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Probing isoscalar giant resonances with multipolarity L � 3 in even-A neodymium isotopes
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Background-free inelastic-scattering spectra were measured for even-A neodymium (Nd) isotopes using a
halo-free 386-MeV α beam at forward angles, including 0◦, to examine the influence of deformation on isoscalar
giant resonances. The strength distributions of isoscalar giant resonances (with multipolarity L � 3) in 142Nd
and 146−150Nd isotopes are determined using multipole decomposition analysis. This analysis is based on angular
distributions calculated within the framework of the distorted-wave Born approximation with transition densities
generated with a Woods-Saxon type potential. The isoscalar giant monopole resonance exhibits a distinct
splitting into low-energy and high-energy components while going from the spherical nucleus 142Nd to the
well-deformed nucleus 150Nd due to coupling with the K = 0 component of the isoscalar giant quadrupole
resonance (ISGQR). The isoscalar giant dipole resonance displays a bimodal structure, with an evidence of
coupling between the dipole (E1) and high-energy octupole (E3) resonance due to deformation effects. The
ISGQR splits into distinct K components (K = 0, 1, and 2) due to deformation. A signature of an overtone mode
in ISGQR at an energy around 26 MeV has been obtained.

DOI: 10.1103/1p1h-5jh2

I. INTRODUCTION

Giant resonances are manifestations of the collective exci-
tation of nucleons within a nucleus, arising from transitions
between the ground state and the collective excited states [1].
The nucleus oscillates, in the excited state, around a mean
shape or density depending on the change in the spin, isospin,
and the angular momentum quantum number. Among the
various giant-resonance modes, the isoscalar giant monopole
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resonance (ISGMR) and isoscalar giant dipole resonance
(ISGDR) are particularly significant, as their excitation en-
ergies are directly related to the incompressibility of the
finite nucleus (KA). Consequently, they are also referred to as
compression modes [1]. From the measured KA, the incom-
pressibility of infinite nuclear matter (K∞) can be deduced
through microscopic calculations [2–4]. The incompressibil-
ity of infinite nuclear matter at the saturation density plays
a crucial role in mean-field models of nuclear many-body
systems and in the dynamics of high-density astrophysical
objects and supernova explosions [5–9].

Isoscalar giant resonances have been extensively studied in
spherical nuclei. However, the experimental data for deformed
nuclei are scarce. The effects of deformation on the isovec-
tor giant dipole resonance (IVGDR) have been thoroughly
investigated by studying the photoneutron cross section and
comparing experimental results for spherical and deformed
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nuclei [10], including Nd isotopes [11]. In deformed nuclei,
the strength distribution of the IVGDR exhibits a splitting at-
tributed to the different oscillation frequencies along the short
and long axes. It is noteworthy that the IVGDR in both spher-
ical and deformed Nd isotopes, as well as in 152Sm, has also
been studied through inelastic proton scattering [12,13]. Ad-
ditionally, the IVGDR in Nd isotopes has been explored using
a translational and Galilean invariant quasiparticle random-
phase approximation (QRPA) method [14].

Isoscalar giant resonances have been explored in spherical
and deformed Sm isotopes [15–17], the fission decay of 238U
[18], and lighter nuclei such as 24Mg [19] and 28Si [20].
Recently, we reported [21] on both the ISGMR and isoscalar
giant quadrupole resonance (ISGQR) and their strength dis-
tributions in Nd isotopes, spanning from spherical 142Nd to
deformed 150Nd. Notably, earlier studies of isoscalar giant
resonances in Nd isotopes at a much lower α-particle bom-
barding energy of 129 MeV [22] did not extract the strength
distributions of these resonances. In deformed nuclei, the
strength distribution of an isoscalar giant resonance splits into
different K components, where K , the projection onto the
symmetry axis, is a good quantum number. In the case of
the ISGMR, the strength distribution splits into low-energy
(LE) and high-energy (HE) components due to coupling with
the K = 0 component of the ISGQR [23]. In the case of the
ISGQR, the strength distribution splits into three K compo-
nents (K = 0, 1, and 2) [24]. The splitting of the strength
distribution of the ISGQR is reflected in the broadening of
the resonance width [16,25]. Investigations of the ISGMR
in deformed 154Sm, conducted both at the Research Center
for Nuclear Physics (RCNP) [15] and Texas A&M Univer-
sity (TAMU) [17], using inelastic α-particle scattering, have
yielded contradictory results. A strong splitting of the ISGMR
strength in 154Sm with a pronounced low-energy peak was
observed in the TAMU data, indicating significant splitting,
which was not the case for the RCNP data.

A “bimodal” strength distribution for the ISGDR has been
observed in medium- to heavy-mass nuclei [16,17,26–28].
While the HE component of this bimodal ISGDR distribution
remains largely unchanged, the width and energy-weighted
sum rule (EWSR) of the LE component increases with
increasing deformation in Sm isotopes [16]. The strength
distribution of the high-energy octupole resonance (HEOR)
also appears to be affected by nuclear deformation, as noted
in Refs. [16,29]. However, in Ref. [29], the ISGDR was not
separated from the HEOR, as both resonances occur at similar
excitation energies. The negative-parity isoscalar resonances,
i.e., ISGDR (1−) and HEOR (3−), couple in the Kπ = 0−
and 1− channels as predicted by QRPA calculations within
the basis of the Skyrme energy-density functional [25] and by
the fluid-dynamical method based on the generalized scaling
approximation [30]. Experimental evidence of this predicted
coupling has been observed in Sm isotopes, where an en-
hancement of the low-energy component of the ISGDR has
been accompanied by a shift in the HEOR strength towards
lower excitation energies [16].

Isoscalar giant resonances with multipolarity L � 2 are
primarily associated with the first-order term of the transition
operator, often referred to as the “main tone” of the transition

operator. However, the first-order term of the transition op-
erator for the ISGMR is a constant and that for the ISGDR
is associated with the spurious center-of-mass motion. As
a result, the second-order terms of the transition operators,
representing the “overtone” modes, become relevant for both
the ISGMR and ISGDR [1,3]. Since the excitation energies
of the ISGMR and ISGDR are directly related to the nuclear
incompressibility of finite nuclei, the “overtone” modes are
related to KA. Overtone modes of isoscalar giant resonances
with multipolarities L � 2 remained elusive until the first
evidence of a high-lying resonance with L = 2 characteristics
was found at around 27 MeV during the investigation of the
direct proton decay from the ISGDR state in 208Pb [31]. It was
also confirmed later from the neutron decay of the ISGDR
state in 208Pb [32]. This high-order mode in the ISGQR,
referred to as ISGQR2, corresponds to a 4h̄ω excitation and
refers to another compression mode in addition to the ISGMR
and ISGDR. Recent results from studies on Nd isotopes have
also confirmed the presence of this overtone mode, providing
further evidence of its existence [21].

In a previous study [21], we reported the strength
distributions of the ISGMR, ISGQR, and ISGQR2 in even-
A 142,146−150Nd, where the nuclear deformation increases
from the nearly spherical 142Nd [β2 = 0.0916(8)] to more de-
formed 150Nd [β2 = 0.285(3)] [33]. In this paper, we provide
a systematic study of isoscalar giant resonances up to L = 3
in these Nd isotopes.

II. EXPERIMENTAL SETUP

For the present study on isoscalar modes of giant reso-
nances, the α-particle probe was an excellent choice since its
spin and isospin are zero. Inelastic α-particle scattering off
142,146,148,150Nd isotopes was measured at the RCNP, Osaka
University, Japan. A halo-free 4He++ beam with an energy
of 386 MeV, was transported toward the experimental area
through the west-south beamline after a single-turn extraction
from the ring cyclotron. This 4He++ beam then impinged
on self-supporting 142,146,148,150Nd targets enriched to values
greater than 95% with areal densities varying between 4.5 and
5.0 mg/cm2. At this beam energy, the knock-out and pick-up
reaction probabilities are low, and the predominant influence
arises from single-step reactions [34]. The high-resolution
magnetic spectrometer “Grand Raiden” (GR) was used to
analyze the momentum of inelastically scattered α particles
[35]. The energy resolution achieved was around 175 keV, a
level of precision deemed adequate for investigating the giant
resonances having widths of approximately 2–3 MeV. The
beam current, which ranged from 0.1 to 10 nA, was restricted
by the data acquisition rate and the maximum current avail-
able from the accelerator.

A focal-plane detector system consisting of a pair of plastic
scintillators and position-sensitive multiwire drift chambers
was used to observe the horizontal and vertical positions of
inelastically scattered α particles, allowing particle identifica-
tion and reconstruction of trajectories of the scattered particle.

Figure 1(a) shows the typical particle identification plot
at 0◦ for the GR spectrometer, which corresponds to an av-
erage angle of θavg = 0.75◦. The spectrometer was operated
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FIG. 1. (a) Particle identification spectrum for α particles inelas-
tically scattered from 142Nd: energy deposited in the first plastic
scintillator detectors against the horizontal focal-plane position (Xfp).
The gated events, enclosed by the black solid line, correspond to the
inelastically scattered α particles. (b) The vertical-position spectrum
(Yfp) of α particle scattered from 142Nd at 0◦ is shown, along with
the focusing in the Y direction. The red-hatched region includes both
true and background events, while the blue-hatched regions represent
background events only.

in double-focusing mode, where true events resulting from
scattering off the target are focused into a narrow band along
the vertical plane [indicated by the red-hatched region in
Fig. 1(b)]. The events originating from the instrumental back-
ground are either overfocused or underfocused in the vertical
plane, as shown by the blue-hatched regions in Fig. 1(b). By
subtracting background events located at the off-median focal-
plane positions from those at the median focal-plane position,
the instrumental background can be efficiently eliminated
[35]. In Fig. 2(a), the excitation-energy spectrum of 142Nd is
shown for the 0◦ GR angle, where the blue-hatched regions
shows the instrumental background that corresponds to the
sum of blue-hatched regions in Fig. 1(b). Figure 2(b) displays
the result of subtracting the background events from the total
events in order to isolate the true inelastically scattered events.

The inelastic scattering of α particles was measured at
forward angles, 0◦ � θLab � 10◦, where the angular dis-
tributions are characteristic of different multipolarities. To
determine the optical-model parameters (OMPs), however,
elastic scattering on 142Nd was measured over a wide angular
range from 3.5◦ to 20.5◦. To calibrate the Nd excitation-
energy spectra, inelastic α scattering on a 24Mg target (with
an areal density of 2.5 mg/cm2) was measured at the same
spectrometer angles as those used for the Nd targets. For ion-
optical correction, a sieve slit (a multihole aperture with holes
separated horizontally by 5 mm and vertically by 12 mm) was

FIG. 2. (a) Excitation-energy spectrum for 142Nd(α, α′) reaction
at θGR = 0◦ (θavg = 0.75◦) after particle identification, ion-optical
corrections, and energy calibration. The black line shows the total
true + background events and the blue-hatched region shows the
instrumental background events. (b) The black histogram shows the
true events after instrumental background subtraction.

placed between the target and the first magnet of the spectrom-
eter. The sieve slit effectively divides the scattered particle
stream into small pencil beams, allowing the determination
of both horizontal and vertical scattering angles at the target.
By analyzing such sieve-slit data, the relationship between
the position and angle of incidence at the focal plane and the
corresponding scattering angles at the target can be deduced.

III. DATA ANALYSIS

A. Determination of optical-model parameters from
elastic-scattering data

An optical model employs a complex scattering potential
to describe the nuclear scattering. It provides an interpretation
of elastic scattering in terms of the scattering potential and
the associated wave function for the relative motion of the
target and projectile, which could be used to study the inelastic
scattering. For this purpose, the cross section data of α elastic
scattering on 142Nd was analyzed over a wide angular range of
3.5◦ to 20.5◦. A Woods-Saxon type potential has been used for
both real and imaginary parts of the complex optical potential
with the following functional form:

V (r) = −Vr · F (Rr, ar ) − iVi · F (Ri, ai ), (1)
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TABLE I. Optical-model parameters from χ 2 minimization of
142Nd elastic-scattering data [36].

Eα Vr Vi Rr Ri ar ai

(MeV) (MeV) (MeV) (fm) (fm) (fm) (fm)

386 79.24 26.01 6.61 7.56 0.792 0.625

where Vr is the attractive real potential, Vi is the absorptive
imaginary potential and

F (R, a) =
[

1 + exp

(
r − R

a

)]−1

, (2)

where Rr (Ri) is the real (imaginary) radius of the nuclear
potential and ar (ai) is the real (imaginary) part of the dif-
fuseness of the potential. The OMPs are derived through
a χ2 minimization by fitting the angular distribution for
142Nd(α, α) elastic scattering. We have used brute-force and
basin-hopping global optimization techniques using Python
for χ2 minimization [36]. The angular distributions, includ-
ing elastic and inelastic scattering, were calculated within
the framework of the distorted-wave Born approximation
(DWBA) using the coupled-channel code CHUCK3 [37].
During the minimization process, the newly optimized param-
eters obtained in each iteration were fed into the CHUCK3
code to compute the angular distribution of elastic α scat-
tering, which was then utilized for further minimization.
Unfortunately, due to limited beam time, α elastic-scattering
data for 146,148,150Nd were unavailable. Consequently, the
OMPs derived from the 142Nd data were employed in the
DWBA calculations for these isotopes. Using OMPs from a
nearby nucleus or isotope introduces negligible variations in
the extraction of strength distributions of giant resonances
[38–40]. Moreover, OMPs derived for spherical nuclei have
been effectively utilized to determine strength distributions in
deformed nuclei without significantly altering their expected
characteristics [15,16]. Table I summarizes the fitting param-
eters obtained from the χ2 minimization, whereas Fig. 3(a)
shows the angular distribution of α elastic scattering on 142Nd
along with the fit.

In 142Nd, the angular distributions for the states at 1.575
MeV (Jπ = 2+) and 2.083 MeV (Jπ = 3−) have been cal-
culated within the DWBA framework by using the obtained
OMPs and the known B(E2) = 0.265(13) e2 b2 [33,41] and
B(E3) = 0.44(22) e2 b3 [42] values. They show good agree-
ment with the experimental data, as illustrated in Figs. 3(b)
and 3(c), respectively, demonstrating the reliability of the
derived OMPs. The angular distribution of the Jπ = 2+ state
of 148Nd at 0.301 MeV, calculated using the same OMPs listed
in Table I, is shown in Fig. 3(b) with dashed lines. The maxima
and minima of the 2+ angular distribution for 148Nd agree rea-
sonably well with those of 142Nd. The observed difference in
the cross sections originates from the difference in the B(E2)
values, with the B(E2) for the first 2+ state at 0.301 MeV in
148Nd being 1.37(2) e2 b2 [33]. Furthermore, the calculated
elastic α angular distribution for 144Sm using the OMPs pre-
sented in Table I, agrees well with the elastic-scattering data

FIG. 3. (a) Differential cross sections of elastic α-particle scat-
tering from 142Nd at 386 MeV. The closed black circles show the
measured cross sections. The solid line shows the optical-model fit
to the data [36]. Angular distribution of differential cross sections for
(b) the 1.575 MeV 2+ state and (c) the 2.083 MeV 3− state in
142Nd. The solid lines in (b) and (c) show the result of the DWBA
calculation (see text). The absence of certain data points in (b) and
(c) is attributed to contamination from oxygen and hydrogen (see
Sec. III C). The angular distribution of the first 2+ state of 148Nd at
0.301 MeV is shown in (b) with dashed lines.

from Ref. [16]. This reinforces the accuracy of the derived
optical potential parameters.

B. Calibration of excitation-energy spectra using inelastic α

scattering on 24Mg

To calibrate the focal-plane detector, high-resolution
24Mg(α, α′) data [43] were utilized due to the well-
characterized low-lying discrete states of 24Mg. The mea-
surements were performed at the same GR spectrometer
angles (0◦, 2.5◦, 3.5◦, 5◦, 6.5◦, 8◦, and 9.5◦) as those used
for the Nd targets. Since the Nd isotopes are significantly
heavier than 24Mg, a direct conversion of the horizontal
focal-plane position spectra into excitation energy was not
feasible. Instead, the high-resolution excitation-energy spectra
obtained from the 24Mg(α, α′) data [43] were converted into
scattered α-particle momentum spectra using the kinematic
relationship between the incident α-particle momentum and
the excitation energy of the recoiling 24Mg target nucleus.
The measured horizontal focal-plane position spectra from
the present experiment were then calibrated by comparing
them to the momentum spectra at each GR spectrometer
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FIG. 4. The 0◦ calibration spectrum (black histogram) for
24Mg(α, α′) obtained at an α energy of 386 MeV, showing both
the calibrated excitation energy of 24Mg (bottom horizontal axis)
as well as the momentum of the scattered α particle (top horizontal
axis). The high-resolution 24Mg(α, α′) spectrum from Ref. [43], also
measured at 0◦ GR angle and shown as the blue histogram, was used
for calibration. An arbitrary normalization factor of 1.43 has been
applied to the blue histogram to match the peak height at 9.3 MeV
with that of the experimental data.

angle. These calibration parameters were subsequently used
to convert the horizontal focal-plane position spectra obtained
from α-particle inelastic scattering on Nd targets into the cor-
responding scattered α-particle momentum spectra. Finally,
these α-particle momentum spectra for the Nd isotopes were
converted into excitation-energy spectra through kinematics
calculations. Figure 4 illustrates a calibration spectrum (black
histogram) for 24Mg at 0◦ GR angle including the reference
spectrum at 0◦ GR angle (blue histogram) from Ref. [43]. The
excellent agreement between the two histograms after an arbi-
trary normalization confirms the reliability of the calibration
procedure.

C. Subtraction of hydrogen and oxygen contamination

The Nd targets are prone to hydrolysis, resulting in signif-
icant contamination from oxygen and hydrogen in each Nd
isotope. In the case of hydrogen contamination, only elastic
proton scattering with α particles needs to be considered, as
there are no collective structures to excite. Elastic scattering
off protons exhibits a significantly larger cross section com-
pared to the inelastic excitations of the Nd target nuclei.
Consequently, hydrogen contamination can be removed by
excluding the affected data points during offline analysis, as
illustrated by the missing data points in the angular distribu-
tions shown in Fig. 3 and Fig. 7. The missing data points in
Figs. 3(b) and 3(c) also account for oxygen contamination.

To eliminate oxygen contamination, high-resolution
16O(α, α′) measurements performed at the same beam energy
at RCNP [44] were utilized. The excited states of 16O, such as
the peaks at 11.520 MeV (2+) and 12.049 MeV (0+), extend
into the giant-resonance region of the Nd isotopes, as shown

FIG. 5. The excitation-energy spectrum of 142Nd including the
16O contamination is shown in red. The reference oxygen spec-
trum taken from Ref. [44] (resolution matched) is shown in
blue. Both datasets were taken at θGR = 0◦ (θavg = 0.75◦). The
excitation-energy spectrum of 142Nd after subtraction of the oxygen
contamination is shown in black.

in Fig. 5 with the red histogram. After aligning the kinematics
with the measured excitation energies of the Nd inelastic
spectra, the oxygen excitation-energy spectra were smeared
with a Gaussian function with a width of around 140 keV
to match the experimental resolution. These smeared spectra
were subsequently scaled by the ratio of the integrals of the
prominent oxygen peaks in the Nd excitation-energy spectra
to those in the kinematically transformed oxygen spectra
resulting in the blue spectrum in Fig. 5. Finally, the scaled
oxygen spectra were subtracted from the Nd excitation-energy
spectra to eliminate oxygen contamination giving the black
spectrum in Fig. 5.

The excitation-energy spectra for all Nd isotopes, after par-
ticle identification, ion-optical correction and subtraction of
the instrumental background and contamination, are presented
in Fig. 6 for 0◦ GR angle. As evident from Fig. 6, the ex-
citation energy spectra progressively broaden with increasing
nuclear deformation from 142Nd to 150Nd, reflecting a clear
splitting of the strength distributions.

D. Transition densities, multipole decomposition analysis,
strength distributions and moments

The transition densities are computed and expressed in
terms of ground-state densities and they are estimated uti-
lizing the methods described in Ref. [45] for the monopole
(L = 0) transition and in Ref. [46] for the dipole (L = 1)
transition. The transition densities for L � 2 are derived from
the surface oscillation. Reference [1] provides a detailed de-
scription of the transition densities and sum rules for various
multipolarities. The transition densities of L � 2 multipoles
are given by:

ρ (L�2)(r) = − βL�2R√
2L + 1

d

dr
ρ0(r) (3)
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FIG. 6. Measured double-differential cross sections for the Nd
isotopes at θavg = 0.75◦ after particle identification, subtraction of
the instrumental background, ion-optical correction, and subtraction
of contaminants.

with

β2
L�2 = (2L + 1)

h̄ωL

2CL
, (4)

where h̄ωL is the energy of each phonon, and CL is the
restoring force parameter, and they are obtained following
the procedure mentioned in Refs. [1,47]. βL is the collective
coupling parameter of isoscalar L-pole giant resonances con-
sidering surface oscillations.

The transition density for a dipole is given by:

ρ (1)(r) = − β1

R
√

3

[
3r2 d

dr
+ 10r − 5

3
〈r2〉 d

dr

+ε

(
r

d2

dr2
+ 4

d

dr

)]
ρ0(r), (5)

where

β2
1 = 2π h̄2

mAEx

3R2[
11〈r4〉 − 25

3 〈r2〉2 − 10ε〈r2〉] . (6)

The transition density for a monopole can be expressed as:

ρ (0)(r) = −β0

[
3 + r

d

dr

]
ρ0(r) (7)

with

β2
0 = 2π h̄2

mAEx

1

〈r2〉 , (8)

where R is the half-density radius of the Fermi mass distri-
bution, m is the mass of the nucleon, A is the mass number,
Ex is the excitation energy, 〈rL〉 is the radial moment of
the density of the ground state, and β1 and β0 are the
collective coupling parameters for the isoscalar dipole and
monopole resonances, respectively. The parameter ε is ex-
pressed as (4/E2 + 5/E0)h̄2/3mA, where E2 = 65A−1/3 and
E0 = 80A−1/3.

Isoscalar giant resonances are predominantly excited by
the scalar, isoscalar α-particle probe. However, it is important
to note that Coulomb excitation can also induce isovector
modes. As a result, the IVGDR mode can be excited with a
non-negligible cross section by inelastic α-particle scattering.
To accurately extract the strength distribution of the isoscalar
giant resonances, the contribution from the IVGDR must be
carefully subtracted before performing multipole decomposi-
tion analysis (MDA). The transition density of the IVGDR
mode can be expressed as [1]:

ρ
(1)
IV (r) = −α1γ

N − Z

A

[
d

dr
+ 1

3
Ru

d2

dr2

]
ρ0(r) (9)

with

α2
1 = π h̄2

2m

A

NZEx
, (10)

where γ = 3(Rn−Rp)A
2Ru (N−Z ) and Rn, Rp, and Ru are the half-density

radii of the neutron, proton, and nucleon distributions, re-
spectively. The form factors for the IVGDR were obtained
using the Goldhaber-Teller model [45,48], and the available
photoneutron data [49] for Nd isotopes were used to estimate
the exhausted sum rules.

The Nd(α, α′) excitation-energy spectra were divided into
1-MeV energy bins to minimize statistical fluctuations. The
strengths corresponding to various multipolarities were ex-
tracted using the MDA method. This method involves fitting
the experimental differential cross section at each excitation
energy with a linear combination of angular distributions
calculated within the DWBA framework for different multi-
polarities as demonstrated in Eq. (11):

d2σ exp(θCM, Ex )

d�dE
=

7∑
L=0

AL(Ex )
d2σ DWBA

L (θCM, Ex )

d�dE
. (11)

The AL(Ex ) coefficients show the fraction of the EWSR
for a particular energy bin for multipolarity L. Only mul-
tipoles up to L = 7 have been considered in this analysis.
The cross sections calculated under the DWBA framework
using the CHUCK3 code [37] correspond to 100% EWSR for
a given excitation energy Ex. At higher excitation energies,
the physical continuum predominates, and at larger angles,
cross sections decrease while the angular distributions become
featureless. As a result, giant-resonance strength distributions
could be reliably extracted only up to L = 3. Before fitting
the experimental data, the calculated angular distributions for
L � 4 were summed. The coefficients AL(Ex ) for different
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FIG. 7. Multipole-decomposition analyses for 142,146,148,150Nd are shown for excitation-energy bins centered at 12, 15, 23, and 25 MeV.
Solid black lines represent the total fits to the data points. Fitted contributions are also shown from the isoscalar monopole (red), dipole (green),
quadrupole (blue), octupole (cyan), and higher multipole modes (magenta). The contributions from the IVGDR, determined through known
photoneutron cross-section data and the Goldhaber-Teller model, are also depicted by dashed lines.

multipoles were determined using χ2 minimization. The co-
efficients were eventually related to the fraction of EWSR.
Once the fitting parameters were obtained, the uncertainty
associated with each parameter was obtained by fitting the
data again and fixing all other parameters except the parameter
of interest, thus raising the confidence level by 68%. Typical
results of the MDA at excitation energies of 12, 15, 23, and 25
MeV are presented in Fig. 7.

Using the coefficients AL, the strength distributions for
monopole (L = 0), dipole (L = 1), and higher-order multipo-
larities (L � 2) were obtained using Eqs. (12), (13), and (14),
respectively:

S0(Ex ) = h̄2

2m

Z2

A

〈r2〉
Ex

A0(Ex ), (12)

S1(Ex ) = h̄2

8πm

3

4

Z2

A

(
11〈r4〉 − 25

3 〈r2〉2 − 10ε〈r2〉
Ex

)
A1(Ex ),

(13)

SL(Ex ) = h̄2

8πm
L(2L + 1)2 Z2

A

〈r2L−2〉
Ex

AL(Ex ), (14)

where Z and A denote the atomic number and mass number of
the nucleus, respectively; the other definitions of the symbols
have been defined earlier. The kth moment of the strength
function is defined as:

mk =
∫

SL(Ex )Ek
x dEx, (15)

where mk is the kth moment and Ex is the excitation energy.
The centroid of the strength distribution of giant resonances
is associated with different moment ratios across various
model frameworks. In the scaling, constrained, and centroid

models, the excitation energy of the multipole strength distri-
bution is traditionally defined by the moment ratios

√
m3/m1,√

m1/m−1, and m1/m0, respectively [50].

IV. RESULTS AND DISCUSSION

A. ISGMR

The ISGMR strength distributions of the Nd iso-
topes (142,146,148,150Nd) exhibit a distinct splitting into two
components—LE and HE as one moves from the nearly
spherical 142Nd [β2 = 0.0916(8)] to the more deformed,
prolate-shaped 150Nd [β2 = 0.285(3)] [33]. This splitting
arises due to coupling of the ISGMR with the K = 0 com-
ponent of the ISGQR. The transition operator for monopole
transition is given as follows:

O00 = Z

2A

∑
k

r2
k , (16)

where the sum is over all the nucleons. The factor Z
A is used

for truly collective isoscalar transitions where all the nucleons
in the nucleus participate in the collective motion [1]. This
is a second-order expansion (overtone mode) of the spherical
Bessel function since the first-order term does not induce the
intrinsic excitation of the nucleus as it is a constant. Figure 8
shows the ISGMR strength distributions for these Nd isotopes,
obtained using Eq. (12). For the spherical nucleus 142Nd, the
extracted strength distribution is well described by a single
Lorentzian function. For the deformed 146,148,150Nd isotopes,
the strength distributions are fitted with a double Lorentzian
function. The Lorentzian function used for the fits is given as
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FIG. 8. The ISGMR strength distributions for 142−150Nd obtained
from the MDA. The red lines show the results of single-Lorentzian
fitting in (a) 142Nd, and of double-Lorentzian fitting in (b) 146Nd,
(c) 148Nd, and (d) 150Nd. In deformed Nd isotopes, the LE and HE
components of the ISGMR are indicated by blue and black lines,
respectively.

follows [51]:

SL(Ex ) = Sp

1 + (
E2

x − E2
p

)2
/E2

x 
2
. (17)

Here Sp represents the strength of the Lorentzian function
at the peak energy, Ep is the peak energy, Ex denotes the ex-
citation energy, and 
 is the width of the Lorentzian function.
We performed the Lorentzian fitting within the energy range
of 10–18 MeV for 142,148Nd and 10–19 MeV for 146,150Nd.
Figure 8 presents the results of the fitting, while Tables II

and III list the corresponding fitting parameters for the LE
and HE components, respectively. The Lorentzian fitting was
carried out using the χ2 minimization approach, allowing all
parameters to vary freely. The EWSR strengths are evaluated
over the excitation-energy range Ex = 10–22 MeV for both
the LE component (represented by blue lines in Fig. 8) and
the HE component (represented by black lines in Fig. 8) in
146,148,150Nd. However, for 142Nd, only the HE component is
present as expected since the 142Nd is not deformed. The un-
certainties in the strength distributions were derived from the
MDA and are reflected as error bars. Since these uncertainties
are not purely statistical, the choice of the Lorentzian fitting
range significantly affects the errors in the fitting parameters.
The quoted uncertainties obtained from the Lorentzian fitting
include a 68% confidence interval. The results are compared
with the QRPA calculations with the SkM* energy density
functional [25] for both the LE and HE components in Ta-
bles II and III, respectively.

For the deformed 146,148,150Nd isotopes, the peak position
of the LE component aligns with the K = 0 component of
the ISGQR within the error bars (see Table II and Table VII),
indicating the onset of monopole-quadrupole coupling as de-
formation increases. The EWSR fractions were determined by
integrating ExS0(Ex ) over the 10- to 22-MeV energy range
for both the LE and HE components, where S0 was estimated
from the Lorentzian fits. The uncertainties in %EWSR values
arise from the errors in the Lorentzian fitting parameters. The
EWSR of the LE peak increases with increasing deformation,
while the EWSR of the HE peak remains largely unchanged,
with a slight decrease observed in 146Nd. This may be due
to the transitional nature of the 146Nd nucleus when going
from the spherical shape of 142Nd to the prolate-deformed
shapes of 148Nd and 150Nd. A similar trend has also been
observed in Sm isotopes [16]. At high excitation energies,
a nearly constant monopole strength is observed in 148Nd
and 150Nd, likely originating from physical continuum effects
such as knockout reactions and quasifree processes [3]. The
peak positions of the LE and HE components in the ISGMR
strength distributions of Nd isotopes agree within error bars
with a previous measurement conducted at a significantly
lower α beam energy of 129 MeV [22]. The ISGMRs in Nd
isotopes have also been studied using the QRPA calculations
with different Skyrme energy density functionals, namely
SkM* [25], SV-bas, and SkP [52], yielding results consistent
with our measured peak positions [21]. Table IV presents
the moment ratios

√
m3/m1, m1/m0, and

√
m1/m−1 for the

TABLE II. The parameters obtained from Lorentzian fitting of the LE peak of the ISGMR strength distributions in Nd isotopes are
presented. The peak energy and width of the LE component are denoted as ELE and 
LE, respectively. The uncertainties in the peak energy and
width correspond to a 68% confidence interval. The corresponding EWSR values are also presented. For comparison, theoretical values for the
excitation energies and widths of the strength distributions are included from Ref. [25].

Isotope ELE (MeV) 
LE (MeV) %EWSRLE E theory
LE (MeV) 


theory
LE (MeV)

142Nd − − − − −
146Nd 11.5 ± 0.4 3.0 ± 0.8 17.6+9.2

−7.4 12.1 2.37
148Nd 11.5 ± 0.5 3.5 ± 1.2 19.1+12.7

−9.7 11.9 2.83
150Nd 12.2 ± 0.4 3.8 ± 1.0 27.6+13.3

−10.9 11.8 3.22

044316-8



PROBING ISOSCALAR GIANT RESONANCES WITH … PHYSICAL REVIEW C 112, 044316 (2025)

TABLE III. The parameters obtained from Lorentzian fitting of the HE peak of the ISGMR strength distributions in Nd isotopes are
presented. The peak energy and width of the HE component are denoted as EHE and 
HE, respectively. The uncertainties in the peak energy
and width correspond to a 68% confidence interval. The corresponding EWSR values are also presented. For comparison, theoretical values
for the excitation energies and widths of the strength distributions are included from Ref. [25].

Isotope EHE (MeV) 
HE (MeV) %EWSRHE E theory
HE (MeV) 


theory
HE (MeV)

142Nd 15.3 ± 0.1 3.3 ± 0.2 103.9+10.9
−14.3 15.0 2.67

146Nd 15.3 ± 0.2 3.0 ± 0.3 67.8+12.0
−11.2 14.8 3.05

148Nd 15.2 ± 0.2 4.3 ± 0.4 108.0+15.9
−15.2 15.0 3.05

150Nd 15.6 ± 0.2 4.0 ± 0.4 90.9+14.4
−13.7 15.6 3.15

ISGMR strength distributions, derived from Lorentzian fits to
the monopole strengths (depicted by red lines in Fig. 8). These
ratios are computed over the energy range of 10–22 MeV for
each Nd isotope. A decreasing trend is observed from 142Nd
to 146Nd, followed by a slight increase toward 150Nd, deviat-
ing from the conventional A−1/3 rule. This deviation may be
attributed to the pronounced deformed nature of 150Nd. The
behavior of moment ratios across different deformed isotope
chains remain unexplored and necessitates further study.

The ratio of the EWSR exhausted by the HE and LE peaks
in 150Nd is 3.3 ± 1.6, indicating a weaker coupling between
the ISGMR and ISGQR. A similar value of 4.1 ± 1.2 was
reported in Ref. [16] for 154Sm from an experiment conducted
at RCNP using an α beam of approximately 400 MeV. The-
oretical calculation with the SkP functional for 154Sm yields
a ratio of 3.2 [25]. In contrast, α inelastic scattering at 240
MeV, performed by Youngblood et al. [17] at TAMU, reports
a lower ratio of 2.5 ± 0.2 for 154Sm, suggesting a stronger
ISGMR-ISGQR coupling. This discrepancy between the two
datasets may arise from differences in the α beam energy
[52].

B. ISGDR

The extracted strength distribution for the ISGDR is pre-
sented in Fig. 9. The transition operator for dipole transitions
is given as follows:

O1μ = Z

2A

∑
k

r3
kY μ

1 (r̂k ), (18)

where Y μ
1 (r̂k ) is the spherical harmonics of order L = 1 and μ

is the projection of L. This is also a second-order expansion
(overtone mode) of the spherical Bessel function since the
first-order term refers to the translational motion of the center

TABLE IV. The moment ratios in MeV of the ISGMR strength
distributions in the Nd isotopes are presented. The uncertainties in
the moment ratios were obtained using standard error propagation
formulas.

Isotope
√

m3/m1 m1/m0
√

m1/m−1

142Nd 16.12 ± 0.70 15.66 ± 1.35 15.49 ± 0.68
146Nd 15.60 ± 0.82 14.99 ± 1.48 14.78 ± 0.73
148Nd 15.92 ± 0.82 15.24 ± 1.37 15.00 ± 0.67
150Nd 15.99 ± 0.76 15.32 ± 1.32 15.09 ± 0.65

of mass of the nucleus. This distribution exhibits two distinct
peaks: a 1h̄ω component and a 3h̄ω component. The 1h̄ω

mode is situated below 10 MeV (Ex = 30A−1/3), as reported
in Ref. [53]. Nevertheless, the restricted acceptance of the
spectrometer leads to a scarcity of data below 10 MeV. The
remaining strength distribution displays a clear bimodal be-
havior, consistent with previous measurements [16,28]. The
HE component predominantly covers the 16- to 30-MeV
range, while the LE component is largely confined to 10–16
MeV. The nature of the LE peak at 14 MeV remains not
fully understood, with suggestions attributing it to “toroidal”
[54–56] or “vortex” modes [57,58]. The HE and LE peaks

FIG. 9. The ISGDR strength distributions for 142−150Nd extracted
using MDA. The double-Lorentzian fit results are represented by the
red line. The blue line indicates the LE component and the black line
represents the HE component of the bimodal distributions.
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TABLE V. Lorentzian-fit parameters of the LE peak of the bimodal ISGDR strength distributions for the Nd isotopes. The centroid and
width are denoted as ELE and 
LE, respectively. The uncertainties in the peak energy and width correspond to a 68% confidence interval.
The corresponding EWSR values are also presented. For comparison, theoretical values for the excitation energies and widths of the strength
distributions are included from Ref. [25].

Isotope ELE (MeV) 
LE (MeV) %EWSRLE E theory
LE (MeV) 


theory
LE (MeV)

142Nd 14.1 ± 0.3 6.4 ± 0.5 51.3+3.1
−3.6 14.2 7.62

146Nd 13.9 ± 0.2 5.9 ± 0.4 57.9+3.7
−4.0 13.8 8.90

148Nd 13.5 ± 0.2 5.8 ± 0.4 66.9+4.9
−5.2 13.8 9.26

150Nd 13.5 ± 0.3 8.3 ± 0.6 63.8+3.5
−3.8 13.7 11.3

are accurately described within the 10- to 30-MeV range by a
double Lorentzian function. The form of the Lorentzian func-
tion is defined in Eq. (17). The peak values of the LE and HE
components shift toward lower excitation energies as nuclear
ground-state deformation increases from 142Nd to 150Nd. Ad-
ditionally, the widths of both LE and HE components broaden
with increasing deformation. As discussed in Refs. [25,30],
this broadening is further enhanced due to the coupling of
the ISGDR with the K = 0 and 1 components of the HEOR.
The present results for the LE peak have been compared with
QRPA calculations with the SkM* energy density functional
[25] in Table V. Unlike the theoretically calculated ISGDR
strength distribution, which shows the further splitting of the
HE component with increasing deformation [25], no such
splitting is observed in the present analysis, consistent with
the findings in Ref. [16]. Therefore, for the HE peak, the
theoretically calculated ISGDR strength distributions are fit-
ted with a single Lorentzian function in the energy range of
18–35 MeV and compared with the present results in Ta-
ble VI. Values for 142Nd from Ref. [25] have been reported
without Lorentzian fitting, as there was no splitting observed
in the HE peak of the theoretically calculated ISGDR strength
distribution for this isotope.

C. ISGQR

The strength distribution of the ISGQR is shown in Fig. 10.
The transition operators for multipoles with L � 2 are ex-
pressed as [59]:

OLμ = Z

A

∑
k

rL
k Y μ

L (r̂k ), (19)

where Y μ
L (r̂k ) is the spherical harmonics of order L and μ is

the projection of L. This represents the first-order (main-tone)
term of the spherical Bessel function, unlike the monopole
and dipole modes. The frequency of this main-tone mode
is 2h̄ω. The ISGQR strength distributions are fitted using
a double Lorentzian fitting function [see Eq. (17)] over the
excitation-energy region from 10 to 30 MeV. The fitting re-
sults for 142−150Nd are summarized in Table VII and compared
with QRPA calculations [25]. The width of the ISGQR main-
tone mode increases with increasing nuclear deformation,
attributed to K splitting into K = 0, 1, and 2 components [25].
Notably, the LE component of the ISGMR and the main-tone
of the ISGQR appear in the same energy region within exper-
imental uncertainties.

A prominent L = 2 peak having a frequency of (4h̄ω)
appears at high excitation energy (26 MeV) in the ISGQR
strength distribution (Fig. 10), indicating the presence of the
overtone mode of the ISGQR in the Nd isotopes [21]. This
overtone mode exhibits a compressional character, similar to
the ISGMR and ISGDR. The strength distributions for both
the main-tone and overtone modes were obtained using the
operator defined in Eq. (19). Continuum random-phase ap-
proximation calculations predict the centroid of the overtone
mode above 30 MeV [60], which is beyond the reach of
the present experimental data. Moreover, at higher excitation
energies, contributions from various multipole excitations,
knock-out, and quasifree processes dominate, complicating
the identification of the overtone mode. In Refs. [60–62], an
operator of the form r4 − ηLr2 was used to extract the over-
tone strength distribution, resulting in a broader peak shifted
to higher energies compared to the present findings. The pa-
rameter ηL depends on the multipolarities involved. Evidence
for the overtone mode in the ISGQR has been suggested in

TABLE VI. Lorentzian-fit parameters of the HE peak of the bimodal ISGDR strength distributions for the Nd isotopes. The centroid and
width are denoted as EHE and 
HE, respectively. The uncertainties in the peak energy and width correspond to a 68% confidence interval.
The corresponding EWSR values are also presented. For comparison, theoretical values for the excitation energies and widths of the strength
distributions are included from Ref. [25].

Isotope EHE (MeV) 
HE (MeV) %EWSRHE E theory
HE (MeV) 


theory
HE (MeV)

142Nd 24.1 ± 0.4 7.6 ± 1.0 99.5+21.0
−20.5 26.0 6.32

146Nd 23.3 ± 0.5 6.5 ± 0.9 76.2+14.9
−14.6 25.3 ± 0.2a 7.3 ± 0.5a

148Nd 23.0 ± 0.5 9.7 ± 1.2 131.17+17.2
−17.8 24.5 ± 0.2a 10.7 ± 0.7a

150Nd 23.7 ± 0.4 9.0 ± 1.1 89.5+14.4
−14.6 23.3 ± 0.2a 14.5 ± 0.8a

aSee text.
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TABLE VII. The parameters from the Lorentzian fitting of the ISGQR strength distributions in Nd isotopes are listed. The peak positions
and the widths of the main-tone modes, are depicted as ELE and 
LE, respectively, while that of the overtone modes, are depicted as EHE and

HE, respectively. A 68% confidence interval has been achieved in the peak positions and widths errors. The corresponding EWSR values are
also presented. For comparison, theoretical values for the excitation energies and widths of the strength distributions for the main-tone mode
are included from Ref. [25].

Main-tone mode Overtone mode

Isotope ELE (MeV) 
LE (MeV) %EWSRLE E theory (MeV) 
theory (MeV) EHE (MeV) 
HE (MeV) %EWSRHE

142Nd 12.4 ± 0.1 6.3 ± 0.2 109.6+3.5
−3.5 13.3 2.89 25.5 ± 0.4 10.5 ± 1.3 78.8+7.2

−8.0
146Nd 12.7 ± 0.1 7.1 ± 0.2 103.9+3.2

−3.3 12.7 3.01 25.9 ± 0.4 9.3 ± 1.1 77.8+7.1
−7.7

148Nd 12.2 ± 0.1 6.7 ± 0.2 104.2+4.0
−4.1 12.6 3.51 25.2 ± 0.6 12.3 ± 2.0 67.1+7.2

−8.4
150Nd 12.3 ± 0.1 6.9 ± 0.2 97.5+2.5

−2.6 12.7 4.71 25.7 ± 0.4 8.7 ± 1.1 70.7+7.7
−8.4

Refs. [31,32] for 208Pb, with further signatures observed in
90,92Zr and 92Mo, indicated by enhanced the ISGQR strength
above 20 MeV [51]. However, no QRPA calculations are
available to date for the overtone modes in all the Nd isotopes
mentioned here. The EWSR fractions were determined by
integrating the ISGQR strength distribution over 10–16 MeV
for the main-tone mode and 20–30 MeV for the overtone
mode.

FIG. 10. The ISGQR strength distributions for 142−150Nd iso-
topes obtained from the MDA. The overall fits, employing a
double-Lorentzian function, are represented by red lines. The main-
tone modes of the quadrupole resonances are depicted using blue
lines, while the overtone modes are illustrated with black lines.

D. HEOR

The strength distributions for the L = 3 excitation are pre-
sented in Fig. 11, with the form of the transition operator
defined in Eq. (19). The low-energy octupole resonance, how-
ever, lies below the acceptance limit of the GR spectrometer,
occurring at an excitation energy approximately given by
30A−1/3 MeV [16,29,63], which corresponds to ∼6 MeV for
the Nd isotopes under consideration. In contrast, the HEOR
strength distribution spans the 10- to 30-MeV range and is
further divided into two distinct regions: a LE component

FIG. 11. The L = 3 strength distributions for 142−150Nd isotopes
obtained from the MDA. The LE region lies below the red-dashed
lines, whereas the HE region of HEOR lies above the red-dashed
line.
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TABLE VIII. Centroid energies and EWSRs for the HEOR strength distributions in Nd isotopes are listed. For comparison, theoretical
values for the excitation energies and widths of the strength distributions are included from Ref. [25].

LE component HE component

Isotope Ec(LE) (MeV) %EWSRLE Ec(HE) (MeV) %EWSRHE E theory (MeV) EWSRLE / EWSRHE

142Nd 12.7 ± 0.7 37.6 ± 5.4 23.2 ± 1.0 197.0 ± 13.2 24.1 0.19
146Nd 13.2 ± 0.7 35.3 ± 5.0 23.1 ± 1.0 155.3 ± 12.5 23.8 0.23
148Nd 12.9 ± 0.7 38.6 ± 5.5 22.9 ± 1.0 136.0 ± 13.2 23.5 0.28
150Nd 13.4 ± 0.7 39.2 ± 5.4 22.8 ± 1.0 126.5 ± 13.1 23.2 0.31

between 10 and 17 MeV and a HE component between 17
and 30 MeV as also seen in Sm isotopes [16]. The corre-
sponding centroid energies (Ec) and percentages of the EWSR
for these components were calculated within these ranges and
are summarized in Table VIII. Since the HEOR distribution
cannot be accurately fitted using a double Lorentzian function,
the widths of the strength distributions were not extracted.
However, the centroid energies of the LE and HE compo-
nents were determined by calculating the mean values of the
histogram within the specified energy range. The %EWSR is
obtained by summing up the fractional EWSR contribution
at each energy bin over the defined energy intervals. The
centroid energy of the LE component of the HEOR remains
the same within uncertainties, in contrast to the findings of
Ref. [16] for Sm isotopes. The %EWSRs for the LE com-
ponents in the 10- to 17-MeV range remain the same within
uncertainties. The centroid energies of the HE components
in Sm isotopes shift towards lower excitation energies with
increasing deformation [16]; such a shift is also observed in
Nd isotopes. The %EWSRs for HE components in the 17- to
30-MeV range decrease with increasing nuclear deformation
and remain significantly larger than the values reported for
Sm isotopes [16]. This discrepancy may stem from the fact
that in the present MDA, multipolarities up to Lmax = 7 were
considered, whereas, for Sm isotopes, the Lmax values were
19 for 144Sm and 12 for 148−154Sm. Furthermore, the nu-
clear continuum may have significant effects that contribute to
the deduced %EWSR. Additionally, the present methodology
for determining the %EWSR for HEOR could also result in
higher values. However, the %EWSR ratios for the LE and
HE components exhibit a trend similar to that observed in Sm
isotopes [16]. The peak values for the HE component obtained
from QRPA calculations [25] are also listed in Table VIII.

V. SUMMARY

Inelastic α-particle scattering on rare-earth 142,146,148,150Nd
isotopes at forward angles was measured using the Grand
Raiden spectrometer at RCNP, with a beam energy of approx-
imately 386 MeV. After particle identification, instrumental
background subtraction, ion-optical correction, and removal
of hydrogen and oxygen contaminants, MDA was employed
to extract the strength distributions of giant resonances with
various multipolarities. The ISGMR strength distributions
exhibit splitting when moving from spherical 142Nd to de-
formed 150Nd. This splitting arises from the coupling of

the ISGMR with the K = 0 component of the ISGQR. The
extracted ISGMR peak positions align well with previous
measurement [22] and with QRPA calculations [25,52]. The
ISGDR strength distributions display a bimodal character,
with the EWSR of the LE peak increasing alongside nuclear
ground-state deformation. The widths of both the LE and
HE components of the bimodal distributions broaden with
increasing deformation, likely due to coupling with the K = 0
and 1 components of the HEOR. For the ISGQR strength
distribution, the width of the main-tone peak increases with
deformation. A distinct signature of the overtone mode in the
ISGQR has also been established, indicating a third type of
compression mode beyond the ISGMR and ISGDR. Such an
overtone mode of the ISGQR has previously been observed
through neutron and proton decay in 208Pb [31,32]. Addi-
tionally, the strength distribution of the HEOR mode was
extracted, revealing that the EWSR of the HEOR in the 17- to
30-MeV energy range decreases with increasing deformation.
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