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We investigate density fluctuations in three-dimensional chiral active fluids by using a simple model of
helical self-propelled particles. Helical motion is generated by a constant angular velocity (or chiral torque)
acting on the self-propelled force. The chiral torque is assumed to have the same direction and magnitude
for all particles. Due to the helical nature of the particle motion, the system is generically anisotropic even
when it is spatially homogeneous. Numerical simulations demonstrate that the helicity induces an anisotropic
pattern and a singularity in the static structure factor (the density correlation function in Fourier space) in the
low-wave-number limit. Moreover, the system in the limit of infinite persistence time exhibits hyperuniformity
in the direction perpendicular to the chiral torque, while giant density fluctuations emerge along the parallel
direction. We then construct a fluctuating hydrodynamic theory for the system to describe the singular behavior.
A linear analysis of the resulting equations yields an analytical expression for the static structure factor, which
qualitatively agrees with our numerical findings.
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I. INTRODUCTION

Self-propelled particles have been widely used to model
active matter and have revealed numerous novel phenom-
ena arising from their nonequilibrium nature [1–3]. Among
various types of self-propelled particles, chiral self-propelled
particles, whose motions violate mirror symmetry, have re-
cently attracted significant attention [4,5]. In two dimensions,
they typically exhibit circular trajectories. Experimental re-
alizations of such chiral self-propelling motions include
asymmetric-shaped colloidal objects [6,7], Janus particles
with an asymmetric coating [8], sperm cells [9], malaria par-
asites [10], bacteria swimming near walls or surfaces [11,12],
and light-driven walkers [13]. In numerical simulations, such
circular motion is often modeled by introducing chirality into
active Brownian particles (ABP) [4,5]. It has been reported
that the chiral motions of constituents give rise to collective
phenomena that are not observed in nonchiral counterparts.
Examples include the formation of vortices [14–17], absorb-
ing phase transition [18], reentrant behavior of glassy slow
dynamics [19], anomalous two-dimensional crystallization
[20,21], Hall-like currents [22], and self-reverting vorticity
of clusters [23]. In addition to chiral self-propelled particles,
active spinner systems, where particles rotate but do not self-
propel, have also been studied intensively [5,24–26].

In addition to the aforementioned examples, one of
the most striking features of two-dimensional chiral self-
propelled particles is the suppression of long-wavelength
density fluctuations [18,27–29]. This phenomenon is known
as hyperuniformity [30,31]. Hyperuniformity is characterized
by the vanishing of the static structure factor S(q) in the
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small-wave-number limit, with q denoting the wavenumber.
In most cases, the asymptotic behavior is a power law as
S(q → 0) ∼ qα with α > 0. This feature is in contrast to
nonchiral active fluids, which typically exhibit enhance-
ment of density fluctuations (also known as giant number
fluctuations, GNF) [32–40]. Hyperuniformity has been ob-
served in a variety of nonequilibrium dynamical systems [31],
such as periodically driven colloidal suspensions near ab-
sorbing transition points [41–43], center-of-mass-conserving
systems [44–48], granular systems [48–50], nonreciprocal ac-
tive robotic systems in chiral states [51], epithelial tissues
with pulsating synchronization [52], deterministic antialign-
ing polar active fluids [53], and the late-stages of spinodal
decomposition described by the Cahn-Hilliard equation [54]
and its active counterpart (active model B without noise) [55].

While most studies focused on two-dimensional systems,
three-dimensional chiral active particles, whose motion be-
comes helical, are also of great interest. Examples of such
systems include sperm cells [56], choanoflagellates [57], and
nematic liquid crystal droplets in surfactant solutions [58,59],
all of which are known to exhibit helical trajectories. The-
oretically, the single-particle dynamics of three-dimensional
extensions of chiral active Brownian particles [60,61], as well
as of helical swimmers driven by hydrodynamic interactions
with the surrounding fluid [62–64], have been investigated.
Yet, the collective behavior arising from helical motion has
received relatively little attention, with the exception of a
study on hydrodynamically interacting helical swimmers [65].

In this paper, we study density fluctuations in a col-
lection of helical active swimmers using a simple particle
model. Helicity is introduced by adding a constant angu-
lar velocity (or torque) to the equation of motion for the
self-propulsion in three-dimensional ABP, following the
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FIG. 1. (a) Schematic illustration of the model of a helical self-
propelled particle. The illustration shows the case of � = (0, 0, �)
and zero noise. The top panel depicts the motion in three dimen-
sions, and the bottom panel shows its projection onto the x-y plane.
(b) Typical trajectories of a single free particle for various rotational
diffusion constants. The chiral torque is fixed as � = (0, 0, �) with
� = 0.4. Time is measured in units of τ = σ/v0.

approach in Refs. [60,61]. In this model, the key parameters
are the magnitude of the torque and the persistence time (or
the rotational diffusion constant). Each particle exhibits heli-
cal motion along the direction of the torque vector, resulting
in anisotropic dynamics. The torque vector is assumed to be
aligned in the same direction for all particles. We perform
extensive numerical simulations in the homogeneous fluid
states and find that the density correlation function exhibits
a singular behavior, characterized by a discontinuity in the
low-wavenumber limit of the static structure factor. In addi-
tion, we observe an anisotropic pattern in the static structure
factor. These properties are akin to those observed in other
anisotropic nonequilibrium fluids, such as active particles with
anisotropic self-propulsion [66–68] and in driven diffusive
gases [69,70]. In our system, density fluctuations are enhanced
along the direction of the torque, while they are suppressed
in the perpendicular directions. In particular, in the limit of
infinite persistence time, the system exhibits hyperuniformity
in the directions perpendicular to the torque. To understand
these numerical observations, we construct a fluctuating hy-
drodynamic theory by a bottom-up approach and analytically
calculate the static structure factor. The resulting expression
qualitatively captures the observed behaviors in the numerical
simulation, although some quantitative discrepancies remain.

This paper is organized as follows. In Sec. II, we present
the details of the particle-based model for helical active swim-
mers. Section III provides numerical results for the density
fluctuations in the homogeneous fluid states. To explain the
qualitative features observed in the simulations, we develop
a fluctuating hydrodynamic theory in Sec. IV, and derive an
analytical expression for the density correlation function via
linear analysis. Finally, Sec. V summarizes our results.

II. MODEL

We study a model of helical self-propelled particles [60],
which we here refer to as three-dimensional (3D) cABP, il-
lustrated in Fig. 1(a). The equation for the position of the jth

particle is given by

dr j (t )

dt
= μF j (t ) + v0e j (t ), (1)

where μ and v0 stand for the mobility and the con-
stant self-propulsion speed, respectively. The interaction
force acting on the jth particle is given by F j (t ) =
−∑

k( �= j) ∇ jU (|r j − rk|), where U (r) is a short-range pair-

wise potential. e j = (e(x)
j , e(y)

j , e(z)
j ) is a three-dimensional unit

vector and represents the direction of the self-propelled mo-
tion. This unit vector can also be expressed by two polar
angles, φ j with respect to the x axis (the azimuthal angle)
and θ j with respect to the z axis (the zenith angle), as e j =
(sin θ j cos φ j, sin θ j sin φ j, cos θ j ). We assume the time evo-
lution of the unit vector e j (t ) to obey

de j (t )

dt
= (� +

√
2Dη j (t ))

s× e j (t ). (2)

Here, D denotes the rotational diffusion constant. The persis-
tent time in three dimensions is given by τp = 1/(2D). The
vector � is a constant torque that generates helical motions.
The unit vector e j (t ) is subjected to a Gaussian white noise
η j (t ) with zero mean and the correlation 〈η(α)

j (t )η(β )
k (t ′)〉 =

δ j,kδα,βδ(t − t ′), where the symbol 〈· · ·〉 denotes the ensemble
average and the Greek indices denote Cartesian coordinates

α, β ∈ {x, y, z}. Note that the cross product in Eq. (2),
s×, is

taken in the Stratonovich representation [71]. This model is a
simple extension of two-dimensional chiral active Brownian
particles [18,19,72,73] to a three-dimensional case. In the
limit � → 0 at finite D, Eqs. (1) and (2) reduce to active
Brownian spheres or three-dimensional ABP [74–77]. We
remark that, in reality, each helical swimmer likely has a
different direction and magnitude of the torque. However, to
focus on the effects of helical motion on density fluctuations,
we consider a simple situation in which all particles are driven
by the same constant torque �.

Figure 1(b) shows the typical trajectories of a single free
particle for several values of D, with time measured in units of
τ = σ/v0, where σ is the particle diameter. The torque vector
� is oriented along the z axis � = (0, 0,�). When D is very
small, the trajectory becomes helical along the direction of �,
provided that the z component of the orientational vector e j (t )
is nonzero. In the noiseless case (D = 0), the particle performs
a perfect helical motion. As D increases, the trajectories be-
come more stochastic and the influence of chirality becomes
less pronounced. The single-particle dynamics of 3D cABP
wre characterized in Refs. [60,61], based on mean-square
displacement and higher-order moments.

III. NUMERICAL SIMULATION

A. Setup

We numerically simulate a system of N interacting par-
ticles, governed by Eqs. (1) and (2), in a cubic box of side
length L with periodic boundary conditions. The details of the
simulation setup are as follows. We numerically integrate the
equation for the orientation, Eq. (2), by the Euler-Maruyama
method. The vector e j (t ) is normalized after each time step
to ensure that the magnitude is unity. For the pairwise
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interaction, we consider only a short-range repulsive force, as
in previous studies of the two-dimensional case [18,72,73]. To
this end, we employ the Weeks-Chandler-Andersen (WCA)
potential given by [78]

U (r) = 4ε

[(
σ

r

)12

−
(

σ

r

)6

+ 1

4

]
(3)

for r < 21/6σ and U (r) = 0 otherwise. Here, σ is the diameter
of a particle and 21/6σ is the cutoff length. The units of length
and time are chosen as σ and τ = σ/v0, respectively. Unless
otherwise noted, all parameters are expressed in these units;
that is, we set σ = 1 and v0 = 1. The time step is set to
�t = 10−3, and the number of particles is N = 8×104.
Without loss of generality, we align the torque vector �

with the z axis. The control parameters are the mean
number density ρ, the rotational diffusion constant D,
the orbital radius R = v0/�, and the dimensionless en-
ergy ratio με/(σv0). Throughout this section, we focus
on a low-density ρ = 0.5 [corresponding to a packing
fraction of Nπσ 3/(6L3) � 0.26], and we fix the param-
eter με/(σv0) = 1/24. We compute the static structure
factor S(q) = 〈∑N

j,k=1 e−iq·(r j−rk )〉/N after confirming that
the system has reached a stationary state by monitoring the
time evolution of the potential energy. We also verify that the
system remains homogeneous and does not exhibit clustering
or phase separation for any of the parameter sets used in this
study, whereas the ABP model without chirality is known to
undergo motility-induced phase separation (MIPS) even in
three dimensions [74–77]. The effects of chirality on MIPS
in three dimensions are beyond the scope of the present study.

B. Results

We first consider the noiseless limit (D = 0), in which a
free particle exhibits a perfect helical motion. Figure 2(a)
shows the local density distribution P(ρ) for D = 0. Here,
we calculate the local density by averaging the number of
particles within small spherical regions of radius 3σ . For all
values of R, the distribution is unimodal with a peak at the
mean density, indicating that the system remains homoge-
neous. Figure 2(b) presents a representative snapshot of the
simulation at D = 0, where the color positions the azimuthal
angle φ j of the orientation vector e j . We also present sliced
snapshots of the particle configurations in the x-y and x-z
planes, shown in Figs. 2(c) and 2(d), respectively. The particle
positions and orientations are randomly distributed, and the
system exhibits no characteristic structures such as clustering
or synchronization.

We now observe the static structure factor S(q). Note that
S(q) cannot be reduced to a function of the scalar variable
q = |q| as S(q) because the system is not invariant under
rotations about the x or y axes.

In Figs. 3(a) and 3(c), we show the static structure factor
at R = 1 in the qx-qz plane and in the qx-qy plane, respec-
tively. Reflecting the anisotropy of the system, the static
structure factor in the qx-qz plane exhibits an anisotropic
pattern, whereas it remains isotropic in the qx-qy plane. To
examine this anisotropy in more detail, we plot S(0, 0, qz )
and S(qx, 0, 0) in Figs. 4(a) and 4(b), respectively. On the

FIG. 2. (a) The local density distribution P(ρ ) at D = 0. In this
figure, ρ denotes the local density. The vertical dotted line indicates
the mean density ρ = 0.5. (b) A typical particle configuration in
the steady state at D = 0, ρ = 0.5, and R = 1. The color repre-
sents the azimuthal angle φ j of the orientation vector e j , defined as
e j = (sin θ j cos φ j, sin θ j sin φ j, cos θ j ), where θ j is the zenith angle.
Cross-sectional particle configurations with thickness σ in (c) the x-y
plane at z = L/2 and (d) the x-z plane at y = L/2.

FIG. 3. Contour plots of the static structure factor S(q) at D = 0
and R = 1 (or � = 1). The upper panels show S(q) in the qx-qz

plane obtained from (a) numerical simulations and (b) theoretical
analysis. The lower panels show S(q) in the qx-qy plane obtained
from (c) numerical simulations and (d) theoretical analysis.
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FIG. 4. The static structure factor S(q) obtained from the numerical simulation at D = 0 on (a) the qz axis and (b) the qx axis. The
dashed-dotted lines in (b) represent the predictions of the linearized theory. (c) and (d) show the static structure factor S(q) in the qx-qz plane
at R = 1 and D = 0. (c) S(qx, 0, qz ) as a function of qz for various qx . (d) S(qx, 0, qz ) as a function of qx for various qz.

qz axis, S(q) is enhanced at small qz and is insensitive to
R or chirality �, which is natural since the z-component
of Eq. (2) does not depend on �. In contrast, S(q) on
the qx axis appears to vanish in the limit qx → 0, i.e.,
hyperuniformity with the exponent α = 2 is observed. Al-
though hyperuniformity is not evident for large radii, R = 100
and 10, it is expected that S(qx, 0, 0) eventually goes to
zero with the same hyperuniform exponent if the system
size is sufficiently large. These observations indicate that the
static structure factor in this system is singular at the origin
of Fourier space: limqz→0 S(0, 0, qz ) �= limqx→0 S(qx, 0, 0).
Since the system is isotropic in the x-y plane, more generally,
limqz→0 S(0, 0, qz ) �= limq→0 S(qx, qy, 0). We also show the
behavior of the static structure factor S(qx, 0, qz ) as a function
of qz and qx with fixed qx, qz(� 0) in Figs. 4(c) and 4(d). In
Fig. 4(c), we observe that increasing qx leads to suppression
of S(qx, 0, qz ) as a function of qz in the small-wave-number
regime. In other words, S(qx, 0, qz ) is maximized at qx = 0,
which is also evident in Fig. 3(a). S(qx, 0, qz ) as a function
of qx, shown in Fig. 4(d), exhibits hyperuniformity only at
qz = 0, while for qz > 0, the density fluctuations are instead
enhanced.

Anisotropic patterns and singularities in the static struc-
ture factor have also been observed in other anisotropic
nonequilibrium systems. In Ref. [67], the authors studied
active Brownian particles with anisotropic self-propulsion in
two dimensions and reported singular density correlations
in the homogeneous fluid phase. Lattice models of active
fluids with spatial anisotropy are also known to exhibit sim-
ilar features in density correlations, as shown by numerical
simulations and field-theoretical analysis [66,68]. In addition,
passive anisotropic systems driven out of equilibrium, such
as randomly driven diffusive gases, have long been known to
exhibit singular density correlations [69,70]. The anisotropic
pattern of S(q) in these systems is referred to as the “butterfly”
or “owl” pattern [70]. These observations suggest that the
anisotropic pattern and singularity of S(q) are robust features
of anisotropic nonequilibrium fluids. However, our system
differs from the above examples in that the density fluctua-
tions are hyperuniform in the plane perpendicular to the torque
vector �. Such anisotropic hyperuniform states were previ-
ously proposed in Ref. [79], and our system can be regarded
as a concrete realization of this concept.

Qualitatively, the singular behavior of the density cor-
relation in the system can be understood from established

properties of standard ABP and cABP in two dimensions.
First, in the fluid phase of standard ABP, it is known that
spatial velocity correlations develop [80,81], and concomi-
tantly, long-wavelength density fluctuations are enhanced
[82,83]. These density fluctuations possess a finite correla-
tion length given by ξ ∝ √

1/D and become long-ranged in
the limit D = 0 or infinite persistence time [82,83]. Second,
two-dimensional cABP systems are known to exhibit hyper-
uniformity, characterized by the exponent α = 2, as confirmed
by both numerical simulations [18] and theoretical analysis
[29]. Since the particle motion in our model can be effec-
tively regarded as “one-dimensional ABP” along the z axis
and two-dimensional cABP in the x-y plane, it is natural
that S(0, 0, qz ) exhibits enhancement, whereas S(qx, qy, 0)
displays hyperuniformity. We finally examine the effect of the
rotational diffusion constant D (or the persistence time) on
the density correlation function. Figure 5(a) shows the static
structure factor along the qz axis, S(0, 0, qz ), for several values
of D at R = 1. As D increases, the intensity of S(0, 0, qz )
at small qz decreases. This trend is consistent with the fact
that our model approaches equilibrium in the limit D → ∞.
In Fig. 5(b), we show the static structure factor along the qx

axis, S(qx, 0, 0), for various values of D. As D increases, the
hyperuniform behavior appears to vanish. Although we cannot
definitively conclude the disappearance of hyperuniformity
for finite D due to the limited system size, it is natural to
infer that S(qx → 0, 0, 0) remains nonzero for D �= 0, similar

FIG. 5. Static structure factor obtained from the numerical sim-
ulation at ρ = 0.5 and R = 1. Panels (a) and (b) show the static
structure factor on the qz and qx axis for various D, respectively. In
panel (a), the black dashed line represents q−1

z as a guide for the eye.
The black dashed line in panel (b) is proportional to q2

x .
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to the case of two-dimensional cABP, which exhibit perfect
hyperuniformity only when D = 0 [18,29]. Furthermore, by
comparing the numerical values of S(0, 0, qz ) and S(qx, 0, 0)
at the smallest wave number, we find that the density correla-
tion remains singular even at finite D.

IV. THEORY

To understand the numerical results presented in the pre-
vious section, we develop a fluctuating hydrodynamic theory
for the homogeneous fluid state of 3D cABP and calculate the
static structure factor through linear analysis.

A. Fluctuating hydrodynamic equations

Our interest lies in long-wavelength density fluctuations.
To analyze such large-scale behavior of the density field, hy-
drodynamic descriptions provide a standard theoretical tool.
Several approaches have been proposed to derive hydro-
dynamic equations for active particle models. A prevalent
method involves deriving equations for the average density
and polarization by reducing the Fokker-Planck equation to an
effective one-body equation and applying closure approxima-
tions [84–86]. This approach has also been applied to chiral
active particles in two dimensions to investigate instabilities
[18,73,87–89]. Another approach is based on kinetic theories
for active matter, which has recently been considered for
chiral active particles [90]. However, in these approaches,
noise terms must be added by hand when one wants to
describe fluctuations of hydrodynamic variables [91,92]. To
address fluctuations, we adopt Dean’s method [93–95], which
enables the derivation of hydrodynamic equations with noise
terms. In the case of two-dimensional cABP, this method suc-
cessfully reproduces hyperuniformity with the same exponent
as observed in numerical simulations, although discrepancies
remain in the amplitude of the density correlation function
[29].

The field variables that we consider are the density field
and polarization, defined by

ρ(r, t ) =
N∑

j=1

δ[r − r j (t )], (4)

p(r, t ) =
N∑

j=1

e j (t )δ[r − r j (t )], (5)

respectively. By employing Dean’s method [93,94], one can
find the following set of equations for the density field
ρ(r, t ) and the polarization p(r, t ) (see Appendix for the
derivation):

∂tρ(r, t ) = −∇ · J(r, t ), (6)

J(r, t ) = −μ∇ · P(r, t ) + v0 p(r, t ), (7)

∂t p(r, t ) = −∇ ·
(

J(r, t )p(r, t )

ρ(r, t )

)
− 2Dp(r, t )

+ � × p(r, t ) +
√

4Dρ(r, t )

3
ϒ(r, t ), (8)

where the first term on the right-hand side (RHS) of Eq. (7) is
the “pressure” tensor defined as

∇ · P(r) = ρ(r)∇ δF[ρ(·)]
δρ(r)

(9)

with

F[ρ(·)] = 1

2

∫
V

d3r
∫

V
d3r′ ρ(r)ρ(r′)U (|r − r′|). (10)

The explicit form of the pressure tensor in terms of the density
field and the pair interaction is given by the Irving-Kirkwood
formula [96,97], but we do not need it in the following dis-
cussion. ϒ(r, t ) in Eq. (8) is a Gaussian white noise with zero
mean 〈ϒα (r, t )〉 = 0 and the correlation 〈ϒα (r, t )ϒβ (r′, t ′)〉 =
δα,βδ(r − r′)δ(t − t ′). Equations (6) to (8) have the same form
as that in the two-dimensional case [29] except for the co-
efficients in Eq. (8). We remark that Eqs. (6) to (8) reduce
to the Dean-Kawasaki equation for overdamped equilibrium
systems in the limit D → 0 with Tact = v2

0/(6Dμ) being
constant [29].

Equations (6) to (8), derived via an extended Dean’s
method, are rigorous except for an assumption that each
particle does not occupy the same position simultaneously
(see Appendix). Therefore, Eqs. (6) to (8) have the same
information as the original equations, Eqs. (1) and (2). We
henceforth focus on the large-scale or low-wave-number limit.
Since in homogeneous fluid states at the coarse-grained scales,
one expects higher-order terms in gradients and in density
fluctuations to be negligible, one assumes that the pressure
gradient can be written as

∇ · P(r) � 1

ρχ
∇δρ(r), (11)

where the coefficient χ is defined by χ−1 = ρ∂P/∂ρ|ρ(r)=ρ

with P(r) = Tr[P(r)]/3. Although this assumption is crude,
it is enough to capture the qualitative behavior of the density
correlation function, as we will see below. If we wish to study
instabilities or nonlinear effects, the pressure tensor needs to
be further expanded to higher-order terms in ρ and p [92],
but it is outside the scope of the present study. Together
with the assumption, Eq. (11), and the linearization of equa-
tions around the homogeneous solutions, we have

∂tδρ(r, t ) = b∇2δρ(r, t ) − v0∇ · δp(r, t ), (12)

∂tδp(r, t ) = −2Dδp(r, t ) + � × δp(r, t ) +
√

4Dρ

3
ϒ(r, t ),

(13)

where we define b := μ/(ρχ ).
Before looking at the density correlation function, we re-

mark on the equilibrium limit of the linearized equations,
Eqs. (12) and (13). Since Eq. (13) is closed for the polariza-
tion, ξ(r, t ) := v0δp(r, t ) can be regarded as a colored noise.
This colored noise ξ(r, t ) has zero mean and the correlation

〈ξ(r, t )ξT(r′, t ′)〉 = v2
0ρ

3
R�[�(t − t ′)]e−2D|t−t ′ |δ(r − r′),

(14)
where T denotes the transpose. R�(θ ) in Eq. (14) is the
rotation matrix representing a rotation by an angle θ around
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the vector �, given by the Rodrigues’ formula:

R�(θ ) = eθK(�), Kα,β (�) = 1

�

∑
μ∈{x,y,z}

εαμβ�μ, (15)

where � = |�| and εαβγ is the Levi-Civita tensor. In
the limit D → ∞ while keeping Tact = v2

0/(6Dμ) constant,
Eq. (14) becomes a Gaussian white noise and the fluctuation-
dissipation relation is recovered

〈ξ(r, t )ξT(r′, t ′)〉 = 2μTactρδ(t − t ′)δ(r − r′)1, (16)

where 1 is the identity matrix.

B. Static structure factor

We now calculate the equal time density correlation func-
tion in Fourier space, the static structure factor, defined by

S(q) = 1

N
〈δρ̃(q, 0)δρ̃∗(q, 0)〉, (17)

where ∗ represents the complex conjugate, and X̃ (q, t )
denotes the Fourier transform of X (r, t ) with respect to
r: X̃ (q, t ) = ∫

V d3r X (r, t )e−iq·r. We also write the spa-
tiotemporal Fourier transform of X (r, t ) as X̂ (q, ω) =∫ ∞
−∞ dt X̃ (q, t )eiωt . In Fourier space, Eqs. (12) and (13) read

G−1(q, ω)�̂(q, ω) = �̂(q, ω), (18)

where we define �(r, t ) = [ρ(r, t ), p(r, t )], �(r, t ) =√
4Dρ/3[0,ϒ(r, t )], and

G−1(q, ω)

=

⎛⎜⎜⎜⎝
−iω + bq2 iv0qx iv0qy iv0qz

0 −iω + 2D �z −�y

0 −�z −iω + 2D �x

0 �y −�x −iω + 2D

⎞⎟⎟⎟⎠.

(19)

The dynamical correlation functions in (q, ω) space can be
calculated as

Sa,b(q, ω) := 1

N

∫ ∞

−∞
dt

〈
�̃a(q, t )�̃∗

b(q, 0)
〉
eiωt

= 4D

3

4∑
c=2

Ga,c(q, ω)G∗
b,c(q, ω). (20)

Using this formula, the dynamical structure factor, S(q, ω) :=
S1,1(q, ω), ends up with

S(q, ω) = 4v2
0D

3

q2ω4 + [(8D2 + �2)q2 − 3(� · q)2]ω2 + (4D2 + �2)[4D2q2 + (� · q)2]

(ω2 + b2q4)(ω2 + 4D2)
[{ω2 − (4D2 + �2)}2 + 16D2ω2

] . (21)

The static structure factor, Eq. (17), is obtained by integrating Eq. (21) over ω as

S(q) = 1

2π

∫ ∞

−∞
dω S(q, ω) = v2

0

3

q2(2D + bq2)2 + (� · q)2

bq2(bq2 + 2D)[(bq2 + 2D)2 + �2]
. (22)

We first discuss the limit D → 0, or equivalently, the infi-
nite persistence time limit τp = 1/(2D) → ∞. Equation (22)
in this limit reduces to

S(q) = v2
0

3

b2q6 + �2q2
z

b2q4(b2q4 + �2)
, (23)

where the torque vector is chosen to be parallel to the z di-
rection as � = (0, 0,�). Figures 3(b) and 3(d) depict contour
plots of Eq. (23) on the qx-qz and qx-qy planes, respectively.
The static structure factor exhibits an anisotropic shape in the
qx-qz plane, while it appears isotropic in the qx-qy plane. These
behaviors are qualitatively in agreement with the numerical
observations shown in Figs. 3(a) and 3(c). Furthermore, S(q)
has a singularity at the origin, as indicated by the numerical
simulation in the previous section. To see the singularity, we
focus on the behavior on the qz and qx axes. Along the qz axis,
Eq. (23) reduces to

S(0, 0, qz ) = v2
0

3b2

1

q2
z

, (24)

meaning that the density fluctuations increase at large scales
for the z direction. In contrast, along the qx axis, S(q) becomes

S(qx, 0, 0) = v2
0

3

q2
x

�2 + b2q4
x

= 1

3
(Rqx )2 + O

(
q6

x

)
, (25)

where R = v0/�. Equation (25) is a scaling of hyperunifor-
mity with the exponent α = 2, which is identical to that of
two-dimensional cABP [18,29]. Therefore, Eq. (23) is sin-
gular at the origin limqz→0 S(0, 0, qz ) �= limqx→0 S(qx, 0, 0).
This singular behavior is also consistent with the nu-
merical observations. However, the exponent of S(0, 0, qz )
disagrees with the numerical result. The static structure factor
S(0, 0, qz ) obtained from the numerical simulation shown in
Fig. 4(a) is S(0, 0, qz ) ∼ 1/qz, in contrast to the theoretical
prediction S(0, 0, qz ) ∝ 1/q2

z . Moreover, this scaling appears
to terminate around qz = 0.4, suggesting the existence of a
characteristic length scale, whereas the theory predicts a scale-
free behavior. We remark that the characteristic length scale
observed in the numerically obtained S(0, 0, qz ) in Fig. 4(a) is
not attributable to finite-size structures, as there is no sign of
clustering or phase separation (see Fig. 2). Since our particle
model can be effectively regarded as “one-dimensional ABP”
along the z-axis, one possible reason for this discrepancy is the
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presence of anomalies specific to one-dimensional systems,
such as single-file diffusion [98], which are not captured by
our theory. Another possibility is the different behavior of
the correlation length in one-dimensional ABP. It has been
reported that, in a narrow annular confinement, the correla-
tion length saturates to a constant value as the persistence
time τp increases [99], whereas the correlation length in two
dimensions is proportional to

√
τp [80–82]. This effect is also

beyond the scope of our theory. In contrast, the theoretical
prediction of the hyperuniform exponent in S(qx, 0, 0) agrees
with the numerical data. However, the theoretical expression
for S(qx, 0, 0), Eq. (25), is not fully quantitative, that is, a
discrepancy in the prefactor remains. The dash-dotted lines
in Fig. 4(b) depict the theoretical predictions Eq. (25). The
parameter b is determined by the fitting but does not affect the
hyperuniform scaling, as is obvious in the second equation in
Eq. (25). The theoretical line for R = 1 deviates from the
numerical data, while for R = 3 the agreement is somewhat
better. As for R = 10 and 100, we cannot discuss quantitative
assessment with the current system size. Further theoretical
calculations, such as nonlinear analysis, would be required for
a quantitative description.

Finally, we discuss the case of finite rotational diffusion
constants D. On the qz and qx axis, Eq. (23) is written as

S(0, 0, qz ) = S0

1 + (ξqz )2
, (26)

S(qx, 0, 0) = v2
0

3b

2D + bq2
x

�2 + (bq2
x + 2D)2

, (27)

respectively. Here S0 := v2
0/(6bD) and ξ := √

b/(2D). Both
on the qz and qx axes, S(q → 0) remains constant, but S(q) is
still singular at the origin. To measure how strong the singu-
larity is, depending on the parameters D and �, we introduce
the following ratio [70]:

R := limqz→0 S(0, 0, qz )

limqx→0 S(qx, 0, 0)
= 1 + �2

4D2
= 1 + (�τp)2, (28)

where we use τp = 1/(2D) in the last equality. This ratio
becomes unity either when � = 0 or in the limit D → ∞. In
the former case, the system reduces to three-dimensional ABP
without chirality [74–77], and the static structure factor takes
the Ornstein-Zernike form S(q) = S0/[1 + (ξq)2]. In the lat-
ter case, corresponding to the equilibrium limit, the structure
factor becomes a constant, S(q) = S0 = ρTactχ , which is a
well-known expression of S(q → 0) in equilibrium statistical
mechanics [100]. Except in these two cases, R is not unity.
Increasing � or decreasing D renders the singularity stronger.
In particular, R diverges in the limit D → 0 or τp → ∞. This
behavior stands in contrast to anisotropic active fluids and
driven lattice gases, in which R remains finite [66,67,69,70].

V. SUMMARY

In this paper, we studied density fluctuations in a three-
dimensional chiral active fluid using a helical self-propelled
particle model. We considered a simple situation where all the
particles have the same torque and perform a helical motion
with a persistence time. Extensive numerical simulations of
the model revealed that the static structure factor in homo-

geneous states showed an anisotropic pattern and is singular
at the origin in Fourier space. These features resemble those
observed in other anisotropic nonequilibrium fluids, such as
anisotropic active fluids [66–68] and driven diffusive gases
[69,70]. Moreover, in the limit of large persistence time, the
system exhibits hyperuniformity in the direction perpendicu-
lar to the torque, while showing giant density fluctuations in
the direction parallel to it. To understand the numerical obser-
vations, we developed an effective fluctuating hydrodynamic
theory for homogeneous fluid states of 3D cABP. The theory
successfully reproduces the same qualitative behavior of the
density correlation functions as observed in numerical simula-
tions, although it does not achieve full quantitative agreement.

As a future direction, it is important to investigate the
full phase behavior of three-dimensional chiral active parti-
cles. In two dimensions, chiral active particles are known to
exhibit clustering [14,18,73,87], and it is therefore natural
to expect similar behavior in three dimensions. Moreover,
two-dimensional chiral active particles can crystallize with
long-range translational order [20], suggesting that chirality
may also play a significant role in crystallization in three
dimensions. In addition, while the present study assumes iden-
tical torques for all particles, exploring the effects of torque
dispersion would be an important extension.

From an experimental perspective, singular density cor-
relations found in the present study may be challenging to
observe but could become accessible in future experiments,
especially given that hyperuniformity in two-dimensional chi-
ral active fluids has already been observed experimentally
using swimming marine algae [27] and pear-shaped Quincke
rollers [28]. For example, the marine algae used in Ref. [27]
might also be suitable for studying the three-dimensional
case, as they are known to exhibit helical trajectories when
they are far from interfaces. Additionally, bottom-heavy Janus
particles swimming in three-dimensional space [101,102] and
magnetically driven particles [103] could serve as potential
experimental systems for investigating density correlations in
three-dimensional chiral active fluids.
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APPENDIX: DERIVATION OF FLUCTUATING
HYDRODYNAMIC EQUATIONS

In this Appendix, we derive the fluctuating hydrodynamic
equations by extending Dean’s method [93,94] to 3D cABP.
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1. Derivation of Eqs. (7) and (8)

First, we derive the equation for the density field. The time
derivative of Eq. (4) leads to the continuity equation as

∂tρ(r, t ) = −∇ · J(r, t ), (A1)

where the density current J(r, t ) is given by

J(r, t ) :=
N∑

j=1

ṙ j (t )δ[r − r j (t )]

= μ

N∑
j=1

F j (t )δ[r − r j (t )] + v0 p(r, t ). (A2)

The first term of Eq. (A2) can be rewritten as

N∑
j=1

F j (t )δ[r − r j (t )] = −ρ(r, t )∇ δF[ρ(·, t )]

δρ(r, t )
. (A3)

The functional F[ρ] is defined by Eq. (10), and Eq. (A3) can
be interpreted as the divergence of the “pressure” tensor as in
Eq. (9). We next construct the equation for the polarization
defined in Eq. (5). Taking the time derivative of Eq. (5), we
get

∂t p(r, t ) = −∇ · M(r, t ) +
N∑

j=1

de j (t )

dt
δ[r − r j (t )], (A4)

where the tensor M(r, t ) is defined as

M(r, t ) :=
N∑

j=1

ṙ j (t )e j (t )δ[r − r j (t )]. (A5)

To express Eq. (A5) in terms of the hydrodynamic fields, we
assume that

δ[r j (t ) − rk (t )] = δ[r j (t ) − rk (t )]δ j,k, (A6)

following Ref. [94]. This relation is correct if the particles j
and k never occupy the same position simultaneously, such as
when the pairwise potential U (r) is the repulsive interaction
[94]. With the assumption Eq. (A6), Eq. (A5) can be written
as

M(r, t ) = J(r, t )p(r, t )

ρ(r, t )
. (A7)

To rewrite the last term on the RHS of Eq. (A4), we use Eq. (2)
in the Itô representaion [71]

de j (t )

dt
= −2De j (t ) + (� +

√
2Dη j (t ))

i× e j (t ), (A8)

where the symbol
i× means that the cross product is taken

in the Itô sense. By substituting Eqs. (A7) and (A8) into
Eq. (A4), we have

∂t p(r, t ) = − ∇ ·
(

J(r, t )p(r, t )

ρ(r, t )

)
− 2Dp(r, t )

+ � × p(r, t ) + �(r, t ), (A9)

where �(r, t ) is defined by

�(r, t ) :=
√

2D
N∑

j=1

η j (t )
i× e j (t )δ[r − r j (t )]. (A10)

Equation (A10) is not closed for the hydrodynamic fields but
can be written as the following simple form in the large N
limit

�(r, t ) =
√

4Dρ(r, t )

3
ϒ(r, t ), (A11)

where ϒ(r, t ) is a Gaussian white noise with zero mean
and correlation 〈ϒα (r, t )ϒβ (r′, t ′)〉 = δα,βδ(r − r′)δ(t − t ′).
We thus reach Eqs. (6) to (8) aside from the derivation of
Eq. (A11).

2. Justification of Eq. (A11)

Here, we show that the expectation value and the two-point
correlation of Eq. (A10) are identical to those of Eq. (A11) in
the large N limit. First, the expectation value of Eq. (A10)
is obviously zero since the cross product is taken in the Itô
representation. Next, the correlation between the elements α

and β of Eq. (A10) is

〈�α (r, t )�β (r′, t ′)〉 = 2D
N∑

j=1

δ(t − t ′)δ(r − r′)δ[r − r j (t )]

×
∑

μ,ν,σ∈{x,y,z}
εαμνεβμσ

〈
e(ν)

j (t )e(σ )
j (t )

〉
.

(A12)

To estimate this correlation, we calculate the autocorrela-
tion function 〈e(α)

j (t )e(β )
j (t )〉. Using the Itô formula [71], one

can derive the differential equation for this autocorrelation
function

d

dt

〈
e(α)

j (t )e(β )
j (t )

〉 = −6D

[〈
e(α)

j (t )e(β )
j (t )

〉 − 1

3
δα,β

]
+

∑
μ,ν

[
εαμν

〈
e(β )

j (t )e(ν)
j (t )

〉
+ εβμν

〈
e(α)

j (t )e(ν)
j (t )

〉]
�μ. (A13)

By introducing a symmetric matrix

Q j (t ) := 〈
e j (t )eT

j (t )
〉 − 1

31 (A14)

and an antisymmetric matrix

Hα,β :=
∑

μ

�μεαμβ, (A15)

Eq. (A13) can be written as

d

dt
Q j (t ) = −ζQ j (t ) + [H, Q j (t )], (A16)

where ζ := 6D and [X, Y] := XY − YX denotes the commu-
tator. Equation (A16) is the same form as the Heisenberg
equation with a dissipation in imaginary time. The formal
solution of Eq. (A16) is given by

Q j (t ) = e−ζ t etHQ j (0)e−tH. (A17)
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We now define

Q(N )
α,β (r, t ) :=

N∑
j=1

Q(α,β )
j (0)δ[r − r j (t )] (A18)

and evaluate this quantity in the large N limit. Here, Q(α,β )
j (0)

is an element of the matrix Q j (0) in Eq. (A17). We assume
that the initial orientation e j (0) is chosen uniformly at random
on the unit sphere. Then

lim
N→∞

1

N

N∑
j=1

Q(α,β )
j (0) = 1

4π

∫
|e|=1

d3e
(

eαeβ − 1

3
δα,β

)
= 0.

(A19)

To evaluate Eq. (A18), we expand it in a Fourier series

Q(N )
α,β (r, t ) =

∑
n∈Z3

Q̃(N )
α,β (n, t )e2π in·r/L, (A20)

where the Fourier coefficient is given by

Q̃(N )
α,β (n, t ) = 1

L3

N∑
j=1

Q(α,β )
j (0)e−2π in·r j/L. (A21)

Since
∑N

j=1 Q(α,β )
j (0) = o(N ) = o(L3) from Eq. (A19), we

have

∣∣Q̃(N )
α,β (n, t )

∣∣ � 1

L3

∣∣∣∣∣∣
N∑

j=1

Q(α,β )
j (0)

∣∣∣∣∣∣ = o(1). (A22)

Thus, Eq. (A18) converges to zero in the large N limit

lim
N→∞

Q(N )
α,β (r, t ) = 0. (A23)

Using Eqs. (A14), (A17), and (A23), we obtain

N∑
j=1

〈
e(α)

j (t )e(β )
j (t )

〉
δ(r − r j ) = ρ(r, t )

3
δα,β + o(1) (A24)

in the limit N → ∞. Therefore, Eq. (A12) in the limit
N → ∞ reads

〈�α (r, t )�β (r′, t ′)〉 = 4D

3
ρ(r, t )δα,βδ(r − r′)δ(t − t ′) + o(1).

(A25)
This means that �(r, t ) in Eqs. (A10) and (A11) is statistically
identical, at least up to the second cumulant.
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