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Entanglement among a large number of qubits is a crucial resource for many quantum algorithms. Such
many-body states have been efficiently generated by entangling a chain of itinerant photonic qubits in the
optical or microwave domain. However, it has remained challenging to fully characterize the generated
many-body states by experimentally reconstructing their exponentially large density matrices. Here, we
develop an efficient tomography method based on the matrix-product-operator formalism and demonstrate
it on a cluster state of up to 35 microwave photonic qubits by reconstructing its 235 × 235 density matrix.
The full characterization enables us to detect the performance degradation of our photon source which
occurs only when generating a large cluster state. This tomography method is generally applicable to var-
ious physical realizations of entangled qubits and provides an efficient benchmarking method for guiding
the development of high-fidelity sources of entangled photons.

DOI: 10.1103/3vnw-yjd5

I. INTRODUCTION

Cluster states [1] are a class of many-body entan-
gled states with applications in measurement-based quan-
tum computation [2–4], quantum error correction [5,6],
quantum repeaters [7], quantum secret sharing [8,9], and
quantum metrology [10,11]. They are also remarkable
for the existence of experimental protocols for generat-
ing an arbitrarily large cluster state using a finite hardware
by time-domain multiplexing [12–14]. Demonstrations of
such protocols have generated linear cluster states of itin-
erant optical [15–18] and microwave [19] photons. These
one-dimensional cluster states have been further entangled
into two-dimensional cluster states, which are a universal
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resource for measurement-based quantum computation
[20–23].

To fully characterize an experimentally-generated
cluster state, its many-body density matrix needs to
be reconstructed from a complete set of measurements.
The reconstructed density matrix can then be used to
calculate such metrics as the localizable entanglement
[24,25], which can evaluate the usefulness of an entan-
gled state for measurement-based quantum computation
[26]. However, reconstructing the density matrix of a
large entangled state has remained challenging because the
conventional quantum state tomography becomes expo-
nentially costly as the number of qubits increases. To
circumvent this difficulty, large-scale cluster states have
been characterized in one of two ways: evaluating an
entanglement witness [15,17,18] or performing a quantum
process tomography of each operation in the entanglement
generation protocol [16,19]. In the first approach, theoreti-
cal work is required to construct a witness operator for each
purpose, such as certifying genuine multipartite entan-
glement [27,28] and lower-bounding the quantum state
fidelity [18] or localizable entanglement [29]. The sec-
ond approach evaluates the individual steps of the protocol
in isolation, which means that a numerical extrapolation
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TABLE I. Comparison of tomography methods for entangled photonic qubits.

Conventional
tomography

Process tomography and
numerical extrapolation [16,19] MPO reconstruction

Number of parameters to estimate 4N − 1 O(1) O(N )
Assumes sequentially emitted photons? No Yes Yes
Assumes identical emission process? No Yes No

is required to evaluate the entire protocol. This approach
also requires the assumption that the photon emission pro-
cess executed during the protocol is identical to when
it is executed in isolation (Table I). Recently, Ref. [23]
demonstrated a tomography of a 20-qubit quasi-two-
dimensional microwave photonic cluster state by imple-
menting an iterative maximum-likelihood algorithm using
a matrix-product-operator (MPO) representation of the
density matrix [30]. However, for a large problem, the con-
vergence of the iterative maximum-likelihood algorithm
is significantly slower than that of a direct optimiza-
tion algorithm [31]. Moreover, the convergence cannot
be guaranteed without further reducing the convergence
rate [32].

Here, we propose and experimentally demonstrate an
efficient tomography method for reconstructing the many-
body density matrix of a sequentially emitted chain of
entangled photonic qubits. This is made possible by the
fact that the exponentially large density matrix can be
parameterized efficiently using an MPO representation
even if there are coherent and incoherent errors in the
photon emission process. To demonstrate the tomography
method, we use a superconducting qubit to generate lin-
ear cluster states of up to 35 microwave photonic qubits
in the discrete-variable basis. We then use a quantum-
limited amplifier to measure the quadrature observables
of the photonic qubits and efficiently obtain the com-
plete set of correlations among five consecutive qubits. An
MPO is then fitted to the measured correlations using the
Gauss-Newton weighted least-squares algorithm, which is
known to converge linearly or better given a good ini-
tial guess. The weighted fitting makes our method robust
against the large statistical noise inherent in high-order
correlation measurements and enables us to propagate the
measurement uncertainties to the parameters of the MPO.
To obtain the good initial guess, we derive an approximate
reconstruction formula for the MPO in terms of the mea-
sured correlations by reformulating the direct inversion

procedure introduced in Ref. [33]. This reformulation also
provides a method to directly estimate the required bond
dimension of the MPO representation from the measured
correlations. These features make our tomography method
an attractive alternative to methods based on direct inver-
sion [33] or the iterative maximum-likelihood algorithm
[23,30]. Table II summarizes the differences between these
tomography methods.

Using the reconstructed MPO representations of the
cluster states, we calculate the quantum state fidelity and
localizable entanglement. The localizable entanglement is
found to be significantly larger than the lower bound deter-
mined by stabilizer measurements [29]. We demonstrate
that the entanglement in the 10-qubit cluster state persists
for up to a length of seven consecutive photons. We also
find that this length decreases for the larger cluster states,
which contradicts the numerical extrapolation of the results
for the smaller cluster states. Our observation suggests that
the successful generation of a smaller cluster state does
not guarantee the generation of a larger cluster state, high-
lighting the importance of efficient tomography methods
for large entangled states.

II. EFFICIENT TOMOGRAPHY

In this section, we first show that the process tensor rep-
resenting the sequential emission of photonic qubits can
be transformed into an MPO. This means that the many-
body density matrix of the emitted photonic qubits can be
efficiently represented using a linear number of parameters
with respect to the number of qubits. However, a param-
eter in this representation does not directly correspond to
a measurable quantity of the photon chain. To realize an
efficient tomography, one needs to choose a small set of
measurable quantities to which these parameters can be fit-
ted. In the second part of this section, we describe how a
linear cluster state can be tomographically reconstructed
from a set of local correlations, which can be measured in

TABLE II. Comparison of tomography methods based on MPO reconstruction.

Direct inversion [33]
Iterative maximum
likelihood [23,30] This work

Requires iterative optimization of MPO? No Yes (slow) Yes (fast)
Robust against statistical noise of high-order correlations? No No Yes
Guarantees positivity of reconstructed MPO? No Yes No
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parallel using a constant number of measurement settings
regardless of the number of qubits.

A. Efficient parameterization of sequentially generated
entanglement

In general, an N -qubit density matrix ρ̂ can be repre-
sented in the Pauli basis as

ρ̂ = 1
2N

∑

i1,...,iN ∈{0,1,2,3}
ρi1,...,iN P̂(i1)1 · · · P̂(iN )N , (1)

where ρi1,...,iN is a 4 × · · · × 4 real tensor, and P̂(0)s = Îs,
P̂(1)s = X̂s, P̂(2)s = Ŷs, and P̂(3)s = Ẑs are the Pauli operators
on the sth qubit for s = 1, . . . , N . In the conventional quan-
tum state tomography, each parameter ρi1,...,iN is estimated
from an N -qubit correlation measurement as ρi1,...,iN =
〈P̂(i1)1 · · · P̂(iN )N 〉. Taking into account the unit-trace con-
straint, ρ0,...,0 = Tr[ρ̂] = 1, the number of free parame-
ters is 4N − 1, which makes this procedure exponentially
difficult as the number of qubits increases.

In the MPO representation, the 4 × · · · × 4 tensor
ρi1,...,iN is decomposed into a contraction of N tensors: a
4 × D tensor A1, D × 4 × D tensors A2, . . . , AN−1, and a
D × 4 tensor AN [34]. The contraction can be expressed
as matrix multiplications by slicing each tensor along the
four-dimensional axis:

ρi1,...,iN = A(i1)1 A(i2)2 · · · A(iN−1)
N−1 A(iN )N . (2)

Here, A(i1)1 is a D-dimensional row vector, A(i2)2 , . . . , A(iN−1)
N−1

are D × D matrices, and A(iN )N is a D-dimensional column
vector. The dimension D of the axes being contracted is
called the bond dimension of the MPO. The bond dimen-
sion D determines the expressivity of the MPO and is
closely related to the entanglement entropy across the bond
[35,36]. Note that the decomposition is not unique and is
possible with any value of D sufficiently large, although
a smaller D gives a more efficient MPO representation.
Appendix B describes how to efficiently calculate multi-
qubit correlations, quantum state fidelities, and effects of
local errors using the MPO representation.

The MPO representation has been used to efficiently
parameterize and characterize a quantum state generated
by a system with local interactions such as a linear ion trap
[33,37]. Here, we show that a sequentially-emitted chain
of entangled photonic qubits can also be efficiently rep-
resented by an MPO because of the locality in the time
dimension. We expand on Ref. [38], which showed that
a chain of photonic qubits generated by a d-level system
(qudit) can be represented by a matrix product state (MPS)
with a bond dimension of at most d if the qudit-photon
system remains in a pure state. We use the concepts of
mixed-state quantum circuits [39] and tensor networks [40]

to confirm the suggestion in Ref. [38] that an MPO can be
used to allow for mixed states and decoherence.

Figure 1(a) depicts a qudit sequentially emitting a chain
of photonic qubits. This process can be modeled using
the mixed-state quantum circuit shown in Fig. 1(b). The
initial density matrix of the qudit is represented by a
d2-dimensional real vector ρ0 by assuming a Hermitian
matrix basis such as the generalized Gell-Mann matrices
[41]. Then, the effect of a gate operation on the qudit,
including any coherent and incoherent errors, is to multiply
the vector by a d2 × d2 process matrix Gs. Similarly, a con-
ditional photon emission from the qudit is a gate operation
between the qudit and the photonic qubit and is represented
by a d2 × 22 × d2 × 22 process tensor Es. Note that the ini-
tial state of the photonic qubit is chosen to be the vacuum
state |0〉〈0| without loss of generality. A chain of N pho-
tonic qubits is generated by alternating between the qudit
gates Gs and photon emissions Es, which may differ each

(a)

(b)

(c)

(d)

FIG. 1. Efficient tomography of sequentially-emitted entan-
gled photonic qubits. (a) Sequential emission of entangled
photonic qubits by a d-level system (qudit). (b) Mixed-state
quantum-circuit representation, which can be interpreted as a
tensor network corresponding to the density matrix of the emit-
ted photonic qubits. (c) Matrix product operator (MPO) obtained
by contracting the tensors in groups. This is an efficient param-
eterization of the many-body density matrix of the generated
photonic qubits because the number of parameters only increases
proportionally with the number of photonic qubits, N . (d) Effi-
cient choice of measurement bases which makes the number of
measurement settings independent of N . Here, we measure the
complete set of local correlations of up to five consecutive pho-
tonic qubits, which is sufficient for reconstructing the density
matrix of a linear cluster state.
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time as a part of the experimental protocol or because of
its imperfect execution. Finally, an entangled state of the
N photonic qubits is obtained by ignoring the qudit state at
the end of the protocol, which is equivalent to taking the
partial trace over the qudit.

This quantum circuit can be interpreted as a tensor-
network diagram corresponding to the density matrix of
the emitted photonic qubits. In a tensor-network diagram,
a node with n edges represents a tensor with n indices, an
edge connecting two nodes represents a tensor contraction,
and a dangling edge represents an index of the resulting
tensor. Then, the tensors can be contracted in groups as
shown by the dashed orange boxes in Fig. 1(b) to obtain
a tensor network shown in Fig. 1(c), which corresponds
to Eq. (2) and represents an MPO. The dimension of the
tensor contractions represented by the horizontal edges
corresponds to the bond dimension of the MPO. There-
fore, the N -qubit density matrix of the generated photonic
qubits can be efficiently parameterized using an MPO with
a bond dimension of at most D = d2, whose number of
parameters only grows linearly with N . Notably, this rep-
resentation is efficient even if additional energy levels of
the photon emitter are unintentionally involved, under the
reasonable assumption that the number of the participat-
ing energy levels does not increase exponentially with
N . Thus, the MPO representation allows one to perform
the quantum state tomography of a sequentially generated
entanglement without estimating each of the exponentially
many parameters of the density matrix.

B. Efficient choice of measurement settings

Because the MPO representation reduces the number of
parameters describing the density matrix, one may expect
that the parameters can be estimated from a small set of
correlation measurements. However, choosing an appro-
priate subset from the exponentially large set of possible
N -qubit correlation measurements is a nontrivial problem.

Our strategy for choosing an efficient set of correlation
measurements is based on Ref. [33], which showed that an
N -qubit state represented by an MPO can be reconstructed
from its local reductions if the “reconstructibility condi-
tion” described below is satisfied. A local reduction of a
chain of qubits is defined as the state obtained by select-
ing L consecutive qubits and ignoring the others. Because
the local reduction is an L-qubit state, it is determined
by the complete set of L-qubit correlation measurements.
Taking L = 5 as an example, the local correlations can be
denoted as

C(a,b,c,d,e)
s := 〈P̂(a)s P̂(b)s+1P̂(c)s+2P̂(d)s+3P̂(e)s+4〉, (3)

where a, b, c, d, e ∈ {0, 1, 2, 3} and s = 1, . . . , N − 4. The
MPO representation of the N -qubit state can be recon-
structed from the set of local correlations by following
the procedure introduced in Ref. [33]. Appendix G gives

an explicit formula for the reconstructed MPO in terms
of C(a,b,c,d,e)

s . The reconstructibility condition is fulfilled
by the vast majority of MPOs whose bond dimension D
satisfies

D ≤ 4�(L−1)/2�, (4)

where �·� denotes the floor function (see Appendix G for
the full statement of the reconstructibility condition). The
exceptional cases form a zero-volume subset within the
space of all MPOs with a bond dimension of D. In these
cases, the MPO is unreconstructible because one or more
of the linear systems of equations which appear in the
reconstruction procedure has no solution.

One might expect that a linear cluster state, which
is an MPO with a bond dimension of D = 4, can be
reconstructed from the complete set of three-qubit local
correlations because D = 4 and L = 3 satisfy Eq. (4).
However, as we show in Appendix G, a linear cluster state
is an exceptional case in the sense that its reconstruction
requires L = 5. Although decoherence and imperfections
in the experiment will likely bring the state out of the
set of exceptional cases, the reconstruction procedure is
sensitive to statistical noise in the data if the state being
measured is close to an unreconstructible state. There-
fore, for evaluating the performance of a high-fidelity
source of linear cluster states, the generated state should
be reconstructed from the five-qubit local correlation mea-
surements.

The complete set of five-qubit local correlations can be
efficiently measured by choosing the measurement basis
for each qubit as shown in Fig. 1(d), where every fifth qubit
is measured in the same basis. A local correlation C(a,b,c,d,e)

s
can be obtained from such a measurement setting by ignor-
ing the measurement outcomes of all but five consecutive
qubits. Thus, the number of measurement settings required
to reconstruct the density matrix of a sequentially gener-
ated N -qubit entanglement has been reduced to a constant
which is independent of N .

III. EXPERIMENT

We demonstrate the efficient tomography method on lin-
ear cluster states of itinerant microwave photons generated
using a superconducting qubit. In this section, we describe
how we generate a microwave photonic cluster state and
measure the correlations among the photonic qubits.

A. Generating a microwave photonic cluster state

To generate a linear cluster state, we use a protocol
based on the proposal in Ref. [12], which uses an elec-
tron confined in a semiconductor quantum dot to generate
a linear cluster state of optical photons. This protocol
inspired the experimental demonstrations using a dark
exciton [16], an InGaAs quantum dot [17], a rubidium
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atom [18], and superconducting qubits [19,22]. Our proto-
col is based on a microwave-activated photon-qudit inter-
action and is different from the previous works in the
microwave domain in the sense that it does not use any
frequency-tunable qubit or tunable coupler. This protocol
is promising for increasing the fidelity and scale of the
cluster states because tuning mechanisms tend to increase
the decoherence rates and wiring complexity of the photon
source.

Figure 2(a) shows a photograph of the photon source,
which consists of a fixed-frequency superconducting trans-
mon qubit [42] and a coaxial transmission line resonator
[43]. The resonator couples to a coaxial cable through an
intrinsic Purcell filter to enable a fast photon generation
while minimizing the energy relaxation of the supercon-
ducting qubit [44]. The circuit model of the photon source
and a schematic of the measurement chain are shown in
Fig. 2(b) and are described in more detail in Appendix A.
Figure 2(c) shows the energy-level diagram, where |g〉, |e〉,
and |f 〉 are the ground, first-excited, and second-excited
states of the transmon and |0〉 and |1〉 are Fock states
of the resonator. A photonic qubit is generated using the
microwave-induced coupling between the |f 0〉 and |g1〉
states [45,46], which has been used to generate a shaped
photon [45] and a time-bin photonic qubit [47,48]. The
|f 0〉 → |g1〉 transition converts the |f 〉 population of the
transmon to a single-photon excitation of the resonator,
which is then emitted as an itinerant microwave photon
into the coaxial cable which couples to the resonator.
Figure 2(d) shows the mode function u(t) of the emit-
ted photon, which is obtained by generating a photonic
qubit in the superposition state (|0〉 + |1〉)/√2 and mea-
suring its averaged waveform. The spontaneous emission
from the resonator occurs simultaneously with the |f 0〉 →
|g1〉 transition because the resonator has a large external
linewidth of 18.2 MHz relative to the microwave-activated
|f 0〉–|g1〉 coupling strength. This allows for the possibility
to shape the photonic qubit into a time-symmetric enve-
lope suitable for quantum communication by optimizing
the shape of the |f 0〉 → |g1〉 drive pulse [47,49].

Figure 2(f) shows the pulse sequence for generating
an N -qubit linear cluster state (see Appendix D for more
details). The transmon is initialized to the ground state
using a quantum nondemolition readout and post-selection.
Then, we repeat the 200-ns cycle consisting of a 20-ns
π/2 rotation in the qubit subspace {|g0〉, |e0〉} and a photon
emission conditioned on the qubit being in |e0〉. The condi-
tional photon emission is composed of two 20-ns π -pulses
which induce |e0〉 → |f 0〉 and |g0〉 → |e0〉 transitions in
this order, followed by a |f 0〉 → |g1〉 drive, which is a
chirped raised-cosine pulse [48] with a duration of 100 ns.
After repeating the 200-ns cycle N − 1 times, another
π/2 rotation is performed and the transmon is disentan-
gled from the generated photons by completely emitting
its excitation as a photon. We used this pulse sequence to

(a) (b)

(c)

(f)

(g)

(d) (e)

FIG. 2. Generation and measurement of a microwave pho-
tonic linear cluster state. (a) Photograph of the disassembled
(front) and assembled (back) microwave photon sources, which
consist of a superconducting transmon qubit and a microwave
resonator on a silicon substrate inside an aluminum cylindri-
cal cavity. The threaded connector with a long center pin is
used to couple a coaxial cable to the resonator. (b) Circuit
model of the photon source and a schematic of the measurement
chain, which includes a Josephson parametric amplifier (JPA) for
phase-sensitive quantum-limited amplification. (c) Energy-level
diagram of the photon source. The numbered arrows correspond
to the steps comprising the conditional photon emission oper-
ation. (d) Measured mode function u(t) of the photonic qubit.
(e) Probability density p(q1, q2) of measuring the quadrature
values q1 and q2 for the first and second photonic qubits, respec-
tively, of the generated five-qubit cluster state. The solid and
dashed lines are the contour lines for the measured data and
an ideal cluster state under the effect of the same measurement
inefficiency, respectively. (f) Pulse sequence for generating an
N -qubit linear cluster state. (g) Measured photon flux of the clus-
ter states. The traces are offset vertically by units of 20 µs−1 for
clarity.

generate N -qubit cluster states for N = 5, 10, 15, 20, 25,
30, and 35. Figure 2(g) shows the measured photon flux of
the cluster states.
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B. Measuring the microwave photonic qubits

Each photonic qubit generated by this protocol is
defined in the {|0〉, |1〉} subspace of a microwave pulse
mode. Such a qubit can be measured in the Pauli Ẑ basis
using a microwave photon detector [50–53]. Pauli X̂ and
Ŷ measurements can be realized by absorbing the photon
into a superconducting qubit, which requires temporally
modulating the coupling strength to match the mode func-
tion of the photon [47,49]. Here, we take an experimentally
simpler approach of measuring the quadrature observables
q̂s := (â†

s + âs)/
√

2 and p̂s := i(â†
s − âs)/

√
2, where âs is

the annihilation operator of the pulse mode for the sth pho-
tonic qubit. The data analysis methods in this work are
directly applicable to experiments in the optical domain
because the same quantities can be measured using optical
homodyne detection [54].

We measure the quadrature observables of the micro-
wave photonic qubits using a flux-driven Josephson para-
metric amplifier (JPA) [51]. By driving the JPA with a
140-ns pulse at twice the signal frequency, the signal can
be phase-sensitively amplified. For each qubit, either the
q̂s or p̂s quadrature is amplified by switching the phase of
the pump pulse between 0 and π . The quadrature values
are obtained by calculating the overlap integral between
the amplified waveform and the mode function u(t) of
the photonic qubit measured with the method described
in Appendix E 1. Figure 2(e) shows the two-dimensional
histogram of the quadrature values measured for the first
and second photonic qubits of the five-qubit cluster state.
The visible correlation between q̂1 and q̂2

2 corresponds to
the Pauli-basis correlation 〈X̂1Ẑ2〉 = 1, which is charac-
teristic of a cluster state. Whereas this histogram is not
corrected for the measurement inefficiency, we correct the
data used in the following analysis using the estimated
measurement efficiency of 0.391 ± 0.004 (see Appendix E
for details). We also numerically correct for the phase
offsets between the generated photonic qubits and the mea-
sured quadratures by maximizing the expectation values of
the stabilizer operators of the cluster state (see Appendix F
for details).

To measure a five-qubit correlation, we choose for each
photonic qubit either q̂s or p̂s as the measurement basis,
perform 107 measurements with a repetition period of 10
µs, and calculate the set of moments

〈Q̂(a)
s Q̂(b)

s+1Q̂(c)
s+2Q̂(d)

s+3Q̂(e)
s+4〉, (5)

where a, b, c, d, e ∈ {0, . . . , 5} and

Q̂(0)
s := q̂0

s , Q̂(1)
s := p̂0

s , (6a)

Q̂(2)
s := q̂1

s , Q̂(3)
s := p̂1

s , (6b)

Q̂(4)
s := q̂2

s , Q̂(5)
s := p̂2

s . (6c)

These multivariate moments are then converted to
the Pauli-basis correlations C(a,b,c,d,e)

s using the formula
derived in Appendix E, which is a multi-qubit generaliza-
tion of the equalities

〈X̂s〉 =
√

2〈q̂s〉, (7a)

〈Ŷs〉 =
√

2〈p̂s〉, (7b)

〈Ẑs〉 = 2 − 〈q̂2
s 〉 − 〈p̂2

s 〉 (7c)

for a pulse mode containing up to one photon. Only 25 =
32 measurement settings, i.e., the combination of the JPA
phase for each photonic qubit, are required to measure the
complete set of five-qubit local correlations for the entire
photon chain.

IV. DATA ANALYSIS

To reconstruct the MPO representation of the density
matrix of the generated photonic qubits, one needs to find
the MPO which fits the set of measured local correla-
tions. We begin this section by showing how the required
bond dimension of the MPO can be determined from the
measured local correlations. We then describe the least-
squares method which we use to fit the MPO to the data
and propagate the statistical uncertainties in the data to the
parameters of the MPO.

A. Estimating the required bond dimension

The state of a photon chain generated by our photon
source has a bond dimension of at most 42 = 16 because
only four energy levels participate in the photon genera-
tion even if there are leakage errors into the fourth energy
level of the transmon. However, to reduce the computa-
tional cost of the MPO reconstruction, it is desirable to
know in advance if the measured state has a more effi-
cient MPO representation with a smaller bond dimension.
In fact, the state generated by our experimental protocol
can be expected to have a bond dimension of 22 = 4 if
there is no leaked population outside the qubit subspace
{|g0〉, |e0〉} after each conditional photon emission.

Here, we estimate the bond dimension required to
express the measured state by calculating the ranks of
16 × 16 matrices Bs constructed from the four-qubit local
correlations,

(Bs)4a+b,4c+d := 〈P̂(a)s P̂(b)s+1P̂(c)s+2P̂(d)s+3〉, (8)

as shown in Fig. 3(a). As we show in Appendix H,
the required bond dimension between the (s + 1)th and
(s + 2)th photonic qubits is given by Rank[Bs]. This means
that the measured N -qubit state has an MPO representa-
tion with a bond dimension of D if Rank[Bs] ≤ D for every
s = 1, . . . , N − 3. Note that Bs should be constructed from
the local correlations of a larger number of consecutive
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(a)

(b)

(c)

FIG. 3. Estimating the required bond dimension of the
MPO representation using the measured local correlations.
(a) Schematic of the procedure. (b),(c) Five largest singular val-
ues σ1, . . . , σ5 of the four-qubit local correlation matrices Bs
(s = 1, . . . , N − 3) measured for the N -qubit linear cluster states
with N = 10 and 35, respectively. Error bars represent the stan-
dard errors of the singular values estimated by the first-order
propagation of the statistical errors of the correlation data.
Because only four singular values of any Bs are significantly
larger than zero, the bond dimension of these cluster states can
be estimated as D = 4.

qubits if the measured state can have a bond dimension
larger than 16. In general, the complete set of (2l)-qubit
local correlation measurements allows one to perform this
analysis for a state with a bond dimension of up to 4l.

Since the measured four-qubit correlations Bs contain
statistical noise, we estimate Rank[Bs] by counting the
number of singular values of Bs which are significantly
larger than their statistical uncertainties. The statistical
uncertainties are estimated by the first-order propagation
of the uncertainties of the quadrature measurements to
the correlation matrix Bs then to the singular values (see
Appendix H for details). Figures 3(b) and 3(c) show the
five largest singular values σ1, . . . , σ5 of the four-qubit cor-
relation matrices Bs measured for an N -qubit linear cluster
state with N = 10 and 35, respectively. Because only four
singular values of any Bs are significantly larger than zero,

the bond dimension required to express these cluster states
can be estimated as D = 4, up to the statistical uncertain-
ties of the quadrature measurements. Note that this is only
a qualitative assessment and that a statistical test for the
rank of a noisy matrix should be developed in the future to
rigorously determine the bond dimension of the measured
state.

B. Least-squares fitting by an MPO

If the exact values of the five-qubit correlations were
known, one would be able to reconstruct the MPO rep-
resentations of the cluster states from the correlation
matrices using the explicit formula given in Appendix G.
However, this procedure is sensitive to any noise in the cor-
relation measurements because it involves computing the
Moore-Penrose pseudoinverses of ill-conditioned matri-
ces [33]. In this work, we instead perform a least-squares
fitting of the MPO to the measured correlations. The fit
parameters are the elements of the matrices A(is)s compris-
ing the MPO, and the fit residuals to be minimized are the
differences between the measured correlations C(a,b,c,d,e)

s
and the corresponding correlations calculated from the
MPO as

A(0)1 · · · A(0)s−1A(a)s A(b)s+1A(c)s+2A(d)s+3A(e)s+4A(0)s+5 · · · A(0)N . (9)

To impose the unit-trace constraint of a density operator
and to reduce the number of fit parameters by approxi-
mately half, the MPO is restricted to the “standard form”
introduced in Appendix I. We use the analytic formula
for the partial derivative of Eq. (9) with respect to each
fit parameter to implement the Gauss-Newton algorithm,
which can efficiently solve a nonlinear least-squares prob-
lem. The partial derivatives also allow us to propagate
the statistical uncertainties of the measured correlations
C(a,b,c,d,e)

s to the uncertainties of the reconstructed MPO. To
provide a good initial guess to the fitting algorithm, we fol-
low the procedures in Appendices G and H to reconstruct
an approximate MPO by compressing the bond dimension
using truncated singular value decompositions.

In this work, the measured Pauli-basis correlations
C(a,b,c,d,e)

s contain statistical uncertainties of various mag-
nitudes because they are calculated using Eqs. (7a)–(7c)
from the quadrature moments. In particular, Pauli-basis
correlations which measure many of the qubits in the Ẑs
basis have large uncertainties because they are calculated
from high-order quadrature moments. To avoid overfitting
to the large statistical errors in such correlation measure-
ments, we perform a weighted least-squares fitting, where
each residual is weighted by the reciprocal of the standard
error of the fit target (see Appendix J for the fit result for
the 10-qubit cluster state).
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(a) (b)

FIG. 4. Corners of the reconstructed density matrices of the (a) 10-qubit and (b) 35-qubit cluster states. Absolute values are plotted
in the diagonal and the lower-left triangle, and the complex arguments in the upper-right triangle. See Appendix J for the full density
matrix of the 10-qubit cluster state.

C. Results of MPO reconstruction

Figures 4(a) and 4(b) show the reconstructed density
matrix of the N -qubit cluster state for N = 10 and 35.
Since the density matrices are very large (2N × 2N ), only
the corners of the matrices are shown. The complex argu-
ments of the matrix elements show the characteristic
pattern for a cluster state (see Appendix F for the den-
sity matrix of an ideal cluster state). The far-off-diagonal
elements have small absolute values and noisy complex
arguments because they are most strongly affected by any
dephasing errors. The elements in the upper-left corner
have larger absolute values than the lower-right corner
because of the photon loss error.

Figure 5(a) shows the quantum state fidelities of the
N -qubit cluster states to the ideal cluster states. For com-
parison, we also plot the fidelities calculated using numer-
ical models which apply the photon loss and dephasing
errors to each qubit in the ideal cluster state. The error
probabilities used in the numerical models are obtained
from the measurements of the mean photon numbers
and the stabilizer operators (see Appendix F for details).
Figure 5(b) is the same plot for the purity γ := Tr[ρ̂2],
which takes the maximum of γ = 1 for any pure state and
the minimum of γ = 2−N for the completely mixed state of
N qubits. For N > 10, the fidelities of the cluster states are
significantly smaller than that of the numerical model with
9.8% photon loss and 4.6% phase flip errors, which are the
average error probabilities obtained for N = 5. By allow-
ing the error probabilities in the numerical model to differ
for each qubit and for each N , the fidelities and purities of
the cluster states can be closely explained by the photon
loss and dephasing error models for N = 15, 20, and 25.
This suggests that the generated cluster states for N = 15,
20, and 25 are affected by significantly larger incoherent

errors than for N = 5 and 10, possibly due to heating or
quasiparticle generation by the strong pulses driving the
|f 0〉 → |g1〉 transition. However, the fidelities of the 30-
and 35-qubit cluster states still deviate significantly from
the numerical model, which means that there are coher-
ent error processes in addition to the increased incoherent
errors. This suggests that the gate calibrations have drifted
significantly between the experiments for N = 25 and 30.

Figures 5(c) and 5(d) show the relative uncertainties of
the fidelity and the purity, respectively, calculated by prop-
agating the uncertainties of the quadrature measurements.
For the fixed measurement repetition of 107 per mea-
surement setting, the relative uncertainties increase only
linearly with the length of the cluster state. This demon-
strates that the tomography method is efficient in terms of
the statistical uncertainty because the number of measure-
ment repetitions required to achieve a given error tolerance
can be expected to only increase quadratically with the
number of qubits.

Note that the maximum length of the cluster states in
this work is not limited by the computational cost of the
tomography or the scaling of the statistical uncertainty but
by the memory size of the arbitrary waveform generators
which generated the pulse sequence.

V. LOCALIZABLE ENTANGLEMENT

Because the many-body density matrices of the clus-
ter states have been reconstructed, it is possible to eval-
uate any entanglement criteria. Here, we calculate the
localizable entanglement, which can measure how far
the entanglement persists in a chain of entangled qubits
[24,25]. It is defined as the maximum entanglement that
can result between two specified qubits after performing
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(a) (b)

(c) (d)

FIG. 5. Quantum state fidelities and purities of the generated
N -qubit cluster states. (a) Fidelities F of the generated cluster
states to the ideal cluster states (blue circle). Also plotted are
the fidelities calculated using numerical models with only pho-
ton loss and dephasing errors, where the error probabilities are
individually fit to each qubit for each N (orange square) or are
extrapolated from the average values for N = 5 (green trian-
gle). (b) Same plot for the purity γ . (c) Relative uncertainty of
F calculated by propagating the uncertainties of the quadrature
measurements. (d) Same plot for the purity γ .

local projective measurements on the others. The definition
can vary depending on what metric is used to evaluate
the resulting two-qubit entanglement. The persistence of
localizable entanglement is an important figure of merit for
universal measurement-based quantum computation using
a cluster state [26].

A. Localizable entanglement of the reconstructed
cluster states

Let us first calculate the localizable entanglement
defined in terms of the negativity Nle, which is a measure
of entanglement easily computable for a two-qubit state
[55]. It takes the maximum Nle = 0.5 if a Bell state can
result between the two specified qubits and the minimum
Nle = 0 if only separable states can result. The procedures
for efficiently calculating the localizable entanglement and
its uncertainty using the MPO formalism are described in
Appendix K. Figure 6(a) shows the localizable entangle-
ment calculated for each pair of photonic qubits in the
10-qubit cluster state. The localizable entanglement decays
with the distance between the two qubits but persists for
up to seven consecutive qubits. For example, the local-
izable entanglement between the fourth and tenth qubits

(a)

(b) (c)

FIG. 6. Localizable entanglement in the generated cluster
states. (a) Localizable entanglement in negativity between each
pair of qubits in the 10-qubit cluster state. The number in paren-
theses is the statistical uncertainty in the last digit. (b) Localiz-
able entanglement in negativity between the first and (1 + k)th
qubits in the cluster states (symbols with a solid line). For com-
parison, the localizable entanglement for the numerical model of
a 35-qubit cluster state using the average photon loss and dephas-
ing error probabilities obtained for the five-qubit cluster state is
also shown (dashed line). (c) Localizable entanglement measured
in concurrence between the first and (1 + k)th qubits in the clus-
ter states (symbols with a solid line) and its lower bound based
on the stabilizer measurements (symbols with a dashed line).

is 0.008 ± 0.003, which is significantly larger than zero.
Remarkably, even though the local correlations of only up
to five consecutive qubits have been measured, the tomog-
raphy method can verify the persistence of entanglement
for a longer chain of qubits.

Calculating the localizable entanglement of an N -qubit
state is computationally costly for a large N because it
involves a sum of 2N−2 terms corresponding to the possible
outcomes of the local projective measurements. Therefore,
for N > 15, we estimate the localizable entanglement by
randomly selecting 213 terms and multiplying their sum
by 2N−15. Figure 6(b) shows the localizable entanglement
between the first and (1 + k)th qubits in the N -qubit clus-
ter state with N = 5, 10, 15, and 35. We observe a decrease
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in the localizable entanglement for the larger cluster states.
For comparison, Fig. 6(b) also shows the localizable entan-
glement for the numerical model of a 35-qubit cluster state
using the average photon loss and dephasing error proba-
bilities obtained for the five-qubit cluster state. The numer-
ical model shows that, assuming uniform photon loss and
dephasing error probabilities, the localizable entanglement
between a pair of qubits separated by a fixed distance
does not decrease with the total length of the cluster state.
The observed decrease of the localizable entanglement for
larger cluster states further supports the suspicion that the
coherence properties of the photon source degrade when
generating a longer chain of photons.

B. Lower bound based on stabilizer measurements

Reference [29] proposed a lower bound for the localiz-
able entanglement of a linear cluster state which can be
efficiently obtained using the stabilizer measurements. It
uses the localizable entanglement defined in terms of the
concurrence Cle, which is a measure of two-qubit entangle-
ment taking the maximum of Cle = 1 for a Bell state and
the minimum of Cle = 0 for a separable state [56,57]. The
lower bound for the localizable entanglement between the
sth and (s + k)th qubits is given by

Cle ≥ 1 − (k + 1)(1 − min
r

〈Ŝr〉), (10)

where

Ŝ1 := X̂1Ẑ2, (11a)

Ŝs := Ẑs−1X̂sẐs+1 (s = 2, . . . , N − 1), (11b)

ŜN := ẐN−1X̂N (11c)

are the stabilizer operators of the N -qubit linear cluster
state. This lower bound does not assume that the state has
an efficient MPO representation.

Figure 6(c) shows the localizable entanglement Cle
between the first and (1 + k)th qubits calculated from the
reconstructed MPOs and its lower bound based on the
stabilizer measurements. The lower bound significantly
underestimates the actual localizable entanglement, sug-
gesting that it is not effective for evaluating these cluster
states.

VI. DISCUSSIONS

We have proposed an efficient tomography method for
a sequentially generated entangled state and experimen-
tally demonstrated it on microwave photonic cluster states.
This method is directly applicable to any physical realiza-
tion of qubits which can be measured in the quadrature or
Pauli basis, including optical photonic qubits in the Fock,
polarization, or dual-rail encoding [58]. It can be straight-
forwardly generalized to sequentially generated qudits by

using the generalized Gell-Mann basis instead of the Pauli
basis. It can also be generalized to continuous-variable
systems by imposing a photon number cutoff or by choos-
ing a finite set of basis states. It will also be interesting
to develop an analogous method for an entangled state
generated using squeezers and passive linear optics by rep-
resenting it as a Gaussian projected entangled-pair state
(GPEPS) [59,60]. A GPEPS can efficiently parameterize a
pure multimode Gaussian state analogously to a projected
entangled-pair state (PEPS) [61,62], which is a generaliza-
tion of an MPS to an arbitrary graph. This will potentially
enable an efficient tomography of the large continuous-
variable cluster states which have been generated in the
optical domain [15,20,21].

We make the assumption that the many-body density
matrix of the qubit chain can be efficiently represented
by an MPO, which we have justified by interpreting the
sequential photon emission process as a tensor network.
This is a robust assumption for a time-domain-multiplexed
photon source because creating an additional edge in the
tensor network requires an unrealistic interaction between
photonic qubits which are well-separated in time. We
have also demonstrated a way to experimentally verify
this assumption by calculating the ranks of matrices con-
structed from local correlation measurements. The ranks
give the required bond dimension of the MPO represen-
tation, whose square root corresponds to the number of
energy levels in the photon source which participated in the
generation of entangled photons. It is remarkable that such
information can be obtained without directly measuring the
state of the photon source.

We also make the assumption that the MPO representing
the qubit chain can be reconstructed from the correla-
tion measurements of L = 5 consecutive qubits. This is
a more subtle assumption, as we have seen by showing
that, unlike the vast majority of other MPOs with a bond
dimension of four, the ideal linear cluster state cannot be
reconstructed with L = 3 but can be with L = 5. Another
subtlety is that GHZ-like entanglement spanning across
more than L qubits cannot be reconstructed from local cor-
relation measurements alone because ignoring any of the
qubits destroys the entanglement. This may have affected
the results presented in this work because an N -qubit GHZ
state can be generated by omitting the πge/2 pulses from
the pulse sequence [19], which implies that coherent errors
in the πge/2 pulses can introduce GHZ-like entanglement
into the photon chain. With only local correlation mea-
surements, GHZ-like entanglement appears as increased
dephasing errors, which means that the fidelities and local-
izable entanglements we have obtained are conservative
values. For applications where such a long-range entan-
glement is detrimental, global correlations should also be
measured to detect the GHZ-like entanglement [30].

We have shown that the tomography method scales well
also in terms of the statistical uncertainties of the obtained
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quantities, which we have calculated by propagating the
uncertainties of the local correlation measurements. The
uncertainty propagation was made possible by using a
least-squares method to fit the MPO to the local corre-
lation data. However, the least-squares method used in
this work does not ensure that the best-fit MPO repre-
sents a positive semidefinite matrix, which is required for
it to represent a valid density matrix. In fact, the prob-
lem of deciding whether an MPO represents a positive
semidefinite matrix has been shown to be NP-hard [63].
We argue that not enforcing the positivity is appropriate for
this work because doing so has been shown to lead to an
overestimation of entanglement [64]. Nevertheless, it may
be possible to impose the positivity by using the locally-
purified-density-operator (LPDO) representation, which is
positive by construction [65]. In this case, the conditions
on the bond dimension need to be further studied because
an efficient MPO representation does not guarantee the
existence of an efficient LPDO representation [66].

Another interesting avenue for future work is to gen-
eralize the tomography method to entangled states with
higher-dimensional graph structures. For example, an effi-
cient tomography method for a two-dimensional cluster
state will be desired if the generation scheme demonstrated
in Ref. [23] is scaled up to use an array of M � 2 photon
emitters and an entangling gate between every neighboring
pair. For such a system, our tomography scheme currently
does not scale polynomially because the bond dimension
D is determined by the collective system dimension of the
M photon emitters, which increases exponentially with M .
In such a case, it becomes necessary to efficiently param-
eterize the photonic state using the spatial locality of the
entanglement among the emitters [67] in addition to the
time-domain locality utilized in this work. This is pos-
sible using the projected entangled-pair operator (PEPO)
representation, which can be seen as a generalization of
an MPO to an arbitrary graph or a generalization of a
PEPS to a mixed state [68]. Note that the fact that a
two-dimensional cluster state can be efficiently param-
eterized does not imply that measurement-based quan-
tum computation is classically simulatable because it is
still exponentially costly to obtain the result of the com-
putation by contracting the two-dimensional tensor net-
work. Developing an efficient reconstruction algorithm for
two-dimensional entangled states requires further studies
because our present work makes use of the fact that a one-
dimensional tensor network can be efficiently contracted.
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APPENDIX A: SAMPLE AND SETUP

The experimental setup used in this work is nominally
identical to the one used in Ref. [44] except that the JPA is
replaced by a similar one with a larger bandwidth and the
8–12 GHz bandpass filter between the photon source and
the JPA is replaced by a 9–11 GHz bandpass filter. The
sample for the photon source is also nominally identical
except that the resonator is shorter and the gap between the
resonator and the coupling pin is larger. Table III shows the
measured sample parameters. The frequency, external and
internal linewidths, and dispersive shift of the resonator are
determined using the post-selected resonator spectroscopy
described in Ref. [44], which uses quantum nondemoli-
tion readouts to ensure that the qubit stays in either |g〉 or
|e〉 while the reflection spectrum of the resonator is being
measured.

TABLE III. Measured sample parameters.

|g〉–|e〉 transition frequency ωge/2π 8.412 GHz
|e〉–|f 〉 transition frequency ωef /2π 8.031 GHz

|g〉–|e〉 energy relaxation time T1 14.3 ± 0.9 µs
|g〉–|e〉 Ramsey dephasing time T∗

2 6.9 ± 0.7 µs
|g〉–|e〉 Hahn-echo dephasing time Techo

2 9.9 ± 1.4 µs
|e〉–|f 〉 energy relaxation time T1f 15.1 ± 1.5 µs
|e〉–|f 〉 Ramsey dephasing time T∗

2ef 5.9 ± 0.6 µs
Thermal excitation ratio Pe/Pg 0.14

Resonator frequency (dressed) ωc/2π 10.6575 GHz
Resonator external linewidth κex/2π 18.2 MHz
Resonator internal linewidth κin/2π 0.2 MHz
Qubit-resonator dispersive shift 2χ/2π −7.4 MHz
Qubit-resonator coupling strength g/2π 239 MHz
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APPENDIX B: MATRIX-PRODUCT-OPERATOR
FORMALISM

Here, we introduce the formalism of MPOs, which
can efficiently represent a certain class of many-body
entangled states [34]. The notation used in this work is
inspired by Refs. [33,69].

1. Matrix product state

The MPO formalism is a generalization of the MPS
formalism, which we introduce here.

A pure N -qubit state can be represented by a 2 × · · · × 2
complex tensor ψi1,...,iN as

|ψ〉 =
∑

i1,...,iN ∈{0,1}
ψi1,...,iN |i1, . . . , iN 〉. (B1)

An MPS representation of this state is obtained by decom-
posing the tensor ψi1,...,iN into a contraction of N tensors:
a 2 × D tensor A1, D × 2 × D tensors A2, . . . , AN−1, and
a D × 2 tensor AN . The contraction can be expressed as
matrix multiplications by slicing each tensor along the
two-dimensional axis:

ψi1,...,iN = A(i1)1 A(i2)2 · · · A(iN−1)
N−1 A(iN )N . (B2)

Here, A(i1)1 is a D-dimensional row vector, A(i2)2 , . . . , A(iN−1)
N−1

are D × D matrices, and A(iN )N is a D-dimensional column
vector. The dimension D of the axes being contracted is
called the bond dimension of the MPS.

The two-dimensional axis of the tensor As corresponds
to the basis states |0〉 and |1〉 of the sth qubit. For notational
convenience, let us define the ket-valued matrices

As :=
∑

is∈{0,1}
A(is)s |is〉, (B3)

which can be used to express the N -qubit ket as

|ψ〉 =
∑

i1,...,iN ∈{0,1}
A(i1)1 · · · A(iN )N |i1, . . . , iN 〉 (B4a)

=
⎛

⎝
∑

i1∈{0,1}
A(i1)1 |i1〉

⎞

⎠ · · ·
⎛

⎝
∑

iN ∈{0,1}
A(iN )N |iN 〉

⎞

⎠ (B4b)

= A1 · · · AN . (B4c)

2. Matrix product operator

Whereas an MPS can only represent a pure state, an
MPO can also represent a mixed state. If a pure state |ψ〉
can be represented by an MPS with a bond dimension of
D, the corresponding density operator |ψ〉〈ψ | can be rep-
resented by an MPO with a bond dimension of D2. The

definition of an MPO in the Pauli basis has been presented
in Eq. (2).

For notational convenience, let us define the operator-
valued matrices

Âs :=
∑

is∈{0,1,2,3}
A(is)s P̂(is)s , (B5)

which can be used to express the N -qubit density opera-
tor as

ρ̂ = 1
2N

∑

i1,...,iN ∈{0,1,2,3}
A(i1)1 · · · A(iN )N P̂(i1)1 · · · P̂(iN )N (B6a)

= 1
2N Â1 · · · ÂN . (B6b)

3. Correlation measurement

Given an MPO representation A(is)s of an N -qubit state,
the expectation value of a multi-qubit correlation measure-
ment in the Pauli basis can be calculated as

〈P̂(i1)1 · · · P̂(iN )N 〉 = Tr[P̂(i1)1 · · · P̂(iN )N ρ̂] (B7a)

= A(i1)1 · · · A(iN )N , (B7b)

where we have used

Tr[P̂(a)P̂(b)] = 2δab (B8)

for a, b ∈ {0, 1, 2, 3}.

4. Quantum state fidelity

The quantum state fidelity of a state ρ̂ to a pure target
state |ψ〉 can be calculated as

F = 〈ψ |ρ̂|ψ〉 = Tr[|ψ〉〈ψ |ρ̂]. (B9)

Given an MPO representation of the target state

|ψ〉〈ψ | = 1
2N

∑

i1,...,iN ∈{0,1,2,3}
T(i1)1 · · · T(iN )N P̂(i1)1 · · · P̂(iN )N ,

(B10)

the quantum state fidelity can be calculated as

F = 1
2N

∑

i1,...,iN ∈{0,1,2,3}
T(i1)1 · · · T(iN )N A(i1)1 · · · A(iN )N . (B11)

Figure 7(a) shows the tensor-network representation of this
formula. It can be evaluated efficiently by contracting each
vertical pair of tensors first.

To propagate the uncertainties in the parameters of the
MPO to the uncertainty of the calculated quantum state
fidelity F , one needs to evaluate the partial derivatives
of F by (A(is)s )x,y , which denotes the (x, y) matrix element
of A(is)s . This can be diagrammatically calculated from the
tensor-network representation of F as shown in Fig. 7(b).
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(a)

(b)

FIG. 7. Calculating the quantum state fidelity F of an N -
qubit state in an MPO representation Âs to a pure target state
in an MPO representation T̂s. (a) Tensor network which evalu-
ates to 2N · F . (b) Tensor network which evaluates to the partial
derivative of 2N · F by a parameter of the MPO.

5. Purity

The purity of a state ρ̂ is defined as

γ := Tr[ρ̂2]. (B12)

In the MPO formalism, it can be calculated as

γ = 1
2N

∑

i1,...,iN ∈{0,1,2,3}
A(i1)1 · · · A(iN )N A(i1)1 · · · A(iN )N . (B13)

This equation is represented by the same tensor network
diagram as Fig. 7(a) but with T̂s replaced by Âs. The partial
derivative of the purity by a matrix element of the MPO is
twice the value represented by the tensor network diagram
in Fig. 7(b) with T̂s replaced by Âs.

6. Local error

An error process on a qubit can be represented by a 4 ×
4 real matrix E , which transforms a density operator

ρ̂ = 1
2
(ρ0Î + ρ1X̂ + ρ2Ŷ + ρ3Ẑ) (B14)

as

⎡

⎢⎢⎣

ρ ′
0
ρ ′

1
ρ ′

2
ρ ′

3

⎤

⎥⎥⎦ = E

⎡

⎢⎢⎣

ρ0

ρ1

ρ2

ρ3

⎤

⎥⎥⎦ . (B15)

The matrix E is called the process matrix of the error. The
unit-trace constraint Tr[ρ̂] = ρ0 = 1 requires that the first
row of E be [1, 0, 0, 0]. For the numerical models in this
work, we use a combination of the amplitude damping

FIG. 8. Transformation of an MPO by local errors Es.

error

Ead :=

⎡

⎢⎢⎣

1 0 0 0
0

√
1 − εad 0 0

0 0
√

1 − εad 0
εad 0 0 1 − εad

⎤

⎥⎥⎦ , (B16)

where εad is the probability that the qubit excitation is lost,
and the pure dephasing error

Epd :=

⎡

⎢⎣

1 0 0 0
0 1 − εpd 0 0
0 0 1 − εpd 0
0 0 0 1

⎤

⎥⎦ , (B17)

which is equivalent to the phase flip error with probability
εpd/2. If each qubit in an MPO experiences a single-qubit
error Es, the MPO transforms as

A′(is)
s =

∑

js∈{0,1,2,3}
(Es)is,jsA

(js)
s . (B18)

Figure 8 shows the tensor-network representation of this
transformation.

APPENDIX C: MPO REPRESENTATION OF AN
IDEAL LINEAR CLUSTER STATE

Here, we derive an MPO representation of the ideal lin-
ear cluster state, which is needed to calculate the quantum
state fidelities of the photonic cluster states generated in
this work.

1. MPS representation

We start by deriving an MPS representation of the ideal
linear cluster state. A linear cluster state belongs to a more
general class of entangled states called graph states [70].
Given a graph consisting of nodes and edges, the corre-
sponding graph state is defined as the state generated by
placing a qubit in the |+〉 := (|0〉 + |1〉)/√2 state at each
node and applying a controlled-Z (CZ) gate wherever there
is an edge between two nodes. Note that a CZ gate is com-
mutative and associative and therefore the order in which
they are applied does not matter. The linear cluster state is
the graph state defined on a linear graph and can therefore
be generated using the quantum circuit in Fig. 9(a).
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(a) (b) (c)

FIG. 9. Linear cluster state. (a) Quantum-circuit representa-
tion, which can also be interpreted as a tensor network. (b) Ten-
sor network after applying the transformation rule shown in
Fig. 10(a). (c) Tensor network after applying the transformation
rule shown in Fig. 10(b). An MPS representation As is obtained
by contracting the Hadamard matrices H with the COPY tensors.

To find an MPS representation of the state generated by
this circuit, we interpret the quantum circuit as a tensor
network. We then apply the transformation rules shown
in Figs. 10(a) and 10(b) to simplify the tensor network as
shown in Figs. 9(b) and 9(c), respectively (see Ref. [40]
for other transformation rules). Here, we have used the
Hadamard matrix

(C1)

and a 2 × 2 × 2 tensor called the COPY tensor, which is
defined in the ket-valued matrix notation as

(C2)

Note that the COPY tensor is three-fold symmetric, which
can be seen by writing down its components as

〈i|(COPY)j ,k =
{

1 (i = j = k)
0 (otherwise).

(C3)

An MPS representation of the state generated by the
quantum circuit is obtained by contracting the Hadamard

(a) (b)

FIG. 10. Transformation rules used in Figs. 9(a)–9(c). (a) A
controlled-Z gate equals a Hadamard matrix and two COPY ten-
sors. (b) A |+〉 state and a COPY tensor equals an identity
matrix.

matrix and the COPY tensor as shown in Fig. 9(c):

A1 = 1√
2

[|0〉, |1〉], (C4a)

As = H · COPY = 1√
2

[|0〉 |1〉
|0〉 −|1〉

]
(s = 2, . . . , N − 1),

(C4b)

AN = H
[|0〉
|1〉

]
=

[|+〉
|−〉

]
. (C4c)

This shows that the ideal linear cluster state is an MPS with
a bond dimension of D = 2.

2. MPO representation

Based on the MPS representation in Fig. 9(c), an MPO
representation of the linear cluster state can be constructed
as shown in Fig. 11. Using the Pauli-basis representa-
tions of the Hadamard matrix, the COPY tensor, and matrix
transposition

(C5a)

(C5b)

(C5c)

an MPO representation of the linear cluster state in the
Pauli basis is obtained as

Â1 = [Î1, X̂1, Ŷ1, Ẑ1] T = [Î1, X̂1, −Ŷ1, Ẑ1], (C6a)

Âs = H · ĈOPY =

⎡

⎢⎢⎣

Îs 0 0 Ẑs

Ẑs 0 0 Îs

0 −Ŷs −X̂s 0
0 X̂s −Ŷs 0

⎤

⎥⎥⎦

(s = 2, . . . , N − 1), (C6b)

FIG. 11. MPO representation of a linear cluster state.
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ÂN = H

⎡

⎢⎢⎣

ÎN

X̂N

ŶN

ẐN

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

ÎN

ẐN

−ŶN

X̂N

⎤

⎥⎥⎦ . (C6c)

This shows that the MPO representation of an ideal cluster
state has a bond dimension of D = 4.

APPENDIX D: PROTOCOL FOR GENERATING A
LINEAR CLUSTER STATE

Here, we show diagrammatically that the protocol
implemented by the pulse sequence in Fig. 2(e) generates
a linear cluster state.

1. Conditional photon emission

The central operation of the protocol is the conditional
photon emission, where the transmon qubit either emits or
does not emit a photon depending on the initial qubit state.
Figure 12(a) shows the pulse sequence for this operation,
where a photon is emitted only if the transmon starts in |e〉.
If the transmon starts in a superposition of |g〉 and |e〉, this
operation generates a transmon-photon entanglement as

x|g〉 + y|e〉 → x|e〉 ⊗ |0〉p + y|g〉 ⊗ |1〉p , (D1)

where |0〉p and |1〉p denote the Fock states of the emit-
ted photonic qubit. Assuming that |f 〉 is unpopulated at
the beginning of the pulse sequence and that there is no
incoming signal in the transmission line coupled to the res-
onator, this operation is equivalent to the quantum circuit
in Fig. 12(b). Note that one input of the quantum circuit is
fixed to |0〉, which means that this operation is a one-input
two-output isometry.

2. Disentangling the transmon from the photons

At the end of the protocol, the transmon needs to be
disentangled from the emitted photon chain. This can be
achieved using the pulse sequence in Fig. 13(a). This pulse
sequence transfers the state of the transmon to a photonic
qubit and resets the transmon to |g〉 as

x|g〉 + y|e〉 → |g〉 ⊗ (x|0〉p + y|1〉p). (D2)

Figure 13(b) shows an equivalent quantum circuit for this
operation.

(a) (b)

FIG. 12. Conditional photon emission from a transmon qubit.
A photon is emitted only if the transmon starts in |e〉. (a) Pulse
sequence. (b) Equivalent quantum circuit.

(a) (b)

FIG. 13. Transferring the state of the transmon to a photonic
qubit and resetting the transmon to |g〉. (a) Pulse sequence.
(b) Equivalent quantum circuit.

3. Generating a linear cluster state

Figure 14(a) shows a quantum-circuit representation of
the cluster-state generation protocol implemented by the
pulse sequence in Fig. 2(e). Here,

Ry(π/2) = 1√
2

[
1 −1
1 1

]
(D3)

is the quantum gate implemented by the π/2 pulse.
By applying the transformation rules shown in
Figs. 15(a)–15(d), one can obtain the tensor-network rep-
resentation of a linear cluster state shown in Fig. 9(c).

APPENDIX E: PAULI TOMOGRAPHY USING
QUADRATURE MEASUREMENTS

Here, we describe how the quadrature-basis correlations
shown in Eq. (5) are measured and converted to the Pauli-
basis correlations shown in Eq. (3).

(a)

(b)

FIG. 14. Protocol for generating a photonic linear cluster state
implemented by the pulse sequence in Fig. 2(e). (a) Quantum-
circuit representation, which can also be interpreted as a tensor
network. (b) Tensor network after applying the transformation
rules shown in Figs. 15(a)–15(d), which matches the tensor-
network representation of a linear cluster state shown in Fig. 9(c).
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(a) (b)

(c) (d)

FIG. 15. Transformation rules used in Fig. 14(b). (a) A |0〉
state and a π/2 rotation equals a |+〉 state. (b) An X gate and a
π/2 rotation equals a Hadamard gate. (c) A |0〉 state and an XOR
tensor equals an identity matrix. (d) A SWAP gate equals crossed
lines.

1. Mode function of the photonic qubit

First, the mode function of the photonic qubit needs
to be measured because we obtain the quadrature values
by amplifying the quadrature using a JPA and calculating
the overlap integral between the amplified waveform and
the mode function. We use the pulse sequence shown in
Fig. 16(a) to generate a photonic qubit in the superposi-
tion state |+〉 := (|0〉 + |1〉)/√2 and measure its averaged
waveform. To obtain a complex-valued waveform, we per-
form another measurement with the phase of the πge/2
pulse shifted by π/2. This generates a photonic qubit
in |+i〉 := (|0〉 + i|1〉)/√2, whose averaged waveform is
phase-shifted by π/2. We also measure the waveforms
of photonic qubits in |−〉 := (|0〉 − |1〉)/√2 and |−i〉 :=
(|0〉 − i|1〉)/√2 and subtract them from those of |+〉 and
|+i〉, respectively, to remove any offset and background
signal in the waveforms. Note that the complex-valued

(a)

(b)

FIG. 16. Measuring the mode function of the photonic qubit.
(a) Pulse sequence used to measure the averaged waveform of a
photonic qubit in the |+〉 := (|0〉 + |1〉)/√2 state. (b) Demod-
ulated complex waveforms measured without (blue) and with
(orange) the amplification by the JPA.

waveform can alternatively be obtained, without phase-
shifting the photon, by applying a Hilbert transform to the
measured real-valued waveform, which is at the interme-
diate frequency (IF) of the down-converting mixer.

Figure 16(b) shows the demodulated complex waveform
obtained with and without the amplification by the JPA.
To phase-insensitively amplify the signal using the phase-
sensitive mode of the JPA, we add the results of two sets
of measurements with the phase of the JPA pump set to 0
and π . This results in a phase-insensitive amplitude gain of√

S + 1/
√

S, where S is the squeezing factor of the JPA. A
squeezing factor of 10 log10 S = 15.7 dB is obtained from
the measured waveforms. The amplification by the JPA
delays but does not significantly deform the waveform,
which suggests that the gain bandwidth of the JPA is suffi-
cient for the photonic qubit. The waveform measured with
the amplification by the JPA is used as the mode function
when calculating the quadrature values in the tomography
experiments.

2. Pauli tomography using quadrature measurements

To derive the conversion formula between the quadra-
ture measurements and the Pauli measurements, let us
project the quadrature operators onto the {|0〉, |1〉} sub-
space as

�̂q̂s�̂ = 1√
2

X̂s, (E1a)

�̂p̂s�̂ = 1√
2

Ŷs, (E1b)

�̂
q̂2

s + p̂2
s

2
�̂ = Îs − 1

2
Ẑs, (E1c)

where �̂ := |0〉〈0| + |1〉〈1| is the projection operator. By
taking the expectation values of these equations, the con-
version formula shown in Eqs. (7a)–(7c) is obtained. The
expectation values of the Pauli observables can therefore
be estimated as

Xs =
√

2qs, (E2a)

Ys =
√

2ps, (E2b)

Zs = 2 − q2
s − p2

s , (E2c)

where qs, ps, q2
s , and p2

s are the sample moments obtained
by repeating the generation and quadrature measurement
of the photonic qubit. qs and q2

s are calculated from the
set of measurements where the phase of the JPA pump
is 0, whereas ps and p2

s are calculated from a separate
set of measurements where the phase of the JPA pump
is π . Statistical uncertainties in the estimates of the Pauli
observables can be calculated from the variance estimates
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of the sample moments as

SE
[
Xs

] =
√

Var
[
Xs

] =
√

2 Var [qs], (E3a)

SE
[
Ys

] =
√

Var
[
Ys

] =
√

2 Var [ps], (E3b)

SE
[
Zs

] =
√

Var
[
Zs

] =
√

Var
[
q2

s

]
+ Var

[
p2

s

]
, (E3c)

where SE denotes the standard error.

3. Correcting for the measurement inefficiency

The previous subsection assumed that ideal quadrature
measurements can be performed on a photonic qubit. How-
ever, the photonic qubit propagates through lossy cables
and noisy amplifiers before its waveform is measured.
These effects can be collectively described using the mea-
surement efficiency η, which is equivalent to the amplitude
damping error Ead introduced in Appendix B 6 with a pho-
ton loss probability of εad = 1 − η. Therefore, one can
correct for the measurement inefficiency as

⎡

⎢⎢⎢⎣

1
Xs

Ys

Zs

⎤

⎥⎥⎥⎦ = E−1
ad

⎡

⎢⎢⎢⎣

1

X ′
s

Y′
s

Z ′
s

⎤

⎥⎥⎥⎦ =

⎡

⎢⎢⎢⎣

1

η−1/2X ′
s

η−1/2Y′
s

1 − η−1(1 − Z ′
s)

⎤

⎥⎥⎥⎦ , (E4)

where X ′
s , Y′

s, and Z ′
s denote the measurement results

affected by the measurement inefficiency. Note that this
correction unevenly amplifies the uncertainties in the esti-
mates of the Pauli observables as

SE
[
Xs

] = η−1/2 SE
[
X ′

s

]
, (E5a)

SE
[
Ys

] = η−1/2 SE
[
Y′

s

]
, (E5b)

SE
[
Zs

] = η−1 SE
[
Z ′

s

]
. (E5c)

The measurement efficiency η of the amplification chain
is determined by measuring a pulse mode in a coherent
state with a known amplitude. The coherent pulse is gen-
erated using the DAC and mixer which are also used to
generate a readout pulse. To accurately determine the mea-
surement efficiency, the shape of the coherent pulse needs
to match the mode shape of the photonic qubit. However,
the pulse generated by the DAC is reflected and distorted
by the resonator in the photon source before reaching
the amplification chain. To compensate for this, the out-
put waveform of the DAC is numerically pre-distorted
using the inverse of the reflection coefficient S11(ω) of the
resonator. Figure 17(a) shows that the waveform of the
coherent pulse after the reflection matches the mode shape
of the photonic qubit.

The q̂ and p̂ quadratures of the coherent pulse are mea-
sured by setting the phase of the JPA pump to 0 and π ,

(a) (b)

FIG. 17. Determining the measurement efficiency of the
amplification chain using a coherent pulse. (a) Demodulated
waveforms of a photonic qubit (orange), a coherent pulse gen-
erated by the DAC (green), and the coherent pulse measured
using the same amplification chain as the photonic qubit (blue).
The output waveform of the DAC is numerically pre-distorted
such that the waveform of the coherent pulse matches the mode
shape of the photonic qubit after it is reflected and distorted by
the resonator in the photon source. (b) Actual and measured mean
photon numbers of the coherent pulse (blue circles) and the linear
fit (black line), whose slope gives the measurement efficiency.

respectively. After normalizing the quadrature values by
equating their variances to 0.5, the mean photon number
of the coherent pulse is calculated as

ncoh = 1
2
(q2 + p2). (E6)

The measurement efficiency η is obtained as the ratio
between ncoh and the actual mean photon number of the
coherent pulse. The amplitude of the coherent pulse is var-
ied to confirm that the pulse is not saturating the JPA.
Figure 17(b) shows the result and the linear fit, which gives
a measurement efficiency of η = 0.391 ± 0.004. Here, the
actual mean photon number of the coherent pulse is cal-
culated using the attenuation of the input line, which is
estimated by measuring the qubit dephasing while apply-
ing a weak coherent drive at the same frequency as the
pulse [51].

Note that our estimation of the measurement efficiency
places the reference plane at the output port of the sample.
This means that the photonic states reconstructed in this
work reflect the imperfections of the photon emission pro-
cess, such as the energy relaxation of the |f 〉 state during
the photon emission and the infidelity of the πef pulse.

4. Pauli tomography of multiple photonic qubits

Here, we introduce the multi-qubit generalization of
the conversion formula between the quadrature and
Pauli measurements. To derive the formula, let us split
Eqs. (E1a)–(E1c) into two steps. The first step converts the
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quadrature moments to the “Z-shifted Pauli basis” as

⎡

⎢⎢⎢⎢⎣

Îs

X̂s

Ŷs

2Îs − Ẑs

⎤

⎥⎥⎥⎥⎦
= G

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

�̂q̂0
s �̂

�̂p̂0
s �̂

�̂q̂1
s �̂

�̂p̂1
s �̂

�̂q̂2
s �̂

�̂p̂2
s �̂

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (E7)

where

G :=

⎡

⎢⎢⎢⎣

1
2

1
2

0 0 0 0

0 0
√

2 0 0 0
0 0 0

√
2 0 0

0 0 0 0 1 1

⎤

⎥⎥⎥⎦ (E8)

is the conversion matrix. Using the notation defined
in Eqs. (6a)–(6c) for the quadrature moments and the
Z-shifted Pauli basis defined as

R̂(0)s := Îs, R̂(1)s := X̂s, R̂(2)s := Ŷs, R̂(3)s := 2Îs − Ẑs,
(E9)

the conversion can be expressed as

R̂(js)s =
∑

ks∈{0,...,5}
Gjs,ks�̂Q̂(ks)

s �̂. (E10)

The second step converts the Z-shifted Pauli basis to the
Pauli basis as

P̂(is)s =
∑

js∈{0,1,2,3}
Fis,js R̂

(js)
s (E11)

using the conversion matrix

F :=

⎡

⎢⎣

1 0 0 0
0 1 0 0
0 0 1 0
2 0 0 −1

⎤

⎥⎦ . (E12)

Using the conversion matrices F and G, the multivariate
quadrature moments can be transformed to the Z-shifted-
Pauli-basis correlations as

〈R̂(j1)1 · · · R̂(jN )N 〉
=

∑

k1,...,kN ∈{0,...,5}
Gj1,k1 · · · GjN ,kN 〈Q̂(k1)

1 · · · Q̂(kN )
N 〉,

(E13a)

then to the Pauli-basis correlations as

〈P̂(i1)1 · · · P̂(iN )N 〉
=

∑

j1,...,jN ∈{0,1,2,3}
Fi1,j1 · · · FiN ,jN 〈R̂(j1)1 · · · R̂(jN )N 〉. (E14a)

We have introduced the Z-shifted-Pauli-basis represen-
tation because it can be obtained by scaling the multi-
variate quadrature moments. This means that the statis-
tical uncertainties of the measured quadrature moments
can be similarly scaled to obtain the uncertainties of the
Z-shifted-Pauli-basis correlations. In contrast, the conver-
sion to the Pauli basis requires adding the zeroth and
second quadrature moments, which generates correlations
among the uncertainties of different Pauli observables. By
processing the data in the Z-shifted-Pauli-basis, we avoid
the increased computational cost of propagating correlated
uncertainties.

Note also that the Q̂(is)
s basis distinguishes between

q̂0
s and p̂0

s even though both of these equal the identity
operator. This is because, for example, q0

1q1
2 and p0

1 q1
2

are estimated from independent experiments with different
measurement settings. The first row of the matrix G takes
care of averaging the results of these experiments to obtain
the best estimate for 〈q̂2〉. For the same reason, q̂2

s and p̂2
s

are distinguished in the Q̂(is)
s basis even though they are

equal if the pulse mode only contains up to one photon.

APPENDIX F: FULL TOMOGRAPHY OF A
FIVE-QUBIT CLUSTER STATE

Here, we describe the measurements of the five-qubit
linear cluster state, which can be reconstructed directly
from the five-qubit correlation measurements.

We compare the reconstructed density matrix with a
numerical model with uniform photon loss and dephas-
ing probabilities across all qubits. The photon loss error of
the cluster state can be evaluated by measuring the mean
excitation (1 − 〈Ẑs〉)/2 of each photonic qubit, which is
affected by the photon loss but not by the dephasing error.
Figure 18(a) shows the measured mean excitations and
the fit, which gives an average photon loss probability
of 9.8%. The dephasing error can be evaluated by mea-
suring the expectation values of the stabilizer operators
of the cluster state, which are affected by both the pho-
ton loss and dephasing errors. For this, we first need to
align the phase origins of the photonic qubits with the
phase origins of the quadrature measurements. This is
done by numerically rotating the sth photonic qubit by
an angle of − arctan(〈Ẑs−1ŶsẐs+1〉/〈Ẑs−1X̂sẐs+1〉), which
maximizes the stabilizer 〈Ẑs−1X̂sẐs+1〉. This correction has
been applied to all data presented in this work. Then, we
obtain the stabilizers shown in Fig. 18(b), which give an
average dephasing error equivalent to a phase flip proba-
bility of 4.6%. Note that the photon loss error has a weaker
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(a) (b)

FIG. 18. Effects of the photon loss and dephasing errors on the
generated five-qubit cluster state. (a) Mean excitation of each
photonic qubit (orange bar), which is smaller than the ideal
value of 0.5 because of the photon loss error, and the best fit
by a numerical model with uniform error probabilities across all
qubits (blue frame). (b) Expectation values of the stabilizer oper-
ators (orange bar), which are smaller than the ideal value of 1
because of the photon loss and dephasing errors, and the best fit
by the numerical model (blue frame).

effect on the first and last stabilizers because they contain
fewer Ẑ operators than the other stabilizers.

Figures 19(a)–19(c) show the density matrices of an
ideal five-qubit cluster state, the numerical model with uni-
form error probabilities, and the generated cluster state,
respectively. Whereas the complex arguments of the three
density matrices match closely, the absolute values of the
matrix elements of the experimentally generated cluster
state deviate significantly from the ideal value of 2−5 =
0.03125 because they are affected by the photon loss
and dephasing errors. The fidelity of the cluster state to
the numerical model is F = 0.970, which suggests that
the numerical model captures the dominant error pro-
cesses. The fidelity of the cluster state to the ideal state is

F = 0.616 ± 0.006, which is significantly larger than the
threshold of 0.5 for genuine multipartite entanglement.

APPENDIX G: MPO RECONSTRUCTION BY
INVERSION

Here, we present a simplified reformulation of the MPO
reconstruction procedure introduced in Ref. [33]. This
reformulation provides an explicit formula for the recon-
structed MPO in terms of the measured local correlations,
which is used in Sec. IV B to construct an initial guess for
the least-squares fitting. It is also used to show that five-
qubit local correlations are required to reconstruct a linear
cluster state, despite the fact that three-qubit local correla-
tions are sufficient for reconstructing the vast majority of
MPOs with the same bond dimension.

1. Using up to three-qubit local correlations

Using the measured two- and three-qubit local corre-
lations, let us define 4 × 4 matrices Bs and C(i)s by their
elements as

(Bs)a,b := 〈P̂(a)s P̂(b)s+1〉 (G1a)

(C(i)s )a,b := 〈P̂(a)s P̂(i)s+1P̂(b)s+2〉. (G1b)

Let us also define the operator-valued-matrix representa-
tion of C(i)s as

Ĉs :=
∑

i∈{0,1,2,3}
C(i)s P̂(i)s+1. (G2)

Using these matrices, an MPO representation Âs of the
measured state can be reconstructed as

Â1 = [Î1, X̂1, Ŷ1, Ẑ1], (G3a)

Â2 = Ĉ1, (G3b)

(a) (b) (c)

FIG. 19. Density matrices of (a) an ideal five-qubit cluster state, (b) a numerical model with uniform photon loss and dephasing
errors across all qubits, and (c) the generated cluster state. Absolute values are plotted in the diagonal and the lower-left triangle, and
the complex arguments in the upper-right triangle.
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Bs−1Âs = Ĉs−1 (s = 3, . . . , N − 1), (G3c)

ÂN = [ÎN , X̂N , ŶN , ẐN ]�, (G3d)

provided that the reconstructibility condition stated below
is satisfied. The reconstructibility condition guarantees that
the third equation can be solved for Âs.

The reconstructibility condition is expressed using an
MPO representation of the true state,

ρ̂ := 1
2N

∑

i1,...,iN ∈{0,1,2,3}
T(i1)1 · · · T(iN )N P̂(i1)1 · · · P̂(iN )N (G4a)

= 1
2N T̂1 · · · T̂N , (G4b)

which always exists for a sufficiently large bond dimen-
sion D. Here, one needs to choose a representation with
the minimal bond dimension because the reconstructibil-
ity condition is stricter for a larger bond dimension. Using
the matrices T(is)s of the MPO representation, let us define
4 × D matrices Ls by their rows as

(Ls)is,: := T(0)1 · · · T(0)s−1T(is)s (G5)

and D × 4 matrices Rs by their columns as

(Rs):,is := T(is)s T(0)s+1 · · · T(0)N . (G6)

Here, (·)is,: denotes the isth row vector and (·):,is denotes
the isth column vector. Then, the reconstructibility condi-
tion is given by

Rank[Ls] = D (s = 2, . . . , N − 2), (G7a)

Rank[Rs] = D (s = 3, . . . , N − 1). (G7b)

It immediately follows that D ≤ 4, i.e., an MPO with a
bond dimension D > 4 cannot be reconstructed using the
correlation measurements of only up to three consecu-
tive qubits. If the reconstructibility condition is satisfied,
Eq. (G3c) can be solved as

Âs = B+
s−1Ĉs−1, (G8)

where + denotes the Moore-Penrose pseudoinverse.
Figure 20 shows the tensor-network representation of

the reconstructed MPO given by Eqs. (G3a)–(G3d). To

FIG. 20. MPO reconstructed using up to three-qubit local
correlations.

verify this solution, let us express the measured two- and
three-qubit local correlations of the true state as

Bs = LsRs+1, (G9a)

Ĉs = LsT̂s+1Rs+2. (G9b)

Because the reconstructibility condition means that Ls and
Rs have full rank, their Moore-Penrose pseudoinverses
satisfy

L+
s Ls = RsR+

s = ID, (G10)

where ID denotes the D-dimensional identity matrix, and
therefore

B+
s = (LsRs+1)

+ = R+
s+1L+

s . (G11)

Then, one can show that Eq. (G8) is a solution of Eq. (G3c)
as

Bs−1Âs = Bs−1(B+
s−1Ĉs−1) (G12a)

= (Ls−1Rs)(R+
s L+

s−1)(Ls−1T̂sRs+1) (G12b)

= Ls−1T̂sRs+1 (G12c)

= Ĉs−1. (G12d)

Similarly, one can show that the reconstructed state Âs is
equivalent to the true state T̂s as

Â1Â2Â3 · · · ÂN−1ÂN (G13a)

= Â1Ĉ1(B+
2 Ĉ2) · · · (B+

N−2ĈN−2)ÂN (G13b)

= Â1(L1T̂2R3)(R+
3 L+

2 )(L2T̂3R4) · · ·
(R+

N−1L+
N−2)(LN−2T̂N−1RN )ÂN (G13c)

= T̂1T̂2T̂3 · · · T̂N−1T̂N . (G13d)

Since a randomly chosen matrix almost always has full
rank, an MPO with a bond dimension D ≤ 4 almost always
satisfies the reconstructibility condition. Therefore, one
might expect that a linear cluster state, which has a bond
dimension of D = 4, can be reconstructed from three-qubit
local correlations. However, it turns out that linear cluster
states do not satisfy the reconstructibility condition. This
can be seen by showing that Eq. (G3c) has no solution as
follows. Because the stabilizer operators of a linear clus-
ter state are given by Eqs. (11a)–(11c), the only nonzero
two- and three-qubit local correlations of a linear cluster
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state are

〈X̂1Ẑ2〉 = 〈ẐN−1X̂N 〉 = 1, (G14a)

〈Ŷ1Ŷ2Ẑ3〉 = 〈ẐN−2ŶN−1ŶN 〉 = 1, (G14b)

〈Ẑs−1X̂sẐs+1〉 = 1 (s = 2, . . . , N − 1). (G14c)

Therefore, the two- and three-qubit local correlation matri-
ces are given by

Bs =

⎡

⎢⎣

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤

⎥⎦ , Ĉs =

⎡

⎢⎢⎣

Îs+1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 X̂s+1

⎤

⎥⎥⎦

(G15)

for s = 2, . . . , N − 3. Since the last column of Ĉs is outside
the image space of Bs, Eq. (G3c) has no solution.

2. Using up to four-qubit local correlations

Using the measured three- and four-qubit local correla-
tions, let us define 4 × 4 matrices B(i)1 and 16 × 4 matrices
Bs and C(i)s as

(B(i)1 )a,b := 〈P̂(a)1 P̂(i)2 P̂(b)3 〉 (G16a)

(Bs)4a+b,c := 〈P̂(a)s P̂(b)s+1P̂(c)s+2〉, (G16b)

(C(i)s )4a+b,c := 〈P̂(a)s P̂(b)s+1P̂(i)s+2P̂(c)s+3〉. (G16c)

Let us also define the operator-valued-matrix representa-
tions of B(i)1 and C(i)s as

B̂1 :=
∑

i∈{0,1,2,3}
B(i)1 P̂(i)2 , (G17a)

Ĉs :=
∑

i∈{0,1,2,3}
C(i)s P̂(i)s+2. (G17b)

Using these matrices, an MPO representation Âs of the
measured state can be reconstructed as

Â1 = [Î1, X̂1, Ŷ1, Ẑ1], (G18a)

Â2 = B̂1, (G18b)

Bs−2Âs = Ĉs−2 (s = 3, . . . , N − 1), (G18c)

ÂN = [ÎN , X̂N , ŶN , ẐN ]�, (G18d)

provided that the reconstructibility condition stated below
is satisfied. Defining 16 × D matrices Ls and D × 4 matri-
ces Rs as

(Ls)4a+b,: := T(0)1 · · · T(0)s−1T(a)s T(b)s+1, (G19a)

(Rs):,is := T(is)s T(0)s+1 · · · T(0)N , (G19b)

the reconstructibility condition is given by

Rank[Ls] = D (s = 1, . . . , N − 3), (G20a)

Rank[Rs] = D (s = 3, . . . , N − 1). (G20b)

It immediately follows that D ≤ 4, i.e., an MPO with
a bond dimension D > 4 cannot be reconstructed using
the correlation measurements of only up to four consec-
utive qubits. Similarly to the previous subsection, one can
see that a linear cluster state does not satisfy the recon-
structibility condition by showing that Eq. (G18c) has no
solution.

3. Using up to five-qubit local correlations

Using the measured four- and five-qubit local correla-
tions, let us define 4 × 16 matrices B(i)1 , 16 × 16 matrices
Bs and C(i)s , and 16 × 4 matrices B(i)N−3 as

(B(i)1 )a,4c+d := 〈P̂(a)1 P̂(i)2 P̂(c)3 P̂(d)4 〉, (G21a)

(Bs)4a+b,4c+d := 〈P̂(a)s P̂(b)s+1P̂(c)s+2P̂(d)s+3〉, (G21b)

(C(i)s )4a+b,4c+d := 〈P̂(a)s P̂(b)s+1P̂(i)s+2P̂(c)s+3P̂(d)s+4〉, (G21c)

(B(i)N−3)4a+b,c := 〈P̂(a)N−3P̂(b)N−2P̂(i)N−1P̂(c)N 〉. (G21d)

Let us also define the operator-valued-matrix representa-
tions of B(i)1 , C(i)s , and B(i)N−3 as

B̂1 :=
∑

i∈{0,1,2,3}
B(i)1 P̂(i)2 , (G22a)

Ĉs :=
∑

i∈{0,1,2,3}
C(i)s P̂(i)s+2, (G22b)

B̂N−3 :=
∑

i∈{0,1,2,3}
B(i)N−3P̂(i)N−1. (G22c)

Using these matrices, an MPO representation Âs of the
measured state can be reconstructed as

Â1 = [Î1, X̂1, Ŷ1, Ẑ1], (G23a)

Â2 = B̂1, (G23b)

Bs−2Âs = Ĉs−2 (s = 3, . . . , N − 2), (G23c)

BN−3ÂN−1 = B̂N−3, (G23d)

ÂN = [ÎN , X̂N , ŶN , ẐN ]�, (G23e)

provided that the reconstructibility condition stated below
is satisfied. Defining 16 × D matrices Ls and D × 16
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matrices Rs as

(Ls)4a+b,: := T(0)1 · · · T(0)s−1T(a)s T(b)s+1, (G24a)

(Rs):,4c+d := T(c)s T(d)s+1T(0)s+2 · · · T(0)N , (G24b)

the reconstructibility condition is given by

Rank[Ls] = D (s = 1, . . . , N − 3), (G25a)

Rank[Rs] = D (s = 3, . . . , N − 1). (G25b)

It immediately follows that D ≤ 16, i.e., an MPO with a
bond dimension D > 16 cannot be reconstructed using the
correlation measurements of only up to five consecutive
qubits. This time, a linear cluster state does satisfy the
reconstructibility condition, as can be directly verified by
substituting the MPO representation of a linear cluster state
given in Appendix C into the definitions of Ls and Rs and
seeing that they all have full rank.

APPENDIX H: COMPRESSING THE BOND
DIMENSION

The procedure described in Appendix G 3 constructs an
MPO with a bond dimension of 16 even if the true state
has a smaller bond dimension. Here, we show that one
can use the compact singular value decompositions of the
four-qubit local correlation matrices to compress the bond
dimension of the MPO. We use this fact in Sec. IV A to
estimate the bond dimension of the measured state and in
Sec. IV B to construct an initial guess for the least-squares
fitting of an MPO.

1. Compression procedure

Figure 21 shows the tensor-network representation
of the procedure for compressing the bond dimension
between the (s + 1)th and (s + 2)th qubits to Ds :=
Rank[Bs]. The compact singular value decomposition of
the 16 × 16 matrix Bs is defined as

Bs = U�V†, (H1)

where U and V are 16 × Ds semi-unitary matrices and� is
a Ds × Ds diagonal matrix with the positive singular values
of Bs on the diagonal. Using these matrices, the Moore-
Penrose pseudoinverse of Bs can be expressed as

B+
s = V�−1U†. (H2)

Then, the bond dimension between the (s + 1)th and
(s + 2)th qubits can be compressed to Ds by transforming
the MPO as

Â′
s+1 = Âs+1V, (H3a)

Â′
s+2 = �−1U†Ĉs. (H3b)

FIG. 21. Compressing the bond dimension between the
(s + 1)th and (s + 2)th qubits of an MPO constructed following
Appendix G 3.

Alternatively, one can obtain an MPO with a smaller
bond dimension D′

s < Rank[Bs] by using a truncated sin-
gular value decomposition

Bs ≈ U�V†, (H4)

where U and V are 16 × D′
s semi-unitary matrices and �

is a D′
s × D′

s diagonal matrix with the D′
s largest singular

values on the diagonal. This gives us an approximation of
the original MPO with the bond dimension between the
(s + 1)th and (s + 2)th qubit reduced to D′

s.

2. Estimating the bond dimension

It follows from the above procedure that the bond
dimension between the (s + 1)th and (s + 2)th qubits can
be experimentally determined by measuring the four-qubit
correlation matrix Bs and counting the number of positive
singular values. However, because the measured four-qubit
correlation matrix contains statistical noise, its singular
values need to be significantly larger than their statisti-
cal uncertainties to qualify as being positive. The statistical
uncertainty of a measured four-qubit correlation matrix B
can be propagated to the singular values to the first order
by calculating the partial derivative of a singular value σn
by the (i, j ) matrix element as

∂σn

∂Bi,j
= U∗

i,nVj ,n, (H5)

where U and V are the 16 × 16 unitary matrices of the
singular value decomposition B = U�V†.

APPENDIX I: STANDARD FORM OF AN MPO

When performing the least-squares fitting of an MPO,
one needs to impose the constraint that the density oper-
ator represented by the MPO has unit trace. This can be
achieved by restricting the MPO to the standard form
introduced in this Appendix.
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1. The standard form

The standard form is given by

A(0)1 = [1, ∗, . . . , ∗], (I1a)

A(0)s =

⎡

⎢⎢⎣

1 ∗ · · · ∗
∗ · · · ∗

. . .
...

0 ∗

⎤

⎥⎥⎦ (s = 2, . . . , N − 2), (I1b)

A(0)N−1 =

⎡

⎢⎢⎢⎣

1 ∗ ∗ ∗
∗ ∗ ∗

∗ ∗
∗

0

⎤

⎥⎥⎥⎦ , (I1c)

ÂN = [ÎN , X̂N , ŶN , ẐN ]�. (I1d)

As we show later in this Appendix, any state which can
be represented by an MPO with a bond dimension D ≥ 4
has an equivalent representation in this form. This form
has fewer parameters than the original form and always
satisfies the unit-trace constraint. Furthermore, it has the
useful property of

A(0)s · · · A(0)N = [1, 0, . . . , 0]�, (I2)

which enables one to efficiently calculate a local correla-
tion as

C(abcde)
s = (A(0)1 · · · A(0)s−1A(a)s A(b)s+1A(c)s+2A(d)s+3A(e)s+4)0. (I3)

2. Transformation into the standard form

Given an invertible D × D matrix U, the transformation

Â′
s = ÂsU, (I4a)

Â′
s+1 = U−1Âs, (I4b)

does not change the density operator represented by the
MPO. This is called a gauge transformation of the MPO.
Here, we use a series of gauge transformations to show that
an MPO with a bond dimension D ≥ 4 can be transformed
into the standard form.

We first apply the transformation

(Â′
N−1):,b = ÂN−1A(b)N , (I5a)

Â′
N = [ÎN , X̂N , ŶN , ẐN ]�. (I5b)

Next, the rectangular QR decomposition is performed on
the transformed matrix A(0)N−1 as

A(0)N−1 = Q
[

R
O

]
, (I6)

where Q is a D × D orthogonal matrix, R is a 4 × 4 upper
triangular matrix, and O is a (D − 4)× 4 zero matrix. This

decomposition is used to transform the MPO as

Â′
N−2 = ÂN−2Q, (I7a)

Â′
N−1 = Q�ÂN−1, (I7b)

which gives us

A(0)N−1 =
[

R
O

]
. (I8)

Then, we repeat for s = N − 2, . . . , 2 the square QR
decomposition

A(0)s = QR, (I9)

and the transformation

Â′
s−1 = Âs−1Q, (I10a)

Â′
s = Q�Âs. (I10b)

This transforms A(0)N−2, . . . , A(0)2 into upper triangular matri-
ces. Finally, we use the unit-trace constraint,

1 = Tr[ρ̂] = A(0)1 · · · A(0)N (I11a)

= (A(0)1 )0(A
(0)
2 )0,0 · · · (A(0)N−1)0,0, (I11b)

to guarantee (A(0)1 )0, (A(0)2 )0,0, . . . , (A(0)N−1)0,0 �= 0, which
enables us to rescale Â1, . . . , ÂN−1 as

Â′
1 = Â1/(A

(0)
1 )0, (I12a)

Â′
s = Âs/(A(0)s )0,0 (s = 2, . . . , N − 1). (I12b)

This gives us

(A(0)1 )0 = (A(0)2 )0,0 = · · · = (A(0)N−1)0,0 = 1 (I13)

and completes the transformation into the standard form.

APPENDIX J: ADDITIONAL FIGURES FOR THE
10-QUBIT CLUSTER STATE

Figures 22(a)–(d) show the measured five-qubit correla-
tions for the 10-qubit cluster state and their fits by an MPO
with a bond dimension of D = 4. They confirm that the
least-squares fitting has successfully converged.

Figure 23 shows the full density matrix of the recon-
structed 10-qubit cluster state, which was partially shown
in Fig. 4(a).
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(a)

(b)

(c)

(d)

FIG. 22. Measured (orange bars) and fitted (black diamonds)
local correlations for the 10-qubit cluster state. The correction
for the measurement inefficiency have been applied to the plotted
values. The error bars are calculated from the statistical uncer-
tainties of the measured quadrature moments. (a) 43 correlations
which equal one for an ideal cluster state. (b) Subset of the 111
correlations which equal zero for an ideal cluster state and consist
of only Î and Ẑ operators. (c) Subset of the 94 correlations which
equal zero for an ideal cluster state but becomes nonzero with
photon loss and dephasing errors. (d) Subset of the remaining
4615 correlations which equal zero for an ideal cluster state and
for a cluster state affected by photon loss and dephasing errors.

APPENDIX K: LOCALIZABLE ENTANGLEMENT
OF AN MPO

In this work, the metric of localizable entanglement
is used to evaluate how far the entanglement persists in
the generated linear cluster states. The localizable entan-
glement is defined for each pair of qubits in a chain of

qubits as the maximum entanglement that can be “local-
ized” between the two qubits by performing local projec-
tive measurements on the other qubits [24,25]. Here, we
explain how the localizable entanglement and its uncer-
tainty can be calculated in the MPO representation.

1. Local projective measurement

A projective measurement of a qubit is defined by a
pair of orthogonal projection operators �̂±1, where ±1
are the outcomes of the measurement. If this measurement
is performed on the sth qubit in an N -qubit state ρ̂, the
probability of obtaining each outcome is

P(±1) = Tr[�̂±1
s ρ̂], (K1)

and the corresponding post-measurement state of the
unmeasured qubits is

ρ̂±1 = Trs[�̂±1
s ρ̂]

P(±1)
, (K2)

where Trs[·] denotes the partial trace over the sth qubit.
Alternatively, the unnormalized post-measurement state

ρ̂ ′±1 := Trs[�̂±1
s ρ̂], (K3)

can be used to express the outcome probability as

P(±1) = Tr[ρ̂ ′±1] (K4)

and the normalized post-measurement state as

ρ̂±1 = ρ̂ ′±1

Tr[ρ̂ ′±1]
. (K5)

Now suppose that a local projective measurement �̂±1
s

is performed on every qubit of an MPO Âs except the rth
and r′th qubits. The unnormalized post-measurement state
ρ̂ ′{ms}, where {ms} denotes the set of measurement out-
comes ms ∈ {+1, −1}, can be calculated by evaluating the
tensor network shown in Fig. 24. Similarly to Fig. 7(b), the
partial derivative by a parameter of the MPO (A(is)s )x,y can
be calculated by removing the tensor Âs from the diagram.
Using the unnormalized post-measurement state ρ̂ ′{ms}, the
outcome probability can be expressed as

P({ms}) = Tr
[
ρ̂ ′{ms}] (K6)

and the normalized post-measurement state as

ρ̂{ms} = ρ̂ ′{ms}

Tr
[
ρ̂ ′{ms}

] . (K7)
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FIG. 23. Full density matrix of the reconstructed 10-qubit cluster state. Absolute values are plotted in the diagonal and the lower-left
triangle, and the complex arguments in the upper-right triangle.

2. Negativity

The entanglement between the two unmeasured qubits
can be quantified using the negativity N . The negativity
of a two-qubit state ρ̂ is given by

N (ρ̂) := ‖ρ�‖1 − 1
2

, (K8)

where ρ� denotes the partial transpose of ρ̂ in the
{|00〉, |01〉, |10〉, |11〉} basis,

(ρ�)2i+j ,2k+l := 〈il|ρ̂|kj 〉, (K9)

and ‖ · ‖1 denotes the trace norm defined as the sum of the
singular values.

To propagate the uncertainties in ρ̂ to the uncertainty
of the calculated negativity, one needs to take the partial
derivatives of ‖ρ�‖1 by the matrix elements of ρ�. These
can be calculated as

∂‖ρ�‖1

∂(ρ�)i,j
= (UV†)i,j , (K10)

where U and V are the unitary matrices of the singular
value decomposition ρ�= U�V†.
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FIG. 24. Tensor-network representation of the unnormalized
post-measurement state ρ̂ ′{ms}, where {ms} denotes the set of
measurement outcomes ms ∈ {+1, −1} obtained by performing
a local projective measurement �̂±1

s on every qubit of an MPO
except the rth and r′th qubits.

3. Localizable entanglement

Using the negativity as the measure of two-qubit entan-
glement, we calculate the localizable entanglement as
the expectation value of the negativity over all possible
measurement outcomes,

Nle(ρ̂) :=
∑

{ms}
P({ms})N (ρ̂{ms}), (K11)

given a measurement basis �̂±1
s for every qubit except

the two unmeasured ones at s = r and r′. Note that the
original definition of the localizable entanglement is the
maximum of Nle(ρ̂) over all possible measurement bases
{�̂±1

s }s �=r,r′ , which is computationally costly to determine
[24]. Because we do not perform the maximization, the
definition used in this work is only a lower bound of the
original definition. Nevertheless, the optimal set of mea-
surement bases for the ideal linear cluster state can be
used to obtain a nearly maximal Nle(ρ̂) for a state which
is close to an ideal cluster state. To calculate the localiz-
able entanglement of the generated cluster states, we use
the X̂s measurement basis for all qubits between the two
unmeasured qubits and the Ẑs basis for all the other qubits.

To calculate the uncertainty of the localizable entangle-
ment, Eq. (K11) can be rewritten using the unnormalized
post-measurement states ρ̂ ′{ms} as

Nle(ρ̂) =
∑

{ms}
N (ρ̂ ′{ms}). (K12)

Then, Eq. (K10) and the partial derivatives of Fig. 24 can
be used to propagate the uncertainties in the parameters
of the MPO to the uncertainty of the localizable entangle-
ment. The localizable entanglement in terms of the concur-
rence can similarly be calculated using the unnormalized
post-measurements states as

Cle(ρ̂) =
∑

{ms}
C(ρ̂ ′{ms}), (K13)

where C(ρ̂) denotes the concurrence of a two-qubit state ρ̂.
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