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Estimating ground state energies of many-body Hamiltonians is a central task in many areas of quantum
physics. In this Letter, we give quantum algorithms which, given any k-body Hamiltonian H, compute an
estimate for the ground state energy and prepare a quantum state achieving said energy, respectively.
Specifically, for any ε > 0, our algorithms return, with high probability, an estimate of the ground state
energy ofH within additive error εM, or a quantum state with the corresponding energy. Here,M is the total
strength of all interaction terms, which in general is extensive in the system size. Our approach makes no
assumptions about the geometry or spatial locality of interaction terms of the input Hamiltonian and thus
handles even long-range or all-to-all interactions, such as in quantum chemistry, where lattice-based
techniques break down. In this fully general setting, the run-time of our algorithms scales as 2cn=2 for c < 1,
yielding the first quantum algorithms for low-energy estimation breaking a standard square root Grover
speedup for unstructured search. The core of our approach is remarkably simple, and relies on showing that
an extensive fraction of the interactions can be neglected with a controlled error. What this ultimately
implies is that even arbitrary k-local Hamiltonians have structure in their low energy space, in the form of
an exponential-dimensional low energy subspace.
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Determining the properties of a quantum system at low
energies is one of the central problems in the study of
complex quantum many-body systems. It is most challeng-
ing in settings with long-range or all-to-all interactions,
encountered for instance in the study of molecules in
quantum chemistry [1,2], but also in a variety of cold
atomic and molecular as well as solid state systems [3–9].

At the same time, all-to-all interactions also appear natu-
rally in quantum complexity theory when encoding com-
putationally hard tasks into quantum Hamiltonians
[10,11], and would necessarily [12] have to be present
in the sought-for quantum PCP theorem [13].
The ability of both classical and quantum algorithms

to compute low-energy properties of quantum many-body
systems is fundamentally limited by quantum complexity
theory, which poses restrictions on what generally appli-
cable algorithms can provably achieve. Finding the ground
state energy of a system of n spins up to precision
1=polyðnÞ is known to be QMA-hard (where QMA is
the quantum version of NP) [10,11,14–16], and thus hard
even for quantum computers.
To make the problem more tractable, one can aim for

some given extensive accuracy in terms of the total energy
scale. If the total strength of the interactions scales like the
system size, as expected in physical systems, this amounts
to a constant (but arbitrarily small) energy density, and thus
allows the study of properties of the system which are
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stable at finite temperature. For systems with spatially local
interactions, e.g., on a lattice, this problem can be solved
efficiently (for a fixed precision) by cutting the system into
constant-sized patches and neglecting the couplings
between those patches [12]. However, this is no longer
possible for sytems with all-to-all interactions. In fact, the
problem must remain at least NP-hard, as the PCP theorem
implies that constraint satisfaction problems (which map to
Hamiltonians with long-range couplings) remain NP-hard
even for determining whether a fixed fraction of terms is
violated [17,18]; the validity of a potential quantum PCP
theorem [13] would even imply its QMA-hardness.
In the light of these hardness results and the unstruc-

tured nature of the problem, the best run-time we can
expect for a classical algorithm for estimating properties at
constant energy density is exponential, by exact diago-
nalization methods such as the Lanczos algorithm [19,20].
In fact, the strong exponential time hypothesis states that
classical algorithms must run essentially in time scaling
with 2n [21]. On a quantum computer, we can use Grover
search, leading to a quadratic speedup and thus a runtime
of Oð2n=2Þ for qubit systems [22–25]. These methods can
be improved if we are given access to a trial or guiding
state for the low-energy subspace, as in recent quantum
algorithms for ground state energy estimation [26,27];
however, the computation of such guiding states is a
serious bottleneck, e.g., in current quantum chemistry
applications [28].
In this Letter, we provide a quantum algorithm which

provides a superquadratic speedup for computing proper-
ties of a general Hamiltonian with all-to-all interactions
and k-body terms at fixed energy density. More specifically,
we show that given a Hamiltonian H ¼ P

hα on ðCdÞ⊗n

with arbitrary k-body terms, but with no restriction
on the geometry of the interactions, there exists a
quantum algorithm with run-time Oðdð1−cεÞn=2=εÞ, with
cε ¼ ðε=kþ εÞ > 0, which returns an estimate of the
ground state energy up to any extensive error ε

P khαk,
as well as a quantum algorithm which outputs a state within
that energy range, from which subsequently properties
stable at low-energy density can be computed. At the same
time, our results also yield classical algorithms for the same
task with quadratically larger run-time, which therefore in
turn outperform exact diagonalization.
The key property which we prove and on which our

results are built is that even for systems with nonlocal
interactions, an extensive fraction of the interactions can be
neglected with a controlled error, just as for spatially local
systems. This in particular also implies that the number
of states below a certain energy grows exponentially
already at low energies, again just as for spatially local
Hamiltonians—differently speaking, even all-to-all inter-
actions are limited in the extent to which they can rule out
low-energy states. This allows us to construct a nontrivial
guiding state or, alternatively, to restrict the search space,

and this way gives rise to algorithms beating the natural
bound based on Grover search.
Setting and summary of results—Let us now summarize

our results in more detail. We consider n d-level systems
ðCdÞ⊗n which interact via a Hamiltonian,

H ¼
Xm
α¼1

hα; ð1Þ

where each Hamiltonian term hα is a k-body term, i.e., it
acts on at most k of those systems, but it does not obey any
spatial (geometric) locality (hence, m ≤ nk). We will adopt
the terminology “k-local” for such interactions in the
following, as is standard in quantum complexity theory.
For simplicity, we will restrict to the case of qubits, d ¼ 2.
Define M ≔

P
m
α¼1 khαk. Let E0ðHÞ denote the ground

state energy of H. We will be interested in the task of
determining E0ðHÞ up to multiplicative accuracy ε, i.e., to
find an Ê with

jÊ − E0ðHÞj ≤ εM; ð2Þ

or to prepare a state with energy in that range. Note that for
physical systems with geometrically local or sufficiently
rapidly decaying and uniform interactions, M will be
bounded by a constant times the system size n, and
thus (2) amounts to an extensive accuracy, while for a
setting with khαk ≤ 1, as natural for complexity theoretic
scenarios,M ≤ m. In the following, the only assumption on
M which we will make is that it is upper bounded by a
polynomial in n, which in particular is satisfied in the
aforementioned scenarios.
Our first result is the construction of a new Hamiltonian

H0 which acts on a smaller number n0 of spins, and
whose ground state energy E0ðH0Þ satisfies that
jE0ðHÞ − E0ðH0Þj ≤ δM, where δ can be tuned by choos-
ing n0; specifically, H0 is obtained from H by dropping the
spins with the weakest couplings. This implies that any
algorithm which determines E0ðH0Þ to sufficient accuracy
also gives an approximation to E0ðHÞ up to extensive
accuracy. In particular, by suitably choosing n0, this allows
us to show the following (here O� denotes scaling up to a
prefactor polynomial in n):
Theorem 1—Let ε > 0. There exists a quantum algo-

rithm computing an Ê satisfying jÊ − E0ðHÞj ≤ εM with
high probability in time

O�
�
2ð1−

ε
kþεÞn=2ε−1

�
: ð3Þ

There also exists a classical algorithm for this task with run-
time O�ð2½1−ðε=kþεÞ�nε−1Þ.
In fact, we are able to show a stronger connection: given

a low-energy state of H0, we can construct/prepare (in a
systematic and efficient way) low-energy states of H. This
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has two consequences. First, it gives us an algorithm to
prepare a low-energy state ofH in sub-Grover time, by first
preparing a low-energy state of H0 and then transforming it
to a low-energy state of H. Specifically, we show the
following:
Theorem 2—Let ε > 0. There exists a quantum algo-

rithm preparing, with high probability, a mixed state ρ with
energy Tr½Hρ� ≤ E0ðHÞ þ εM in time

O�
�
2ð1−

ε
2kþεÞn=2ε−1

�
: ð4Þ

As a second consequence, the connection between the
low-energy space of H0 and H allows us to construct an
entire low-energy subspace whose dimension grows expo-
nentially with energy. Specifically, we find that for any ε,
the number CðH; εÞ of eigenstates of H with energy below
E0ðHÞ þ εM scales as

CðH; εÞ ≥ 2bεn=ð2kþεÞc: ð5Þ

While this scaling is expected for systems with spatially
local interactions, it is remarkable that this also holds for
systems with all-to-all interactions: it implies that even by
adding arbitrary all-to-all interactions to a spatially local
Hamiltonian, one cannot raise the energy of too many states
by a too large amount. One other important consequence of
the bound (5) is that a quantum algorithm with a perfor-
mance similar to that of Theorem 1 can then also be
obtained by adapting known algorithms based on Grover
search, by exploiting that the time Grover search needs to
succeed decreases for a space which has more solutions.
Finally, on interaction graphs of maximum degree t, the

bounds of Theorem 1, Theorem 2, and Equation (5) can in
general be improved by replacing each occurence of k
with ð1 − 1=tÞk.
Construction of H0—We start by constructing the new

Hamiltonian H0. We will assume w.l.o.g. that all hα act on
exactly k qubits [29]. For each site s ¼ 1;…; n, define
IðsÞ ≔ fαjhα acts on sg as the set of all interactions
α∈ f1;…; mg which act on s. Further, define

eðsÞ ≔
X

α∈ IðsÞ
khαk: ð6Þ

It quantifies the amount of energy eðsÞ in H which
originates in interactions which involve s. Importantly,

Xn
s¼1

eðsÞ ¼
Xm
α¼1

kkhαk ¼ kM: ð7Þ

Since the labeling s ¼ 1;…; n of sites is arbitrary, we
choose to label them such that eðsÞ is monotonously
increasing, eð1Þ ≤ eð2Þ ≤ � � � ≤ eðnÞ.

Now pick some r∈ f1;…; ng, and split the sites into the
intervals R ≔ f1;…; rg and R̄ ≔ frþ 1;…; ng. The idea
is to construct H0 by only keeping interactions hα which
lie entirely within R̄. Specifically, with T the set of all
interactions α which only involve sites in R̄, we define

H0 ≔
X
α∈T

hα: ð8Þ

H0 can either be regarded as a Hamiltonian acting on all n
sites, or as acting only on the sites in R̄, in which case we
denote it by H 0̄

R, that is, H
0 ≡ 1R ⊗ H 0̄

R.
How well does H0 approximate H? Let jϕi be an

arbitrary state. Then,

jhϕjH −H0jϕij ≤
X
α∉T

jhϕjhαjϕij ≤
X
α∉T

khαk: ð9Þ

To bound the rightmost term, note first that

X
α∉T

khαk ≤
Xr

s¼1

eðsÞ; ð10Þ

as the right hand side contains each khαk for α ∉ T at least
once. (On interaction graphs of maximum degree t, the
right hand side of Eq. (10) can in general be improved
by a multiplicative factor of 1 − 1=t, which replaces k with
ð1 − 1=tÞk in all subsequent run-times stated in this paper;
see Supplemental Material [30] for details.) Since eðsÞ is
monotonously increasing,

ðn − rÞeðrÞ ≤
Xn
s¼rþ1

eðsÞ ≤
Xn
s¼1

eðsÞ ¼ð7Þ kM;

which yields eðrÞ ≤ kM=ðn − rÞ. This allows us to bound

Xr

s¼1

eðsÞ ≤ reðrÞ ≤ r
n − r

kM;

which together with (9) and (10) yields the bound

jhϕjH −H0jϕij ≤ r
n − r

kM:

For a given δ > 0 [31], we can thus obtain the bound

jhϕjH −H0jϕij ≤ δM ð11Þ

on how much H and H0 can differ by choosing

r ¼
�

δn
kþ δ

�
: ð12Þ

From (11), we immediately obtain that the ground
state energies E0ðHÞ and E0ðH0Þ are close: To this end,
let jΦ0i be a ground state of H0. Since hΦ0jHjΦ0i−
hΦ0jH0jΦ0i ≤ δM, we have
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hΦ0jHjΦ0i ≤ hΦ0jH0jΦ0i þ δM ¼ E0ðH0Þ þ δM: ð13Þ

Then, E0ðHÞ ≤ hΦ0jHjΦ0i ≤ E0ðH0Þ þ δM, and corre-
spondingly the other way around, which yields

jE0ðHÞ − E0ðH0Þj ≤ δM: ð14Þ

Construction of low-energy states and density of states—
As we have observed, we can considerH0 as a Hamiltonian
H 0̄

R defined on the n − r qubits in R̄. Let jφiR̄ be a ground
state of H 0̄

R. For an arbitrary state jχiR on the r qubits in R,
define jΦ00i ≔ jχiR ⊗ jφiR̄. Then,

hΦ00jH0jΦ00i ¼ hφjH 0̄
Rjφi ¼ E0ðH0Þ: ð15Þ

That is, jΦ00i is a ground state of H0 (and as such satisfies
(13), and thus

hΦ00jHjΦ00i ≤
ð13Þ

E0ðH0Þ þ δM ≤
ð14Þ

E0ðHÞ þ 2δM: ð16Þ

Note that given jφiR̄, jΦ00i can be efficiently constructed,
since all we have to do is to tensor it with an arbitrary state
jχiR defined on the qubits in R.
We just saw that there is a 2r-dimensional space of states

V—spanned by all jχiR ⊗ jφiR̄ with arbitrary jχiR—with
energy at most 2δM above E0ðHÞ. The min-max theorem
(see, e.g., [32]) then implies that the 2r smallest eigenvalues
of H are all upper bounded by E0ðHÞ þ 2δM. By replacing
δ with ε=2 in (12), we get the claimed bound

CðH; εÞ ≥ 2r ¼ 2bεn=ð2kþεÞc ð17Þ

on the number of eigenstates with energy at most
E0ðHÞ þ εM [33].
Estimating the ground energy—The bound (17) can

be used to improve the complexities of known ground
energy estimation algorithms (e.g., the algorithm by Lin
and Tong [27]), by exploiting that the run-time of quantum
amplitude amplification with a target space of dimension
CðH; εÞ improves with its inverse square root [35].
However, we will give a simpler and more direct quantum
algorithm, which moreover achieves (slightly) better
performance.
The idea is simple: recall we wish to estimate E0ðHÞ

within error εM. We will use that E0ðH0Þ ¼ E0ðH 0̄
RÞ and

apply the algorithm from [27] to H 0̄
R, which acts on n − r

qubits, to obtain an estimate Ê0 of E0ðH0Þ. This in turn gives
a good estimate of E0ðHÞ by (14). The computational
speedup comes from working on a smaller system: the run-
time of the algorithm now depends on n − r rather than n.
We now work out the details of the algorithm. In (11)

and (12), we choose δ ¼ ½1 − ð1=nÞ�ε. We then compute an
estimate Ê0 of E0ðH 0̄

RÞ ¼ E0ðH0Þ such that

jÊ0 − E0ðH0Þj ≤ ε

n
M: ð18Þ

This can be done in

O�
�
2ðn−rÞ=2

�
ε

n
M

�
−1
�
¼ð12ÞO�

�
2ð1−

ε
kþεÞn2ε−1

�
ð19Þ

time by applying the quantum algorithm from [27]
using the completely mixed state (which has overlap
ðTrf½ðIÞ=2n−r�jϕihϕjgÞ1=2 ¼ 2−ðn−rÞ=2 with the ground
state of H 0̄

R and can easily be prepared) as initial state.

Correspondingly, we can also compute Ê0 on a classical
computer using the Lanczos method [19,20] in time

O�
�
2ðn−rÞ

�
ε

n

�
−1
�
¼ð12ÞO�

�
2ð1−

ε
kþεÞnε−1

�
: ð20Þ

The returned estimate will with high probability satisfy
(18), which together with (14) [recall that δ ¼ ½1 − ð1=nÞ�ε]
guarantees that jÊ0 − E0ðHÞj ≤ εM holds, as desired.
Note that in order to apply the algorithm from [27]

we need to construct a block-encoding of H0. Since H0 is
k-local, and thus sparse, a block-encoding can be imple-
mented efficiently using the techniques from [36].
Preparing a low-energy state—We now discuss how to

prepare a low-energy state of H. We will achieve this by
first preparing a low-energy state of the Hamiltonian H 0̄

R
acting on n − r qubits. As we have seen, H 0̄

R trivially
embeds into the Hamiltonian on the full n qubits,
H0 ≡ 1R ⊗ H 0̄

R. This embedding thus yields a low-energy
state for H0, and thus by (11) also for H.
To start, choose δ ¼ ½1 − ð1=nÞ�ðε=2Þ in (11) and (12).

Let

H 0̄
R ¼

X2n−r
i¼1

λijϕiihϕij

be the eigenvalue decomposition ofH 0̄
R. Using the quantum

singular value transformation (QSVT) [36,37], we can
implement in O�ðlogð1=χÞε−1Þ time an operator

Π ¼
X2n−r
i¼1

PðλiÞjϕiihϕij;

where P∶½−M;M� → ½0; 1� is a polynomial such that

PðλiÞ ≥ 1 − χ if λi ≤ E0ðH0Þ; ð21Þ

PðλiÞ ≤ χ if λi ≥ E0ðH0Þ þ ε

n
M: ð22Þ

The operator Π is (to high accuracy) a projection onto
the low-energy space of H 0̄

R. For simplicity, in the
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analysis below we will assume χ ¼ 0. The QSVT frame-
work from [36,37] does not directly implement Π. Instead,
it implements a block-encoding of Π, i.e., a larger unitary
matrixU such that Π appears (possibly after normalization)
as the top left block of U:

U ¼
�Π ·

· ·

�
:

The key property of this block-encoding is as follows: For
any state σ on n − r qubits, applying U on σ ⊗ ðj0ih0jÞ⊗l,
where l denotes the number of ancillas used by U, and
subsequently measuring the ancillas in the computational
basis, returns—with probability Tr½Πσ�—the state

ΠσΠ
Tr½Πσ� ð23Þ

on the first n − r qubits; i.e., it successfully applies Π on σ
with probability Tr½Πσ�. Due to (14) and (22), the state
of (23) has low energy:

Tr

�
H 0̄

R

�
ΠσΠ
Tr½Πσ�

�	
≤ E0ðHÞ þ

�
δþ ε

n

�
M: ð24Þ

In order to prepare a low-energy state of H, we take σ
as the completely mixed state σ0 on n − r qubits, i.e.
σ0 ¼ ð1=2n−rÞP jϕiihϕij; note that this state can be
prepared efficiently. As above, we apply the unitary U
and measure the ancilla qubits. The probability that we
obtain the state (23) is

Tr½Πσ0� ¼
X2n−r
i¼1

TrðΠjϕiihϕijÞ
2n−r

≥
1

2n−r
; ð25Þ

where the inequality follows from (21), since there exists at
least one jϕii for which λi ¼ E0ðH0Þ. Finally, we embed
this state in the full n qubits by adding r qubits each
initialized to j0ih0j:

ρ ≔
�
ðj0ih0jÞ⊗r

�
R
⊗

�
Πσ0Π
Tr½Πσ0�

�
R̄
: ð26Þ

This state satisfies Theorem 2,

Tr½Hρ� ≤
ð11Þ

Tr½H0ρ� þ δM ≤
ð24Þ

E0ðHÞ þ εM ð27Þ

[recall that δ ¼ ½1 − ð1=nÞ�ðε=2Þ].
Using quantum amplitude amplification [35], the prob-

ability (25) can be amplified to a probability arbitrarily
close to 1 using Oð2ðn−rÞ=2Þ calls to U. Since the unitary U
can be implemented in O�ðϵ−1Þ time, the overall time

complexity is

O�
�
2ðn−rÞ=2ϵ−1

�
¼ð12ÞO�

�
2ð1−

ε
2kþϵÞn2ϵ−1

�
: ð28Þ

Concluding remarks—In this Letter we gave a quantum
algorithm which provides a superquadratic speedup for
computing properties of a general Hamiltonian with all-to-
all interactions and k-body terms. The main contribution
of our work is arguably not the magnitude of run-time
improvement itself, but rather the following two points:
first, and perhaps most surprisingly, that the standard
square root speedup attainable by unstructured Grover
search can be beaten, without assumptions on the local
Hamiltonian itself; and second, that our approach is not
heuristic, but yields rigorous and worst-case run-time
guarantees. In both regards, our result can be interpreted
as a quantum version of the (classical) breakthrough
result by Hirsch [38], which broke the natural bound
based on brute-force search for hard classical optimiza-
tion problems.
Hirsch’s algorithm selects a random assignment and tries

to improve it by repeatedly flipping a value of a variable
chosen randomly from an unsatisfied clause (again chosen
randomly). The classical analogue of our approach for
computing approximately optimal solutions is similar, and
slightly simpler than Hirsch: we repeatedly select a random
assignment—the bound on the running time then follows
from our bound on the dimension of the low energy space.
As further discussed in Supplemental Material [30], the
complexity of this approach is similar to the complexity of
Hirsch’s algorithm. As Hirsch’s work has been influential
to the development of rigorous classical approximation
algorithms [39–43], we expect that our discoveries will
initiate research on approximation algorithms for properties
of general Hamiltonians.
In addition, the gap exponential time hypothesis

(GAP-ETH) [44,45] states that there exist constants c, ε
such that approximating ground state energies for 3-local
Hamiltonians within error �ϵM is classically impossible in
Oð2cnÞ time. It is thus reasonable to posit a quantum GAP-
ETH, which is identical except the no-go is for quantum
algorithms in Oð2cn=2Þ time. In this sense, one would not
expect a major improvement over our Theorem 1.
An open question is whether our approach can be used to

produce a guiding state for the ground state, to be input into
the algorithms of [26,27]. On the one hand, if one believes
the quantum strong exponential time hypothesis (QSETH)
[46], which states that Boolean satisfiability problems
cannot be solved with superquadratic speedup over brute
force search for large k, even by a quantum computer, then
producing such a guiding state with superquadratic speedup
is impossible. On the other hand, our run-time is best for
small k, so it is not clear whether QSETH should pose an
obstruction here. With this said, however, we show in
Supplemental Material [30] that for any K ≥ ϵM, the
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low-energy state we produce in (26) has 1=K overlap with
the space of energy at most E0ðHÞ þ K. By choosing
K ¼ ð1þ 1=pðnÞÞεM for a sufficiently large polynomial
p, one effectively recovers the energy bound of Eq. (27),
while maintaining that ρ has inverse polynomial overlap
with the low energy space.
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