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Exceptional points (EPs) in anti-parity-time (APT)-symmetric systems have attracted significant interest.
While linear APT-symmetric systems exhibit structural similarities with nonlinear dissipative systems, such
as mutually injection-locked lasers, the correspondence between exceptional points in linear non-Hermitian
Hamiltonians and bifurcation phenomena in nonlinear lasing dynamics has remained unclear. We demonstrated
that, in a two-cavity system with APT symmetry and gain saturation nonlinearity, an EP coincides with a
bifurcation point of nonlinear equilibrium states, which appears exactly at the lasing threshold. Although the
EP and the bifurcation point originate from fundamentally different physical concepts, the bifurcation point is
observable and retains key EP characteristics even above the lasing threshold. Notably, the bifurcation point
that originates from the linear EP also bridges linear and nonlinear dynamics of the system: It serves as an
accessible transition point in the nonlinear dynamics between the limit cycle and synchronization regimes.
Furthermore, we clarified that beat oscillation that conserves the energy difference, which is a unique dynamic
in the weak-coupling regime of a linear APT system, evolves into a nonlinear limit cycle with equal amplitudes
in the two cavities in the presence of gain saturation. Our findings establish a direct link between EP-induced
bifurcation points and nonlinear dynamics, providing fundamental insights into non-Hermitian and nonlinear

optical systems.
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I. INTRODUCTION

Parity-time (PT) and anti-parity-time (APT) symmetric
systems have received considerable attention in recent years
due to their distinctive physical characteristics [1-9]. Ex-
ceptional points (EPs) in PT- and APT-symmetric systems
are parameter points at which two eigenvalues and their
corresponding eigenvectors simultaneously coalesce [10].
In linear open systems, PT-symmetric phases undergo a
phase transition at EPs, which gives rise to various in-
triguing phenomena, such as superluminal transmission [11],
nonreciprocal transmission [12,13], and enhanced sensing
capabilities [14-16].

While EPs have been extensively studied in linear gain-loss
systems, these studies typically focus on the nonlasing states,
where the system remains below threshold and can be well
described by linear eigenvalue analysis [17]. In contrast, be-
yond the lasing threshold, nonlinear effects—particularly gain
saturation—significantly influence the stability of oscillatory
states. The physics in this regime is governed by nonlinear dy-
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namics, characterized by a rich variety of phenomena such as
limit cycles, synchronization, and chaos [18], which strongly
contrasts with the linear regime traditionally associated with
non-Hermitian optics and EPs. Furthermore, nonlinear open
systems exhibit qualitative changes in their dynamics across
bifurcation points, which function as phase transition points
of the nonlinear dynamics, similar to EPs in linear open sys-
tems. Even though gain saturation nonlinearity is common in
optical systems, it is not fully understood how the properties
of linear EPs are carried over into the nonlinear dynamics of
the system. While several studies have investigated EPs in
nonlinear systems—with approaches ranging from identifying
them with bifurcation points [19-21], to defining them via
the defectiveness of the Jacobian matrix at steady states [22],
or characterizing them by the emergence of unidirectional
coupling [23]—these interpretations remain inconsistent and
do not provide a direct correspondence with the original con-
cept of EPs in linear non-Hermitian systems. In contrast, the
formulation adopted in Refs. [24,25], which defines nonlinear
EPs as bifurcation points at which the nonlinear Hamilto-
nian itself becomes defective, offers a natural extension of
the linear EP concept to the nonlinear regime. However, as
discussed in detail in Ref. [24], the EPs in PT-symmetric
coupled cavity systems under nonlinear conditions are not
directly observable, since the equilibrium states become un-
stable due to a mismatch in the timescales between carrier
dynamics and the cavity decay rate. In other words, it remains
unclear how the characteristics of linear EPs are reflected in
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experimentally observable dynamics upon the inclusion of
nonlinearities. This raises a fundamental question: Can one
define nonlinear EPs that both preserve their unique features
in the linear regime and manifest in physically accessible,
observable dynamics?

APT-symmetric coupled cavity systems offer a promis-
ing platform in this context, as their coupling schemes
closely resemble those of injection-locked lasers. The char-
acteristics of nonlinear bifurcations and nonlinear dynamics
emerging in injection-locked systems have been exten-
sively studied in various contexts, including injection-locked
lasers [26-30], optical parametric oscillators [31], and co-
herent Ising machines [32,33]. Therefore, analyzing the
properties of APT-symmetric systems in the nonlinear regime
serves as a bridge between the characteristics of linear EPs
and well-established nonlinear physics. Furthermore, recent
studies on injection-locked laser systems have shown that
frequency synchronization emerges at bifurcation points anal-
ogous to eigenvalue coalescence at EPs in APT-symmetric
systems [34], which suggests that nonlinear bifurcations
can inherit key features of linear EPs. Nevertheless, APT-
symmetric systems are no exception to the broader trend
in non-Hermitian photonics, where most studies focus on
solving linear eigenvalue problems while neglecting gain
saturation and other nonlinear contributions. For instance,
APT-symmetric configurations have demonstrated observable
EP-related phenomena in the linear regime [35], yet their be-
havior in the nonlinear regime remains unknown. Conversely,
most models of injection-locked lasers rely on rate equa-
tions or reduced-order approximations (e.g., phase-reduction
methods [36]), emphasizing synchronization and chaotic dy-
namics without addressing their relationship to linear EP
behavior [37-39].

This study investigates the relationship between linear EPs
and nonlinear bifurcations in the simplest APT-symmetric
system—two coupled cavities with imaginary coupling—and
reveals that, precisely at the lasing threshold, a nonlinear
bifurcation point emerges that corresponds to the EP of the
associated linear APT-symmetric system. Although the EP
and the bifurcation point are described by fundamentally
different physical equations, our results demonstrate that
the linear EP transforms into a stable nonlinear bifurca-
tion point, inheriting many of its key properties. Moreover,
the EP-derived bifurcation remains observable, manifesting
as “symmetric” and “broken” solution branches that are
directly inherited from the phases of the linear system.
We also demonstrate that these conclusions remain robust
even when including carrier dynamics, confirming that these
phenomena are indeed observable in realistic physical sys-
tems: We clarify that the energy-difference-conserving beat
oscillations characteristic of the linear APT-symmetric sys-
tem transform into a nonlinear limit cycle, showing that
the nonlinear EP emerges precisely at the infinite-period
limit of this cycle. Our results elucidate how various phys-
ical features of the linear APT-symmetric system manifest
as distinct phenomena in the nonlinear regime, thereby
clarifying the connection between linear EPs and non-
linear bifurcation points—a stark contrast to prior work
focusing on the trajectories of unobservable bifurcation
points.

II. EIGENSTATES AND EQUILIBRIUM STATES
OF THE NONLINEAR HAMILTONIAN

A. Definition of nonlinear exceptional points

In this work, the dynamics of the complex field amplitudes
a(t) is governed by the state-dependent (nonlinear) Hamilto-
nian H (a) through

d .
3 ) = —iH(@)a), ey

where H(a) is given in Eq. (3) and depends on the intra-
cavity intensities via gain saturation. A steady state ay is a
self-consistent solution of the full nonlinear laser equations
such that

d
3 a0 =0. 2)

a=ag

Furthermore, we define a nonlinear EP as a parameter point
at which the state-dependent Hamiltonian evaluated on a
self-consistent steady state becomes defective (nondiagonal-
izable). In EP, two or more eigenvalues of H(as) and their
eigenvectors coalesce, and H (ass) acquire a Jordan block of
order two or higher. This definition is a direct, self-consistent
extension of the linear EP concept (see Fig. 1(a) of Ref. [40])
to nonlinear steady states. Moreover, the linear stability of a
steady state is diagnosed by the Jacobian of the real-variable
flow. However, the defectiveness of H(ag) at a nonlinear EP
is independent of whether the Jacobian is defective.

The nonlinear EP defined here is based on the notion of a
parameter point that renders the nonlinear Hamiltonian defec-
tive, and thus constitutes a direct extension of the conventional
(linear) EP concept. The definition and mathematical proper-
ties of matrix defectiveness are identical regardless of whether
the matrix elements are linear or nonlinear functions of
the system variables. In linear non-Hermitian systems, de-
fectiveness is a purely parameter-dependent property of a
Hamiltonian, typically controlled by coupling rate, gain/loss
contrast, and detuning in optics. By contrast, in a nonlinear
system, the Hamiltonian itself depends on the field ampli-
tudes a(t), leading to state-dependent defectiveness. This state
dependence is distinct from the parameter dependence of lin-
ear systems; however, in practical terms, the steady state ag
is determined self-consistently by external parameters such
as gain and external input power, which means that H(a)
remains ultimately parameter dependent. Moreover, if the
Hamiltonian matrix evaluated at a stable steady state is de-
fective, the observable state of the system must coincide with
the corresponding EP eigenstate. Otherwise, the steady state
would not satisfy the nonlinear eigenvalue equation associated
with the defective Hamiltonian, which is a contradiction. Con-
sequently, the notion of an EP in linear eigenvalue problems
can be directly generalized to nonlinear fixed points through
the defectiveness of the self-consistent nonlinear Hamiltonian
H(as). Whether such a defective steady state is physically
observable depends on the dynamical stability of the EP and
on the validity of the underlying physical approximations.
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FIG. 1. Schematic of the coupled cavities system. The two cav-
ities are dissipatively coupled with a coupling rate «; and have a
frequency detuning Aw := (w; — w,)/2. The gain is applied to both
cavities with a gain rate g. The gain saturation effect is modeled by
the nonlinear term f(a;) = Bla;|*.

B. Equations of motion

Our model is based on two dissipatively coupled optical
cavities with gain, as shown in Fig. 1. We assume that the
two cavities are coupled with a pure imaginary coupling rate
k7. This system can be realized by methods such as adjust-
ing the coupling phase of the microring resonator via the
waveguides [41], or utilizing adiabatic elimination via cold
cavities [34]. In this study, we treat «; as the primary variable
to clarify the physical implications of the strong and weak
coupling regimes. It is experimentally easier to tune the fre-
quency detuning Aw, and sweeping Aw would yield results
that are essentially equivalent to a horizontal reflection of the
graphs presented against «;. Furthermore, as demonstrated in
Ref. [34], dissipative coupling can be controlled via a single
parameter by tuning the loss of a cold cavity when using a
scheme based on adiabatic elimination.

We describe the equations of motion using a coupled-mode
theory with simplified gain saturation:

o1 +ily — Blai1?) —iky
H@) = [ ik 01 + iy — ﬁ|az|2>]’

d .
Ea(t) = —iH(a(t))a(t). 3)

Here, o, w; are the eigenfrequencies of the two cavities and
y = g — |«;| represents the net gain, where g represents the
linear gain and the term —|k;| represents the energy loss due
to dissipative coupling. The term B|a; |? represents the Stuart-
Landau nonlinearity, where we consider only the lowest-order
term related to gain saturation. For simplicity, we assume
B € R, which implies that we neglect the term corresponding
to the linewidth enhancement factor, as the focus is on un-
derstanding how the nonlinear term affects the behavior near
the EPs. This assumption is justified in our anti-PT-symmetric
optical system, where the gain applied to both cavities is equal
and the real part of the net detuning is canceled out, making
this approximation valid.

C. Linear eigenvalue and eigenstates

The system reduces to a linear eigenvalue problem when
we set B = 0. The linearized Hamiltonian H; can be ex-
pressed as:

. A —1
Hp = (wo +iy)h +Hp, Hpp = |:—iclj1 _ZZJ 4

— APT-symmetric
= APT-broken
RN G _ 075/
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FIG. 2. Complex eigenvalues of the Hamiltonian [Eq. (3)] for the
linear regime, § = 0 as a function of the coupling strength «; for
g = 0. The horizontal axis is normalized by Aw.

Here, wy = (w; + w»)/2 is the average frequency of the two
cavities, Hy is the coupling matrix, Aw = (w; — w,)/2 is the
frequency detuning between the two cavities, and I, is the
identity matrix. The Hy; matrix is anti-PT symmetric, mean-
ing that it is invariant under the simultaneous transformation
of parity and time reversal:

(PT)Hy, (PT)™" = —Hp,,

0 1
[1 0] T =K 5)

where K is the complex conjugation operator. The eigenvalue
problem of H; can be solved by diagonalizing the Hamilto-

nian matrix:
w=wy+ iy £,/ (Aw)* — k}. 6)

The Hamiltonian H; is defective at the EP, when «; =
Aw with the eigenvector vgp = [1, —i]". Moreover, the
eigenstates for k; < Aw and k; > Aw correspond to the APT-
broken phase and APT-symmetric phase, respectively. The
eigenvectors in these two phases vy, and vy, are given by

P

1
T
VUbro = |:eiA¢ Awq:\/m:| s A¢ = Ev (7)

K1
1
Vsym = e—ing |

_ -1 Aw
ro o 7 — tan (——K}_(Awy), (for+), .
tan~! (—=22—), (for—).

K= (Aw)?

The Hamiltonian H; is defective at the EP, occurring at
k1 = Aw with the coalesced eigenvector vgp = [1, —i]". For
k1 > Aw, the eigenvectors vy, are invariant under the com-
bined APT operation, and this regime is referred to as the
APT-symmetric phase. In contrast, for x; < Aw, the eigen-
vectors vy, no longer respect the APT symmetry—this is
the APT-broken phase, where the APT symmetry is spon-
taneously broken in the eigenstates despite the Hamiltonian
itself being APT symmetric. The key difference between vgym
and vy, lies in the amplitude balance between the two cav-
ities. In the APT-symmetric phase, the eigenvector satisfies
[(Vsym)1] = [(Vsym )21, indicating equal amplitude distribution.
In contrast, the APT-broken phase exhibits an imbalance in
the amplitudes, such that [(Vyo)1] 7 |(Vbro)2]-
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Figure 2 shows the complex eigenvalues and the eigenvec-
tor phase difference between the two cavities as a function
of k; for g = 0. An EP appears at k; = Aw, which divides
the system into the APT-symmetric phase («x; > Aw) and the
APT-broken phase (k; < Aw). Focusing on the imaginary
part of the eigenfrequencies, we observe that in the APT-
broken phase, Im(w) increases as «; increases. Moreover,
once the system crosses the EP into the APT-symmetric phase,
the imaginary part of the eigenfrequencies splits and the imag-
inary part of one of the eigenfrequencies begins to decrease.
Consequently, focusing on the upper branch, the EP corre-
sponds to a dip in the imaginary part of the eigenfrequency,
which indicates that the lasing threshold reaches its maximum
at the EP.

When a linear gain g > 0 is introduced in the linear system
(i.e., B =0), lasing occurs at the point where Im(w) = 0,
which corresponds to the threshold condition. Beyond this
threshold, Im(w) becomes positive, indicating an exponential
growth of the field amplitudes. However, in practice, the am-
plitude does not diverge indefinitely due to the presence of
gain saturation described in the next section.

D. Nonlinear equilibrium states

Next, let us consider the equilibrium states within the
nonlinear framework, which is completely different from the
linear eigenvalue problem. In contrast to the linear regime,
where gain and loss of the modes are described by the imag-
inary part of the eigenfrequency (w € C), we focus here on
steady-state solutions in the nonlinear regime and therefore
assume that w € R. This assumption is justified because we
are interested in steady states without exponential growth or
decay. The effect of gain is no longer treated as an imaginary
frequency shift but is instead incorporated through a nonlinear
saturation term that depends on the amplitude of the field.
Although it is also possible to model amplification using a
complex eigenfrequency w = w, + iw; € C, this approach is
effectively equivalent to including a net gain term y on the
right-hand side of the equations of motion. Therefore, the
formulation under w € R is sufficient for our analysis. By
splitting the real and imaginary parts as a; = r;e”™ % (i = 1, 2)
in Eq. (3) and defining A¢ = ¢, — ¢, we obtain

d 2
arl = (y — ,Brl)rl — 1k cos Ag, 9
d 2
al"z = (y — ﬂrz)rz — rikj cos Ag, (10)
d
g1 = w1 — Zrsin A, (11)
dr r
d T .
—¢y = wy + —kysin Ag. (12)
dr r

Equations (9) and (10) hold only when r; > 0 and r, > O.
Furthermore, from Egs. (11) and (12), the time evolution of
the phase difference A¢ is given by

d roo,ony .
—Ap = —2Aw + k| —+ — | sin Ag. (13)
dt r r

In the equilibrium states (dr;/dt = 0, dA¢/dt = 0), we obtain
the following equations:

y(i +b) — B(I} + I5) — 2¥/Tibkcos Ag =0, (14)

y(i — L) —B(I} - ) =0, (15)
—ZAQ)V I]Iz + (I] + Iz)K] sin A(f) = 0, (16)

where I; = r?. The frequency at the equilibrium states o is

given by
1 /de  dgp
@= 2( a

a7

From Eq. (15), I = L, or y — B(I; + L) = 0 holds. The for-

mer solutions
y £k — (Aw)?

L=5hL= Fi ;

exhibit equal amplitudes between the two cavities (I} = I),
a feature also seen in the APT-symmetric phase of the linear
regime in Eq. (8). In contrast, the latter solutions

42
Ilzl 1+ 1—+
28 4(Aw) + y?

w = wy (18)

L=2|1x/1 wai (19)
T2 TV T aaer 12
with
K2
o=t |(AoP - —"— (20)
I+ (3%5)

has different amplitudes between the two cavities (I} # b),
which is a characteristic of the APT-broken phase in the linear
regime (7). We refer to these two types of solutions as the
“symmetric” and “broken” states, respectively. The similarity
in symmetry between the linear eigenstates and nonlinear
equilibrium states is not coincidental, but rather a conse-
quence of the underlying symmetry of the Hamiltonian. The
gain saturation terms in the nonlinear Hamiltonian, as defined
in Eq. (3), include identical saturation coefficients g for the
two cavities, ensuring that the structural symmetry present
in the linear eigenstates is preserved even in the nonlinear
regime.

We now analyze the equilibrium states under the nonlinear
regime (B > 0) with finite gain (g > 0), where the system ex-
hibits steady-state lasing. The solid and dashed lines in Fig. 3
indicate stable and unstable equilibrium states, respectively.
A detailed discussion of the stability analysis is provided in
Sec. I1E. The condition /; > 0 and I, > 0 implies lasing, and
the onset of lasing corresponds to the point where I} = 0 or
I, = 0 bifurcates from zero.
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FIG. 3. Frequency o, amplitudes r;, = /1|, , = 4/I,, and phase difference A¢ at the equilibrium points with nonlinear gain saturation

B = 1073 and detuning Aw = 1 for three different gain values; (a) g =

0.5Aw, (b) g = Aw, and (¢) g = 3Aw. The solid and dashed lines

represent the stable and unstable equilibrium states, identified by the signs of the eigenvalues of the Jacobian matrix (23) in Sec. I1 E. The gray
bullets X;, X», X5 indicate the point where the lasing threshold is reached (/; = 0 or , = 0).

We first consider the regime g = 0.5Aw < Aw, where the
linear gain is insufficient to compensate for the energy dissipa-
tion in the regime near k; = Aw. As shown in Fig. 3(a), lasing
first occurs at X, X,, X3, which are far from the EP. This re-
flects the fact that dissipative coupling «; governs interference
between the spectral tails of the cavities, which in turn deter-
mines energy loss via Fano-like interference. In these regimes,
destructive interference between the cavity modes suppresses
energy leakage into the waveguide, effectively reducing the
total loss and allowing lasing.

Figure 3(b) shows the results for g = Aw, at which the lin-
ear gain exactly compensates for the dissipative coupling loss
at k; = Aw (y = 0). Here, k; = Aw is the EP condition for
the linear Hamiltonian in Eq. (4). At this point, the intensities
vanish (I} = I, = 0), indicating that the system is precisely
at the lasing threshold. The third terms of Egs. (9) and (10)
indicate that energy exchange between the two cavities is min-
imized at A¢p = £ /2. At this point, the complex amplitudes
a; and a, are injected into each other with a relative phase of
7 /2, meaning that their complex amplitudes are orthogonal in
the complex plane. This interference does not facilitate energy
exchange between the cavities and thus fails to compensate
for the dissipative loss. This situation can be interpreted as the
inverse of Fano interference typically seen in electromagneti-
cally induced transparency [42]. In Ref. [42], an EP is formed
between clockwise and counterclockwise modes in a single
microring cavity. Destructive interference between direct ex-
citation and a recirculated pathway suppresses absorption,
enabling transparent transmission. In contrast, our system in-
volves destructive interference between modes of two coupled
cavities. At the EP, the phase difference A¢ = £m /2 leads

to orthogonal coupling, preventing energy exchange, which
maximizes the energy loss. This explains why I} =, = 0 is
satisfied exactly at point O. Since the field amplitudes are
infinitesimal, nonlinear terms are negligible, and the system
effectively remains in the linear regime. As a result, the equi-
librium point O at k; = Aw coincides with the EP of the linear
Hamiltonian. Importantly, the steady-state solutions around
point O exhibit symmetric and broken branches, analogous to
the eigenstates of the linear system. It is particularly surprising
that the frequency w and phase difference A¢ presented in
Fig. 3(b) exhibit a striking resemblance to those derived from
the linear analysis in Fig. 2. Moreover, the phase difference
becomes A¢ = £+ /2 at the EP, and the derivative dw/dk;
diverges, clearly manifesting the linear EP characteristics. The
preservation of these properties in the presence of nonlinearity
is surprising, indicating that the EP bifurcation pattern sur-
vives into the nonlinear regime when g = Aw.

Figure 3(c) presents the case g = 3Aw, where the non-
linear effect is significant. In the lasing state, the nonlinear
bifurcation point O splits into two bifurcation points, A and
B. In the symmetric states presented as solid lines, the con-
dition /; = I, always holds, ensuring that the symmetry of
the intensity is preserved even above the lasing threshold.
In contrast, for the broken states, the magnitude of the gain
saturation effect varies between the two cavities, leading to a
shift in the position of bifurcation point B along the «; axis.
Here, the solution with the minus sign in Eq. (18) and both
branches of the broken solution in Eq. (19) coalesce exactly at
point B (k; = v (Aw)? 4 y?/4). Remarkably, points A and B
partly inherit some properties of the initial EP: Both points A
and B exhibit I} = I, and the phase difference A¢ = £ /2
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holds only at point A. On the other hand, the divergence of
dw/dk; — oo occurs only at point B. Now, let us consider the
characteristics of the “nonlinear Hamiltonian” in Eq. (3) at the
bifurcation points to discuss the connection between EPs and
nonlinear bifurcation points. By substituting k; = Aw and the
equilibrium states at point A, a5 (0) = /7 /B[1, e=/2]", into
Eq. (3), we find that the nonlinear Hamiltonian (3) is defective
at bifurcation point A:

H(aa(t)) [_ll :ﬂ 21

On the other hand, we can see that H(a(t)) is not de-
fective at point B from k; = /(Aw)? + y2/4 and ag(0) =
«/y/(Zﬁ)[l,e’ieﬂ]T, where 0p is the phase difference at

point B:
l4isl =i+
2Aw2 4Aw - (22)
—i\1+ 5= —1+is%

This leads us to interpret point A as a nonlinear exceptional
point. Remarkably, despite being in a high-intensity, strongly
nonlinear regime, point A retains the essential properties of
the linear EP: symmetry, phase chirality, and Hamiltonian
defectiveness. This demonstrates that in the nonlinear regime,
the EP bifurcates into two distinct bifurcation points, one of
which—point A—should be recognized as a nonlinear EP.

H(ap(t)) x

E. Stability analysis

To further clarify the physical relevance of the point A,
we now perform a linear stability analysis of the steady-state
solutions [18]. In the following analysis, we consider the
regime g = 3Aw > Aw, where the system is well above the
lasing threshold. The stability of each equilibrium point is
determined by evaluating the eigenvalues of the Jacobian ma-
trix J [24,25], which describes the local linearized dynamics
around the equilibrium state xy. The Jacobian is defined as

7= Yrw
o dx x:xg’
T d
X = [rlv r, Ad)] ) F(x) = 5x' (23)

Substituting Egs. (9)—-(12) into this definition yields the Jaco-
bian matrix:

y — 3ﬁrl2 —KjC Kiras
J = —KjC y — 3ﬂr§ KIr1s ,
K[(% - :—l%)s K](* - %)s K](% + %)c
c=cosA¢, s=sinA¢p. 24)

The four panels in Fig. 4 show the eigenvalues of the Jacobian
matrix for g = 3Aw, corresponding to the four equilibrium
branches separated by points A and B in the middle panel
of Fig. 3(c). These branches include two symmetric and two
broken solutions on either side of the bifurcation points. Since
the original system is described by two complex amplitudes,
the Jacobian matrix is real and 3 x 3. The stability is deter-
mined by the signs of the eigenvalues. The analysis reveals

— symmetric
— broken

. 5f 5¢
= o A or AZ
5~ 5 B

Re(A)
o

5,

A ot
—SVB 5| B
0 1 2 0o 1 2
K/ Aw K/ Aw

FIG. 4. The eigenvalues of the Jacobian matrix for the equilib-
rium points at g = 3Aw. The state in the upper left is stable, as all
other eigenvalues have negative real parts.

that only one of the symmetric equilibrium branches possesses
eigenvalues with negative real parts (plotted as top left panel,
the purple line in Fig. 4), indicating its stability. Crucially,
point A is located at the termination of this stable branch
and corresponds to a saddle-node bifurcation, where a pair of
stable and unstable fixed points merge and annihilate. On the
other hand, point B is associated with a pitchfork bifurcation
where three unstable branches intersect. The bifurcation point
A identified in our APT-symmetric system satisfies the defini-
tion of a nonlinear EP based on the nonlinear Hamiltonian
defectiveness [24], while also inheriting key characteristics
of linear EPs—namely, eigenvalue coalescence, a 7 /2 phase
difference, and Hamiltonian defectiveness.

In practical semiconductor lasers, carrier dynamics signif-
icantly influence nonlinear effects and system stability. When
carrier dynamics are taken into account, the dynamics of
cavities 1 and 2 are described by the following set of rate
equations:

dai >
2 _|. Cw—K
dr |:la)172 K
1+ iax .
+T,3VH (mp—mng)|arp +iKay g, (25)
dn
d;,z = P2 — Yiolt12 — By (12 — no)laisl. (26)

Here, the terms related to white noise are neglected. In this
model, the nonlinear effects of the carrier densities n; » man-
ifest as gain saturation. Moreover, the linewidth enhancement
factor o contributes to a real-frequency shift that depends on
the carrier density. The meaning of each parameter is summa-
rized in Table II in Appendix A. The total pump rate is set to
three times the lasing threshold for a single cavity, and is con-
sistent with the experimental conditions of the PT-symmetric
laser system in Ref. [24], as detailed in Appendix A. This
ensures that the system is in a condition analogous to the
g = 3Aw case analyzed with the Stuart-Landau model. The
result shown in Fig. 5(a) illustrates the equilibrium points
under the condition o = 0, which is consistent with a simple
Stuart-Landau nonlinearity as shown in Fig. 3(c). Further-
more, the bifurcation point A located at the left edge of the
symmetric-phase branch remains semistable even when « is
nonzero. This indicates that the carrier dynamics do not affect
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FIG. 5. The equilibrium wavelength of the coupled cavity system
as a function of normalized coupling rate K / « with carrier dynamics
in rate equation [Eqgs. (25) and (26)] when the linewidth enhancement
coefficient is set to (a) « = 0 and (b) &« = 0.1. The other parameters
are shown in Table II in Appendix A.

the stability of the bifurcation point associated with the EP
in APT symmetric systems. Here, the frequency detuning
observed between the two symmetric phases originates from
a difference in the steady-state carrier densities.

The fact the linear EP in the APT-symmetric system tran-
sitions to a nonlinear bifurcation point that inherits its key
properties—namely, eigenvalue coalescence, a m /2 phase
difference, and Hamiltonian defectiveness, provides clear the-
oretical backing for the analogy that was implied in the
previous work [34] between EPs and bifurcation points, as
well as between linear eigenvalue dispersion and the average
frequency. Furthermore, we reveal that the symmetries of
the linear eigenstates (APT symmetric and APT broken) are
also inherited in the nonlinear regime, a situation that differs
from the previous findings in PT-symmetric systems. Further-
more, the EP-oriented bifurcation point in APT-symmetric
systems is observable even under the influence of carrier
dynamics in semiconductor lasers, and this is particularly
important for semiconductor lasers (class-B lasers), which
dominate most industrial applications from optical commu-
nications to laser processing and exhibit a wealth of complex
nonlinear behaviors. This finding contrasts with the results in
PT-symmetric systems [24], in which relaxation oscillations
near nonlinear bifurcation points arise from a mismatch in
timescales between the total decay rate of the population
inversion y,o and the cavity decay rate «. Specifically, asym-
metries in pumping lead to carrier-induced detuning. Due
to differences in relaxation times, this detuning is not fully
suppressed, resulting in sustained oscillations. Conversely,
in APT-symmetric systems, where the excitation strength
is identical for both cavities, no steady oscillations orig-
inating from carrier-induced detuning occur. It should be
noted, however, that discussing a physical correspondence
in PT-symmetric systems is also possible. As pointed out in
Ref. [24], it has been theoretically suggested that for class-A
lasers, the EP can be stable, and in such a scenario, one could
discuss the physical significance of EPs and eigenstates in
the nonlinear regime (see Appendix B). Nevertheless, as we
will see in the next section, the APT-symmetric case provides
a more intimate connection to the nonlinear dynamics con-
firmed by time evolution.

III. TIME-DOMAIN DYNAMICS

A. Time evolution of the system

In the previous section, we investigated the correspondence
between a linear APT symmetric system and a nonlinear open
system by comparing the results of linear eigenvalue analysis
and nonlinear steady-state analysis. However, the fixed points
illustrated in Fig. 3 and the stability analysis in Fig. 4 are
insufficient to fully characterize the actual dynamics of the
system. In particular, the broken solutions are unstable and
thus do not necessarily reflect the observable dynamical be-
havior in the time domain. To verify the physical relevance of
the equilibrium states and their stability properties, we now
turn to the analysis of the system’s time-domain dynamics.
As in Sec. ITE, we consider the case g = 3Aw as shown in
Fig. 3(c), where all the modes are assumed to be lasing. By
numerically solving the full nonlinear equations of motion,
we can observe how the system evolves from a given ini-
tial condition and determine whether it indeed converges to
the theoretically predicted equilibrium states. The dynamics
implied by the stability analysis of the system’s equilibrium
points are depicted in Fig. 6(a). Here, the solid and dashed
lines indicate the stable and unstable points, respectively. In
the regime where k; < Aw, no stable equilibrium points exist.
On the other hand, for x; > Aw, only the symmetric state re-
mains stable, meaning that only this state should be lasing. At
bifurcation point A, one stable and one unstable equilibrium
point merge and disappear.

Figures 6(b)-6(d) show the time evolution of the am-
plitudes and phases calculated using the Runge-Kutta RK4
method with At =0.01,0 <t < T =500, as well as the
Fourier spectrum of the system with the initial condition
a(t =0) = [1,0]". The Fourier spectrum is obtained by ap-
plying the fast Fourier transform from the time evolution data
with T/2 <t < T. For k; < Aw, the field cannot remain at
the equilibrium point, leading to mode beating in the time
evolution. This results in the appearance of the subpeak (the
center peak between three peaks) in the Fourier spectrum, as
shown in Fig. 6(b). Remarkably, the amplitude difference be-
tween the two cavities, |r; — r»|, vanishes with time, showing
a behavior different from the unstable equilibrium state with
unequal amplitudes described in Eq. (19). In contrast, for k; >
Aw, only a single-frequency oscillation occurs with r; = r;,
as confirmed in Fig. 6(d). The amplitude and phase differ-
ence in the time evolution are consistent with the “symmetric
states” in Fig. 3(c). When x; = Aw, the equilibrium states
satisfy r; = r, and A¢ = 7 /2, confirming that the mode at
point A is excited as intended [Fig. 6(c)]. Consequently, our
numerical results are consistent with the expected behavior
from the stability analysis shown in Fig. 6(a) and indicate
that bifurcation point A, which inherits the properties of EPs,
can be identified as the phase transition point between the
self-pulsing oscillation and synchronization.

B. Convergence of amplitude differences

Despite the asymmetric amplitude profile of the broken
solution [Eq. (19)], the system dynamics shown in Fig. 6(b)
suggest that the amplitudes still converge to r; = ry even
in the regime «; < Aw. This observation implies that the
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FIG. 6. (a) Schematic diagram of the dynamics along the equilibrium points. Time evolution of the amplitudes and phases, and the Fourier
spectrum for (b) k; = 0.8Aw, (¢) k; = Aw (point A), and (d) x; = 1.3096Aw (point B).

long-time dynamics of the system effectively collapse onto a
two-dimensional phase space defined by (r, A¢), irrespective
of the value of ;. If this reduction indeed holds, it has signif-
icant implications: it supports the interpretation that the beat
oscillations observed in Fig. 6(b) constitute a limit cycle, and
it establishes a direct dynamical correspondence between the
nonlinear system and its linear APT counterpart.

While a rigorous analytical proof of the convergence
to r; = r, remains challenging (a detailed numerical study
is provided in Appendix C), we can numerically con-
firm the convergence of |r; — r,)*> over a wide range of
initial conditions and parameters. Here, we consider the
case g = 3Aw, where all modes are assumed to be lasing.
We systematically varied the initial conditions a(t = 0) =
[11(0), r2(0)e=2¢©]T and system parameters (k;, 8) based
on the settings listed in Table I. We computed the amplitude
difference |r|(Teng) — r2(Teng)| at the final integration time
Tina- Table I summarizes the range, number of grid points, and
grid scaling method for each parameter. Specifically, logarith-
mic spacing was applied for 7 (0), 2(0), and 8, whereas linear
spacing was employed for A¢(0) and «;. Note that results for
cases with r(0), ,(0) > 100, or 8 > 10~2 were omitted, as
numerical errors associated with the time step size At became
significant and affected computational feasibility.

The logarithm of |r|(Tpna) — 72(Tena)|* evaluated at Tp,q is
shown in Fig. 7. The numerical integration was performed
using a fourth-order Runge-Kutta method with time step
At = 0.01 and final time T,q = 1000. Figure 7(a) shows
the results obtained by sweeping r(0) and r,(0) while fix-

TABLE I. Summary of parameter ranges and discretization.

ing A¢(0) = 1, whereas Fig. 7(b) presents the results from
sweeping 72(0) and A¢(0) with r(0) = 1. In both cases,
the parameters were set to k; = 0.1 and 8 = 1073, Since
|ri — r2|* remains below 10720 for most parameter sets, we
conclude that the system has effectively reached convergence.
Figure 7(c) summarizes the results when all five parame-
ters (r1(0), r2(0), A¢(0), k7, B) are simultaneously swept. For
each pair of (x;, B) values, we plot the maximum value of
|71 (Tena) — 72(Tena)| observed among the corresponding initial
condition group. Overall, the system exhibits convergence

(a) (b)
2t 0 2mr 0
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FIG. 7. The value of log, |r; — r2|* at the end time of numeri-

Variable Range Grid points Scale
r1(0) 1073 to 10? 6 Logarithmic
r2(0) 1073 to 102 6 Logarithmic
Ap(0) 0to 2w 21 Linear

K; Oto 1 101 Linear

B 1076 to 1072 13 Logarithmic

cal integration T4 for each parameter setting. (a) The case where
71(0) and r,(0) are varied according to Table I under the condition
A¢(0) = 1. (b) The case where r,(0) and A¢ are varied under the
condition r; = 1. In both panels (a) and (b), the calculations were
performed with x; = 0.1 and 8 =1 x 1073, (c) The case where
all parameters r,(0), r2(0), A¢(0), «;, and B are varied. For each
(7, B), the maximum value within the corresponding group of
(r1(0), 2(0), A@(0)) is plotted. The Runge-Kutta method was used
with a time step of Ar = 0.01 and an end time of 7.,y = 1000.

043266-8



TRANSITION FROM EXCEPTIONAL POINTS TO ...

PHYSICAL REVIEW RESEARCH 7, 043266 (2025)

b) semi-—, |
(a) ( stable

risin A¢
risinA¢

180p

270° 270°

(©)  stable { unstable

risinA¢

-50 0 50
rycosAgp
(f) 90°
45° 1352 45° 107
10"
o 1anb N RS
0° 180 0° f10™ |
<
107
15° 203 15° 10"
270°

FIG. 8. Vector fields of the system in the (7, A¢) plane for (a) k; = 0.8 Aw, (b) k; = Aw, and (¢) k; = 1.3096Aw, corresponding to the
same parameter sets as in Figs. 6(b)—6(d). The top of each panel shows a schematic illustration of the dynamical behavior. The magenta dot in
panel (b) indicates the bifurcation point A shown in Fig. 3(c), where the system converges to a stable fixed point, where the system converges
to a semi-stable fixed point. The red and blue dots in Fig. 3(c) indicate the stable and unstable fixed points of the symmetric state, and the
latter corresponds to the bifurcation point B in Fig. 3(c). Time evolution trajectories of the system in the (r;, A¢) plane for (d) x; = 0.8 Aw,
(e) k; = Aw, and (f) k; = 1.3096 Aw. The polar plots represent r; as the radial coordinate and A¢ = ¢, — ¢, as the angular coordinate. The

color bar indicates the squared amplitude difference |r; — 2.

across a broad parameter space. In the regime of weak cou-
pling x; < 0.05, |r{(Teng) — r2(Teng)| remains finite, which is
attributed to insufficient integration time for complete conver-
gence under such weak coupling conditions. Consequently,
even within the self-pulsing regime, the system robustly
exhibits convergence toward |ri(t) — r(t)| = 0 as t — o0
over a wide range of initial conditions and parameters. This
result demonstrates that the dynamics globally converge to the
state with equal amplitudes, even when starting from initial
conditions corresponding to the unstable “broken” solutions,
which are generally characterized by unequal amplitudes
(r; # rp) as shown in Eq. (19).

C. Limit cycle oscillations and infinite-period bifurcation

Since the system converges to the dynamics with r; = ry,
the steady-state behavior can be described using two variables,
r = r; = rp and A¢. Under the assumption r; = r,, the equa-
tions of motion in polar coordinates, Eqgs. (9)—(12), can be
significantly simplified, as discussed in the following:

%r =(y — ﬂrz)r — Kkjrcos Ag, 27)
(%Ad) = —2(Aw — k; sin A¢). (28)

We consider the case where Aw > k;. Since this is a planar
system defined over a cylinder r > 0, A¢p € R mod 27, the

Poincaré-Bendixson theorem [18] can be applied to establish
the existence of periodic orbits. We first define a closed,
positively invariant region in the phase space. The radial equa-
tion satisfies 77 < r(y — Br? + k), and the right-handed term
becomes negative when 7 > Ry.x := /(¥ + «7)/B. Thus, the
trajectory cannot escape beyond r = Rp,x. The boundary at
r = 0is invariant due to the multiplicative factor of r, ensuring
trajectories remain in the region 0 < r < Ryax. Hence, this
annular region forms a compact, positively invariant set.

We next examine the existence of fixed points within
this region. Setting dr/dt = 0 and dA¢/dr = 0 in Egs. (27)
and (28) yield the following equations:

y — Brr —k;cos Ag =0, Aw = k;sin Ag. (29)
The second equation implies sin A¢ = Aw/k;, which has no
real solution under the assumption Aw > k;. Therefore, no
equilibrium point exists in the phase space. With a compact
invariant region and no fixed points, the Poincaré-Bendixson
theorem guarantees that any trajectory starting in this region
must asymptotically approach a closed orbit. This establishes
the existence of a limit cycle. The rotational equation for A¢
is strictly monotonic, implying that the phase difference circu-
lates continuously, and thus the periodic orbit corresponds to
equal amplitude oscillations with nontrivial phase dynamics.
Since the radial dynamics include a cubic damping term, the
limit cycle is attracting.
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Figures 8(a)-8(c) show the vector fields of the system
in the (r;, A¢) plane for three distinct regimes, calculated
with Ar =0.01 and 0 < ¢ < 30. For «; < Aw [Fig. 8(a)],
the vector field indicates the presence of a stable limit cycle.
Conversely, for k; > Aw [Fig. 8(c)], the limit cycle is broken,
and all trajectories converge to a stable fixed point (indicated
by the red dot), which corresponds to the symmetric state
with r; = r,. The nearby unstable fixed point (blue dot)
corresponds to the bifurcation point B. At the critical
condition k; = Aw [Fig. 8(b)], the system evolves toward
the semi-stable fixed point A. Although previously identified
as a saddle-node bifurcation, a more precise interpretation
is that it corresponds to an infinite-period bifurcation where
the limit cycle is annihilated. The term “semi-stable” is used
to describe the dynamics at point A, as trajectories may
either slowly approach or move away from it over an infinite
timescale.

The time evolution trajectories illustrated in Figs. 8(d)—
8(f) confirm the dynamical behavior predicted by the
vector fields. For these plots, 200 initial values were sam-
pled from uniform distributions: 7 (0), 2 (0) € U(0, 100) and
$1(0), $(0) € U(0, 2). These polar plots represent r; as
the radial coordinate and A¢ as the angular coordinate, with
the color bar indicating the squared amplitude difference
|r — r2|2. For all initial conditions sampled, as the trajectory
evolves, the amplitude difference between r; and r, dimin-
ishes, indicating that the system dynamics asymptotically
reduce to the two-dimensional form described by Eqgs. (27)
and (28). These results visually demonstrate that, in the
presence of gain saturation nonlinearity, the APT-symmetric
system exhibits both a limit-cycle phase (x; < Aw) and a
synchronized state (k; > Aw), with the bifurcation point A
clearly serving as the boundary between the two regimes.

D. Beat oscillation at weak coupling regime

Given that the system exhibits a limit cycle as established
in the previous section, and that the dynamics on this cycle
satisfy the condition r; = r, for t — 00, we can analytically
derive the associated beat frequency. The period of the beat
oscillation, Tyey, and the beat frequency wpeas = 27 / Thear can
be derived from the phase difference dynamics in Eq. (28):

2 dl
Theat = / & aag)
0

|[dAg|
B 1 /'ZJI d¢
T 2Jo Aw—«kysing
(Aw)? — K}
2
Woet = o = 2,/ (Aw)? — k2. G1)
Tbeat

The beat frequency wye, is consistent with the difference of
oscillation frequencies on two Kuramoto oscillators, whose
oscillation frequencies are given by [43]

($1) = wo + 1/ (Aw)* — 7, (32)

(a) 27 X no. of peaks AT

AT k:

Wpeat =

== Theoretical
Numerical
=== Difference

Difference

OL ‘ 10
0.0 0.5 1.0
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FIG. 9. (a) The way to calculate the beat frequency from the time
evolution data. We count the number of peaks in the amplitude r in
the range 500 < ¢ < 1000 and divide it by the time interval between
the first and last peaks. (b) Beat frequency wpea = 277 /Tpear as a
function of «; for g = Aw.

($2) = wo — \/(Aw)? — k7. (33)

This correspondence arises because, in the phase evolution
equations (11) and (12), setting r; = r, directly reduces the
two coupled Kuramoto oscillators:

d
a¢1 = w; — k7 sin(¢y — ¢1), (34
d
5052 = wy — k7 sin(¢p; — ¢»). (35)

Figure 9 shows the beat frequency wpear = 27 /Thear, calcu-
lated from the analytical expression (30) and the numerical
simulations, as a function of «;. Numerical simulations are
performed for «; values ranging from 0.005 to 0.995 in in-
crements of 0.005, and the beat frequency wpeat = 277 / Theat
is computed using data obtained via the Runge-Kutta RK4
method with Ar = 0.01 and #,,x = 1000 and the following
equation:
27w x no. of peak

Wheat = AT > (36)
where peak is the number of peaks in the amplitude r in the
range 500 < ¢ < 1000 and AT is the time interval between
the first and last peaks. The beat frequency was calculated
from the data in the range 500 <t < 1000. The values
obtained from the analytical expression and numerical simu-
lations show excellent agreement, as illustrated in Fig. 9(b).
The difference between the two is confirmed to be on the
order of 10~ or less, which is negligibly small. This strong
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agreement demonstrates that the beat frequency derived under
the condition r; = r, accurately explains the real dynamics of
the system.

It is known that in linear APT-symmetric systems without
gain saturation, beat oscillations arise as a manifestation of
coherent energy exchange between the two modes [7]. These
beatings are a direct consequence of the APT symmetry,
which allows for the exchange of energy while conserving
the energy difference. Interestingly, the limit cycle oscillations
discussed in the previous section apparently preserve this
coherent energy exchange mechanism, even in the presence
of gain saturation nonlinearity. In the following, we demon-
strate the correspondence between the linear beat dynamics
in APT systems and the nonlinear limit cycles that emerge in
the presence of gain saturation. In a linear APT system, the
eigenfrequencies split into a pair of conjugate modes owing
to APT symmetry, and the frequency difference between these
modes leads to observable beating oscillations. Denoting the
eigenfrequencies derived from Eq. (6) as w; and w_, the time
evolution of the field amplitude can be written as a superposi-
tion of the two eigenmodes:

a(t) = Ape ' A e 37)

S a@ = AL 2 + |A_]? + 2Re(A AT ¢ i@y (38)
This expression reveals that the beating frequency wﬁeﬂ? is
determined by the real part of the frequency splitting:

ol = oy — w_| = 2,/(Aw)? — k}. (39)

When a weak gain saturation nonlinearity is introduced into a
linear APT-symmetric system, the amplitude difference |r; —
r»| rapidly vanishes as t — 0o, and the system dynamics tran-
sitions into a limit cycle. Remarkably, the beating frequency
wpeat in Eq. (31) remains identical to that of the original linear
APT system, i.e., Wpear = wirri . The difference is that while
the linear beating appears as a pure sinusoidal oscillation, the
nonlinear dynamics exhibit distorted trajectories, as illustrated
in Fig. 8 and Egs. (27) and (28). The beating oscillations
observed in both linear and nonlinear APT systems inherit
the underlying energy exchange mechanism dictated by APT
symmetry, despite the presence of nonlinearity. Unlike re-
laxation oscillations in injection-locked lasers [26], which
are induced by carrier-photon population dynamics, these
APT-induced beats arise from coherent interference effects
governed by symmetry.

E. Fourier spectrum of the time evolution

Fourier spectrum of the time evolution as a function of the
coupling strength can be depicted as the heatmap in Fig. 10 for
Ky for (a) g = Aw and (b) g = 3Aw. Due to the convergence
of |r; — ry|, the frequency shift of the broken state shown in
Fig. 3(c) is not confirmed in the Fourier spectrum. Instead,
the oscillation is dominated by the beat frequencies corre-
sponding to those of the Kuramoto oscillators, as given by
Egs. (32) and (33). Remarkably, the expressions for the os-
cillation frequencies in Egs. (32) and (33) are mathematically
identical in form to the eigenvalues of the linear Hamiltonian
in Eq. (6). Consequently, even above the lasing threshold, the

—
y e
N

N [9)]
[$)] o
Intensity (a.u.)

Frequenc
S
Intensity (a.u.)
Frequency ©

o
o

K/ Aw K/ Aw

FIG. 10. The Fourier spectrum of the time evolution as a function
of the coupling strength «; for (a) g = Aw and (b) g = 3Aw.

peak frequencies observed in the Fourier spectrum coincide
with the eigenfrequencies of the linear Hamiltonian given by
Eq. (6). Moreover, point A acts as a branching point in the
spectrum, similar to the EP in the linear system.

IV. DISCUSSION

This study clarified a fundamental connection between
EPs in linear APT-symmetric systems and bifurcation points
in nonlinear dissipatively coupled cavities. Our findings re-
veal that the bifurcation point at the lasing threshold retains
key features of the linear EP, such as amplitude symmetry,
a /2 phase difference between cavities, and a defective
Hamiltonian structure, despite the presence of nonlinear gain
saturation effects. Importantly, our analysis demonstrated that
in the nonlinear regime above threshold, the EP bifurcates into
two distinct points (labeled A and B), among which point
A inherits core EP characteristics. Moreover, the bifurcation
point A is physically accessible and governs a dynamical
phase transition from a limit-cycle oscillation to synchro-
nization, which is a consequence of the properties of the
APT-symmetric system.

The phase transition from limit-cycle to synchroniza-
tion is a common phenomenon in injection-locked laser
systems, where synchronization occurs via a nonlinear tran-
sition as a function of injection intensity. In conventional
injection-locking studies [26,28], nonlinear dynamics such
as synchronization, bifurcation, and chaos have been exten-
sively discussed. However, the precise characterization of
synchronization termination points, especially their connec-
tion to linear EPs, has remained largely unexplored. Our
results establish that the synchronization termination point in
injection-locked lasers can be identified with a bifurcation
point that inherits EP properties—an insight not explicitly
recognized in previous literature. Specifically, in our APT-
symmetric system, the lasing threshold coincides with a linear
EP where the eigenvalues and eigenvectors coalesce, accom-
panied by a phase difference of m /2. After surpassing the
threshold, synchronization emerges as the system stabilizes
onto a symmetric branch, while self-pulsing dynamics oc-
cur below the threshold. A similar picture can be drawn for
injection-locked lasers: Near the locking threshold, the phase
difference between the master and slave lasers becomes fixed,
and the system transitions from a beat oscillation to full lock-
ing. Our work suggests that the bifurcation points observed in
injection-locked lasers—typically treated purely within non-
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linear dynamical systems theory—can be understood more
fundamentally as the EP above the lasing threshold.

Our study also revealed the time-domain dynamical be-
havior of the system, showing that the dynamics of the
system can be effectively reduced to a two-dimensional phase
space defined by the amplitude and phase difference in the
presence of gain saturation nonlinearity. This reduction im-
plies that the system dynamics converge to a limit cycle in
weak coupling regime. Moreover, the beat oscillations in lin-
ear APT-symmetric systems driven by the coherent energy
exchange mechanism persist even in the nonlinear regime.
Remarkably, even in the nonlinear regime above threshold, the
oscillation frequencies coincide with the eigenfrequencies of
the linear Hamiltonian, including the location and behavior
of EPs, indicating a deep continuity across the linear and
nonlinear domains.

Consequently, our study provides a perspective on the
relationship between EPs and nonlinear bifurcation points,
highlighting intriguing links between linear non-Hermitian
systems and nonlinear physics.
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APPENDIX A: THE PARAMETERS USED
IN THE RATE EQUATIONS

The parameters used in the rate equations [Egs. (25)
and (26)] are summarized in Table II. The values are chosen
to be consistent with the experimental conditions of the APT-
symmetric laser system [24].

APPENDIX B: NONLINEAR EQUILIBRIUM STATES
IN PT-SYMMETRIC COUPLED-CAVITY SYSTEMS

This section investigates the equilibrium states of a PT-
symmetric coupled-cavity system with gain saturation. The
system is described by a Stuart-Landau model, which is
analogous to a class-A laser where carrier dynamics can be
adiabatically eliminated. The Hamiltonian with Stuart-Landau
nonlinearity is written as

_Jwo+itn — Blarl®) KR
H@) = [ o 0o+ i(ys — ﬂ|a2|2)]’

%a(l) = —iH(a(r))a(), (BI)

where y; =y + g and y, = yp — g. Here, wy is the reso-
nance frequency, f is the nonlinear coefficient, kg is the
real coupling coefficient, and g denotes the gain difference

between the two cavities. Using the polar representation a; =
rie”@+9) (j = 1, 2), and defining A¢ = ¢ — ¢, we obtain

fi = (y1 — Bri) n — kg2 sinAg, (B2)
= (y» — Br3) 2 + kg 11 sinAg, (B3)
1 = (00 — )+ kn :—’f cosAp, (B4)
B = (o — ) + K % cosAg. (B5)

The steady-state conditions are 7 » = 0 and A¢ = 0. The
latter yields
rn. n

A = ¢y — by =KR(V—2——)COSA¢=O,

r

(B6)
implying either

4
rn=rn=r>0 or cosAp=0 = A¢=j:5. (B7)
These correspond, respectively, to the PT-symmetric and PT-
broken states in linear eigenvalue analysis. We will therefore
refer to them as the symmetric and broken states.
For rj = r, = r > 0, substituting into 7 , = 0 yields

(y1 — Br¥)r — kgrsin Ag = 0,

(y» — Br¥) r + kgrsin A¢ = 0, (B8)
which give
y1+y2—2,3r2=0:>r2=%, (BY)
Vi — s — 2kgsin A = 0 —> sin A = <. (B10)
KR

The existence conditions are Yy > 0 and |g| < |kg|. From the
phase equations, the oscillation frequency is

0 = wy+ KkrCcos A = wy £ /k3 — g%

TABLE II. Parameters used in the rate equations [Egs. (25)
and (26)].

Symbol Parameter Value
oI Frequencies of cavities 1 and 2 2/
A2 Wavelengths of cavities 1 and, 2 Ao £ AX
Ao Center wavelength 1550 (nm)
Al Wavelength detuning 0.1 (nm)
K Cavity loss rate 140.86 (GHz)
B Spontaneous emission coefficient 0.017
Vi Two-level radiative 2.2 (GHz)
recombination rate
Yiot Total carrier recombination rate 5 (GHz)
V. Active volume 0.016 x
1072 (cm?)
1y Carrier number at transparency 10" (em™3) x
V, = 16000
Py Threshold of the single cavity Yot (Mo +
laser 2¢/(Bn)
Pt Total pump rate 3P
P> Pump rate in cavities 1 and, 2 0.5P
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FIG. 11. Steady-state solutions of the PT-symmetric coupled-
cavity system with gain saturation for yy = 1, 8 = 1073, and g = 1,
plotted as a function of the real coupling coefficient kx in the range
0 < kg < 2. (a) Oscillation frequency w, (b) phase difference A¢,
and (c), (d) amplitudes r; and r,. Solid lines denote stable equilibria
and dashed lines denote unstable equilibria.

For A¢ = &7, let sin A¢ = s = £1. Then,

()/1 — ﬁrf)rl = SKRI?, (B11)
(v2 — Br3)ra = —skgri. (B12)
Multiplying these equations gives
(r = Bri) (v = Br3) = —«z, (B13)
Y1 r]2 + yzrg = ,B(rf + rg). (B14)

Introducing u := y; — ,Brlz, we have

2_n—u 5 Y tky/u
}"1 = B r2 = N
p p

where u # 0 satisfies the quartic equation

ut — (o + U’ + (yo — g)K;%u + K§ =0.

The formula for the oscillation frequency is derived from
cos A¢p =0:

w = w.

Figure 11 plots w, A¢, r, and r, versus kg foryp = 1, 8 =
1073, and g =1 in the range 0 < kg < 2. Solid curves de-
note stable equilibria and dashed curves denote unstable ones.
Point A corresponds to a pitchfork bifurcation where two
stable symmetric branches and one unstable branch merge.
Point B corresponds to a saddle-node bifurcation where a

=R
0 -1

0 20 40 « 10
t 3 s
1 10
-
g 0 0 20 40
20 40 t
t

FIG. 12. Typical time evolution of the amplitudes ry, r,, phase
difference A¢, and the difference of the amplitude Ar of the system.
The coupling strength are set to k; = 0.8 Aw, and the other parame-
ters are the same as those in the main text.

stable broken branch and an unstable symmetric branch merge
into a single stable symmetric branch. As in APT-symmetric
systems, at Point A we have ry =r, and A¢ = /2, and
the Hamiltonian becomes defective. For kg < g, only one of
the broken-state solutions is stable, leading to single-mode
oscillation. For «g > g, solutions that inherit the original PT
symmetry emerge and are both stable, resulting in bistability.
Thus, point A marks the boundary between monostability and
the bistable regime. The stable EP-derived bifurcation point is
a feature of this simplified class-A laser model. As discussed
in the main text and shown in Ref. [24], this point becomes
unstable in a class-B laser model where carrier dynamics are
included, typically leading to sustained relaxation oscillations.

APPENDIX C: CONVERGENCE OF THE AMPLITUDE
DIFFERENCE OF THE TWO CAVITIES UNDER «; < Aw

The “broken” equilibrium states in Eq. (19) in the main
text are characterized by r; # r»; however, this state is not
observed in numerical simulations of time evolution. Instead,
the system converges to a steady state with the synchro-
nized amplitudes r; = r,. Furthermore, when k; < Aw, the
condition dA¢/dt # 0 holds, leading to the appearance of
self-pulsations in the amplitude of the system. This behavior
is observed in Fig. 6(b) in the main text. In the following
discussion, we analyze the dynamics that are observed in
the steady state under the condition x; < Aw, and show that
the amplitude of the two cavities converges to the same value
r1 = rp, and that the beat frequency is consistent with the
analytical prediction derived under r; = r;.

Figure 12 shows the typical time evolution of the sys-
tem. The coupling strength is set to x; = 0.8Aw (< Aw).
As shown in Fig. 12, the system transitions to a steady state
through the following two sequential processes:

(1) Saturation of r; and r, due to the effects of third-order
nonlinearity.

(2) Convergence of Ar := r, — r| to zero.

The first process can be readily understood as a natural
consequence of the gain saturation. Therefore, the primary
objective of this section is to formulate the second process
and to verify whether the dynamics of our system at x; < Aw
can be explained by assuming Ar — 0.

We start with the equations of motion in the main text
[Egs. (9)-(12)]. By subtracting Eq. (9) from Eq. (10), we get
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FIG. 13. (a) Time evolution of (Ar) for «; =0.49 and g=
0.99, 1, 1.01, 1.02. (b) The slope of the linear fit to (Ar)* for t > 50
as a function of net gain y.

the equation of motion for Ar:

%Ar: (y — Kk7cos A¢p — (r]2+r1r2+r%))Ar. (Cl)

From Eq. (C1), the sufficient conditions for Ar — 0 are as
follows:
— K7 Ccos A
”12 +rir + r% > Yy RHicosae 1'3 ¢. (C2)
In fact, even when Eq. (C2) is not satisfied, Ar — 0 as t —
oo holds for general «; and y. By evaluating only the first-
order terms for Ar of Eq. (C1), we obtain

d

Em = (y — ks cos Ap — 3Byri)Ar + O((Ar)*). (C3)
In the following, some approximations are made to simplify
the analysis. First, r; ~ 4/y /B roughly holds when 7, r;
are saturated. This approximation is valid when the coupling
strength «; is weak, where the two cavities are almost

independent of each other. In this situation, Eq. (C3) can be
approximated as

d

EAF ~ (=2y —kjcos Ap)Ar. (C4)
In addition, the net gain y is larger than the coupling strength
k71, the oscillation speed Ag is fast,

d

o Ar 2y Ar (C5)
holds on average. The approximation in Eq. (C4) is not valid
when either of the following conditions is satisfied:

(1) The coupling strength «; is not weak («; ~ Aw).

(2) The net gain y is not larger than the coupling strength
Ky (y K Kp).

Therefore, Eq. (C5) cannot directly predict the converges
of Ar to zero where the coupling is relatively large and the
net gain is small (k; ~ Aw, y < 1). In both cases, however,
we can see that Ar converges to zero as t — 00.

Figure 13(a) shows the time evolution of Ar for «; =
0.49, with the gain set to four different values: g =
0.99, 1, 1.01, 1.02 (y = 0.01, 0.02, 0.03, 0.04). The linear fit
is applied to the data for r > 50, after significant gain satu-
ration occurs. In this parameter setting, y < k7, and the beat
period is larger compared to the intrinsic oscillation timescale
(w ~ 1). Thus, this situation satisfies neither condition (1)
nor (2). Nevertheless, the slope of the approximate linear
fit, which corresponds to the convergence rate of (AF)?, is
proportional to y, as shown in Fig. 13(b). This strongly sug-
gests that (C5) holds even in conditions where neither (1)
nor (2) is valid. As indicated by the results in Fig. 13, the
time-averaged contribution of the cos A¢ term becomes zero.
However, proving this requires relying on numerical methods.
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