. An explicit example of a solution to these
systems is provided in the Supplemental Materials [97].
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Substituting such a solution into our general ansatz for g5 S PN and ggts PN.loc

, we finally obtain

9

9
Z N‘LO _ 7 N‘LO
3 93 7 =94 > P
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79 64 128 256 160
64 16 8
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64 79 88 3
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+ 95 Prit+ 9y )p +[g +3 +20g4 +5 295 +28

7 205 ) 12 . 30541 608137 1074
N3LO + 6g 1O 4 gghLo N2LO —6NLO | 2 _ _
LT ( 4 O S >”+ ( 128 % )” 256 32

—9gN'LO _ 3¢ N'LO _

27v 99 945, 1894
5.5PNJJoc __ _ N*LO .8
s — p+( 64 T8 T 256 T a2

16
+ (N LOp2+g6N4LOu)p6_|_ (3

17
—65 glN4LO —11 gZN“LO _ ? g3N4LO _ NLO _

NLo 377

) n

35
3

7
3

91
67

N4LO _

4 4 4 4 4 4
_9591NLO ggNLO NLO_4196NLO SgNLO N*LO _ —gh

NZLO
93 Js

gNLO]pru + {

44 N3LO LO NZLO 9 N3LO 53 N2LO 59 N3LO 51 N3LO 87 N°LO
+59 + gN T30 595 109 2897 +559%

1 1 869 859 o 28 . o 2230172 877631
NLO —4 N-LO =~ NLO _ N-LO N-LO _
o T ( To0 92 e - 60O+ 3 256 )” ( 960

10877r2> , 125790 34
Vo= +

— NLO _
9 64

—30g N‘LO N'LO _ 91 g6N4LO

4 4 4
58 T . -9, NLO_139113 LO _ ,N‘LO

— 97 91

. 1 2 g 101 369 39 w0 9 wio 3w
_ g N'LO N2LO NLO |~ NLO N LO N2LO N’LO N’LO
I13 }p’“ * {2 59 0% Ta00%  Ta%  Tap% Tsg®
3 vio 3 wio 4546811 1 o 4681 oo 3 o 3 o | 6204177
“a0% 0 T5% 14400 2% 80 % Fap% 4% 1536

417%g NL0> (313 823 122572 3ng> , 2390 A
[ I/—‘l_ —_ v° — _

N‘LO _ , N*LO _ , N*‘LO
910

48 5760 384 16 256 32 7! 9o

- gy ] b+ (NP + g N0 phu + g N0 p2u? + g ¥1O0u3) p2, (29a)
693 189 1053 , 315 . 945
5.5PN,loc _ 410 .8 079 167 ) 3 77 _9 N“LO _3 ‘L0 _ 7 NLO
S. *l <2S6+ 64”256 ¥ Tea Y Tased T 79 g2 5 3
9
_? *:LO> (gNzLO N4L0u)p6+<
L4533 5 3759 . 16077
1% 14 14
256 320 1280

—ggfgLo)pfu+ 91;13Lo 4+gN7Lo 2, gNLO 2)p +[

. 858 FOPIE

7 245 1
256

1333

o4 —V
4_659N14LO 11 gN4LO 4Lo :LO 64 N64LO 16 N7“LO
+ 6gN2LO gN3LO 20 I*\I42LO

e gfzw) + (e

6 gN3LO N‘?LO gN3LO

12 663
256

377 7

N3LO + N3LO 4 - gN3LO + (3 297

293 28 91 T g9 64 256

11523 1377 s 4 4 4 4 s
-6 NLO 2 _ 3 _ 4 —05 LO -8 LO _ N LO —41 LO -5 LO _ LO
92 )v e ¥ " a6 o g% 96 9

35 N4LO 7 N4LO 4.2 13577 91 N2LO 44 N3LO 461 NLO 323 N2LO 9 N?LO
TR a0 TRgan | P\t e T e g gy ga T T g i 594
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33 2L0 3L0 _ sL0 . 87 gN3Lo 3L0 27739 28
21 — 4gNL0 NLO _ ¢ N2LO
207 +109§ 28 AR TR B gN 80 TSI 00k
48297° 360199 1237r 2931 171 4 4
3 N2LO _ LO _ 2 _ 34 2104 30oNL0 _ NLO
393 T AT Vo gt 0 -
2103 1 1
-21 4LO N4LO —-13 4LO 4LO 6 4LO _ - N2LO 3LO LO
369 oo 39 2L0 3LO | BLO _ = (N3LO 3LO 4 9785 1 oo
“200%4 T20%5 T a0 gl*q +7 40 957 F3 gN 192 272
_ 4681 4681 ro 3 o § o 2694377 41 10,2, 4 9729 12372 B —X”
180 207 479 2048 ' 48772 1280 64 16
57 15 4 4 4
- TI0P = ot = 0 = 510 = 248 - 380 |u + (A0 + 21 Op
+ RO PR + ) 2. (290)
|
The remaining ten coefficients in each of these expressions E, = fyeirc (x) l (30)
encode the freedom associated with the spin-gauge choice, b= "TEOB v’

in direct analogy with the coefficients appearing in Eqs. (24).

In accordance with the local/nonlocal decomposition of
Eq. (3), the full gauge-general expressions for g3 and
g3 "N are obtained by combining Egs. (24) and (29). Since

these results constitute one of the main outcomes of this
work, we provide their complete expressions in electronic
form in the Supplemental Materials [97].

V. ANALYTICAL CONSISTENCY CHECKS:
GAUGE INVARIANT QUANTITIES

In this section, we test the validity of our gauge-general
results for the 5.5PN gyro-gravitomagnetic functions. To this
end, we compute the 5.5PN linear-in-spin contributions to
two gauge-invariant quantities: the binding energy and the
fractional periastron advance for quasicircular orbits. A
necessary consistency requirement for the gauge-general
expressions of g3°"™ and g3 is that any gauge-invariant

observable must remain 1ndependent of the 30 gauge coef-

ficients (10 local and 20 nonlocal) entering these functions.
The rescaled effective binding energy has been com-

puted up to 4.5PN order in Refs. [93,95] and up to 5.5PN

order in Ref. [94]. It is defined as

|

where the rescaled EOB Hamiltonian (16), evaluated along
circular orbits, is expressed in terms of the frequency
23 with Q, the orbital frequency. Further

details on the computation of A (x) from the general-orbit

EOB Hamiltonian can be found in Sec. IV of Ref. [95].
Turning to the fractional periastron advance per radial
period, its definition is

parameter x = Q,

AD
=14+— 31
o (31)
and, more explicitly, for quasicircular orbits one has
K= Q0 _ (PHegy P Hegr\ ™' 0H gy (32)
Qr circ ar2 ap% ap(ﬂ circ’

where the circular limit is taken only after the derivatives
have been evaluated by subsequently rewriting all quan-
tities in terms of the frequency parameter x. K has been
computed to 3.5PN order in Ref. [109] and to 4.5PN order
in Ref. [95].

Computing the linear-in-spin 5.5PN contributions to E,,
and K using our gauge-general expressions for gg and gg_in
the Hamiltonian, we find

4725 1975415 2425 , 5 310795 35
ESSPNSO 132 ¢ _ 2 Dy )2 3 4
b o 32 5184 864 © g7 )V T 5184 YV T 1458
L (1411663 352 10325 , 2080 . 176,
Y\ 640 3VET s T T 0% 3 08%
2835 275245 205 . 5., 46765 875
S* -7 s _ T2 ZXv 2 3 4
+ [ 128 +< 3456 576" '8 59)” LT R TRTIVid
126715 160 102355 , 992 80
s T S Zlog 2 4+ 2]
+1/< T 3 7ET 53¢ © + 5 log + 3 ogx)]}, (33)
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23625 4266299 47263 , 15 251375 . 32
K55PNSO _ x11/2{5{_ : n (_ o5 n 5 2 +ng;>y2 n e 3 _glﬁ
<3259681769 112528 1345253 , 48784, 25272
86400 45 TET 1152 45 °% 5 0%
— 1280 log 2 + 5642564logx>} + S, {— 42525 + <— 322297 + 1169431 >+ 14—5Xg29)v2
2737 , 11 , (114877897 24208 1679935 , 8656 17496
4 VTt ( 5760 5 7FT 302 7 s g2t log 3

—960 log 2 +

121041
5 logx .

As expected, neither of the two expressions exhibits any
residual dependence on the gauge coefficients. The only
remaining parameter, Xg;, reflects the current incomplete-
ness in the knowledge of the local linear-in-spin contribu-
tion to the 5.5PN scattering angle, as discussed in Sec. IV.
We further observe that the binding energy (33) is in
perfect agreement with the 5.5PN result of Ref. [94].

VI. GAUGE FLEXIBILITY OF THE GYRO-
GRAVITOMAGNETIC FUNCTIONS

In this section, building on our gauge-general results for
g™ and g3 PN, we investigate how different spin gauge
choices at this order compare with numerical data. In
particular, following Ref. [95], we focus on the DJS and

DJS spin gauges and examine their performance in
|

(34)

reproducing the spin-orbit contribution to the circular-orbit
binding energy.

A. The DJS spin gauge

The DJS spin gauge was first introduced in Ref. [82] and
subsequently adopted in a wide range of works
[84,93,95,110]. Its defining condition is straightforward:
the gauge coefficients entering gs and gg must be fixed so
as to eliminate any dependence on the total momentum p?2,
or equivalently on the angular momentum p,,. Imposing
this gauge-fixing condition on our combined expressions
(24a)+(29a) and (24b)+(29b) yields a system of equations
that can be uniquely solved for all gauge coefficients. The
corresponding solution, provided in the Supplemental
Materials [97], gives the following 5.5PN expressions of
the DJS gyro-gravitomagnetic functions:

()~ Pl1 3;3”2 ~ 732 527 . 13%7 p <3 312952223 ~ 12709192 log2 437 882 log 3)},);*”2
N [_2553 11397 5 1577 <9768 651 | 353598464 log 2 2517237 log 3
128 256 160 3200 225 5
3015625 log 5\ 99 , 945 . 189 , 32193611 1797965696 log 2
B 9 )]p’”+ [ﬁ” 56" Tt +”< 11200 189
31129029 log 3 6352671875 log 5)} N {(198133 ~ 1087;z2>y2 8259 5 3.,
200 1512 192 64 64 4
2
<27 ;230169 208y, 22;;);;; L 65 48?510g 2 23 3285 log 3> _ 1040 log 4 2
+[<235111_&3712_1XD2) ) 4135 1, (_12015517_1168}/
1152 9% 16 2567 32 28800 15 'F

620417 464 log 2\ 584 | 1,
1536 3 15 008 UM

(35a)
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™, - {2255265 . 12 5125 b 13;05 s 1235767 y U<3744563 1489 31152 log 2 309 092 log 3)} S
3555 879 , 2391 , 16077 , (795077 748718336 log2 1799901 log 3
[ﬁ_ﬁ” 320 Ts0” +”< 400 675 B 5

6296875 log 5>] - [@ 1053 , 315 , 945 , (20 870707 4538197984 log 2
27 256 T 256 64" 256 11200 675
2092959 log 3 2226734375 log 5)} {_2_7 . (@_ 123”2)”2 489, 1T,
28 756 32718 T 4 128
1432861 512 48297> 46976 log2 16038 log 3\ 256 )
( %0 57T 256 15 5 >_T”1°g “}pf”
1701 (29081 123z> 3 11, 15 1017
* [_ 256 ( 256 32 _Exfi’)”z_ﬁﬁ_ﬁ”4+”<_7_48”
2322338”2 - 14561 Slog 2) — 24y log u} ut, (35b)

We observe that these expressions are in exact agreement
with Eqgs. (2.24), (3.32), and (3.33) of Ref. [94], where the
computation was carried out entirely within the DJS spin
gauge, i.e., by imposing this gauge choice directly at the
level of the ansatz for the two gyro-gravitomagnetic
functions.

B. The DJS spin gauge
We now turn to a notable alternative to the DJS spin
gauge, introduced in Ref. [111] and further explored in
Ref. [95], namely the DJS spin gauge.
The defining feature of this spin gauge is the requirement
that, at each available PN order, the condition
g? — [v = 0]g§ . (36)
be satisfied; that is, in the test-mass limit, gs, must reduce to
the gyro-gravitomagnetic function of a spinning test par-
ticle in a Kerr background, denoted by glsi . The full
expression of the latter is [1 12]3

¢ 1) AR AR ud, A
B VR DT VDR o vwRVDE [

(37)

Since we neglect spin contributions beyond linear order, we
do not include in gi any dependence on the effective centrifugal
radius r,.

where AX and DX are the EOB potentials in the limit v — 0
(with D = D~') and

K

A
wKk=1+ pg,uQ -I-ﬁp%. (38)

This gauge-fixing choice is motivated by the fact that, in
the test-mass limit v — 0, the function g2 trivially reduces
to its Kerr value g§ = 2, whereas g¢'® reproduces only the

PN expansion of ¢g¥ in the circular limit. In contrast, in the

DIJS spin gauge the test-mass limit is, by construction,
enforced to reduce both gyro-gravitomagnetic functions to
their exact Kerr expressions for a spinning test particle.

It is important to stress that this gauge condition alone is
not sufficient to fully fix the spin gauge. Since it constrains
only the test-mass limit of the gyro-gravitomagnetic func-
tions, it determines solely the O(2°) part of the spin-gauge
coefficients. To completely fix the gauge, we therefore
supplement the test-mass condition with the additional
requirement that all remaining v-dependent components of
the gauge coefficients vanish.”

By imposing these conditions, we obtain a second
system of equations that can be solved to fully determine
all gauge coefficients; the corresponding solution is also

“We also explored an alternative supplementary condition
beyond the test-mass limit, namely the suppression of any
dependence on p,. Since the resulting gyro-gravitomagnetic
functions are numerically nearly indistinguishable from those
obtained with our chosen condition, we adopt the latter for its
greater simplicity.
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provided in the Supplemental Materials [97]. The resulting 5.5PN gyro-gravitomagnetic functions in the DJS gauge are
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877631 1087z 12579 , 3 27 99 945 , 189
( ”) ’ - : 4] +p§<——u+—u2+ 3+—y4>

960 64 128 VTV 64" T1287 T 256

6 467 1077 , 3607 , 1577 , 0.9| (4144026748 40997632
+ + V' +pyu (v -

TE

M T YT 128 Y T 256 Y T 160 75 5

304929978368 log 2 22040831187 log3 11292265625 log 5) 20498816 log }
- - - v u

525

135 25 27 5
4033101256 1494627871744 log 2 21466187217 log 3
67 | 22222 7987200 -
T ppu {”( 75 Ve + 675 25
11165609375 log 5 4193060296
- 9375 log 14 11[ <u—1184768yb~

77 > —3993600v log u] + Py u
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In this case, we have used the three dynamical variables
(u,p,., p,) instead of (u, p,, p?), as this choice simplifies
the structure of our results. The corresponding expressions
in terms of (u, p,, p?) can be recovered straightforwardly

by using the relation p, = u\/p* — p;7.

C. Performance comparison: Binding energy
in the DJS and DJS spin gauges

In this subsection, we assess the performance of the two
spin gauges introduced above. To this end, we numerically
compute the spin-orbit contribution to the binding energy,
E3O, for circular orbits in both the DJS and DJS gauges,
and compare the resulting curves with those extracted from
NR simulations. Although the circular-orbit binding energy
is a gauge-invariant quantity and is, in principle, indepen-
dent of the chosen spin gauge, this invariance holds strictly
only up to the perturbative order to which the conservative
dynamics is known. We therefore exploit the residual gauge
dependence that arises when the binding energy is com-
puted using truncated PN series, and use it as a diagnostic
to compare the performance of the two spin gauges.’

Seye . . . .
Similar comparison strategies have been employed in
Refs. [94,95], and in particular in Ref. [92].

(39b)

To compute the analytical binding—energy curves from
the EOB Hamiltonian, we begin by imposing the two
circular-limit conditions

d[:]EOB(r’ Drs p(pvxg;) —0 (40a)
dr p,—0 ’

(dFIEOB(r, Pr. p{p,xgg)> S, (40b)
dplp pr_)O @

which are solved simultaneously for r and p,, for any given

value of v, = qu/ 3. The resulting values of r and p, are

then substituted directly into the circular-orbit binding
energy’

Eb(r’ Pq)) :I:IEOB p,—»O_;’ (41)

from which the spin-orbit contribution is isolated via the
relation [113]

®We note that this differs from Eq. (30), where Hpgop, and thus
E,, is expressed in terms of x.
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Spin-orbit contribution to the binding energy for circular orbits as a function of v,,, shown in the DJS (left panel) and DIS

(right panel) spin gauges. In each panel, the numerical curve from Ref. [113] is displayed as a black dashed line, together with the
analytical curves obtained by truncating the spin-orbit sector of the EOB Hamiltonian at different PN orders (see the legend in the

insets). At 5.5PN order, the ngg = 0 curve is accompanied by a shaded band indicating the variation induced by changing ngg within the

range [—750,750]. The upper edge of the shaded region corresponds to ng9 = 750, while decreasing X’g; produces a systematic

downward shift of the curves, with the lower edge reached at Xg; = —750.
1 only starting at next-to-leading order. From 2.5PN onward
SO _ © B (—y — e ’
Ep- = ) (Ey(x1.002) — Ep(=x1.—22)], (42) each DJS curve systematically lies above the corresponding

where we have made explicit the dependence on the two
dimensionless black-hole spins, y; and y,.

Once the EOB Hamiltonian and the values of the mass
ratio and spins are specified, repeating the procedure
described above for different values of the frequency
parameter v,, yields the linear-in-spin binding-energy curve
E3°(v,,). Fixingv = 0.25 and y; = y, = 0.6, we construct
such curves in both spin gauges by systematically increas-
ing the PN order of the spin-orbit sector of the Hamiltonian,
starting from the leading 1.5PN contribution and progres-
sively including higher-order terms up to 5.5PN.’ Since the
linear-in-spin 5.5PN component of Hgop also depends on
the unknown coefficient ng, we vary this parameter within
the range [—750, 750], consistent with the O(10?) estimate
reported in Ref. [94].

Turning to the numerical binding-energy curve used as a
reference, we rely on the data provided in Ref. [113] (see
Fig. 7 therein), where the NR curves are obtained with the
spectral Einstein code from numerical simulations of the
simulating extreme spacetimes catalog.

The results of our analysis in both the DJS and DJS
gauges are presented in Figs. 1 and 2.

In Fig. 1 we display, for both spin gauges, the binding
energy obtained at different PN accuracies in the spin-orbit
sector. We confirm that the DJS curves up to 4.5PN agree
with those shown in Fig. 2 of Ref. [92]. Comparing the two
gauges, we observe that the 1.5PN curves coincide, as
expected, since spin gauge choices affect the dynamics

"For all PN orders below 5.5PN, we use the gauge-general
expressions provided in Sec. III C of Ref. [95].

DIJS one, and is therefore slightly closer to the NR binding
energy.

In Fig. 2 we show a direct comparison between the
5.5PN curves obtained in the two spin gauges. We find that
the DJS gauge provides a slightly better agreement with the
NR data across the entire explored range of X’gzg (repre-

sented by the shaded regions around the ngg = O curve), for
both positive and negative values.

It is also interesting to note that the DJS gauge exhibits a
peculiar behavior at 4.5PN: its prediction is not only more
accurate than the DJS curve at the same order, but even
slightly more accurate than the DJS 5.5PN curve with
ngg = 0. Nevertheless, this 4.5PN curve lies consistently

below the 5.5PN one when Xg; = 750 (corresponding to

—=0.005 |

—-0.010 -

SO
Eh

—=0.015 |

5.5PN (X2 = 0) DIS

5.5PN (X2 = 0) DJS
-0.020 -

0.36 0.38 0.40 0.42 0.44
Vo

FIG. 2. Direct comparison between the 5.5PN curves shown in
Fig. 1 for the two spin gauges. To better emphasize the
differences between the gauges, the range of v, displayed here
is shorter than in Fig. 1.
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the upper edge of the pink shaded region). This observation
suggests that, if one expects the 5.5PN curve to system-
atically improve upon the previous order, the unknown
parameter ngg should take a positive and sufficiently
large value.

We stress that the comparison presented here is purely
qualitative in nature, as it relies on a conservative analysis
in which the equations of motion are not evolved with
radiation-reaction force. A quantitative assessment would
require computing the EOB binding energy along a
dynamical trajectory driven by dissipative effects, an
analysis that goes beyond the scope of the present work.

VII. CONCLUSIONS

In this work, we have derived the gauge-general expres-
sions for the two gyro-gravitomagnetic functions, gg and
gs,» entering the spin-orbit sector of the EOB Hamiltonian,
up to 5.5PN order. Our derivation includes both local and
nonlocal-in-time contributions, thereby providing a com-
plete characterization of the spin-orbit coupling at this level
of accuracy. These results extend those of previous works
[93-95] either by increasing the PN accuracy or by lifting
the gauge restrictions adopted therein.

We then used these expressions to compute two gauge-
invariant quantities for quasicircular orbits: the binding
energy and the fractional periastron advance. This con-
stitutes a nontrivial consistency check of our gauge-general
formulas, as it confirms that all dependence on the gauge
coefficients cancels out when constructing physical
observables.

Finally, we used our results to compare the performance
of the DJS and DJS spin gauges in the specific case of an
equal-mass binary with spins y; = y, = 0.6. This analysis
is shown in Figs. 1 and 2, where we plot the spin-orbit
contribution to the circular-orbit binding energy, E3°, as a
function of the frequency parameter v,,. By comparing the
analytical curves at various PN orders in the spin-orbit sector
with NR data, we find that, starting at 2.5PN order, each DIS
curve systematically lies slightly above the corresponding
DJS curve, thereby providing a closer agreement with the
NR results. Furthermore, the fact that, within the DJS gauge,
the 5.5PN curve improves upon the 4.5PN one only when
the undetermined coefficient X’g29 takes positive and suffi-
ciently large values may be interpreted as an indication of
the expected magnitude and sign of this coefficient.
However, we emphasize that this comparison is purely
qualitative, as radiation-reaction effects are not included in
our analysis.

The main outcome of our, albeit nonconclusive, explo-
ration is that the DJS spin gauge may offer advantages for
the description of quasicircular inspirals within EOB-based
waveform models. A natural direction for future work is to
investigate whether the trends observed here, derived for a
specific binary configuration, persist across binaries with

different mass ratios and with spins of varying magnitudes
and orientations.
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APPENDIX: QUASI-KEPLERIAN
PARAMETRIZATION

The quasi-Keplerian parametrization was first introduced
by Damour and Deruelle in Ref. [101], with spin contri-
butions later included in Refs. [103,104]. Here, we review
this parametrization at leading nonspinning and linear-in-
spin order, which is sufficient for the computation in
Sec. III. For completeness, we also refer the reader to
Ref. [102] for its 3PN extension in the nonspinning case.

This parametrization is constructed to reduce, at
Newtonian order, to the classical Keplerian parametriza-
tion [114], namely

r=a,(1—ecosu,), (Ala)

+e

1 /2y,
@ — @y = v =2 arctan Kl—) tanj], (Alb)

£=n(t—ty) =u, —esinu,, (Alc)
where r and ¢ are the usual polar coordinates in the orbital
plane, with r = r(cos¢,sing,0). Here, a, denotes the
semimajor axis and e is the orbital eccentricity. The
auxiliary variables u, and v are the eccentric anomaly
and frue anomaly, respectively. The time dependence is
encoded in Kepler’s equation (Alc), where ¢ is the mean
anomaly and n =2z /T is the mean motion, with T the
orbital period. The constants 7, and ¢, give the initial values
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of the corresponding variables and can be set to zero by an
appropriate choice of reference frame.

The quantities a,, e, and n are directly related to gauge-
invariant dynamical quantities—namely the u-reduced
nonrelativistic energy E = E — 1/v and the reduced angu-
lar momentum L—through

1 = _
a, = —= e=V1+2EL*>,  n=(=2E)2
(A2)

When generalizing this parametrization to include the leading
spin-orbit coupling, the above relations become [104]

r=a,(l—e.cosu,), (A3a)
I+e u

= 2K arct ?tan—*|, A3b

17 arcan[ —e, anz] (A3b)

£ =nt=u,—esinu,, (A3c)

where we have set f) = ¢, = 0. We now have to distinguish
between the three eccentricities (e,, e, € e;), i.e., the radial,
angular, and time eccentricity, respectively. The factor K
denotes the fractional periastron advance per radial period
and encodes the precession of the orbit.

The relation between the orbital parameters and the
gauge-invariant quantities can be derived from the rescaled
Hamiltonian at leading nonspinning and linear-in-spin
order,

2
_ p~ 1 L
H=— +3—’3[25)(A—

- -2l (A4

where H = H — ¢?/v denotes the dimensionless nonrela-
tivistic Hamiltonian. By inserting the quasi-Keplerian
parametrization (A3) into Eq. (A4) and evaluating it at
periastron (u, = 0) and apastron (u, = 7), one obtains the
relations

I (2-v)yrs+ 2014

E=-
2a, 203a2/2 1 - e%

, (A5)

(€7 +3)[26¢s + (2 = v)xs]
2¢%a,(1-é2)

L=Ja,(1-e)- (A6)

Inverting these equations for e, and a, yields

4E(1 + EL?)

AALV1+2EL?

1+2EL? + 28ya + (2 = v)ys],

(A7)

a =L 28,4+ (2-v)xs

2E AL

(A8)

For the mean motion and fractional periastron advance,
starting from the definitions

dr u(‘iﬂ
T, = A9
f /u =0) a[—I/apr ( )
1 d r(u,=n) 0H /oL
K=— _’"(p—z/ ar 2H/OL (A10)
2 ru,=0)  OH/dp,
we obtain
2
n= T—” — 2V2(-E)3? (A1)
1 3126 2 —
a; 2c3a\/1 - é?
2(2 — 4

C3L3

. _A3xa —|—2(2—1/))(3. (A14)
c3a3/2(1 —e2)3/?

Finally, the three eccentricities are related by

2_

; =1+ 520+ 2-virsl. (AlSa)
t

e 2F

@14 TPt -l (ALSH)
P c’L

from which it is evident that ¢,, ¢, and e, all coincide at
leading Newtonian order. If we further substitute into
Eqgs. (Al5a)—-(A15b) the expressions for the energy and
angular momentum given in Egs. (A5)—(A6), and solve
iteratively for e,, we obtain

(v = 25— 202)

Aan/a,(1—eé?)

e, =e,=e + (A16)
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