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This work introduces an approach rooted in quantum thermodynamics to enhance sampling efficiency
in quantum machine learning (QML). We propose conceptualizing quantum supervised learning as a ther-
modynamic cooling process. Building on this concept, we develop a quantum refrigerator protocol that
enhances sample efficiency during training and prediction without the need for Grover iterations or quan-
tum phase estimation. Inspired by heat-bath algorithmic cooling protocols, our method alternates entropy
compression and thermalization steps to decrease the entropy of qubits, increasing polarization toward the
dominant bias. This technique minimizes the computational overhead associated with estimating classifi-
cation scores and gradients, presenting a practical and efficient solution for QML algorithms compatible
with noisy intermediate-scale quantum devices.
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I. INTRODUCTION

Quantum machine learning (QML) stands at the inter-
section of quantum information processing (QIP) and
data science, exploring the fundamental limits of phys-
ical systems’ ability to learn from data and general-
ize. By operating on radically different principles, QML
holds the potential of surpassing its classical counter-
parts in analyzing complex data distributions and identi-
fying intricate patterns [1–5]. However, quantum mechan-
ics introduces unique challenges that are absent in clas-
sical ML approaches [6]. A critical issue arises from
the probabilistic nature of quantum measurements. In
QML, both training and inference rely on information
extracted from probability distributions associated with
the measurements used in the protocol, such as the
expectation value of an observable [7–10]. This pro-
cess inherently leads to finite sampling errors in QML
algorithms.

In theory, adapting Quantum Amplitude Estimation
(QAE) [11,12] to a QML algorithm can quadratically
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reduce sampling errors. However, QAE requires multi-
ple rounds of Grover-like operations [13,14], which sig-
nificantly limits its feasibility for Noisy Intermediate-
Scale Quantum (NISQ) computing [15,16]. Furthermore,
what QAE achieves is often excessive for ML tasks. For
instance, in classification problems, it is sufficient to deter-
mine the sign of a measured statistic, such as an expecta-
tion value, while its magnitude can remain undetermined.
This scenario prompts a reevaluation of more practical
sampling reduction techniques and motivates investigation
into the possibilities of surpassing quadratic improvements
in QML.

In response, this work introduces an approach rooted
in quantum thermodynamics, reframing quantum super-
vised learning as a thermodynamic cooling process. In this
framework, the quantum state plays the role of the data rep-
resentation, and the direction of its population bias (i.e., the
sign of its polarization) encodes the model’s output. From
this viewpoint, we show that reducing the entropy of the
quantum states, while preserving their bias direction, mit-
igates finite sampling errors and improves the quality of
statistical estimates. Building on this concept, we develop
a quantum refrigerator protocol that enhances sample effi-
ciency in both the training and prediction phases of QML,
without relying on complex operations like Grover itera-
tions and quantum phase estimation. Our technique draws
inspiration from algorithmic cooling protocols [17–26],
where entropy is systematically extracted through alternat-
ing steps of unitary operations and thermalization.
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A central innovation of this work is the introduction
of the bidirectional cooling concept. This extends conven-
tional cooling approaches by allowing quantum states with
either positive or negative initial polarization to be cooled
while preserving the sign of their bias. Remarkably, the
same cooling operation applies to both positive and neg-
ative inputs and requires no prior knowledge of the initial
bias direction (i.e., the correct model output). We introduce
the notion of bidirectional cooling at two complementary
levels. First, we present a unitary form of bidirectional
cooling, in which global unitary operations increase the
magnitude of the polarization while preserving the ini-
tially unknown sign of a target subsystem (a target qubit).
Second, we extend this idea to a cyclic setting by con-
structing explicit multiround protocols that alternate these
bidirectional cooling unitary operations with thermaliza-
tion, thereby establishing a novel Bidirectional Quantum
Refrigerator (BQR) scheme.

We demonstrate through both theoretical analysis and
numerical simulations that our proposed protocol signif-
icantly reduces the number of measurements required to
estimate classification scores and gradients, leading to a
substantial decrease in the overall computational cost of
QML. Furthermore, we test the protocols under realistic
NISQ noise conditions, showing that it establishes a phys-
ically grounded and noise-resilient pathway to enhanced
learning performance.

In summary, this work introduces a thermodynamic
framework for QML, where entropy-reduction processes
act as operational primitives to improve learning effi-
ciency. Specifically, we (i) develop Bidirectional Quantum
Protocols that can be embedded within QML circuits to
reduce the entropy of data-encoding qubits while pre-
serving the sign of their polarization; (ii) show through
theoretical analysis and numerical simulations that the pro-
tocols markedly decrease the number of measurements
required to estimate classification scores and gradients,
thereby reducing the overall computational cost of QML
across a broad range of initial polarizations; (iii) evaluate
the classification performance of BQR-enhanced quantum
classifiers using different datasets and simulation setups;
and (iv) test the protocol under noise models, demon-
strating its robustness and suitability for current NISQ
devices.

The paper is organized as follows. Section II introduces
the necessary background and formalizes the classifica-
tion problem. In Sec. II A, we present the framework for
variational quantum classifiers, formulating the hypothesis
function and classification rule using single-qubit mea-
surements. In Sec. III, we discuss the challenge of finite
sampling errors, presenting bounds on error probabilities
for prediction and training. This section also highlights
the need for a bidirectional cooling method to enhance
the magnitude of polarization of the classification score.
In Sec. IV, we provide a brief review of Heat-Bath

Algorithmic Cooling. In Secs. V and VI, we present the
core contributions of this work: the Bidirectional Cool-
ing Protocols. Section V A begins with a comprehensive
analysis of the unitary case of bidirectional cooling. Next,
in Sec. VI A, we introduce the Bidirectional Quantum
Refrigerator (BQR) scheme, demonstrating its ability to
significantly reduce the number of measurements required
to estimate classification scores and gradients. In Sec.
VI B, we present a practical adaptation that employs k-
local unitaries to enhance its implementability. In Sec.
VI C, we provide an overview of the protocols introduced
in this work. In Sec. VII, we show the classification perfor-
mance evaluation. Finally, Sec. VIII concludes the paper
with a discussion of our findings and outlines promising
directions for future research.

II. BACKGROUND ON THE CLASSIFICATION
FRAMEWORK

Classification is a cornerstone of data analysis, under-
pinning a wide range of applications [27]. Approaches to
this task span from traditional statistical methods and sig-
nal processing to advanced techniques in both classical
and QML. Supervised learning for classification begins
with a sample dataset D = {(x1, y1), . . . , (xs, ys)} ⊆ R

d ×
Z2, where xi denotes the feature vector and yi repre-
sents its binary label (or class). Typically, each sample
(xi, yi) is assumed to be drawn from an unknown joint
probability distribution PX ,Y, i.e., (xi, yi) ∼ PX ,Y. Then,
the objective is to construct a hypothesis f (x) such that,
for a given loss function L, which quantifies the differ-
ence between f (x) and the true label y, the expected loss
E(x,y)∼PX ,Y(L(f (x), y)) is minimized. In practice, the search
is often confined to a family of functions parameterized
by θ , expressed as f (x, θ). Moreover, since the classifier
can only be constructed based on the s available samples,
the task is typically addressed by minimizing the empiri-
cal risk,

∑s
i=1 L (f (xi, θ) , yi)/s with respect to θ . Note that

multiclass classifiers with l > 2 labels can be constructed
from binary classifiers using strategies such as One-vs-One
or One-vs-Rest comparisons [27–29].

A. Quantum classifier with single-qubit measurement

The classification problem can be solved on a quan-
tum computer by training a variational quantum cir-
cuit (VQC). In this framework, the canonical form
of the hypothesis function is expressed as f (x, θ) =
sign

(〈x|U†(θ)MU(θ)|x〉), where |x〉 is an n-qubit represen-
tation of the data, M is a Hermitian matrix and sign(·) ∈
{−1, +1} denotes the sign function.

Without loss of generality, we can assume that M is
an n-qubit Pauli operator, i.e., M ∈ {I , X , Y, Z}⊗n. This
assumption is well-suited for binary classification, as
all Pauli operators have eigenvalues of +1 and −1.
Consequently, the outcome of any variational quantum
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binary classifier (VQBC) can be written as q(x, θ) =
〈x|U†(θ)U†

cZ1UcU(θ)|x〉, where Z1 is the single-qubit
Pauli-Z operator acting nontrivially on a single qubit and
Uc is an n-qubit Clifford operator. The term q(x, θ) is
referred to as the classification score. The VQBC then
assigns a label to x based on the sign of this score, i.e.,
sign (q (x, θ)).

An important observation is that any quantum binary
classifier can be constructed by training a VQC with a
single-qubit Pauli measurement. Moreover, single-qubit
measurements are particularly advantageous for mitigating
the barren plateaus phenomenon [8,30], which is one of
the pressing challenges in variational quantum algorithms.
This effectiveness is demonstrated through various tech-
niques, including the use of hierarchical circuit architecture
[31–35], or local observables [36]. In these approaches,
M can be selected as Z1, eliminating the need for Clifford
transformations.

Now, we rewrite the classification score as

q(x, θ) = Tr (Zρ1(x, θ)) , (1)

where ρ1(x, θ) = Trn−1

(
UcU(θ)|x〉〈x|U†(θ)U†

c

)
is a

single-qubit density operator and Trn−1(·) denotes the par-
tial trace over the n − 1 qubits that are not being measured.
Without loss of generality, the Clifford operator Uc can be
absorbed into the parameterized unitary. By expressing the
single-qubit density matrix as

ρ1(x, θ) = I + α(x, θ)Z + β(x, θ)X + γ (x, θ)Y
2

, (2)

we see that the classification score is given by q(x, θ) =
α(x, θ). The classification rule for an unseen data point x̃
can then be written as

ỹ = sign
(
α(x̃, θ�)

)
, (3)

where θ� is the optimal set of parameters obtained by train-
ing the VQC. When α(x̃, θ�) = 0, the decision can be made
at uniformly random.

Since only the Z component of the density matrix affects
classification, we can assume that the final state of the
VQC is

ρz(x, θ) = I + α(x, θ)Z
2

. (4)

III. REDUCTION OF FINITE SAMPLING ERROR

We aim to minimize the sampling error in VQBC, which
arises from the finite number of repetitions (or shots) used
to estimate the classification score in Eq. (1). The relation-
ship between the number of repetitions and the estimation

error is described by the Chebyshev inequality

Pr[|μ − 〈M 〉| ≥ ε] ≤ σ 2/(kε2) (5)

where μ is an average value obtained from k repetitions,
〈M 〉 is the expectation value to be estimated, and σ 2 =
〈M 2〉 − 〈M 〉2 is the variance.

When predicting the label of unseen data x̃, the classifier
assigns the label based on the sign of the estimated expec-
tation value μ, which is obtained from a finite number
of measurements. To ensure that the estimated classifi-
cation outcome matches the model’s ideal prediction in
the infinite-shot limit, the estimation error must satisfy
|μ − 〈M 〉| < |〈M 〉|. Otherwise, the estimate μ = 〈M 〉 ±
|μ − 〈M 〉| may have a different sign than 〈M 〉. This condi-
tion defines the minimum requirement for the prediction to
remain robust against sampling noise.

In our case, 〈M 〉 = α(x̃, θ�) and σ 2 = 〈M 2〉 − 〈M 〉2 =
1 − α2(x̃, θ�). Therefore, the error probability is bounded
from above as

Pr[error] = Pr[|μ − 〈M 〉| ≥ |〈M 〉|] ≤ 1 − α2(x̃, θ�)

kα2(x̃, θ�)
.

(6)

In contrast, the training process aims to find the set of
parameters θ such that, for all samples (xj , yj ) ∈ D, the
following conditions hold:

q(xj , θ) > b if yj = +1,

q(xj , θ) < −b if yj = −1,
(7)

where 0 ≤ b < 1 defines the margin. These conditions can
be expressed as a single inequality that the training samples
should satisfy: yj q(xj , θ) − b > 0 ∀j = 1, . . . , s. Thus, the
training process seeks to minimize the hinge loss, defined
as l(θ |xj , yj ) = max(0, b − yj q(xj , θ)). The gradient of the
hinge loss is given by

dl
dθ

=
{

−yj
∂q(xj ,θ)

∂θ
if yj q(xj , θ) < b

0 otherwise
. (8)

Equation (8) highlights that implementing gradient-based
optimization requires estimating q(xj , θ) with an error
smaller than |q(xj , θ) − b| to accurately assess whether
yq(xj , θ) < b. Consequently, the probability of making an
incorrect decision at this step is bounded by

Pr[error] ≤ 1 − α2(xj , θ)

k(α(xj , θ) − b)2 . (9)

Additionally, the estimation error must be sufficiently
small to ensure effective parameter updates. The gradient’s
sign indicates the direction of the parameter update, while
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its magnitude determines the step size in that direction.
Notably, correctly estimating the sign of the gradient is
more critical than its magnitude, as the latter can be scaled
by an adaptively adjusted learning rate. This implies that
∂q(xj , θ)/∂θ must be estimated within the error margin
smaller than |∂q(xj , θ)/∂θ |. This requirement results in an
upper bound on the error probability similar to Eq. (6), as
shown in Appendix C.

The error probabilities in Eqs. (6) and (9) highlight the
importance of having a large magnitude for α(x, θ) to min-
imize the number of repetitions required. This observation
motivates the development of a protocol that increases
|α(x̃, θ)|. Such a protocol cannot be a locally unitary pro-
cess on the single qubit, as it must alter the purity of
its state. Various algorithmic cooling techniques, based
on engineering the system-bath interaction, exist that can
increase the population of a chosen basis state [17–21,23–
25,37–40]. However, it is crucial to note that the sign of
α(x, θ) is not known a priori in the QML context. Thus,
conventional algorithmic cooling techniques, which solely
increase the population of a predetermined basis state,
cannot achieve our goal. Instead, we require a bidirec-
tional protocol capable of dynamically transforming the
single-qubit density matrix as follows:

I + αZ
2

→ I + α′Z
2

with

{
α′ > α if α > 0
α′ < α if α < 0

. (10)

Bidirectional cooling can also be motivated from the
perspective of quantum state discrimination. To illustrate
this, consider splitting the sample dataset as D = D+ ∪
D− where D± = {(x±

i , ±1)}s±
i=1 denotes the subset contain-

ing only data labeled as ±1, and s± denotes the size of
the ±1-class dataset. As noted in Ref. [41], the optimiza-
tion process can be interpreted as finding θ that maximizes
the discrimination between the density matrices ρ+ =∑s+

i=1 ρz(x+
i , θ)/s+ and ρ− = ∑s−

i=1 ρz(x−
i , θ)/s−, which

represent the ensemble of data points in each class, with
a high success probability. In this picture, the empirical
risk (i.e., training loss) is bounded from below by the error
probability in distinguishing the two ensembles. These
ensembles can also be expressed as ρ± = (I + ᾱ±Z)/2,
where ᾱ± is the average polarization of ρz(x±

i , θ). Assum-
ing s+ = s−, the error probability of discriminating ρ+ and
ρ− is

Pr[error] = 1
2

(

1 −
∥
∥
∥

s+
s

ρ+ − s−
s

ρ−
∥
∥
∥

1

)

= 1
2

− 1
4
|ᾱ+ − ᾱ−|. (11)

Therefore, increasing the magnitude of the polarizations
via bidirectional cooling reduces the lower bound of the
empirical risk.

While the main results of this work are demonstrated
through VQBC, the transformation outlined in Eq. (10) is
applicable to any binary classifier established based on the
classification score given in Eq. (1). An example of this
broader applicability is provided in Appendix D.

The observation that reducing the entropy of the mea-
sured qubit is beneficial is not only central to our
framework, but also consistent with previous studies on
entanglement-induced barren plateaus. These works have
shown that strong entanglement between the visible (mea-
sured) qubit and hidden qubits hinders efficient training of
the model [42,43]. To address this, several strategies have
been proposed [43], all of which involve either modifying
the machine learning model, such as altering the structure
or parameters of the variational circuit, or changing the
training strategy.

In contrast, we introduce an approach rooted in quan-
tum thermodynamics as an independent mechanism for
reducing finite sampling error, regardless of whether the
system exhibits a barren plateau, without altering either the
classifier structure or training procedure. Specifically, this
approach achieves the transformation in Eq. (10) without
requiring any prior information about α.

Before introducing our main contribution—the Bidi-
rectional Quantum Refrigerator protocols—we begin with
a brief review of Heat-Bath Algorithmic Cooling and
its essential components, which serve as the conceptual
foundation for our approach.

IV. HEAT-BATH ALGORITHMIC COOLING

A. A brief review

Advances in quantum information science have enabled
the development of cooling techniques for quantum sys-
tems based on controlled entropy manipulation through
sequences of quantum operations. In particular, Heat-Bath
Algorithmic Cooling (HBAC) protocols cool a quantum
system by repeatedly applying a two-step process: (i) a uni-
tary operation that redistributes entropy within the system,
removing entropy from a target subsystem while con-
centrating it in the complementary subsystem; and (ii) a
dissipative process, such as thermalization or a reset oper-
ation, that expels the accumulated entropy into a heat bath.
[17–23,25,37,39].

The standard HBAC setting (though not restricted to this
specific configuration) consists of a register of n qubits:
one target qubit to be cooled; m reset qubits that can
be refreshed, e.g., by being brought into thermal contact
with a heat bath; and nA = n − m − 1 auxiliary qubits
that assist in redistributing entropy during the unitary
operation.

The standard HBAC protocol operates in repeated
rounds, each round consisting of two steps:

Step 1. Unitary Step: Entropy Compression. A global
unitary operation U(ρ) is applied to the target, auxiliary,
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and reset qubits. This operation is designed to redistribute
entropy across the entire register, extracting entropy from
the target + auxiliary subsystems and concentrating it in
the reset qubits. When the entropy compression is designed
to maximize the ground-state population of the target
qubit, the target becomes colder while the reset qubits
become correspondingly warmer.

A single-shot unitary step is often referred to simply as
Algorithmic Cooling (AC), corresponding to HBAC with-
out the heat-bath reset. In this fully unitary setting, the
optimal entropy-compression operation is a global uni-
tary that diagonalizes the state in the energy eigenbasis
and reorders the populations so that the largest diagonal
entries are placed in the first half of the spectrum (with the
target qubit corresponding to the first subsystem of the n-
qubit register). This population permutation maximizes the
probability that the target qubit occupies its ground state
through unitary operations [22,26].

Step 2. Dissipative Step: Thermal or Reset Opera-
tions. The reset qubits are refreshed by coupling them to
a heat bath (or by applying an appropriate dephasing ther-
mal map), thereby expelling the accumulated entropy from
the reset subsystem without external energy input. When
full thermalization is implemented, this step is effectively
equivalent to replacing the reset qubits with fresh qubits
drawn from a thermal reservoir.

Iterating these two steps gradually increases the polar-
ization of the target subsystem, driving it toward an asymp-
totic cooling limit determined by the bath temperature, the
system size (n, m), and the specific thermal operation used
[19,25]. These steps are illustrated in Fig. 1.

Various HBAC protocols have been proposed and
experimentally realized on diverse platforms, underscoring
their versatility and practical relevance [17,19–21,23,37–
39,44–50]. In particular, this work is inspired by the
Partner-Pairing Algorithm (PPA-HBAC) protocol [18,19,
25]. In PPA-HBAC, the unitary in Step 1 performs a
descending sort of the diagonal elements of the system’s
density matrix. In the subsequent thermal reset step, the m
reset qubits are fully thermalized via contact with the bath.
Note that although other engineered thermalization pro-
cesses can yield lower cooling limits, full thermalization
is convenient for the purposes in this work, as it is opera-
tionally equivalent to replacing the reset qubits with fresh
qubits drawn from the same sample. The maximum polar-
ization achievable on a target qubit by the PPA-HBAC
[19,25] is given by

α∞
HBAC = (1 + α0)

md − (1 − α0)
md

(1 + α0)md + (1 − α0)md (12)

= tanh [md ∗ arctanh (α0)], (13)

where α0 is the polarization of the thermal bath (or ensem-
ble) qubits, m is the number of reset qubits used per round,

(a)

(b)

FIG. 1. A round of the standard heat-bath algorithmic cool-
ing protocol. (a) Step 1. Unitary Step: Entropy compression. A
global unitary operation U(ρ) acting on the target, auxiliary, and
reset qubits coherently redistributes entropy across the entire reg-
ister. This operation extracts entropy from the target and auxiliary
qubits and concentrates it in the reset subsystem, thereby increas-
ing the population of the target qubit toward its ground state
(colder, blue states). (b) Step 2. Dissipative Step: Thermalization
or Reset Operations. The reset qubits are refreshed through inter-
action with a heat bath, removing the accumulated entropy. The
illustration corresponds to the case of full thermalization, which
is operationally equivalent to replacing the reset qubits with fresh
qubits prepared in the bath state ρα0 , illustrated here for the case
of m = 2 reset qubits. Repeated iteration of these two steps con-
stitutes the standard heat-bath algorithmic cooling protocol. The
color gradient from blue to red indicates the polarization of the
qubits, from colder (blue) to hotter (red) states.

and d is the dimension of the auxiliary system (d = 2nA =
2n−m−1).

B. HBAC for quantum classification: A new
perspective

While HBAC has traditionally been developed to
enhance ground-state populations in quantum systems, its
applicability to classification tasks—where the sign of
an observable encodes the output label—has not been
previously explored. HBAC methods have demonstrated
the ability to increase the ground-state population p0,
through alternating rounds of entropy compression uni-
taries and thermalization steps. However, these proto-
cols are inherently unidirectional, as they are specifically
designed to increase p0, resulting in a monotonic change
in α(x, θ). Moreover, constructing optimal unitaries in
these protocols requires prior knowledge of the sign of
α(x, θ). This dependence makes previous HBAC proto-
cols unsuitable for classification problems, where the sign
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of α(x, θ)—which determines the gradient direction or
predicts the label—must remain unknown a priori.

In this study, we extend the foundational elements
of HBAC to classification problems for the first time.
We introduce a quantum refrigerator designed to reliably
increase polarization in the bias direction, regardless of
the unknown parameter α(x, θ). Specifically, we design
and utilize entropy compression gates that obey the trans-
formation given by Eq. (10) for unknown polarization,
functioning effectively in both bias directions. Based on
these findings, we introduce a family of cooling protocols
called Bidirectional Quantum Refrigerators (BQRs).

Moreover, unlike conventional HBAC methods, our
protocols not only perform bidirectional cooling but also
operate cyclically: after extracting the enhanced qubits,
the remaining subsystem—in its updated state—is recy-
cled to generate multiple subsequent enhanced targets.
This cyclic operation substantially reduces the required
qubit resources while maintaining effective cooling perfor-
mance.

V. BIDIRECTIONAL COOLING

A. Unitary Bidirectional Cooling (UBC)

A key step of heat-bath algorithmic cooling is
entropy compression via unitary operations—a process
that reduces the entropy of a target subsystem by coher-
ently redistributing it across the entire system. Here, we
extend this scheme by introducing a concept that we call
Unitary Bidirectional Cooling (UBC): a unitary compres-
sion method that amplifies the polarization magnitude of
a target qubit irrespective of the sign of its initial bias, as
described in Eq. (10). The same unitary operation simulta-
neously enhances both positive and negative polarizations,
preserving their sign while increasing their magnitude.
This single-shot bidirectional compression forms the core
of the Bidirectional Quantum Refrigerator (BQR) devel-
oped in the following sections, where successive bidirec-
tional compression steps are alternated with reset opera-
tions. Unlike conventional HBAC approaches, our BQR
method recycles the working body of the refrigerator, gen-
erating multiple purified samples with reduced entropy and
thereby lowering the overall resource overhead.

Setup and UBC Protocol— The system consists of n
qubits: one target qubit, whose polarization magnitude
is to be enhanced, and n − 1 auxiliary qubits that facili-
tate entropy compression. In unitary bidirectional cooling,
the goal is twofold: to increase the population of the
target qubit’s |0〉 state when the initial polarization is pos-
itive and to increase the population of its |1〉 state when
the polarization is negative. Crucially, the same unitary
operation must accomplish both behaviors without prior
knowledge of the polarization sign; that is, it must operate
correctly regardless of whether the initial polarization is
positive or negative. The following theorem characterizes

the optimal unitary bidirectional cooling protocol on n
identical qubits, followed by a corollary that provides an
explicit arrangement of the populations.

Theorem 1 (Optimal Unitary Bidirectional Cooling on n
Identical Qubits). Consider a system of n identical qubits,
each prepared in the state

ρ =
(

p 0
0 1 − p

)

,

with p = (1 + α)/2, where α ∈ [−1, 1] denotes the
unknown polarization parameter. The joint state ρ⊗n

is diagonal in the computational basis, with entries
of the form pk(1 − p)n−k corresponding to basis states
|x ∈ {0, 1}n〉, where k is the number of zeros in the bit string
x, and n − k is the number of ones. Optimal bidirectional
cooling of the target qubit (the first qubit) through unitary
operations is achieved by a permutation that assigns the
2n−1 populations with the largest exponents k to the first
half of the diagonal; the order within this block is irrele-
vant. This permutation simultaneously increases the polar-
ization α′ of the target qubit when α > 0 and decreases it
when α < 0, thereby increasing |α′| in both cases while
preserving its sign.

Proof. We begin by noting the monotone ordering of
the diagonal weights. The spectrum of ρ⊗n consists of
the entries λk = pk(1 − p)n−k with multiplicity

(n
k

)
for k =

0, . . . , n.
When α > 0 (i.e., p > 1 − p), the sequence λk is strictly

decreasing as k decreases,

pn > pn−1(1 − p) > pn−2(1 − p)2 > · · · > (1 − p)n,

if α > 0.

Conversely, when α < 0 (i.e., p < 1 − p), the same
sequence in the same order is strictly increasing

pn < pn−1(1 − p) < pn−2(1 − p)2 < · · · < (1 − p)n,

if α < 0.

After applying a global unitary U, the state of the n qubits
becomes ρ ′

T := Uρ⊗nU†. The updated population of the
target qubit’s |0〉 level, denoted p ′ (ρ ′

T

)
, is obtained by

summing all diagonal entries of ρ ′
T in which the target

qubit is in state |0〉,

p ′ (ρ ′
T

) =
∑

y∈{0,1}n−1

〈0y | ρ ′
T | 0y〉.

The corresponding updated polarization of the target qubit
is then given by α′ = 2p ′ (ρ ′

T

)− 1.
By the Schur-Horn theorem, to maximize or minimize

p ′ (ρ ′
T

)
over all global unitaries U acting on the diagonal
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input state ρ⊗n, it suffices to consider permutation unitaries
that reorder its diagonal populations. Namely, unitaries
that generate coherences by rotating the input diagonal
state cannot improve either extremum of the sum defin-
ing p ′ (ρ ′

T

)
that is achievable from its eigenvalues (see

Appendix A 1 for details).
Therefore, to maximize α′ when α > 0, we must max-

imize the sum p ′ (ρ ′
T

)
. By the above argument, this is

achieved by assigning the 2n−1 largest eigenvalues λk to
the |0〉 block, i.e., to the first half of the diagonal of
the joint state (the ordering within that block is irrele-
vant). Conversely, when α < 0, we must minimize the
same sum, which is attained by assigning the 2n−1 smallest
eigenvalues λk to the same |0〉 block.

Finally, as noted at the beginning, the eigenvalues vary
monotonically with k in opposite directions for the two
sign regimes: when α > 0 they increase with k, whereas
when α < 0 they decrease with k. Hence, the single rule
“assign the 2n−1 populations with the largest values of k
to the |0〉 block” simultaneously maximizes p ′ when α > 0
(producing a larger positive α′) and minimizes p ′ when
α < 0 (producing a more negative α′). In both cases, this
increases |α′| while preserving the sign of the polarization.
This completes the proof of optimal unitary bidirectional
compression. �

Explicit Permutation Rule. Theorem 1 establishes the
optimality condition for bidirectional entropy compres-
sion. The permutations required to enhance |α′| are
obtained by swapping entries between the first and sec-
ond blocks whenever a state in the first block, of the form
|0y〉 with y ∈ {0, 1}n−1, has fewer zeros in its full bit string
than some state in the second block, of the form |1y ′〉 with
y ′ ∈ {0, 1}n−1.

Note that for the case of α > 0, the results coincide with
those of conventional unidirectional cooling, which aims
to enhance the ground-state population [19,23]. There is
no unique permutation that achieves the maximum value
of α′. A convenient way to implement an optimal unitary
is the so-called Mirror Protocol [26,51], which prescribes
swapping each state |0y〉 with its complementary bitstring
|1ỹ〉 whenever the number of zeros k in the binary string
0y satisfies k < n − k. The complement ỹ is obtained by
flipping every bit of y (i.e., 0 ↔ 1 at each position). For
example, in the case of three qubits, one such permutation
swaps the populations of the states |011〉 and |100〉. The
explicit circuit implementation of this operation on three
qubits, denoted UC3, is shown in Fig. 4.

The following corollary provides an alternative explicit
population ordering that also achieves the optimal increase
in |α′|, as follows directly from Theorem 1. Note that this
optimal increase in |α′| can be realized by different permu-
tations, so the unitary achieving the optimal value is not
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FIG. 2. Enhanced polarization magnitude |αUBC| resulting
from optimal bidirectional entropy compression unitary, plotted
as a function of the initial |α| for different numbers of qubits. The
black dotted line represents the baseline, initial polarization. For
even numbers of n = 2j, the result is the same as for the previous
odd number 2j − 1.

unique; it may be chosen according to additional optimiza-
tion criteria, such as energy cost or the number of required
swaps.

Corollary 1 (Unitary Bidirectional Cooling via Nonin-
creasing Binomial Weights on n Identical Qubits). The
permutation unitary that reorders the diagonal elements of
the joint state ρ⊗n, defined in Theorem 1, according to
the sequence pn, pn−1(1 − p), pn−2(1 − p)2, . . . , (1 − p)n

implements an optimal unitary for bidirectional cooling
of the target qubit. Each value pk(1 − p)n−k appears with
multiplicity

(n
k

)
.

The ordering given in Corollary 1 represents one possi-
ble arrangement that achieves the optimal value of |α′| for
bidirectional cooling of the target qubit. Any permutation
of the populations within the first half—or within the sec-
ond half—of the diagonal of the joint state yields the same
value of |α′| for the target qubit.

The optimal enhanced polarization of a target qubit in
a string of n qubits, achieved via unitary bidirectional
cooling, with initial polarization α, is given by

α −→ α′
UBC = 2

[�(n−1)/2�∑

i=0

(
n
i

)

pn−i(1 − p)i

]

− 1,

(14)

where p = (1 + α)/2, and �·� denotes the floor function.
One finds that α′

UBC takes the same value for n = 2j − 1
and n = 2j , for all j = 1, 2, 3, . . .. Figure 2 illustrates the
enhanced polarization magnitude |α′

UBC| as a function of
the initial polarization |α| for different values of n. Note
that when α > 0, the optimal enhanced polarization coin-
cides with the standard AC (unitary cooling) limit for n
identical qubits α′

AC [22,23,26].
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FIG. 3. Reduction factor of the sampling error-probability
bound rUBC achieved by enhancing the polarization via unitary
bidirectional cooling on n qubits, plotted as a function of the ini-
tial polarization |α|, using the error precision ε(α) = |α|. Curves
are shown for different values of n.

The enhanced polarization can be approximated as

α′
UBC � erf(ξ) := 2√

π

∫ ξ

0
e−t2dt, (15)

where ξ = nα/
√

2n(1 − α2) [22].
In the context of classification tasks, after enhancing the

polarization via unitary bidirectional cooling on n qubits,
the sampling error probability bound in Eq. (6) is reduced
by the following factor:

rUBC = 1 − α2

1 − α
′2
UBC

(
ε
(
α′

UBC
)

ε (α)

)2
1
n

, (16)

where ε(α) represents the requested precision. This com-
parison assumes equal total qubit resources; in other
words, it contrasts k independent repetitions using the
original qubits with k/n repetitions using the polarization-
enhanced qubits. As illustrated in Fig. 3, the reduction fac-
tor can be substantial, with significant improvements that
grow systematically as the number of qubits n increases.
This demonstrates a substantial performance gain enabled
by unitary bidirectional cooling across most of the initial
polarization range.

The behavior of rUBC in the different polarization
regimes is as follows [using the error precision associ-
ated with the bound in Eq. (6), where ε(α) = |α|; further
details are provided in Appendix A 2]: (1) In the high-
polarization regime, the UBC protocol yields a very
large improvement, and in the limit where the polarization
approaches unity, the improvement factor diverges. (2) In
the intermediate-polarization regime, the UBC protocol
shows a clear advantage (rUBC > 1). In this region, one
can employ a suitable number n of qubits for which UBC
yields an improvement. Moreover, the enhancement factor

grows approximately exponentially, details are provided in
Appendix A 2. (3) In the low-polarization regime, the
enhanced polarization satisfies α′

UBC ≈ α
√

2n/π , which
yields rUBC ≈ 2(1 − α2)/(π − 2nα2). In the limit |α| ≈
0, this reduces to rUBC ≈ 2/π < 1, indicating that UBC
does not provide an improvement in the extreme low-
polarization regime.

The area under the rUBC curves over the full range of
initial polarization α diverges for all n ≥ 3. This indicates
that, although the UBC unitary strategy does not provide
an advantage in the very low-polarization regime, the sam-
pling error probability bound is improved on average when
the polarization is uniformly distributed, for all n ≥ 3, with
greater improvement as n increases. Moreover, the size of
the low-polarization region with no advantage decreases
as n grows. To go beyond unitary bidirectional cooling, we
introduce a cyclic protocol inspired by HBAC, described
in the next section.

VI. BIDIRECTIONAL QUANTUM
REFRIGERATOR

We define the Bidirectional Quantum Refrigerator
(BQR) as a cyclic protocol that acts on an n-qubit register
to increase the magnitude α in a target qubit while preserv-
ing its sign without any prior knowledge of that sign. The
BQR consists of multiple rounds of (i) unitary bidirectional
cooling operations and (ii) qubit-reset steps. After the tar-
get qubit is enhanced and removed from the system, the
remaining qubits in their updated state are recycled to pre-
pare subsequent target qubits, serving as the working body
of the refrigerator that can operate in a steady state.

Setup and BQR Protocol—The system setup for each
cycle consists of a string of n qubits: one target qubit to
be improved, m reset qubits that can be replaced with fresh
qubits from the sample, and n − m − 1 auxiliary qubits that
assist in the entropy compressions. The BQR protocol puri-
fies a target qubit through Nrounds rounds, each consisting
of two steps: first, a sequence of unitaries that increase the
dominant bias of the target qubit, followed by the replace-
ment of the m reset qubits, which pumps the excess entropy
out of the system. After the Nrounds, the enhanced target
qubit is removed and is ready to be measured for a classifi-
cation task, while the remaining n − 1 qubits are reused to
prepare the next target qubit. A new input qubit, in initial
state ρα , is introduced at the end of the chain to complete
the n-qubit register and repeat the process. This new input
qubit becomes the last element of the chain, and the qubit
that was previously second—already prepared in the ear-
lier cycle—now serves as the new target qubit, as depicted
in Fig. 4. Recycling the n − 1 qubits reduces both the
required qubit resources and the number of steps needed
to prepare subsequent targets. Once in their steady state
ρ̃QR, these qubits effectively form the working body of a
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One round:

FIG. 4. Bidirectional quantum refrigerator. Circuit diagram of the progressive boundary entropy compression-bidirectional
quantum refrigerator protocol acting on an n-qubit register with m reset qubits (m = 2 shown). The unitary stage consists of a
stairlike sequence of unitaries UC3 , . . . , UCn , where each UCj performs a boundary entropy-compression step by swapping the states
|0〉 |1〉⊗(j −1) and |1〉 |0〉⊗(j −1) on the last j qubits. After the unitary stage, the m reset qubits are refreshed, completing one round of the
protocol. The protocol runs for Nrounds to prepare the target qubit; once prepared, the target qubit is extracted ready for the classification
task, and the process restarts by recycling the remaining n − 1 qubits to prepare subsequent target qubits.

refrigerator that enables repeated initialization, as detailed
in the following sections and appendices.

In this work, we introduce a cooling protocol within
the BQR framework: the Progressive Boundary Entropy
Compression BQR, defined as follows.

A. The Progressive Boundary Entropy Compression
BQR

The Progressive Boundary Entropy Compression BQR
(PBEC-BQR) protocol is a bidirectional quantum refrig-
erator running with identical rounds, whose unitary step
consists of a sequence of unitaries UC3 , . . . , UCn . Each
UCj swaps the states |0〉 |1〉⊗(j −1) and |1〉 |0〉⊗(j −1), and
the sequence is implemented in a stairlike manner: start-
ing with UC3 acting on the last three qubits of the register,
followed by UC4 on the last four qubits, and so on, up to
UCn , as depicted in Fig. 4. Then, m qubits are fully reset by
replacing them with qubits from the sample in the state ρα .

Note that each UCj performs an entropy-compression
step on the j -qubit subsystem by swapping a single pair
of states—those located at the boundary between the mid-
dle energy levels of the j -qubit spectrum. This motivates
the name boundary entropy compression on j qubits.

In each round, the global effect of the set of unitaries is
given by

UQR(n) = UCn(12 ⊗ UC(n−1)
)(122 ⊗ UC(n−2)

)

· · · (12(n−3) ⊗ UC3).

This can be represented as the following block matrix:

UQR(n) =
⎡

⎣
13 0 0
0 σQR(n) 0
0 0 13

⎤

⎦ , (17)

where 13 is the identity matrix with a diagonal of size
three, σQR(3) = σx, and

σQR(n) :=
⎡

⎣12 ⊗
[
σQR(n − 1) 0

0 12

]

0

0 σx

⎤

⎦ , for n > 3.

(18)

The effect of a single round on a system of n qubits in the
total state ρT is given by

ρT → �
QR
round(ρT) := Trm

[
UQR(n)ρTU†

QR(n)
]

⊗ ρ⊗m
α .

(19)
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Asymptotic limit

FIG. 5. Enhanced polarization αPBEC achieved by the pro-
gressive boundary entropy compression-bidirectional quantum
refrigerator protocol for n = 5 qubits, shown as a function of the
initial polarization magnitude |α| for different numbers of rounds.
The black dotted line indicates the initial polarization baseline,
while the solid black line marks the asymptotic polarization.

The BQR reuses the output system for subsequent
preparations. Namely, after preparing an enhanced qubit,
the remaining n − 1 qubits are recycled as the updated
system for the quantum refrigerator, along with a new
fresh qubit to complete the n qubits needed for the circuit
to run again. The recycled set of qubits reaches an out-
put steady-state ρ̃QR(n, α, Nrounds, m), which reduces the
number of resources required to prepare enhanced qubits
(∼mNrounds + 1, instead of n + mNrounds), and improves the
convergence rate.

The enhanced polarization of the target qubit, αPBEC,
depends on the refrigerator configuration (n, Nrounds, m)

and on the initial polarization of the sample qubits
α. Figure 5 shows this enhancement for n = 5 and
various values of Nrounds as a function of |α|. Addi-
tional details are provided in Appendix B. In the cool-
ing limit, the (PBEC)–BQR protocol can asymptotically
achieve—albeit at a different rate and for both signs of
α—the maximum achievable polarization magnitude of
the PPA-HBAC protocol, given in Eq. (12) (details are
provided in Appendix B).

It is important to emphasize that, for our purposes in
classification tasks, operating near the cooling limit is not
necessary. Instead, the optimal configuration for classifica-
tion tasks involves using only a small number of rounds,
striking a balance between achieving significant polariza-
tion enhancement and using qubit resources efficiently to
maximize the reduction in sampling error. Notably, the
first few rounds provide the largest gains in polarization,
whereas subsequent rounds yield diminishing returns.

The sampling-error probability-reduction ratio, based
on the bound in Eq. (6) and the enhanced polarization
achieved by the PBEC-QR protocol, is given by

rPBEC = α−2 − 1

α−2
PBEC (n, m, Nrounds, α) − 1

· kBQR

kC
, (20)
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FIG. 6. Reduction factor of the error-probability bound for the
progressive boundary entropy compression-bidirectional quan-
tum refrigerator with n = 5 qubits, shown in blue for different
numbers of rounds as a function of the initial |α|. The pink
line shows the performance of unitary bidirectional cooling,
and the yellow dashed line corresponds to an adaptive bidirec-
tional quantum refrigerator using optimal per-round compres-
sions (shown here for Nrounds = 9). The progressive boundary
entropy compression-bidirectional quantum refrigerator, despite
using identical rounds, closely matches the adaptive scheme for
n = 5, m = 2, and Nrounds = 9—whereas deviations from this
number of rounds lead to a visible performance gap (not shown).

where αPBEC (n, m, Nrounds, α) denotes the PBEC-BQR’s
enhanced polarization, kC is the number of shots in the
baseline method without BQR enhancement, and kBQR
is the number of measurement shots used in the BQR
scheme, assuming both approaches have the same qubit
resources.

Figure 6 illustrates the reduction factor of the error-
probability bound for the PBEC-BQR operating with n =
5 qubits as a function of the initial |α|, shown in blue
for various numbers of rounds. The pink line represents
the improvement achieved through an optimal single-shot
entropy compression on the same register, while the yel-
low dashed line shows an example for Nrounds = 9 using
adaptive compressions in a BQR scheme (where each
round applies its own optimal entropy-compression uni-
tary), obtained from numerical simulations. In this con-
figuration (n = 5, Nrounds = 9, m = 2), the performance
of the PBEC-BQR closely approaches the adaptive BQR
behavior, exhibiting an almost exact agreement. For other
configurations with fewer rounds, the gap becomes more
noticeable (not depicted in the figure), although still small,
and our protocol remains more practical and experimen-
tally feasible due to its use of identical rounds.

The PBEC-BQR provides a substantial enhancement
of the error-probability reduction factor compared to the
Unitary Bidirectional Cooling (UBC) protocol, offering
consistently superior performance across the full range
of initial polarizations. Moreover, achieving the optimal
configuration does not require operating near the cooling
limit or using an excessively large number of rounds, as
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shown in Eq. (20). Instead, it requires balancing significant
polarization enhancement with the efficient use of qubit
resources to minimize sampling error.

The PBEC-BQR significantly improves the sampling-
error probability bound, both on average over all ini-
tial polarizations for a uniformly distributed α and
locally within the medium- and high-polarization regimes.
Although the protocol does not provide an advantage in
the very low-polarization regime, the region in which it is
advantageous can be expanded by optimizing the number
of qubits of the register and the number of rounds.

B. BQR with k-local compressions

In this section, we introduce a more experimentally fea-
sible BQR protocol, in which the unitary step is carried
out using only k-local bidirectional operations acting on k
neighboring qubits at a time. We refer to this protocol as
the k-local Bidirectional Quantum Refrigerator.

The k-local Bidirectional Quantum Refrigerator (k-
local BQR) protocol is a bidirectional quantum refrigerator
that operates in identical rounds. Its unitary step consists of
a sequence of local compression unitaries UCk , which swap
the states |0〉 |1〉⊗(k−1) and |1〉 |0〉⊗(k−1) of k neighboring
qubits. These unitaries are applied in a staircaselike pattern
across the register, starting from the last qubits and pro-
gressing upward, as illustrated in Fig. 7 for the case k = 3.
By restricting the compression to k-local neighborhoods,
this scheme becomes substantially easier to implement
on hardware while still preserving the core performance
advantages of the full BQR protocol. After the unitary step,
m qubits are fully reset by replacing them with fresh qubits
prepared in the state ρα .

Given its practical relevance, we focus in this section
on the k = 3 implementation, employing UC3 as the three-
local compression unitary on an n-qubit register with m =
2 reset qubits, as depicted in Fig. 7. In the three-local BQR,

the global unitary corresponding to one round is given by

UQR3local = (UC3 ⊗ 12n−3)(12 ⊗ UC3 ⊗ 12n−4)

· · · (12n−3 ⊗ UC3).

In the cooling limit, the three-local BQR protocol working
on a n qubit register has an asymptotic target polarization
of

α∞
QR3local

= 2pFn
α(∑Fn−1

i=0 (−1)i
(Fn

i

)
pi

α

)
− 1

,

where Fn is the nth Fibonacci number (Fn = Fn−1 + Fn−2,
for n ≥ 3, with F1 = F2 = 1; see details in Appendix B).

Importantly, as mentioned in the previous section, it
is not necessary for the quantum refrigerator to operate
near the cooling limit. Instead, the optimal configuration
involves only a small number of rounds, balancing sub-
stantial polarization enhancement with the efficient use
of qubit resources to maximize the reduction in sampling
error.

The reduction factor of the error-probability bound
obtained using the k-local BQR protocol, denoted rQRk-local ,
has the same structure as Eq. (20). Using the enhanced
polarization αQRk-local corresponding to k-local BQR.
Figure 8 shows the reduction factor of the error-probability
bound for the three-local BQR operating with n = 5 qubits
for different numbers of rounds, as a function of the ini-
tial |α|. The pink line represents the improvement achieved
through UBC on n = 5, while the yellow dashed line indi-
cates an upper bound for Nrounds = 9 obtained from simula-
tions with an adaptive-round BQR. Note that although the
PBEC-BQR protocol introduced in the previous subsec-
tion achieves a greater improvement (see Fig. 6 for results
under the same system setup), the k-local BQR protocol
still provides a substantial reduction in the error-estimation
bound, both on average for uniformly distributed polariza-
tions and outside the low-polarization regime.

One round:

FIG. 7. k-local Bidirectional Quantum Refrigerator (k-local BQR). The image illustrates the example for k = 3.
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FIG. 8. Reduction factor of the error-probability bound for the
three-local bidirectional quantum refrigerator with n = 5, shown
in green for different numbers of rounds as a function of the ini-
tial |α|. The pink line shows the improvement achieved through
single-shot unitary bidirectional cooling on an n = 5 register,
while the yellow dashed line indicates the upper bound obtained
from simulations of the adaptive-round bidirectional quantum
refrigerator with Nrounds = 9. Although the performance of the
three-local bidirectional quantum refrigerator shows a noticeable
gap relative to this upper bound—reflecting its reduced optimal-
ity—it remains significantly more practical to implement while
still achieving substantial reductions in the error-probability
bound.

C. Overview of bidirectional cooling methods

Here, we summarize the hierarchy of the bidirec-
tional cooling mechanisms introduced in this work. These
schemes differ in their operational structure, resource
requirements, and practicality, yet all share the key fea-
ture of sign-preserving, bidirectional cooling. A schematic
overview of the protocols is shown in Fig. 9.

(a) Unitary Bidirectional Cooling (UBC). UBC is a
single-shot entropy-compression operation applied to a
register of n qubits to increase the magnitude of the polar-
ization |α| of a target qubit while preserving its unknown
sign. It serves as the fundamental primitive underlying all
protocols developed in this work.

(b) Bidirectional Quantum Refrigerator (BQR). The
BQR extends UBC into a multiround, cyclic cooling pro-
tocol. Each round consists of one UBC step acting on
an n-qubit register, followed by the reset of m qubits.
After Nrounds, the enhanced target qubit is extracted, and
the remaining n − 1 qubits are recycled as the work-
ing body of the refrigerator, enabling the preparation of
multiple purified outputs. We introduce three explicit vari-
ants of the BQR protocol, which differ in the particular
implementation of the unitary step:

(b.1) Progressive Boundary Entropy Compression
BQR (PBEC-BQR). PBEC-BQR consists of repeated
identical rounds in which the unitary cooling step is imple-
mented by applying a sequence of unitaries UC3 , . . . , UCn
in a staircaselike manner: starting with UC3 acting on the
last three qubits of the register, followed by UC4 on the

last four, and so on up to UCn , as depicted in Fig. 4. Each
UCj swaps the states at the boundary between the first and
second blocks of the spectrum of the j -qubit register, i.e.,
|0〉 |1〉⊗(j −1) and |1〉 |0〉⊗(j −1).

(b.2) Local Bidirectional Quantum Refrigerator (k-
local BQR). The k-local BQR is a more experimentally
feasible variant in which the bidirectional compression
stage is implemented using k-local unitaries acting on
neighboring qubits in a staircaselike pattern. This proto-
col operates in identical rounds. Its unitary step consists
of a sequence of local compression unitaries UCk , each
swapping |0〉 |1〉⊗(k−1) and |1〉 |0〉⊗(k−1), on k neighboring
qubits. These unitaries are applied sequentially across the
register, starting from the last qubits and moving upward,
as illustrated in Fig. 7 for k = 3.

(b.3) Adaptive BQR. The adaptive BQR is a BQR pro-
tocol in which the rounds are not identical, instead, the
unitary step may vary from one round to the next depend-
ing on the state of the system. In this work, we introduce
the concept and study numerical examples to compare
our explicit protocols against the optimal adaptive BQR
obtained numerically for the scenarios presented here.

Comparison of Resource Requirements and Cooling
limits. In terms of resource usage, UBC requires only an
n-qubit register to produce a single enhanced target qubit.
In contrast, the BQR schemes require additional qubits to
sustain the cyclic rounds of cooling. To generate kBQR
enhanced qubits, a BQR scheme uses kBQR(mNrounds +
1) + n qubits. Regarding cooling limits, the strongest
asymptotic cooling is achieved by the PBEC-BQR and
the optimal adaptive BQR, followed by the k-local BQR,
and finally the single-shot UBC. (We note, however, that
if UBC were implemented as a single global unitary on
all the qubits used in the BQR simultaneously, it would
achieve the best polarization enhancement, but such a
global operation is not practical to implement.)

1. Comparison of error-probability-bound reduction

All schemes provide substantial improvements in the
reduction factor of the error-probability bound in both the
high- and intermediate-polarization regimes, with the BQR
family outperforming the UBC. In the low-polarization
regime, however, the enhanced polarization does not yield
a meaningful improvement. This performance region can
be extended by appropriately adjusting protocol parame-
ters, although the extreme low-polarization limit remains
challenging to cover. In addition, the sampling-error prob-
ability bound is improved on average when the polariza-
tion is uniformly distributed.

2. Comparison of feasibility

Among the BQR variants, the k-local BQR offers the
most practical implementation. By restricting compres-
sion operations to k-local neighborhoods, it becomes
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Single-shot
global unitary

FIG. 9. Schematic overview of the bidirectional cooling methods. From left to right, the figure illustrates: (i) the unitary bidirectional
cooling protocol (Sec. V A), implemented as a single-shot global unitary; (ii) the progressive boundary entropy compression-
bidirectional quantum refrigerator (Sec. VI A), whose unitary step consists of a sequence of increasing UCj operations (complete
circuit shown in Fig. 4); (iii) the k-local bidirectional quantum refrigerator protocol (Sec. VI B), implemented via staircaselike k-local
unitaries UCk acting on neighboring qubits (full circuit in Fig. 7); and (iv) the adaptive bidirectional quantum refrigerator, in which
the unitary step may vary from one round to the next depending on the state of the system. In this work, this protocol is used only
numerically to obtain optimal benchmarks for comparison with the explicit constructions above. All bidirectional quantum refrigerator
variants operate in multiple rounds, each consisting of a unitary compression stage followed by a reset of m qubits.

significantly more hardware-friendly while still preserving
the essential performance advantages of the more general
BQR protocols. Moreover, for certain system configura-
tions, the k-local BQR can even yield a better reduction of
the error-probability bound than the PBEC-BQR.

Comparison with Previous Algorithmic Cooling Tech-
niques. While certain unitaries appearing in AC/HBAC
constructions may incidentally exhibit bidirectional behav-
ior under specific circumstances, this concept has neither
been identified nor formalized, and it has not been used
to design explicit sign-preserving cooling protocols. In
this work, we introduce this notion explicitly and develop
the first systematic family of bidirectional cooling meth-
ods. Previous HBAC protocols were conceived as schemes
that increase the population of |0〉, with optimal con-
structions typically requiring prior knowledge of the sign
of α. In contrast, UBC, BQR, and k-local BQR pro-
vide explicit bidirectional, sign-preserving cooling without
requiring such knowledge. This distinction is essential
in supervised QML settings, where the sign of α(x, θ)

encodes the label or the gradient direction and must remain
unknown. The BQR protocols introduced here thus consti-
tute entirely new classes of algorithmic cooling schemes,
tailored specifically to QML applications.

VII. CLASSIFICATION PERFORMANCE
EVALUATION

To evaluate the effectiveness of the proposed BQR in
practical QML scenarios, we conducted a series of simu-
lated experiments utilizing Qiskit to compare classification

performance with and without BQR. These experiments
were designed to assess whether enhancing the polariza-
tion of a measurement qubit through BQR translates to
tangible improvements in classification accuracy.

We focus on the three-local BQR and compare its ability
to classify the target data accurately in the finite mea-
surement shots against the conventional sampling method.
This is a conservative choice: if the three-local version
outperforms the conventional baseline, then the full BQR
protocol—which provides stronger cooling—is expected
to perform even better. Specifically, we used BQR with
the following parameters: five system qubits (n = 5), two
reset qubits (m = 2), and two rounds (Nrounds = 2).

To isolate the impact of finite sampling error, which
BQR is intended to reduce, from the expressivity or train-
ability of QML models themselves, we simplified the
problem setup. Specifically, we assumed access to the final
quantum state in the form of a single-qubit reduced den-
sity matrix whose Z-polarization encodes the classification
signal, as described in Sec. II A.

The number of measurement shots with BQR was inten-
tionally limited (e.g., to 10 or 100) to reflect realistic
resource constraints in QML, where repeated sampling
is an overhead not present in classical machine learn-
ing. In this context, the shot count can be viewed as an
additional computational cost required to extract reliable
output from a quantum classifier. Our goal is to evalu-
ate how effectively BQR mitigates this cost by improving
the reliability of predictions from fewer measurements.
To ensure a fair comparison, we allocated proportionally
more measurement shots to the conventional (non-BQR)
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TABLE I. Classification accuracy (%) with and without
BQR for n = 5, m = 2, and Nrounds = 2, using the three-local
BQR. The BQR-based method used kBQR ∈ {10, 100} measure-
ment shots, while the conventional baseline used kc = kBQR ×
m × (Nrounds − 1) + n shots, namely, 25 and 205, respectively.
Reported values are the mean and standard deviation over 100
random trials. p-values are computed using Welch’s t-test to
assess the statistical significance of accuracy differences between
the BQR and baseline methods.

Classification accuracy (%)

Dataset BQR kBQR = 10 kBQR = 100

Uniform With 95.8 ± 1.8 99.3 ± 0.7
Without 93.1 ± 2.3 97.7 ± 1.3
p-value 6.8 × 10−17 4.6 × 10−20

Gaussian With 96.7 ± 1.2 95.6 ± 0.5
Without 94.3 ± 1.9 94.9 ± 0.8
p-value 2.0 × 10−20 2.7 × 10−10

Iris (setosa vs With 99.7 ± 0.6 100.0 ± 0.0
virginica) Without 98.5 ± 1.0 99.8 ± 0.4

p-value 6.1 × 10−18 3.4 × 10−5

Wine (Barolo With BQR 85.2 ± 2.6 87.5 ± 1.4
vs Grignolino) Without 83.6 ± 2.6 86.3 ± 1.8

p-value 3.7 × 10−5 1.2 × 10−6

Handwritten With BQR 99.2 ± 0.9 100.0 ± 0.2
digit (2 vs 5) Without 98.1 ± 1.3 99.6 ± 0.6

p-value 7.9 × 10−12 5.1 × 10−8

Sonar With BQR 87.1 ± 3.4 90.3 ± 2.1
Without 83.4 ± 3.5 89.1 ± 2.3
p-value 1.0 × 10−12 2.6 × 10−4

Diabetes With BQR 73.0 ± 4.3 75.8 ± 3.6
Without 70.7 ± 4.7 74.7 ± 3.6
p-value 3.9 × 10−4 2.9 × 10−2

baseline to compensate for the additional resources used in
BQR, including system and reset qubits and the number
of cooling rounds. Specifically, the number of shots in
the baseline method was scaled as: kc = kBQR × m ×
(Nrounds − 1) + n, where kBQR is the number of measure-
ment shots used in the BQR-based schemes.

To evaluate performance, we constructed binary classifi-
cation tasks from several real-world and synthetic datasets.
For each dataset, we sampled 50 data points from each
class to create balanced tasks. We repeated this sam-
pling and evaluation procedure 100 times, generating 100
independent classification tasks per dataset. This repeti-
tion serves as a randomized statistical ensemble, allowing
us to perform hypothesis testing on the accuracy results
to assess the statistical significance and robustness of
observed improvements.

The simulation results are summarized in Table I.
Across all datasets tested, the classifier with BQR consis-
tently outperformed the conventional sampling baseline.
Welch’s t-tests [52] confirmed that the accuracy improve-
ments were statistically significant (p-value <0.05 in all

instances). Full details on the datasets and simulation
setups are provided in Appendix F.

VIII. CONCLUSIONS AND DISCUSSION

This study integrates quantum thermodynamics with
QML to enhance sampling efficiency through a bidirectional
quantum refrigerator technique. By conceptualizing quan-
tum supervised learning as a thermodynamic cooling
process, the proposed method significantly reduces the
finite sampling error or the number of repetitions required
for accurate classification, without the need for Grover-
like operations. This practical approach applies to vari-
ous QML models, including VQCs and quantum kernel
methods, demonstrating its versatility and broad impact.
Note that this connection goes beyond a formal anal-
ogy: the proposed cooling process is operationally imple-
mented within a quantum circuit that physically reduces
the entropy of the qubits. The technique is particularly
suited for NISQ devices, addressing the current limitations
of quantum hardware and making QML algorithms more
practical and scalable. The interdisciplinary nature of this
work, bridging QIP, thermodynamics, and data science,
not only advances the field of QML but also opens new
research avenues in quantum thermodynamics, particularly
for advancing algorithmic cooling techniques.

An interesting conceptual connection can be drawn
between our method and the data reuploading technique,
a well-established strategy in QML for building nonlin-
ear models. In classification, the distinguishability between
two density matrices representing the ensemble of quan-
tum states with different labels, which is quantified by
the trace distance, critically impacts both the empirical
and expected risks [53]. Since trace distance is contractive
under completely positive and trace-preserving (CPTP)
maps, the performance of a VQC with fixed state prepa-
ration followed by parameterized gates is fundamentally
limited by the initial data encoding. Through the lens of
Ref. [54], we observe that data reuploading can poten-
tially alleviate this limitation. Specifically, the work shows
that any data reuploading circuit can be mapped to an
explicit form consisting of a fixed data encoding stage
followed by a parameterized quantum circuit, where ancil-
lary qubits unfold the repeated encodings. This struc-
ture effectively reshapes the data embedding in a higher-
dimensional Hilbert space. Our protocol can also be
viewed as this unfolding process that effectively encodes
data in an extended Hilbert space. However, it is more
directly designed to increase the distinguishability of label-
conditioned states by engineering a system-bath interac-
tion with a data-dependent thermal reservoir. Moreover,
our method does not require access to the data encoding
circuit and operates directly on quantum states, includ-
ing those with unknown or fixed preparation procedures.
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This connection raises intriguing avenues for future explo-
ration. For instance, it may be possible to construct a data
reuploading version of the BQR circuit, allowing for a
trade-off analysis between circuit depth and qubit over-
head. We also note that, for Pauli measurements, the final
state of a data reuploading circuit can be expressed in the
form of Eq. (2), implying that our method can be directly
applied to multiple copies of such circuits to reduce finite
sampling error without loss of generality.

A remaining challenge is determining whether the pro-
posed PBEC-BQR cooling protocol is optimal for reduc-
ing finite sampling errors. If optimality cannot be estab-
lished, further refinement of the protocol to enhance its
performance presents a compelling direction for future
research. Additionally, investigating how coherence and
nonclassical correlations within the system and bath qubits
can be harnessed to improve cooling efficiency offers
an intriguing avenue. A detailed quantitative analysis of
how our method mitigates the barren plateau effect also
deserves further investigation. Note that our technique can
be employed as an independent mechanism in conjunc-
tion with existing strategies for barren plateau mitigation
[43,55]. Another open question is whether these cool-
ing techniques can be adapted to reduce finite sampling
errors in the estimation of quantum kernels. This appli-
cation presents unique challenges, as the quantities to be
estimated involve the kernel matrix elements, rather than
simple binary outcomes. Consequently, the naive appli-
cation of the proposed method, which primarily aids in
sign estimation, would not directly suffice. Addressing this
challenge will broaden the applicability of insights from
quantum thermodynamics to QML.
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APPENDIX A: BIDIRECTIONAL ENTROPY
COMPRESSION

1. Schur-Horn theorem on the setting of Theorem 1

Let λ be the eigenvalue vector of ρ⊗n arranged in non-
increasing order and let d(U) = diag

(
Uρ⊗nU†

)
be the

diagonal vector in the computational basis after any unitary
U. By the Schur-Horn theorem, d(U) is majorized by λ.
Then, the sum of the largest m diagonal entries is bounded
by the sum of the largest m eigenvalues:

∑m
j =1 d(j )(U) ≤

∑m
j =1 λ(j ).
Taking m = 2n−1 shows that, among all unitaries, the

maximum possible value of the sum of any 2n−1 diagonal
entries equals the sum of the 2n−1 largest eigenvalues. Par-
tition the computational basis into two blocks: the block
where the target qubit is in state |0〉 (the “first half”) and
the block where it is in state |1〉 (the “second half”). Then

p ′ (Uρ⊗nU†) =
∑

j ∈I0

dj (U),

where I0 indexes the 2n−1 diagonal positions of the |0〉-
block. Hence, to maximize α′ when α > 0, we must
maximize this sum, which by the previous paragraph is
achieved by assigning the 2n−1 largest eigenvalues to the
|0〉-block (the order within that block is irrelevant). Con-
versely, when α < 0, the magnitude |α′| increases as p ′
decreases; thus we must minimize the same sum, which is
attained by assigning the 2n−1 smallest eigenvalues to the
|0〉-block.

Finally, observe that the eigenvalues of ρ⊗n for a register
of n identical qubits are monotonic functions of k, but with
opposite behavior in the two sign regimes: when α > 0
they increase with k, whereas when α < 0 they decrease
with k. Therefore, the single rule “assign the 2n−1 popu-
lations with the largest k to the |0〉–block” maximizes p ′
when α > 0 (yielding a larger positive α′) and minimizes
p ′ when α < 0 (yielding a more negative α′), in both cases
increasing |α′| while preserving the sign. This proves the
stated optimal bidirectional compression.

2. Approximation of the reduction of finite sampling
error

In this subsection, we derive approximations for the
reduction in the sampling-error probability bound after
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applying an optimal entropy-compression operation on n
qubits in different polarization regimes. The enhancement
factor rUBC(n, α, αUBC) defined in Eq. (16), together with
the optimal enhanced polarization αUBC of Eq. (14) and
the estimation error associated with the correct sign of the
expectation value (ε(α) = |α|), can be rewritten as

rUBC(α, αUBC, n) = 1
n

· 1 − α−2

1 − α−2
UBC

. (A1)

To approximate that expression in the different approx-
imation regimes, we have the following considerations:
αUBC = 2

[∑�(n−1)/2�
i=0

(n
i

)
pn−i (1 − p)i

]
− 1, where p =

(1 + α)/2 and �·� denotes the floor function. The enhanced
polarization can be approximated to αUBC � erf(ξ) :=
2/

√
π
∫ ξ

0 e−t2dt, where ξ = nα/
√

2n(1 − α2). The reduc-
tion factor of the probability error bound can be rewritten
as

rUBC � 1
n

· 1 − α−2

1 − erf
(

nα√
2n(1−α2)

)−2 . (A2)

(1) Small-polarization regime (α � 1). In this
regime, the argument of the error function satisfies ξ =
(nα/

√
2n(1 − α2)) � √

n/2α. Using the small-ξ expan-
sion of the error function,

erf(ξ) = 2√
π

∞∑

j =0

(−1)j

2j + 1
ξ 2j +1

j !
� 2√

π
ξ =

√
2nα√
π

, (A3)

and substituting this into Eq. (A1), the enhancement factor
becomes

rUBC � 2
π

· 1 − α2

1 − 2nα2

π

∼ 2
π

< 1, (α → 0). (A4)

(2) Intermediate-polarization regime. For the inter-
mediate polarization regime, we use the large-argument
asymptotic expansion of the error function,

erf(ξ) = 1 − e−ξ2

ξ
√

π

∞∑

j =0

(−1)j (2j − 1)!!
(2ξ 2)j , (A5)

and, for ξ � 1 (i.e., e−ξ2
/(ξ

√
π) � 1), we approximate

erf(ξ) � 1 − e−ξ2

ξ
√

π
. (A6)

Writing erf(ξ) ≈ 1 − δ with δ = e−ξ2
/(ξ

√
π), we have

erf(ξ)−2 ≈ (1 − δ)−2 ≈ 1 + 2δ, (A7)

so the denominator of the reduction factor rUBC simplifies
to

n
(
1 − erf(ξ)−2) � n (1 − (1 + 2δ)) = −2ne−ξ2

ξ
√

π
. (A8)

Hence, rUBC � −(ξ
√

π/2n) eξ2 (
1 − α−2

)
, so that the

behavior of rUBC in this regime is dominated by an
exponentially growing factor, rUBC ∝ eξ2

, where ξ 2 =
nα2/[2

(
1 − α2

)
].

(3) Large-polarization regime (α → 1). When the ini-
tial polarization approaches unity, the denominator of
ξ = nα/

√
2n(1 − α2) tends to zero, causing the argument

ξ to diverge. In this limit, the error function saturates,
erf(ξ) −−−→

ξ→∞
1. Substituting erf(ξ) � 1 into Eq. (A1), and

noting that αUBC → 1 as well, we obtain rUBC −−→
α→1

∞.

Thus, in the large-polarization regime, the reduction factor
diverges: optimal entropy compression produces an expo-
nentially enhanced improvement in the sampling-error
probability bound.

APPENDIX B: EVOLUTION UNDER THE PBEC
BIDIRECTIONAL QUANTUM REFRIGERATOR

The global effect of the set of unitaries in the PBEC-
BQR protocol is given as follows:

UQR(n) = UCn(12 ⊗ UC(n−1)
)(122 ⊗ UC(n−2)

)

· · · (12(n−3) ⊗ UC3),

where each UCj has the effect of swapping the states
|0〉|1〉⊗(j −1) and |1〉|0〉⊗(j −1). Specifically, each unitary UCj
has the following block matrix representation:

UCj =
⎡

⎣
12(n−1)−1 0 0

0 σx 0
0 0 12(n−1)−1

⎤

⎦ . (B1)

The general expression of UQR(n) can be obtained by
replacing Eq. (B1) as follows:

For n = 3,

UQR(3) = UC3 =
⎡

⎣
13 0 0
0 σx 0
0 0 13

⎤

⎦ . (B2)

For n = 4,

UQR(4) = UC4(12 ⊗ UQR(3)) = UC4(12 ⊗ UC3) (B3)

=
⎡

⎣
17 0 0
0 σx 0
0 0 17

⎤

⎦

⎛

⎝12 ⊗
⎡

⎣
13 0 0
0 σx 0
0 0 13

⎤

⎦

⎞

⎠ (B4)
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=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

13 0 0 0 0 0 0
0 σx 0 0 0 0 0
0 0 12 0 0 0 0
0 0 0 σx 0 0 0
0 0 0 0 12 0 0
0 0 0 0 0 σx 0
0 0 0 0 0 0 13

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= (B5)

=

⎡

⎢
⎢
⎢
⎣

13 0 0 0

0 12 ⊗
[
σx 0
0 12

]

0 0

0 0 σx 0
0 0 0 13

⎤

⎥
⎥
⎥
⎦

. (B6)

Similarly, for general n > 3,

UQR(n) = UCn(12 ⊗ UQR(n − 1)). (B7)

Thus, UQR(n) can be represented in matrix form as the
following block matrix:

UQR(n) =
⎡

⎣
13 0 0
0 σQR(n) 0
0 0 13

⎤

⎦ , (B8)

where σQR(3) = σx, and σQR(n > 3) is defined as

σQR(n) :=
⎡

⎣12 ⊗
[
σQR(n − 1) 0

0 12

]

0

0 σx

⎤

⎦ , for n > 3,

(B9)

or equivalently,

σQR(n) :=
⎡

⎣1(2n−2−2) ⊗
[
σx 0
0 12

]

0

0 σx

⎤

⎦ , for n > 3.

1. Evolution under PBEC-BQR

The effect of a single round on a system of n qubits in
the state ρ, with m reset qubits, is given by

ρ → �
QR
round(ρ) := Trm

[
UQR(n)ρU†

QR(n)
]

⊗ ρ⊗m
α .

(B10)

Then, the effect of the refrigerator operating with Nrounds is
as follows:

ρ →
(
�

QR
round

)Nrounds
(ρ) . (B11)

The polarization of the target qubit is obtained as α′ =
Tr(Zρ

output
target ), where ρ

output
target = Trtarget

(
�

QR
round

)Nrounds
(ρ) is

the enhanced state of the target qubit after the implemen-
tation of the PBEC-BQR.

Since the quantum refrigerator recycles the n − 1 qubits
remaining after extracting the target qubit and incorporates
a fresh qubit from the sample, the updated input system is
expressed as

ρ̃ = Trtarget

((
�

QR
round

)Nrounds
(ρ)

)

⊗ ρα . (B12)

After multiple iterations of the refrigerator, the state ρ̃

converges to a fixed point determined by the number of
rounds, Nrounds, and the number of reset qubits, m. In the
asymptotic cooling limit, as Nrounds increases, the refriger-
ator reaches the maximum polarization achievable by the
optimal PPA Heat-Bath Algorithmic Cooling protocol, as
demonstrated in the next subsection.

For the classification problem, however, it is not nec-
essary to operate in the asymptotic cooling limit. Instead,
the refrigerator will function at the fixed point correspond-
ing to a smaller number of rounds ρ̃QR(n, Nrounds, m), as
detailed in the section following the asymptotic discussion.

a. PBEC-BQR cooling limit

After each round of the PBEC-BQR, since m qubits are
reset, the state of the system takes the form

ρ → ρcomp ⊗ ρ⊗m
α , (B13)

where ρcomp represents the state of the qubits after remov-
ing the reset qubits. Without loss of generality, the vector
corresponding to the diagonal of ρcom can be expressed as

diag(ρcomp) =

⎡

⎢
⎣

A1
A2
· · ·

A2n−m

⎤

⎥
⎦ . (B14)

In particular, for the case m = 2, the form of the state is
given as follows:

diag(ρ) →

⎡

⎢
⎣

A1
A2
· · ·

A2n−2

⎤

⎥
⎦⊗

⎡

⎢
⎢
⎣

p2
α

pα(1 − pα)

pα(1 − pα)

(1 − pα)2

⎤

⎥
⎥
⎦ , (B15)

where pα = (1 + α)/2. Note that the elements of the
density matrix for the reset qubits are already sorted in
decreasing order when α > 0 or in increasing order when
α < 0.
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The full form of Eq. (B15) is given as

diag(ρ) →

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

A1p2
α

A1pα(1 − pα)

A1pα(1 − pα)

A1(1 − pα)2

A2p2
α

A2pα(1 − pα)

A2pα(1 − pα)

A2(1 − pα)2

A3p2
α

A3pα(1 − pα)

A3pα(1 − pα)

A3(1 − pα)2

·
·
·

A2n−2p2
α

A2n−2pα(1 − pα)

A2n−2pα(1 − pα)

A2n−2(1 − pα)2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (B16)

After a new round of the PBEC-BQR, the state is
transformed in the following way:

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

A1p2
α

A1pα(1 − pα)

A1pα(1 − pα)

A1(1 − pα)2

A2p2
α

A2pα(1 − pα)

A2pα(1 − pα)

A2(1 − pα)2

A3p2
α

A3pα(1 − pα)

A3pα(1 − pα)

A3(1 − pα)2

A4p2
α

·
·
·

A2n−2−1(1 − pα)2

A2n−2p2
α

A2n−2pα(1 − pα)

A2n−2pα(1 − pα)

A2n−2(1 − pα)2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

�
QR
round−−−→

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

A1p2
α

A1pα(1 − pα)

A1pα(1 − pα)

A2p2
α

A1(1 − pα)2

A2pα(1 − pα)

A2pα(1 − pα)

A3p2
α

A2(1 − pα)2

A3pα(1 − pα)

A3pα(1 − pα)

A4p2
α

A3(1 − pα)2

·
·
·

A2n−2p2
α

A2n−2−1(1 − pα)2

A2n−2pα(1 − pα)

A2n−2pα(1 − pα)

A2n−2(1 − pα)2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(B17)

The elements in the diagonal that are permuted are the
following:

A(i+1)p2
α ↔ Ai(1 − pα)2, for i = 1, 2, . . . , 2n−2 − 1,

as shown in color in the transformation.

In the asymptotic limit, as the number of rounds
increases, the state of the elements converges to one that is
invariant under the �

QR
round operation. Consequently, in this

asymptotic limit, the following condition must be satisfied:

A(i+1)p2
α = Ai(1 − pα)2, for i = 1, 2, . . . , 2n−2 − 1.

(B18)

This condition has the form of the one given by the con-
ventional HBAC using 2 reset qubits, see Eq. (S29) of the
supplemental material in Ref. [25]. From here, asymptotic
polarization for the target qubit as the Nrounds grows is the
maximum achievable for the HBAC with m = 2,

α∞
PBEC(n, m = 2) = (1 + α)2n−2 − (1 − α)2n−2

(1 + α)2n−2 + (1 − α)2n−2

= tanh
[
2n−2arctanh (α)

]
.

Similarly, it is now straightforward to see that by follow-
ing the same derivations, for any m > 2, the condition that
holds in the asymptotic cooling limit is given by

A(i+1)pm
α = Ai(1 − pα)m, for i = 1, 2, . . . , 2n−m − 1,

(B19)

which gives the general condition for the asymptotic cool-
ing limit, see Eq. (S29) of the suplemental material in Ref.
[25],

α∞
PBEC = α∞

HBAC = (1 + α)m2n−m−1 − (1 − α)m2n−m−1

(1 + α)m2n−m−1 + (1 − α)m2n−m−1

(B20)

= tanh
[
m2n−m−1arctanh (α)

]
. (B21)

b. Enhanced polarization of the PBEC-BQR for finite
Nrounds

The enhanced polarization of the target qubit, αPBEC,
depends on the refrigerator configuration parameters (n,
Nrounds, and m), which determine the state of the BQR
after Nrounds, denoted ρ̃QR (n, Nrounds, α). In this subsection,
we present the general evolution of the PBEC-BQR under
Nrounds, the corresponding Nrounds-dependent state of the
refrigerator, and the resulting enhanced polarization for an
arbitrary configuration. We then illustrate explicit exam-
ples of the enhancement for configurations with n = 4 and
n = 5 qubits, both using m = 2 reset qubits, showing the
behavior as a function of the number of rounds.
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In general, the state of the n system immediately after
the j th round, takes the following form:

diag(ρ(j )) =

⎡

⎢
⎢
⎣

A(j )
1

A(j )
2· · ·

A(j )
2n−m

⎤

⎥
⎥
⎦⊗ diag(ρm

α ). (B22)

Let us denote by �A(j ) the diagonal vector of the state of
the first n − m qubits. By implementing one round of the
BQR, following the transformation given in Eq. (B10), the
diagonal vector is transformed using a stochastic matrix M
as follows:

�A(j )
�

QR
round−−−→ �A(j +1) = M · �A(j ). (B23)

After Nrounds, that diagonal vector is given by

�ANrounds = M Nrounds · �A(0), (B24)

where �A(0) represents to the initial state when the refriger-
ator begins operation. Since this state is recycled from the
previous cycle of the refrigerator, and M Nround has attrac-
tive fixed points, the refrigerator will eventually operate
in a steady state. In this regime, the input state to the
refrigerator matches the output state after removing the
enhanced target qubit. This condition implies that the fol-
lowing equation must be solved to determine the state
ρ̃QR:

ρ̃QR = Trtarget

[(
�

QR
round

)Nrounds (
ρ̃QR ⊗ ρα

)
]

. (B25)

Expressed in terms of the diagonal vector of the fixed
point, �AQ̃R, this condition becomes

�AQ̃R = Trtarget

[
M Nrounds · �AQ̃R

]
⊗ diag(ρα), (B26)

which must be solved for a given Nrounds. The updated
polarization α′ for the target qubit, after the Nrounds is
given by

α′ = Tr
[
Zρtarget

]
, (B27)

where ρtarget = Trtarget

[
M Nrounds · �AQ̃R

]
. (B28)

(a) Example for n = 4, with m = 2 for Nrounds = 3:

The state of the n = 4 system immediately after a round
that resets m = 2 qubits takes the form

diag(ρ
(j )
4 ) =

⎡

⎢
⎢
⎢
⎣

A(j )
1

A(j )
2

A(j )
3

A(j )
4

⎤

⎥
⎥
⎥
⎦

⊗ diag(ρ2
α). (B29)

By implementing one round of the BQR, following the
transformation given in Eq. (B10), the stochastic matrix
M that describes that transformation is

�A(j )
�

QR
round−−−→ �A(j +1) = M · �A(j ), (B30)

where

M4

=

⎡

⎢
⎢
⎣

pα (2 − pα) p2
α 0 0

(1 − pα)2 2pα(1 − pα) p2
α 0

0 (1 − pα)2 2pα (1 − pα) p2
α

0 0 (1 − pα)2 1 − p2
α

⎤

⎥
⎥
⎦.

This is derived as in Eq. (B17), followed by tracing out
the two reset qubits to obtain the updated diagonal vector
�A(j +1).

Note that for n = 4 and m = 2, the vector �AQ̃R is given

in the form �AQ̃R = {pQR, 1 − pQR} ⊗ {pα , 1 − pα}, since
two qubits are reset and the target qubit is removed.
Thus, we only need to solve the parameter pQR. Then,
the condition given in Eq. (B26) to obtain the state of the
refrigerator, for this case when the refrigerator is operating
with Nrounds = 3 is expressed as

pQR = p2
α · 1 + 2pα + 16p2

α − 70p3
α + 86p4

α − 34p5
α

1 − 20p2
α + 106p3

α − 219p4
α + 198p5

α − 66p6
α

.

Substituting this result in Eq. (B28) with the updated �AQ̃R,
the enhanced polarization of the target qubis is given by

α′

α
= 943 − 1608α2 + 2711α4 − 2248α6 + 925α8 − 240α10 + 29α12

16
(
25 − 19α2 + 59α4 − 33α6

) .
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Note that the plots in the main manuscript were obtained
through a direct simulation of the circuit for the bidirec-
tional refrigerator.

(b) Example for n = 5 with m = 2:

The diagonal state of the n = 5 system immedi-
ately after a round that resets m = 2 qubits takes the
form diag(ρ(j )) = A(j )

1 , A(j )
2 , . . . , A(j )

8 ⊗ diag(ρα). The cor-
responding stochastic matrix that transforms the diagonal
vector �A, following the effect of a round �

QR
round(·), is

given by

M5 =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

pα (2 − pα) p2
α 0 0 0 0 0 0

(1 − pα)2 2pα(1 − pα) p2
α 0 0 0 0 0

0 (1 − pα)2 2pα (1 − pα) p2
α 0 0 0 0

0 0 (1 − pα)2 2pα (1 − pα) p2
α 0 0 0

0 0 0 (1 − pα)2 2pα (1 − pα) p2
α 0 0

0 0 0 0 (1 − pα)2 2pα (1 − pα) p2
α 0

0 0 0 0 0 0 (1 − pα)2 1 − p2
α

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

(B31)

and similarly for n > 5, with m = 2.
As a concrete example, solving for the case of Nrounds =

3 with the refrigerator running in the steady state
yields target qubits with the following enhanced polar-
ization: α′ = α(1 444 856 − 3 513 097α2 + 7 571 347α4 −
7 884 719α6 + 5 496 725α8 − 1 352 250α10 + 681 150α12

− 838 878α14 + 272 130α16 − 39 085α18 − 4929α20 + 16
61α22 + 97α24)/(32(21456 − 47 629α2 + 134 063α4 −
129 925α6 + 76 115α8 + 11 917α10 + 5277α12 − 14 023
α14 + 81α16 + 12α18)). This expression provides the exact
analytical form of the red line in Fig. 5, which corresponds
to αQR for Nrounds = 3. Substituting this result into Eq. (20)
generates the corresponding line in Fig. 6. The figures were
reproduced numerically by simulating the circuit. These
sections are intended to illustrate exact analytical results.

2. Evolution under the k-local BQR

For the k-local BQR, the evolution retains the same
structure as in Eq. (B10), but with a different unitary step.
In the example considered in the main text, where k = 3,

the unitary applied in each round is given by

UQR3local = (UC3 ⊗ 12n−3)(12 ⊗ UC3 ⊗ 12n−4)

· · · (12n−3 ⊗ UC3).

Thus, the effect of a single round on a system of n qubits
in the state ρ is given by

�
QR(k=3)

round (ρ) := Trm

[
UQR3localρU†

QR3local

]
⊗ ρ⊗m

α . (B32)

An analogous procedure determines the steady state of
the refrigerator and the corresponding enhanced polariza-
tion in the k-local setting. In this case, the steady state is
generated by iterating the k-local round unitary UQR3local,
replacing the global unitary UQR used in the PBEC-BQR.

a. Three-local BQR cooling limit

(c) Asymptotic polarization for n = 4 and m = 2:

The stochastic matrix that describes the evolution in the
form of Eq. (B23) is given by

M4(3-local) =

⎡

⎢
⎢
⎣

pα (2 − pα) p2
α 0 0

(1 − pα)2 pα(1 − pα) pα 0
0 1 − pα pα (1 − pα) p2

α

0 0 (1 − pα)2 1 − p2
α

⎤

⎥
⎥
⎦ .

In the asymptotic limit, as the number of rounds
increases, the vector �A∞ is invariant under the effect of one

more round,

�A∞ = M4(3−local) · �A∞. (B33)
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Solving this condition, we found that, in the asymptotic
limit, the n qubits are in a product state, with each qubit
having a different ground-state population. Considering the
qubits in order, starting from the end of the string and
moving toward the target qubit, the populations are given
by

�p∞(n = 4) =
{

pα , pα ,
p2

α

1 − 2pα + 2p2
α

,
p3

α

1 − 3pα + 3p2
α

}

.

The two qubits at the end of the string retain their ini-
tial populations, pα , as they are reset after each round. In

contrast, the other qubits in the string exhibit improved
populations.

As the size of the string increases, the steady state fol-
lows a specific pattern, which will be described in the
following subsections.

(d) Asymptotic polarization for n = 5 and m = 2:

The stochastic matrix that describes the evolution in the
form of Eq. (B23) is given by

M5(3−local) =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

pα(2 − pα) p2
α 0 0 0 0 0 0

(1 − pα)2 pα(1 − pα) pα 0 0 0 0 0
0 1 − pα pα(1 − pα) p2

α 0 0 0 0
0 0 0 0 pα(2 − pα) p2

α 0 0
0 0 (1 − pα)2 1 − p2

α 0 0 0 0
0 0 0 0 (1 − pα)2 pα(1 − pα) pα 0
0 0 0 0 0 1 − pα pα(1 − pα) p2

α

0 0 0 0 0 0 (1 − pα)2 1 − p2
α

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Solving the condition �A∞ = M5(3-local) · �A∞, the corre-
sponding vector of enhanced ground-state populations of
each qubit is given as

�p∞(n) =
{

pα , pα ,
p2

α

1 − 2pα + 2p2
α

,
p3

α

1 − 3pα + 3p2
α

,

p5
α

1 − 5pα + 10p2
α − 10p3

α + 5p5
α

}

.

(e) Asymptotic polarization for n and m = 2:

By iterating the described derivations, in the asymptotic
limit of the three-local BQR will be in a product state, with
the following list of the local ground-state populations for
the qubits, counting from the end of the string of qubits to
the target qubit

�p∞(n) =
{

pα , pα ,
p2

α

1 − 2pα + 2p2
α

,
pF4

α
∑F4−1

i=0 (−1)i
(F4

i

)
pi

α

,

pF5
α

∑F5−1
i=0 (−1)i

(F5
i

)
pi

α

, . . . ,
pFn

α
∑Fn−1

i=0 (−1)i
(Fn

i

)
pi

α

}

for n ≥ 3,

where Fj is the j th Fibonacci number (i.e., Fj = Fj −1 +
Fj −2 with F1 = 1, F2 = 1).

However, as mentioned in the main text, it is not nec-
essary for the quantum refrigerator to operate near the
asymptotic cooling limit. Instead, the optimal configura-
tion requires only a small number of rounds, striking a
balance between significant polarization enhancement and
efficient use of qubit resources to maximize the reduction
in sampling error, as illustrated in Fig. 8.

APPENDIX C: ESTIMATING THE GRADIENT OF
THE CLASSIFICATION SCORE

Writing the classification score as q(x, θ) = 〈x| exp(iθG)

M exp(−iθG)|x〉 with a Hermitian operator G, the gradient
can be expressed as

∂q(x, θ)

∂θ
= 〈x| exp(iθG)i[G, M ] exp(−iθG)|x〉. (C1)

Since i[G, M ] is Hermitian, the above equation represents
measuring the expectation value of M̃ := i[G, M ] on the
same VQC that is used to compute q(x, θ).

In our binary classification setting, M is assumed to be
a Pauli observable. Therefore, if G is a Pauli operator,
then M̃ is also a Pauli operator. In this case, the Clifford
transformation technique allows us to compute the gradient
as

∂q(x, θ)

∂θ
= Tr (Zσ1(x, θ)) , (C2)
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where σ1(x, θ) = Trn−1

(
Vc exp(−iθG)|x〉〈x| exp(iθG)V†

c

)

and Vc represents a Clifford gate. This expression is anal-
ogous to Eq. (1) of the main text, except for the difference
between Uc and Vc, as Uc transforms M to Z1 and Vc
transforms M̃ to Z1. Thus, estimating the gradient with an
additive error less than its magnitude results in a similar
error probability bound as described in Eq. (6) of the main
text.

APPENDIX D: KERNEL-BASED QUANTUM
BINARY CLASSIFIERS

Although the main text focuses primarily on variational
quantum binary classifiers (VQBCs), the transformation
in Eq. (10) can be applied more broadly to any binary
classifier established based on the classification score in
Eq. (1). For instance, quantum kernelized binary classi-
fiers (QKBC) utilizing Hadamard test or swap test circuits
[56–62] also compute the classification score as expressed
in Eq. (1). In such instances, the quantum circuits are
designed so that the single-qubit Pauli-Z measurement
yields

〈Z〉 = 1
s

s∑

i=1

yik(xi, x̃), (D1)

where k(xi, x̃) represents the kernel function quantifying
the similarity between a sample data point xi and the test
data x̃, yi ∈ {+1, −1} denotes the class label for xi, and
s is the total number of samples. The QKBC adheres to
the same classification rule as described in Eq. (3) for
the VQBC. Another notable example is the quantum sup-
port vector machine proposed in Ref. [63]. Therefore, the
importance of developing an efficient technique to achieve
Eq. (10) extends beyond VQBC, encompassing broader
applications in QML.

APPENDIX E: NUMERICAL ANALYSIS OF NOISE
EFFECTS

To assess the robustness of the quantum refrigerator
protocols under experimentally realistic conditions, we
performed numerical simulations that incorporate the dom-
inant noise mechanisms observed in current NISQ devices.
We modeled the effects of energy relaxation and control
errors through generalized amplitude damping (GAD) and
depolarizing channels, respectively. These channels cap-
ture the primary sources of decoherence and gate imperfec-
tions present across all major NISQ hardware platforms,
including superconducting [64–67], trapped-ion [68,69],
and neutral-atom [70–72] systems.

It is worth emphasizing that the quantum refrigerator
operates entirely within the subspace of diagonal states: all
operations in the protocol—resets, permutations, and con-
ditional swaps—preserve diagonality at every step. As a

consequence, the protocol is inherently insensitive to any
noise processes that act only on quantum coherences, such
as dephasing, phase-damping, or control-phase fluctua-
tions [15,73,74]. These noise channels, while detrimental
in general quantum algorithms, leave the populations of
diagonal states unaffected and therefore do not influence
the outcome of the refrigerator. In this sense, the protocol
is intrinsically robust against coherence-degrading noise,
and our numerical simulations incorporate this property by
focusing on the population-changing channels (GAD and
depolarizing) that directly affect the diagonal elements of
the density matrix.

a. Noise model

The generalized amplitude-damping channel describes
energy relaxation to a thermal bath with equilibrium exci-
tation probability pGAD and damping probability γ = 1 −
e−τ/T1 , where T1 is the longitudinal relaxation time and τ

the gate duration. The corresponding Kraus operators are
as follows:

E0 = √
pGAD

(
1 0
0

√
1 − γ

)

, E1 = √
pGAD

(
0

√
γ

0 0

)

,

E2 =
√

1 − pGAD

(√
1 − γ 0

0 1

)

,

E3 =
√

1 − pGAD

(
0 0√
γ 0

)

.

(E1)

This channel reduces to standard amplitude damping
when pGAD = 0, and in diagonal state it affects the popula-
tions of the computational basis states without introducing
coherences.

The depolarizing channel models stochastic gate errors
that randomize the qubit state with probability pdepol,

Dpdepol(ρ) = (1 − pdepol)ρ + pdepol

d
I, (E2)

where d is the Hilbert-space dimension of the affected
subsystem (d = 2 for single-qubit gates and d = 4 for
two-qubit gates). Since the working states of the refriger-
ator remain diagonal, dephasing-type errors have no effect
beyond these channels.

b. Typical and worst-case noise regimes

We considered two representative noise regimes. First,
the typical NISQ regime corresponds to a set of parameters
chosen to lie within the ranges reported for present-day
superconducting, trapped-ion, and neutral-atom devices
[64–72]. Note that, this regime does not reflect the calibra-
tion of any particular hardware platform, but rather encap-
sulates the characteristic magnitude of gate and relaxation
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FIG. 10. Enhanced polarization αQR of the quantum refrig-
erator, with the progressive boundary entropy compression-
bidirectional quantum refrigerator protocol operating with n = 5
qubits and Nrounds = 5 as a function of the initial polarization
|α0|, under typical noise parameters representative of current
noisy intermediate-scale quantum devices. The dotted straight
line indicates the baseline initial polarization, while the solid
black curve corresponds to the ideal noise-free enhancement.
The green zone shows the expected polarization in the presence
of typical noise channels—generalized amplitude damping and
depolarizing noise.

errors that are broadly representative of current NISQ
technologies. By avoiding platform-specific assumptions,
these values define a common benchmark that realisti-
cally captures the overall performance envelope of exist-
ing quantum processors. For the typical NISQ regime,
the noise parameters are pGAD = 10−5, γ1q = 5 × 10−4,
γ2q = 2.5 × 10−3, p (1q)

depol = 10−4, and p (2q)

depol = 5 × 10−3.
The worst-case regime extends beyond the upper end of
the noise range currently reported for NISQ hardware
and serves as a conservative stress test for the protocol’s
robustness. It employs larger noise strengths to probe the
limits of stability and performance: pGAD = 0.9, γ1q =
2.7 × 10−3, γ2q = 1.3 × 10−2, p (1q)

depol = 10−3, and p (2q)

depol =
2 × 10−2.

Simulations were performed for the five-qubit quantum
refrigerator configuration, with the PBEC-BQR protocol
operating with two reset qubits per round and Nrounds = 5.
Figures 10 and 11 summarize the resulting performance
under the noise conditions defined above. Figure 10 shows
the enhancement of the target-qubit polarization relative
to the initial polarization baseline (dotted line) and to the
ideal noise-free case (solid black line). In the presence of
moderate noise (green curve), the achievable polarization
is slightly reduced, yet the system achieves a steady state.
Figure 11 presents the corresponding reduction factor of
the error-probability bound, which quantifies the improve-
ment in the effective error probability achieved through the
cooling process.

Across the full range of initial polarizations, and under
typical NISQ-level noise, the system reliably converges
toward a steady state that remains close to the ideal fixed

point. This robustness arises from two complementary fea-
tures of the protocol. First, the dynamics of the quantum
refrigerator exhibit attractive fixed points that guarantee
convergence toward a steady state upon iteration. Second,
the diagonal structure of the protocol enhances stability:
since all operations—resets, swaps, and basis permuta-
tions—preserve diagonality, the population dynamics are
inherently resilient to small stochastic fluctuations in the
reset and permutation steps. Consequently, noise processes
that act solely on quantum coherences, such as dephas-
ing, phase-damping, or control-phase fluctuations, have
no measurable influence on the outcome, as they leave
diagonal states invariant throughout the evolution.

Even under typical NISQ-level noise, the cooling pro-
cess continues to reduce the effective error probability over
nearly the same range of initial polarizations as observed
in the ideal, noise-free case. Note that, the generalized
amplitude-damping channel introduces an asymmetry in
the estimation-error bounds for positive and negative ini-
tial polarizations. Because amplitude damping drives the
population toward one polarization direction, the resulting
magnitude of |α′| in Eq. (6) differs for the two labels. This
effect is visible in Fig. 11, where the upper dotted green
curve corresponds to the case less affected by damping,
and the lower dotted curve represents the configuration in
which |α′| is more strongly degraded by noise. The overall
reduction factor of the error-probability bound is therefore
computed as

rQR =
2 r+

QRr−
QR

r+
QR + r−

QR
,

where r+
QR and r−

QR denote the reduction factors for states
with positive and negative polarization, respectively. In
Fig. 11, the solid green line represents the global rQR
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FIG. 11. Reduction factor of the error-probability bound
obtained for the same protocol and noise parameters. The reduc-
tion factor quantifies the improvement in the effective error
probability achieved through the cooling process, illustrating the
robustness of the protocol in the typical noisy intermediate-scale
quantum regime.

010350-23



NAYELI A. RODRÍGUEZ-BRIONES and DANIEL K. PARK PRX QUANTUM 7, 010350 (2026)

R
ed

uc
tio

n 
fa

ct
or

 o
f

er
ro

r 
pr

ob
ab

ili
ty

 b
ou

nd

FIG. 12. Reduction factor of the error-probability bound
for the five-qubit progressive boundary entropy compression-
bidirectional quantum refrigerator with Nrounds = 5, evaluated
under both the typical noisy intermediate-scale quantum noise
regime (green curve) and the worst-case regime (solid red line).
Even under the deliberately exaggerated noise strengths of the
worst-case scenario, the protocol continues to yield an enhance-
ment over nearly the same range of initial polarizations as in
the ideal case, demonstrating its robustness against realistic and
strongly dissipative noise conditions.

obtained for the case where both polarization labels occur
with equal probability in the classification task.

To further assess the robustness of the protocol, we
simulated the same five-qubit configuration under the
worst-case noise regime defined above. Figure 12 com-
pares the reduction factor of the error-probability bound
for the typical NISQ parameters (green curve) with that
obtained under the worst-case noise conditions (solid
red line). Remarkably, even in this highly dissipative
regime—corresponding to relaxation times on the order of
tens of microseconds and two-qubit gate errors approach-
ing a few percent—the protocol continues to yield a
reduction in the effective error probability over nearly
the same range of initial polarizations as in the ideal
case. The results approach the boundary beyond which no
enhancement is obtained, yet the persistence of a reduction
factor larger than unity across most of the region demon-
strates that the quantum refrigerator retains its operational
advantage and steady-state convergence well beyond typ-
ical NISQ noise conditions, underscoring its intrinsic
robustness.

APPENDIX F: DETAILS OF CLASSIFICATION
EXPERIMENTS

This appendix provides additional details on the
datasets, preprocessing procedures, and simulation setup
used for evaluating the classification performance of BQR-
enhanced quantum classifiers.

All classification simulations were implemented in
Python using Qiskit [75] and scikit-learn [76]. We used a

combination of synthetic and real-world binary classifica-
tion datasets, as listed below.

(a) Synthetic datasets: Two synthetic datasets were cre-
ated using polarization values α ∈ [−1, 1]. For the
uniform case, positive and negative class values
were sampled from (0, 1] and [−1, 0), respectively.
For the Gaussian case, we used N (+0.6, 0.32) and
N (−0.6, 0.32) distributions and clipped the samples
to lie within [−1, 1].

(b) Iris: We used the standard Iris dataset [77] and
formed two binary classification tasks: (i) setosa vs
versicolor and (ii) setosa vs virginica. For each task,
we applied principal component analysis (PCA) to
project the original four-dimensional features to one
dimension, and rescaled the values to [−1, 1].

(c) Wine: We selected class 0 (Barolo) and class 1
(Grignolino) from the Wine dataset [78]. PCA was
used for dimensionality reduction, and the resulting
values were rescaled to [−1, 1].

(d) Handwritten digits: We used the digits dataset [79]
provided by scikit-learn [76], which contains 8 × 8
grayscale images of handwritten digits from 0 to
9. For binary classification, we selected samples
labeled as 2 and 5. PCA was applied to project
the 64-dimensional image vectors to one dimension,
followed by rescaling to the [−1, 1] range.

(e) Sonar: The UCI Sonar dataset contains sonar returns
labeled as “Rock” or “Mine” [80]. We encoded
these labels as 0 and 1, applied LDA to reduce the
dimensionality to 1, and scaled the values to [−1, 1].

(f) Diabetes: We used the Pima Indians Diabetes
dataset [81], which contains diagnostic measure-
ments for predicting whether a patient has diabetes.
Linear discriminant analysis (LDA) was used to
reduce the original eight features to one dimension,
followed by rescaling to [−1, 1].

For each dataset, we randomly sampled 50 data points
from each class to form a balanced binary classification
task. This process was repeated 100 times to generate
statistically independent test scenarios. Classification was
based on the sign of the sample mean from the compu-
tational basis (i.e., Z-basis) measurements on the target
qubit.

We used the three-local BQR with five system qubits
(n = 5), two reset qubits (m = 2), and two rounds
(Nrounds = 2). The number of measurement shots was set
to kBQR ∈ {10, 100}. For fair comparison, the conventional
baseline was allocated proportionally more shots using
the expression kc = kBQR × m × (Nrounds − 1) + n, which
corresponds to 25 and 205 shots for kBQR = 10 and 100,
respectively.

The classification accuracy was averaged over 100 ran-
domized trials, and Welch’s t-test was used to assess
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statistical significance between the BQR-enhanced clas-
sifier and the baseline classifier without BQR. The full
implementation code is publicly available at [82].
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