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Gene expression cycles drive non-exponential bacterial growth
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Bacterial populations typically exhibit exponential growth under resource-rich conditions, yet individual
cells often deviate from this pattern. Recent work has shown that the elongation rates of Escherichia coli and
Caulobacter crescentus increase throughout the cell cycle (super-exponential growth), while Bacillus subtilis
displays a midcycle minimum (convex growth), and Mycobacterium tuberculosis grows linearly. Here, we de-
velop a single-cell model linking gene expression, proteome allocation, and mass growth to explain these diverse
growth trajectories. By calibrating model parameters with experimental data, we show that DNA-proportional
mRNA transcription produces near-exponential growth, whereas deviations from this proportionality yield the
observed non-exponential growth patterns. Analysis of gene expression perturbations reveals that ribosome
expression primarily controls dry mass growth rate, whereas cell envelope protein expression more strongly
affects cell elongation rate. We show that cell-cycle-dependent transcription dynamics give rise to convex,
super-exponential, and linear modes of cell elongation observed experimentally, demonstrating how the timing
of cell envelope and ribosomal protein expressions drive cell-cycle-specific behaviors. These findings provide a
mechanistic basis for non-exponential single-cell growth and offer insights into how bacterial cells dynamically

regulate elongation rates within each generation.

DOI: 10.1103/24rx-sxcw

I. INTRODUCTION

Early studies in bacterial growth physiology established
that bacterial populations grow exponentially under nutrient-
rich conditions where resources are not limiting [1]. Re-
cent advancements in microfluidics and single-cell imaging
technologies have enabled the collection of extensive, high-
resolution single-cell datasets for bacterial growth [2-8].
These datasets have fueled the development of models ad-
dressing single-cell division control and size homeostasis
[9-14], cell size control [13,15-17], shape maintenance
[12,18-20], and adaptation to environmental changes [21-25].
Many of these models either assume exponential growth
or overlook intragenerational dynamics. However, detailed
analysis of high-resolution time-series data has revealed that
elongation rates are not constant throughout the bacterial cell
cycle. For instance, Escherichia coli [26,27] and Caulobacter
crescentus [27,28] exhibit super-exponential growth, charac-
terized by increasing elongation rates over the cell cycle. In
contrast, Bacillus subtilis displays a convex elongation rate
pattern, with a minimum rate near the midcell cycle [29],
while Mycobacterium tuberculosis grows linearly [30]. To the
best of our knowledge, no bacterial species has been reported
to exhibit truly exponential elongation at the single-cell level.
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These observations raise the fundamental question of what
drives these time-dependent growth patterns.

Cell growth is fundamentally driven by the translation of
new proteins by ribosomes, with a variety of factors such as
amino acid precursor and ribosome abundances influencing
the rate at which overall protein translation occurs. Re-
source allocation models for the cellular proteome have been
shown to be widely applicable for understanding bacterial
growth from steady state [17,31-34] to dynamic environments
[25,35-38]. According to the central dogma of molecular
biology, genes are transcribed into mRNA, which is then
translated by ribosomes to produce the protein mass of the cell
[39]. For balanced exponential growth, the relative expression
of genes determines the composition of the cell’s proteome in
a given environment [40], with constant gene expression and
stable concentrations of mRNA and proteins [41]. Intuitively,
non-exponential growth must involve deviations from these
constant concentrations over the course of the cell cycle. Re-
cent studies have revealed that transcription is linked to DNA
replication, with transient increases in transcription occurring
during the replication of specific genes [42,43]. Additionally,
transcription rate is often assumed to be proportional to the
DNA content of the cell [40,43]. Given that the duration of
DNA replication does not always align with the cell cycle time
[8], deviations from balanced exponential growth may not be
surprising.

In this work, we examine how cell-cycle-dependent
gene expression influences single-cell growth by combin-
ing proteome allocation theory and mRNA dynamics into a
unified model. Building on existing models and guided by
experimental data, we formulate a framework that ex-
plicitly includes two key sectors—ribosomes and the cell
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FIG. 1. Non-exponential elongation modes in bacterial cells. (a) Qualitative growth trajectories illustrating how various modes of bacterial
growth deviate from purely exponential growth. The elongation rate x; = L~'dL/dt is plotted against normalized time ¢/t for two cell
cycles, where 7 is cell cycle duration. (b) Ensemble-averaged elongation rate data for four representative bacterial cells of the growth modes
illustrated in (a), plotted in normalized time. Individual cell elongation rate trajectories were extracted from length data via a trapezoidal
derivative approximation and then averaged in bins of normalized time. For ease of comparison, we plot the fractional change in growth rate
(where i, denotes cell cycle average). E. coli K12 NCM3722 cells are grown in supplemented Glucose media at 37 °C [4], C. crescentus cells
are grown in PYE at 34 °C [12], B. subtilis BSB1 cells are grown in glycerol at 37 °C [8], and M. tuberculosis CDC1551 cells are grown in

supplemented 7H9 growth medium at 37 °C [30].

envelope—treating nutrient availability and mRNA tran-
scription rates as the primary input parameters. Initially,
we find that transcription scaled to DNA content yields
near-exponential growth, even with DNA concentration fluc-
tuations throughout the cell cycle. However, this prediction
does not match the non-exponential growth patterns observed
in many bacterial species. Consequently, we introduce addi-
tional time-dependent transcription dynamics to better capture
experimental findings. By systematically varying transcrip-
tion rates, we quantify how these perturbations shape cell
growth, both in general and within the context of cell cycle
data. We further pinpoint the timescale limitations that gov-
ern how gene expression and downstream processes affect
overall growth. Using these insights, we explain the mecha-
nistic origins of non-monotonic elongation rate in B. subtilis,
super-exponential growth in E. coli, and linear growth in M.
tuberculosis, underscoring how trade-offs between ribosome
and envelope synthesis vary over the cell cycle. Together,
these findings provide a mechanistic understanding of the
regulatory principles shaping bacterial growth dynamics at the
single-cell level.

II. NON-EXPONENTIAL ELONGATION MODES
OF SINGLE BACTERIAL CELLS

While bacterial population growth is often quantified by
mass or optical density, single-cell growth data are collected
via microscopy and image analysis. Consequently, single-cell
growth metrics typically focus on morphological parameters,

such as cell length and width. For the rod-like bacterial cells
examined in this study, cell width remains approximately con-
stant throughout the cell cycle; changes in cell length directly
reflect growth. Hence, we characterize single-cell growth by
the elongation rate, x; = L’ldL/dt, which is constant for
purely exponential growth. In practice, however, experimental
time-lapse data do not show purely exponential growth in cell
length trajectories.

Figure 1(a) shows qualitative examples of super-
exponential (E. coli), convex (B. subtilis), and linear (M.
tuberculosis) elongation rates, while Fig. 1(b) displays
representative datasets from these species [4,8,12,30]. To
facilitate cross-species comparisons—given their distinct
growth timescales—we plot the fractional deviation from the
mean elongation rate, /Ky — 1. Here, super-exponential
growth appears concave and asymptotically approaches
exponential behavior [27], whereas linear growth is convex.
Notably, in B. subtilis, the convex growth pattern begins and
ends each generation at approximately the same elongation
rate, whereas super-exponential and linear growth modes are
strictly monotonic, resetting to the initial rate after division. It
is important to recognize that non-exponential growth at the
single-cell level does not necessarily imply non-exponential
population growth; as long as the cell cycle duration remains
consistent across cells, the overall population still grows
exponentially.

Despite these observations, our mechanistic understand-
ing of non-exponential growth remains limited. Existing
models of super-exponential and linear growth largely focus
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FIG. 2. Overview of the single-cell growth model. (a) Schematic illustrating how DNA abundance determines mRNA transcription rates,
which then set mRNA levels for each proteome sector. The mRNA binds to ribosomes to determine the allocation fractions for each sector
ribosomal, envelope, or “other”) and degrades over time when unbound. Ribosomes grow the dry mass of the cell through translation of
proteins in proportions set by the allocation fractions. The cell envelope mass sets the surface area and therefore the rate at which nutrients are
imported, the abundance of which sets the transcription rate. (b) A representative DNA-replication logistic function describing DNA abundance
in relative time, as defined in Eq. (12). Blue and red vertical lines mark replication initiation and termination, respectively, and the black circles

depict the bacterial chromosome at different replication stages.

on cell-envelope processes, suggesting that E. coli elongates
exponentially in only a subsection of the cell envelope [27],
whereas M. tuberculosis grows exclusively at its poles [30].
For B. subtilis, the location of the midcycle minimum in elon-
gation rate has been linked to cell size control [8]. However,
these morphological models do not fully explain the un-
derlying physiological mechanisms driving non-exponential
growth. In particular, what do these patterns imply about gene
expression and proteome changes within a single cell cycle?
In subsequent sections, we place these distinct growth modes
in the context of the central dogma of molecular biology,
aiming to understand how non-exponential single-cell growth
arises from temporal patterns of gene expression and pro-
teome allocation.

III. MECHANISTIC MODEL FOR SINGLE-CELL
GROWTH CONTROL

To explain the mechanistic basis for exponential and
non-exponential bacterial growth at the single-cell level, we
develop a theoretical framework that links gene expression
to proteome allocation and nutrient uptake, ultimately driving
single-cell growth (Fig. 2). We begin by adapting the well-
established proteome allocation theory, which partitions the
cellular proteome into ribosomal, envelope, and other protein
sectors. We then couple this allocation to a dynamical descrip-
tion of mRNA transcription, ribosome binding, and protein
synthesis. Next, we incorporate the role of DNA replication
in modulating transcription rates and thus gene dosage. Fi-
nally, we outline how these biochemical processes translate
into changes in cell morphology and growth, enabling direct
comparison with experimental data. Together, these compo-
nents provide a comprehensive mechanistic model of how

time-dependent gene expression shapes bacterial growth at the
single-cell level.

A. Proteome allocation

We begin by adopting a well-established proteome alloca-
tion framework for bacterial growth [31,32]. In such models,
cell dry mass M increases through the translation of new
proteins by ribosomes. If the translation rate is «;, then

dm M )
- —x
dr VIR

where Mp is the abundance of ribosomes. Cell growth rate is

defined as the relative growth rate of total cell mass,

1 dM Mg
— = = =2 2)
M dt M
In our model, we divide the proteome into three main sec-
tors: (i) ribosomal proteins of mass Mk, the cell envelope
(and periplasm) of mass Mg, and all other proteins of mass
My =M — Mg — Mg. We define an allocation fraction f, as
the fraction of actively translating ribosomes devoted to syn-
thesizing sector g. Accordingly,
P — s 3)
— =K .
dr tJg"IR
Ribosomes not actively translating any sector are accounted
for by a free ribosome mass fraction fr. Thus, fr + fg + fo +
fr = 1 spans the entire proteome’s translational allocation.
To track the changing distribution of mass between sectors,
we introduce the mass fraction ¢, = M, /M. Combining the
definition of ¢, with Eq. (3), we arrive at

d
% = ki (fg = ¢g)Pr- “

Ky =
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Under steady-state conditions, constant allocations imply
fq = ¢,. However, for time-varying f,(¢), the instantaneous
¢, lags behind f,, relaxing toward it at a rate set by «,dg. As
long as these allocation changes are cyclic and repeat each
generation, the intergenerational average mass fractions ¢,
remain consistent—even if fluctuations arise within the cell
cycle.

Bacterial cells can be limited by nutrient uptake, trans-
lation capacity, or a combination of the two. Cells grow
optimally when they balance both of these limitations to max-
imize overall growth rather than translation speed or precursor
abundance [32]. Our model incorporates these limitations by
introducing an amino acid precursor pool of mass M,. Flux
balance implies

dm,
dt

where «, denotes the nutrient uptake rate. We assume that
nutrient uptake is proportional to the cell envelope mass, con-
sistent with uniform nutrient transport across the cell surface
[44,45].

The translation rate k; decreases when the amino acid mass
fraction ¢, = M, /M is low, reflecting precursor scarcity. We
capture this using

= kMg — kMR, )

) = ko2 ©)

¢a + ¢a,t
where k; o is the maximum translation rate, and ¢, , sets the
threshold at which precursor limitation attenuates translation.
Similarly, nutrient uptake undergoes feedback inhibition at

high ¢,
Pin
¢+ bin

with ¢, , determining the threshold for uptake feedback and
kn,0 the maximal uptake rate. The sigmoidal forms for «;(a)
and «,(a) reflect that translation is significantly attenuated
when the amino acid mass fraction falls below ¢, ,, and the
amino acid supply flux is strongly diminished by feedback
inhibition for ¢, above ¢, , [32]. Parameter values estimated
for E. coli include ¢,, = 107, ¢, = 1073, and k? = 5.9h~!
[32].

Although we primarily focus on cells in nutrient-rich
conditions, explicitly including precursors in the model high-
lights the trade-off between ribosomes and the envelope.
Allocating more resources to ribosomes increases the cell’s
overall translation capacity, while reducing envelope alloca-
tion limits nutrient uptake. Thus, our framework captures both
translation-driven and nutrient-driven constraints in single-
cell growth.

; @)

Kn (¢u) = Kn,0

B. Gene expression dynamics

Allocation of proteome resources within the cell is gov-
erned by gene expression. In a minimal model, DNA is
transcribed into mRNA, which then provides instructions for
ribosomes to synthesize proteins. To connect gene expression
to dynamic proteome allocation, we adapt the framework from
Ref. [34], defining u, as the mRNA abundance for each pro-
teome sector g € {R, E, 0}. The corresponding time-evolution

equation is

d,qu Uy M R M R
dr = w,(1) + (k— + nq)fqu (k+meRM +du>l/«q,
®)
where w,(t) is the time-dependent mRNA transcription rate,
ki (k_) is the rate of mRNA-ribosome binding (unbinding), v,
is the rate at which a single ribosome translates amino acids,
ng is the average number of amino acids per protein in the sec-
tor, mg is the mass of a single ribosome, and d,, is the mRNA
degradation rate. Note that the term v, /n, corresponds to ri-
bosome unbinding upon completion of protein synthesis. The
equation governing the time-evolution of mRNA-ribosome
complex is given by

d My ky g fr v, Mg My
—(f=)= bt LR ) S f )= - f,—.
dt mg M nq mg mg
. ©))
Using Eq. (3) to substitute for Mg, we derive the time depen-

dence of f;,

%=M_(

Uy
ar i, k- + P + 2fRKt>fq- (10)

q

Since ) . Ja = 1, we also have

dfr _ 4
dr Zdt' (b

Most of these parameters are known for E. coli: d,, = 6h~!
[46], k- =60h~!, and k. = 1.1 x 10°MDa/h [34]. Ribo-
somes contain np ~ 7459 amino acids [47], so v; = ng k;,
and each ribosome has a mass mg ~ 2.7 MDa [48]. Typical
envelope or general proteome proteins have ~287-294 amino
acids in E. coli and B. subtilis [49]. While np describes
a complete ribosome, ribosome-affiliated proteins are trans-
lated individually, and thus we approximate ng = ny = ng in
Eq. (10). Consequently, the only remaining free parameters
are the transcription rates w,(t), the maximal nutrient uptake
kn,0, and the initial conditions used to integrate the system.

Figure 2(a) summarizes this framework in a schematic:
DNA abundance sets the mRNA transcription rates wy(t),
forming ribosome-mRNA complexes for each proteome sec-
tor (ribosomal, envelope, and “other”). The cell envelope then
modulates nutrient uptake, which in turn affects the cell’s
amino acid pool and, consequently, translation. Note that our
model does not optimize for growth rate by setting the val-
ues for transcription rates and ribosome allocation fraction.
Instead, we allow suboptimal growth scenarios where trans-
lation rate is reduced owing to precursor scarcity or feedback
inhibition. Figure 2(b) shows a sample logistic function for
DNA abundance, with blue and red vertical lines marking
initiation and termination of DNA replication that shape these
transcription dynamics. Overall, this model links gene ex-
pression (via mRNA transcription) to proteome allocation,
enabling us to study how changing transcription rates through-
out the cell cycle impact bacterial growth dynamics.

C. DNA replication dynamics

Experiments indicate that transcription is roughly propor-
tional to gene dosage, i.e., to the cell’s DNA content [40,43].

033123-4



GENE EXPRESSION CYCLES DRIVE NON-EXPONENTIAL ...

PHYSICAL REVIEW RESEARCH 7, 033123 (2025)

Bacterial cells maintain a tightly controlled cell volume per
replication origin, ensuring that DNA replication initiates at
a specific cell size regardless of nutrient availability. For E.
coli, this critical volume per origin is approximately 0.28 um?,
while for B. subtilis it is approximately 0.60 um? [8]. Cer-
tain bacterial species like C. crescentus tightly coordinate
DNA replication with cell cycle and do not undergo multifork
replication [50]. Implementing a cell-cycle-based initiation
criterion for DNA replication would leave every other aspect
of our framework intact, so the implementation outlined in
Sec. 1V still applies. The sole consequence is a possible shift
in the predicted minima and maxima of growth and elongation
rates compared with the model of DNA replication initiation
at a critical cell volume.

Once replication begins, the C period (time interval
between the initiation and termination of chromosome repli-
cation) t¢ can be considered to be growth rate independent
under nutrient-rich conditions (i.e., for « % 0.7h™h). In E.
coli, Tc has been measured at 39 min [8], whereas B. subtilis
exhibits a similar baseline of 40 min (although it shows a weak
linear dependence on growth rate, fitted by 1.02h~! — 0.26 «
[8]).

Using these two parameters—the initiation time and the
replication duration—we model the abundance of a single
chromosome by a logistic function,

1
1+ expla(t— (& + %))

where ¢, is the time at which the initiation criterion (critical
cell volume) is met, and o = % ensures that ~98% of replica-
tion completes within the interval ¢ € [¢,, ¢, + t¢]. As we will
see further in Sec. IV, the initiation criterion and halving DNA
content during cell division is sufficient to capture multifork
replication. Consequently, the instantaneous transcription rate

for mRNA in sector g can be written as

w,(t) = w}-DNA(®), (13)

DNA(H) =1 + (12)

where wy is the transcription rate per chromosome. We
term this DNA-proportional transcription model. Figure 2(b)
shows a sample logistic curve illustrating this replication-
driven modulation of w,(¢) during one cell cycle.

D. Cell morphology and growth

To compare our model predictions with microscopy-based
measurements, we approximate each bacterial cell as a cylin-
drical rod of length L and width w, with hemispherical end
caps. The cell volume is given by

y =2 w)’ L w)’ 14
= 57‘[(5) + 7 ( —w)<5) (14)

We can convert between cell morphology and mass using
experimental measurements for the average dry mass den-
sity p. For instance, E. coli has p ~ 0.30gml™! ~ 1.7 x
10° MDa um ™~ [20], while B. subtilis has p ~ 0.32gml™! ~
1.9 x 10° MDa um > [51].

In rod-like bacteria, the cell envelope mass Mg is pro-
portional to the total surface area of the cylinder and
hemispherical end caps, S =m wL, which we write as
Mg = d pg m wL, where pg is the envelope density and d

its thickness. Consequently, the increase in Mg reflects the
increase in L, so the cell’s elongation rate can be expressed
as

1 dMg Mg
= — — — —_— = . 15
KL My dr K fE M (15)
This definition allows direct comparison to experimental mea-
surements of cell length. By contrast, the growth rate of total

cell mass is

1 dM Mg

Ky = M? = Kt—. (16)

M

Hence, «; quantifies cell size elongation while k;,; quantifies
how total cellular biomass increases over time.

IV. MODEL IMPLEMENTATION:
EMERGENCE OF EXPONENTIAL GROWTH

We now describe how our single-cell growth model is nu-
merically implemented, including the implementation of the
cell division rule and intergenerational dynamics of cellular
proteome and transcriptome. Using this model, we show that
transcription rates scaling with cellular DNA content naturally
lead to near-exponential growth, even when DNA replication
is not strictly synchronized with cell mass.

To simulate how single cells evolve their size, growth rate,
and proteome composition across generations, we explicitly
incorporate cell division in our simulations. At the beginning
of the first simulated cell cycle, we specify the initial values
for each sector’s mRNA abundance p,, total mass M, allo-
cation fractions f,, and mass fractions ¢,. These quantities
then converge to their homeostatic values over multiple gen-
erations, consistent with homeostasis in cell size and growth
rate. In particular, we implement an “adder” rule for cell size
regulation and division control, supported by experimental
data showing that rod-shaped bacteria add a constant length
(and therefore a constant envelope mass Mg) between divi-
sions, regardless of birth length [4,8,10]. Once the cell meets
its division criterion, we implement symmetric division by
halving each extrinsic quantity (uy, My, and L) in daughter
cells. The final values of f; and ¢, at division become the
initial values for the daughter cells in the next generation.

Next, we detail how the model equations are integrated
and how DNA replication is coupled to transcription. At each
timestep during the cell cycle, we dynamically update:

(1) The DNA content, using Eq. (12), whenever the cell
meets the initiation mass threshold. For cells undergo-
ing multifork replication, the process is identical with
summed contributions from each chromosome.

(2) The sector-specific mRNA abundances p,(f) via
Eq. (8), where w,(t) = a);‘ - DNA(t) sets the instanta-
neous transcription rate.

(3) The proteome allocation fractions f,(¢) using Eqgs. (10)
and (11).

(4) The sector masses M, () using Eqgs. (1) and (5).

(5) The mass fractions ¢, (t) = M,(t)/M(t) using Eq. (4).

If multifork replication has not completed by the time of
cell division, we allow the unfinished replication forks to
continue in the next generation, assuming equal partitioning
of chromosomes upon division. Regardless of the initial DNA
content, the number of origins and replication forks at steady
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FIG. 3. Representative simulation of the DNA-proportional transcription model, showing the evolution of cell physiological variables.
(a) Trajectories of physiological variables evolved in the model (top to bottom): cell mass M, the number of replication origins N, transcription
rates w,, mRNA abundance p,, proteome allocation fraction f;, and mass fraction ¢,. Step increase in replication origins per cell denotes
replication initiation. The dashed-vertical line denotes a cell division event. The parameters used are , o = 25h~!, wz = 1.77 x 10*h~!,
wp = 8.45 x 103h™!, and wy = 3.18 x 10*h~! with a steady-state tolerance window of 1%. (b) Model output showing the trajectory of (top
to bottom) cell length L, normalized cell density p/po, elongation rate x;, and mass growth rate k,, for the simulation corresponding to data in
(a). Density is relative to the initialized value p = 1.9 x 10° MDa/um? [51]. Elongation and growth rates are calculated according to Egs. (15)

and (16), respectively.

state are determined entirely by the volume initiation crite-
rion; the initial guess only affects the time it takes to reach
steady state. If the initial number of origins is too high, cell
divisions will outpace DNA replication events as the volume
required for initiation will not be met at any point during the
cell cycle. Starting with too few replication origins will initiate
multiple rounds of DNA replication in quick succession as
the volume criterion for the next round of DNA replication
will already be met at the start of the previous round. After
cell division, if all state variables (My, {14, f4, @4, Nori) match
their values at the start of the previous cycle within a small
tolerance (e.g., 1%), we consider the system to have reached
a steady-state cycle.

In practice, we tune the three per-chromosome transcrip-
tion rates (wy, wg, wj) and the maximal nutrient uptake rate
kno so that the steady-state cell cycle time t, the average
envelope fraction ¢k, and the mean free ribosome fraction fp
match experimental data. For E. coli, ¢ typically falls be-
tween 0.058 and 0.152 depending on growth rate [52], while
B. subtilis in rich media has ¢; ~ 0.145 regardless of growth
rate [51]. The free ribosome mass fraction f is approximately
0.05 in exponentially growing E. coli [31], a value we also
adopt for B. subtilis.

An example simulation of the DNA-proportional transcrip-
tion model is shown in Fig. 3 for B. subtilis growing in
glycerol-rich media with ¢z = 0.145, fr=0.05, and 7 =
0.41h. Under these conditions, 4-8 replication origins are
present at any given time. However, as cell division occurs, on
average, less than a quarter of the way through DNA replica-
tion, the total DNA content is only ~5 complete chromosomes
at division. As the DNA content increases, the transcription
rates w,(t) and the corresponding mRNA abundances f,(?)

rise throughout the cell cycle [Fig. 3(a)]. However, the allo-
cation fractions f,(¢) and mass fractions ¢,(f) remain nearly
constant [Fig. 3(a)]. Consequently, both the mass growth rate
kp and elongation rate k; exhibit only small amplitude fluctu-
ations (less than 0.3% from their means at steady state), lead-
ing to near-exponential growth over each cell cycle [Fig. 3(b)].

Formally, purely exponential single-cell growth would
require that the DNA content and, thus, transcription
rates be strictly proportional to cell mass: DNA(r) =
DNA(0) M(¢)/M(0). Any departure from this proportional-
ity introduces small oscillations in the instantaneous growth
rate about the equilibrium value. Nevertheless, our results
show that logistic-style replication dynamics [Eq. (12)] still
yield growth that is approximately exponential. As shown
in Fig. 1, however, this near-exponential growth does not
match the pronounced non-exponential growth modes (linear,
super-exponential, or convex) observed in several bacterial
species. Additional cell cycle-dependent transcriptional reg-
ulation is therefore necessary to reproduce those distinctly
non-exponential growth phenotypes.

V. ORIGINS OF NON-EXPONENTIAL GROWTH

Gene expression can vary extensively due to environmen-
tal changes [31,36] and transiently during gene duplication
[42,43]. Since simple proportionality between transcription
rate and DNA content fails to reproduce experimentally ob-
served dynamics of elongation rate «; (compare Figs. 1 and
3), we next consider how deviations from DNA-proportional
transcription [Eq. (13)] affect growth-rate dynamics. Specif-
ically, we explore cell-cycle periodic perturbations of the
transcription rates w,(¢) that preserve steady-state growth
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across generations. Physically, these perturbations could arise
from changes in RNA polymerase concentration or promoter
activity. Although our model does not explicitly track gene
regulators, it captures how altered probabilities of transcrip-
tional “bursting” events translate to changes in average growth
rate.

In Sec. V A, we illustrate the qualitative impact of gene-
expression perturbations using a square-wave perturbation to
the transcription rate. Next, Sec. V B investigates how sinu-
soidal variations in ribosome and envelope transcription at
different times and amplitudes within the cell-cycle impact
growth rate. We then examine, in Sec. V C, the timescales
on which these regulatory changes influence growth. Finally,
Sec. VI uses these insights to elucidate the diverse non-
exponential growth patterns observed in different bacterial
species.

A. Deviation from DNA-proportional transcription

To understand how dynamic changes in transcription rate
affect growth-rate dynamics, we first consider a simple,
square-wave perturbation to the transcription rate with clearly
defined “on” and “off” phases. Specifically, let

wy(1) = wy[DNA(@t) + B4(1)]

* L=1
=wq[DNA(t) + ﬂl’l( . >:|, an
P

where B,(t) is the perturbation term, IT is the Heaviside (step)
function, 7, the pulse duration, and ¢, the pulse initiation time.
Thus, at time 7, transcription rate of sector ¢ increases by an
amount B for a period of length 7, after which it returns to
the baseline a)ZDNA(t). Figures 4(a) and 4(b) illustrate this
perturbation for the ribosome sector (B8g # 0, Bg = 0), and
Figs. 4(c) and 4(d) do so for the envelope sector (Bg = O,
Be # 0).

In the case of perturbation to the transcription rate of ri-
bosomal proteins [Figs. 4(a) and 4(b)], fx rises during the
pulse and returns to its initial level afterward. Consequently,
the mass growth rate k), increases while the elongation rate «;,
decreases, reflecting the trade-off between ribosomal (fx) and
envelope (fg) proteome allocation. The cell dry mass density
(relative to the initial density pg, p/po = M /M) temporarily
increases during the perturbation and remains slightly ele-
vated on average compared to the unperturbed steady state
because of the periodic nature of the perturbation. Notably,
changing wg affects xj; more strongly than «;, emphasizing
the ribosomal sector’s primary role in controlling mass growth
rate.

By contrast, perturbations to the transcription of envelope
proteins [Figs. 4(c) and 4(d)] increases fr with minimal im-
pact on fg, leading to an increase in k. Although the initial
cycle shows a mild decrease in «,y, this effect is partially offset
by the adder-like division criterion on Mg, which triggers
division at a lower total mass and lowers the overall cell
density in subsequent cell cycles. Consequently, perturbing
wg predominantly influences «; rather than «,,, underscoring
how envelope allocation principally drives cell elongation.
In both scenarios, resource allocation constraints introduce
secondary feedbacks, but the primary effect remains sector-

specific: perturbing ribosome transcription mainly alters bulk
mass growth, whereas envelope transcription primarily affects
elongation.

B. Cyclical gene expression

Having established a basic intuition for how transcriptional
fluctuations shape growth, we now introduce a biologically
motivated form of time dependence of transcription rate.
Since gene expression must be cell-cycle periodic at steady
state, many functions could, in principle, model such oscil-
latory behavior. To compare scenarios where transcription
changes primarily in the first versus the second half of the
cycle, we use a simple sinusoidal perturbation,

w,(t) = W}[DNA() + B,(1+sinQrt/T)],  (18)

where B, sets the perturbation amplitude for sector g. Such
periodic regulation may arise from diverse biological mech-
anisms, including promoter-specific regulation or feedback
loops tied to replication, division, and morphogenesis [25,34].
Unlike the square-wave perturbation, this smooth, continuous
function better approximates the average outcome of noisy
biochemical processes.

Figure 5(a) shows an example perturbation of this form,
where wg is increased in the first half of the cell cycle,
while wg is increased in the second half. Correspondingly,
Fig. 5(b) shows that the elongation rate «; decreases and the
mass growth rate k), increases during the interval of higher
ribosome expression, and vice versa for envelope expression.
This leads to a local maximum in «;; roughly at midcycle,
shortly after a minimum in .

To explore these effects systematically, we map how Bg
and Bg influence the range of k; and k), over each cell cycle
[Figs. 5(c) and 5(d)]. As with the square-wave perturbations,
changes in wg primarily affect «y;, while shifts in wg prin-
cipally alter x;,. However, their relative phases also matter.
When ribosome and envelope perturbations are out-of-phase
(opposite signs for Br and BE), the elongation rate exhibits the
largest changes, owing to trade-offs in allocation. By contrast,
in-phase perturbations (same signs for Sz and Bg) yield more
pronounced variations in kj,; as such perturbations result in
oscillations of the total transcription rate. Here, a decrease (in-
crease) in the total transcription rate would decrease (increase)
mRNA concentration, which in turn increases (decreases) the
free ribosome mass fraction leading to a decrease (increase)
in the translation rate. Notably, these fluctuations differ by an
order of magnitude, with «; fluctuations typically on the order
of 10~'h~! and «,, fluctuations on the order of 10~2>h~!.
Likewise, variations in «;, from changing wg generally exceed
those from altering wg. Thus, the timing and amplitude of
gene-expression oscillations can systematically reshape both
mass and length growth rates.

C. Timescale of gene-expression perturbations
and growth-rate response

Although time-dependent changes in gene expression
lead to deviations from exponential growth, such transcrip-
tional perturbations do not instantaneously alter growth rates.
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FIG. 4. Effects of transcription perturbations on cell growth. (a) Trajectories of physiological variables evolved in the model (top to
bottom): perturbation to transcription rates f,, cell mass M, the number of replication origins N, transcription rates w,, mRNA abundance i,
proteome allocation fraction f, and mass fraction ¢,. Here, we only consider a square wave perturbation to the transcription rate of ribosomal
proteins in absolute time. The square wave perturbation is given by Eq. (17) with the parameters ¢, = 0.57, 7, = 0.37,and 8 = 0.7. This period
is illustrated with a grey region in each cell cycle. (b) Model output showing the trajectory of (top to bottom) cell length L, normalized cell
density p/p, elongation rate «;, and mass growth rate , for the simulation corresponding to data in (a). Density is relative to the initialized
value p = 1.9 x 10° MDa/um? [51]. Elongation and growth rates are calculated according to Egs. (15) and (16), respectively. (c) and (d) show
an identical perturbation, but to the expression of cell envelope proteins wg rather than the cell envelope.

Instead, they must propagate through multiple molecular lay-
ers before manifesting in observable changes to mass or
elongation rates. We thus elucidate how quickly (or slowly)
these perturbations translate into changes in elongation (x)
and mass growth (ky,) rates. Our simulations reveal stark
contrasts: Transcriptional changes typically take hours to
manifest in our coarse-grained sectors, whereas proteome al-
location shifts can elicit immediate responses.

To illustrate this, consider a step-function decrease in
wg [Fig. 6(a)]. Even though ribosomal transcription declines
abruptly, the effect on k), takes several hours, as the altered
ribosome production must propagate through both the tran-
scriptome and proteome. Meanwhile, k; temporarily increases
owing to a relative boost in envelope expression, but it too

settles to the new steady state only after around four hours. A
similar step decrease in wg [Fig. 6(b)] triggers an immediate
reduction in «,,, while «, first falls to a minimum, then ramps
back up over a comparable timescale.

In contrast, altering proteome allocation fractions f, pro-
duces rapid shifts in growth rates [Figs. 6(c) and 6(d)]. A
sudden drop in fr (with fF rising accordingly) instantly low-
ers ky and boosts ky, since a larger fraction of ribosomes
is devoted to envelope synthesis. This transient peak in «j,
emerges in half the time required for the transcriptional per-
turbation, and the system then returns to the original steady
state. Likewise, reducing fr prompts an immediate decrease
in both «;, and ky, followed by an overshoot and a return to
equilibrium within roughly half an hour.
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FIG. 5. Effects of cyclical gene expression on growth. (a) A representative set of sinusoidal perturbations to wg(¢) and wg(¢) as defined
in Eq. (18) plotted against normalized time 7 /7, where 7 is cell-cycle duration. Note that the sign of 8 determines whether or not the phase
is offset by 7. (b) Elongation and growth rates corresponding to the perturbation in (a) applied to the cell simulated in Fig. 3: x, 0 = 25h7!,
wr = 1.77 x 10*h™!, wz = 8.45 x 10°h~!, and wy = 3.18 x 10* h~! with a steady-state tolerance of 1%. (c) A colormap showing the range
of the elongation rate during the cell cycle. The y axis corresponds to the magnitude (] 8|) and phase (sign of 8) of the envelope perturbation and
the x axis corresponds to the ribosomal transcription perturbation. The white lines denote the quadrants in which the perturbations are either in
or out of phase with each other. Cell-cycle averaged mass fractions and cell cycle time are constrained to be the same as the unperturbed state
for each entry by fitting wg, wg, and wy. (d) A colormap showing the range of the mass growth rate during the cell cycle with the same axes

as (c).

Thus transcriptional regulation operates on hours-long
timescales, reflecting the need for new mRNA transcripts
and protein turnover. By contrast, direct changes to proteome
allocation fractions can rewire growth rates almost instanta-
neously. This disparity highlights the multilayered nature of
bacterial growth control, wherein slower upstream processes
(transcription) and faster downstream processes (allocation)
together shape the overall dynamics of cell growth.

VI. MODELING NON-EXPONENTIAL ELONGATION
MODES IN BACTERIAL CELLS

A. Convex growth of B. subtilis

The periodic transcription perturbations described in
Sec. VB provide a framework for understanding the con-
vex growth pattern of Bacillus subtilis. Experimentally, the

elongation rate of B. subtilis has been observed to change by
0.18h~! to 0.52h~! across the cell cycle [8]. From Fig. 5,
we see that achieving such a substantial temporal variation
in k, requires a pronounced, cell-cycle-dependent increase in
envelope transcription wg. Whether or not ribosome transcrip-
tion wg must also vary remains to be seen; however, the data
strongly suggest that growth-related envelope genes do not
remain at a fixed transcription level throughout the cycle.

To quantitatively understand the behavior of wg, we fit a
sinusoidal perturbation [generalized from Eq. (18) to include
a phase shift] to the ensemble-averaged elongation rate data
in Fig. 1(b),

wy(t) = a);‘ [DNA(t) + ,3q<1 + sin (27t (% - 0q))>:|’
(19)

033123-9



ARIANNA CYLKE AND SHILADITYA BANERJEE

PHYSICAL REVIEW RESEARCH 7, 033123 (2025)

(a)
1.00 1
i
0.95 :
I
! I
0.90 i
I
0.85 ! —— wg (t)/wg (0)
} ---- Ku(t)/Ki(0)
0.80 i — Km(t)/km(0)
|
i
0.75- l -----------------------------
1 0 1 2 3 4 5
t [h71]
(c)
1.00 '_'“'“-—’-_—_.___.:__._
0.95
0.90
0.85 1
0.80 —— fr(t)/fr(0)
-==- K (t)/k.(0)
0.75 — Km(t)/km(0)
-1 0 1 2 3 4 5
t[h™1]

(b)
1.00-—!\
!| PP
h -~
0.95 1 I ,/’
M| ’
i
Iy /
0.901 Iy = we(D/we (0)
LA klik(0)
0.85 i — Km(t)/km(0)
|
|
0.80 1 I
|
!
0.75- l -----------------------------
-1 0 1 2 3 a 5
t [h™1]
(d)
/’—-\~\
/ ~~-
1.00 ! — ==
7
” ./
0.95 1 (I
| I
iy
0.90 - |11
[ 1
]
0.85 - |1
i
oso| | — = Fe)/fe(0)
i -==- K (t)/k.(0)
0.75 - | — Km(t)/km(0)
-1 0 1 2 3 4 5

t[h™1]

FIG. 6. Timescale limitations of the effects of gene expression on growth. (a) A simulation of balanced exponential growth with ()
determined by Eq. (13). At¢ = 0, wy is decreased to 0.75wy. We plot the effects of this transcription perturbation on elongation and growth
rates, as calculated by Egs. (15) and (16). (b) Considers an identical scenario to (a) except with a step decrease in w};. (c) Simulating the effects
of a step decrease in fx by a factor of 0.75, on cell growth and elongation rates. Note that fz relaxes back to the initial value as wg remains

unchanged. (d) Shows the effects of a step decrease in fg.

where the parameter 6, sets the phase. Figure 7(a) shows
an example fit of this form. We see that, as expected, there
is an increase in wg during the later half of the cell cycle
when k;, increases in the data [Figs. 7(c) and 7(d)]. The fit
also indicates a corresponding trade-off in wg; rather than
adjusting wg alone, ribosome transcription is front-loaded
in the cycle while envelope transcription is back-loaded. As
seen previously in Fig. 5(c), these out-of-phase perturbations
drive changes in k; without altering the cell’s average mass
fractions or cycle time.

As ribosomal genes are typically located near the replica-
tion origin [53], it is expected for wg(¢) to increase shortly
after DNA replication as there is a relative increase in ri-
bosomal gene dosage. As seen in Fig. 7(b), we do see an
increase soon after DNA replication as expected, and we see
a maximum wg(¢) around halfway through DNA replication.

A more flexible fitting function—one that allows the min-
ima and maxima to be optimized directly—could capture this
maximum with greater precision, but doing so would require
additional free parameters and would compromise the sim-
plicity, predictive character of our current model.

Interestingly, despite both wg and wg being perturbed, ks
remains nearly constant compared to the pronounced midcy-
cle dip and rise in k. This implies that the experimentally
observed convex elongation rate profile does not reflect sig-
nificant changes in the overall mass growth rate. Instead, the
envelope-specific transcription dynamics cause minor cyclic
fluctuations in the cell’s dry mass density, producing a convex
elongation pattern in real time. This distinction underscores
how subtle variations in sector-specific gene expression can
manifest as noticeable cell-shape changes, even when total
biomass growth remains close to exponential.
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FIG. 7. Modeling convex elongation rate profile of B. subtilis. (a) Perturbations to ribosome and cell envelope transcription rates, of the
form in Eq. (19), plotted against normalized time /7, where t is cell cycle duration. The perturbation profile is fitted to the elongation
rate data of B. subtilis cells [see (c)]. Fitting parameters are fg = 0.99, B = 0.97, 6g = 0.93 h, and 6 = 0.40h. (b) Trajectories of the cell
physiological variables predicted by model simulation, corresponding to the perturbations shown in (a). The parameters used are k, o = 25h~",
wg =177 x 10*h7!, wp = 8.45 x 10°h™!, and wy = 3.18 x 10*h~'. (c) Simulation outputs for cell length, density, elongation rate and
growth rate for the simulation results presented in (b). Density is relative to the initialized value p = 1.9 x 10’ MDa/um? [51]. Elongation and
growth rates are calculated according to Eqgs. (15) and (16), respectively. Elongation rate data are for B. subtilis BSB1 cells grown in Glycerol

at 37°C [8].

B. Super- and subexponential growth

Both super-exponential and linear growth exhibit a jump
discontinuity at division [Fig. 1(a)] as, on average, the elon-
gation rate resets to its value at the start of the previous
cell cycle. In Sec. VC, we showed that an instantaneous
change in gene expression at division cannot, by itself, gen-
erate this instantaneous shift in elongation rate on the short
(~1 minute) timescale. Given that cell division is symmetric
on average for E. coli [4], the only remaining mechanism
is a change in proteome allocation fractions due to division
itself.

Focusing on the monotonic changes in elongation rate ob-
served in super-exponential and linear growth, suppose that
the simplest possible time dependence in proteome allocation
fractions is a linear increase (or decrease) throughout the cell
cycle, followed by a jump discontinuity at division. In that
case, we can write

— r 1

Jo@®) = ¢4 + Aq(; — §>, (20)
where qu is the cycle-averaged mass fraction, 7 is the cell
cycle time, and A, is the overall change in f, over one cycle.
Fitting Eq. (20) to E. coli data [4] [Figs. 8(a) and 8(b)] shows
that fr grows throughout the cell cycle and then returns to
its initial value at the next generation, mirroring a previous
super-exponential growth model [27]. By contrast, fitting the
same form to M. tuberculosis data [42] implies a decrease
in envelope allocation (fr) over the cell cycle—indicating
that superexponential growth arises from a relative increase
in allocation to ribosomes, whereas linear growth is driven by
a relative decrease.

Figure 8(c) illustrates how the change in «; from birth to
division depends on Ag and Ag. Positive Ag leads to super-
exponential growth, negative Ag to sub-exponential growth

(with linear growth as a special case). Once A is fixed, Ag
has minimal effect on the overall change in x;, meaning that
changes in fr primarily drive growth on the timescale of a
single cell cycle. However, Ag does influence the concavity
of the «; trajectory, yielding slight non-monotonic regions if
Ag is large compared to Ag. Figure 8(f) shows that these
non-monotonic deviations remain small and do not produce
full oscillations, agreeing with our discussion in Sec. V B.
Thus, Ag sets the amplitude of the k; variation, while Ag
determines whether the curve is concave or convex. When
Ag > 0, the trajectory is convex, in contrast to the concave
shape shown in Fig. 8(b) for Ag < 0. Since super-exponential
growth in filamentous E. coli is known to approach exponen-
tial growth asymptotically [27] (i.e., a concave shape), our
model supports the scenario of Ag < 0. In short, we predict a
trade-off in proteome allocation: ribosome synthesis is priori-
tized early in the cycle, while envelope synthesis is prioritized
later.

Returning to the full gene expression-driven model,
Figs. 6(c) and 6(d) show that a step-like change to fz or fg
(e.g., at division) without transcriptional adjustments simply
relaxes back to steady state on the same timescale that fila-
mentous cells reach steady-state growth [27]. This indicates
that time-dependent gene expression is not strictly necessary
to produce super-exponential growth; a division-based reallo-
cation alone can suffice. In addition, the localization of cell
envelope growth can inform the full gene expression-driven
model. As the end caps of E. coli do not grow [54], tran-
scription of the envelope sector must increase throughout the
cell cycle as the growing surface area fraction increases. In
contrast, M. tuberculosis only grows at the poles [42] so the
relative transcription rate in the envelope sector must decrease
as the growing surface area fraction decreases. These under-
lying features contribute to the ribosome allocation dynamics
seen in Figs. 8(a) and 8(d).
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FIG. 8. Dynamic resource allocation during super- and sub-exponential elongation. (a) Proteome allocation fractions [solid lines, Eq. (20)]
and integrated mass fractions (dashed lines) vs normalized time ¢ /7, fitted to E. coli super-exponential growth rate data [4]. The fitted parameter
values are: A fg = 0.037,k, = 3.74 h™!, ¢r = 0.074, $r = 0.22 [31]. (b) Elongation [Eq. (15)] and mass growth rates (Eq. (16)) corresponding
to the allocation in (a), plotted against normalized time ¢/7t. The plotted points show the ensemble-averaged growth rate data for E. coli K12
NCM3722 cells, grown in supplemented Glucose media at 37 °C [4]. (c) Heatmap of the net change in elongation rate from birth ( = 0) to
division (t = 7), varying the fractional changes in envelope (A fr) and ribosome (A fz) allocation. The diagonal line divides super-exponential
(top) and sub-exponential (bottom) regimes; left and right regions denote monotonic vs non-monotonic growth. The star marks the E. coli fit in
(a), (b), the triangle marks a variant with (Af = 0.18, ¢g = 0.26, A fz = 0.035, ¢z = 0.074), the cross marks the linear fit in (d), (e), and the
black square at the origin denotes purely exponential growth. (d) Analogous resource allocation fit for M. tuberculosis (Afg = —0.12, k, =
0.33h7!, ¢z = 0.15, ¢z = 0.074). (e) Corresponding elongation and mass growth rates, plotted with M. tuberculosis data [30]. (f) Heatmap

of the total range of elongation rate over one cycle, labeled as in (c).

VII. DISCUSSION

Recent single-cell measurements reveal that bacterial elon-
gation diverges from the standard assumption of exponential
growth, instead showing convex, super-exponential, or sub-
exponential elongation rate profiles across species. To explain
these patterns, we built a minimal mechanistic model linking
transcription and proteome allocation to overall mass growth
and elongation rate. Under the simplest assumption of mRNA
synthesis rate proportional to gene dosage, the model predicts
near-exponential growth in cell size and mass—which fails to
capture the observed modes of elongation rates in single-cell
data. Consequently, we explored how deviations from DNA-
proportional transcription could shape growth dynamics.

In particular, we introduced cell-cycle periodic perturba-
tions to transcription and analyzed their effects. Altering
ribosome expression strongly influences mass growth rate,
while envelope expression modulations most profoundly af-
fect elongation rate. When total transcription shifts in-phase,
mass growth changes significantly; however, out-of-phase
peaks in ribosome and envelope expression lead to more dra-
matic fluctuations in elongation. Crucially, envelope-specific

perturbations shift elongation by roughly an order of magni-
tude more than ribosomal changes do. Fitting our model to
B. subtilis data shows that convex elongation rate requires
envelope allocation to change over the cell cycle, balanced by
a trade-off with ribosome synthesis.

We next turned to how some species achieve super-
exponential or sub-exponential growth with apparent jump
discontinuities at division. Our analysis shows that instanta-
neous changes in gene expression alone cannot produce such
sharp transitions. Instead, a division-induced shift in resource
allocation is required, resetting envelope synthesis at each
division event. Super-exponential growth follows when en-
velope allocation increases throughout the cycle but dips at
division, whereas sub-exponential growth occurs when enve-
lope allocation decreases over the cycle and then rebounds
at division. This mechanism aligns with observations in E.
coli, where non-growing poles reduce the actively elongating
surface area immediately post-division, which subsequently
expands as cells elongate. The growing region of the en-
velope and resource allocation are interchangeable ways of
thinking about the system; an increase in the fraction of grow-
ing surface area permits increases the fraction of resources
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FIG. 9. Representative simulation of the DNA-proportional transcription model in minimal media. (a) Trajectories of physiological
variables evolved in the model (top to bottom): cell mass M, the number of replication origins N, transcription rates @,, mRNA abundance
Hgq, proteome allocation fraction f,, and mass fraction ¢,. Step increase in replication origins per cell denotes replication initiation. The
dashed-vertical line denotes a cell division event. The parameters used are k,o = 2h™!, wzp =3.02 x 10°h~!, wz = 6.03 x 10>h~!, and
wy = 2.27 x 103 h~" with a steady-state tolerance window of 1%. (b) Model output showing the trajectory of (top to bottom) cell length L,
normalized cell density p/py, elongation rate «;, and mass growth rate «,, for the simulation corresponding to data in (a). Density is relative to
the initialized value p = 1.9 x 10> MDa/um? [51]. Elongation and growth rates are calculated according to Egs. (15) and (16), respectively.

allocated towards envelope growth and vice versa. In contrast,
M. tuberculosis—which elongates only from its poles—shows
a surge in envelope allocation upon activating new poles after
division, then tapers as the cell elongates. As the growing re-
gion of the envelope is fixed during the cell cycle, the fraction
of resources allocated to elongation can only decrease with
time, in agreement with our model.

While our model captures the core aspects of cell-cycle-
dependent growth rate profiles, it does not predict a unique
transcription-time profile from elongation data alone. Future
experiments quantifying single-cell transcription, dry mass
density, and translational activity (e.g., via ribosome profil-
ing) could refine these predictions. Additionally, we employ
a minimal proteome perspective, omitting detailed functions
of complexes such as the elongasome or divisome and ig-
noring potential noise in transcription or division timing.
Still, our findings highlight how non-exponential elongation
can emerge from coordinated changes in envelope and ri-
bosome expression, coupled with division-driven resource
reallocation. Ultimately, the evolutionary or fitness benefits of
non-exponential elongation remain unclear, since deviations
from balanced, exponential growth appear to exert only mi-
nor effects on cell cycle timing. Nonetheless, understanding
why cells deviate from perfectly exponential growth, even
when balanced biosynthesis seems optimal, can reveal intra-
generational physiological strategies that remain hidden in
population-averaged data.
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APPENDIX A: GROWTH IN MINIMAL MEDIA

The representative simulation shown in Sec. IV (Fig. 3)
illustrates a fast growth condition. It is not immediately obvi-
ous that the same conclusions hold for slow growth conditions
or in minimal media. Most importantly, the cell cycle dura-
tion in Fig. 3 is less than the C period of DNA replication,
while in slower growth conditions the doubling time may
exceed the C period by a large margin. In such a condition,
our assumption of transcription rate proportional to DNA
content may be less applicable if transcription is limited
by RNAP concentration (or other factors) rather than DNA
concentration. To test the relevance of our model to these
slower growing cells, we simulated a doubling time on the
order of 2 hours—the approximate growth rate of B. sub-
tilis in minimal media [56]—with only one chromosome per
cell in Fig. 9. Here, we see that increases in transcription
rates are localized to DNA replication rather than increasing
gradually throughout the cell cycle. However, cells are still ca-
pable of remaining within ~1% deviations from exponential
elongation and mass growth. Thus, our model assump-
tions still predict near-exponential growth in slow-growth
conditions.

APPENDIX B: CHANGES IN DRY MASS DENSITY

Recent experiments have shown that E. coli exhibits a
~6% dip in dry mass density midway through the cell cycle,
relative to its value at division [20]. This observation places
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FIG. 10. Changes in dry mass density in E. coli. (a) Ribosome allocation fractions [solid lines, Eq. (20)] and integrated mass fractions
(dashed lines) vs normalized time ¢ /7, fitted to E. coli super-exponential growth rate data [4]. The fitted parameter values are: A fr = 0.025,
¢r =0.074, Afg =0.32, ¢z = 0.21, Afy = 0.32,and ¢y = 0.24 withk, = 5.9 h~L. (b) Elongation [Eq. (15)] and mass growth rates [Eq. (16)]
corresponding to the allocation in (a), plotted against normalized time ¢ /7. The plotted points show the ensemble-averaged growth rate data
for E. coli K12 NCM3722 cells, grown in supplemented Glucose media at 37 °C [4]. (c) Normalized cell dry mass density corresponding to

the resource allocation strategies shown in (a).

additional constraints on the minimal model for super-
exponential growth described in Sec. VIB. For density to
decrease during the cycle, the mass growth rate «; must fall
below the elongation rate «;, and vice versa. The model pre-
sented in Figs. 8(a) and 8(b) does not reproduce the expected
density dynamics; the mass growth rate is smaller (larger)
than the elongation rate for the first (second) half of the cell
cycle, implying a density maximum in the middle of the cell
cycle rather than at division. To have a non-constant ky,
the translation rate must be time dependent. As discussed in
Sec. VC, changes in proteome allocation alone (e.g., vary-
ing fr) are insufficient to cause appreciable changes in ky,
on the timescale of one cycle. Instead, the mass fraction of

actively translating ribosomes must be dynamic. In Fig. 10,
we modify the model by allowing the total non-envelope
ribosome allocation fraction to vary, relaxing the constraint
Afr+ Afg + Afo =0 in favor of Afy = Afz. This allows
the free ribosome fraction to change over time. As shown
in Fig. 10(c), this adjustment yields the expected density dip
during midcycle. This corresponds to a decrease in the frac-
tion of actively translating ribosomes surrounding division, as
previously suggested as a mechanism for super-exponential
elongation [27]. This variation in free ribosomes represents an
additional decision-making process beyond the requirements
for super-exponential elongation.
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