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We propose the repetition code adapter as a way to perform joint logical Pauli measurements within a
quantum low-density parity check (LDPC) codeblock or between separate such codeblocks, thus providing
a flexible tool for fault-tolerant computation with quantum LDPC codes. This adapter is universal in
the sense that it works regardless of the LDPC codes involved and the logical Paulis being measured.
The construction achieves joint logical Pauli measurement of t weight O(d) operators using O(d) time
and Õ(td) additional qubits and checks, up to a factor polylogarithmic in d. As a special case, for some
geometrically local codes in fixed D ≥ 2 dimensions, only O(td) additional qubits and checks are required
instead. By extending the adapter in the case t = 2, we also construct a toric code adapter that uses O(d2)

additional qubits and checks to perform addressable logical CNOT gates on arbitrary LDPC codes via Dehn
twists. To obtain these results, we develop a more general form of graph edge expansion and the SkipTree
algorithm, which ensures a sparse transformation between different weight-2 check bases for the classical
repetition code.
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I. INTRODUCTION

The long-term promise of quantum computing and
quantum algorithms will rely on the backbone of quan-
tum error correction (QEC) and fault tolerance. While
early experiments focused on demonstrating the building
blocks of QEC [1–5], recently there has been increased
focus on scaling up the distance, the ability to protect
against errors, and encoding rate, the relative number
of encoded logical qubits, of QEC codes [6,7]. This is
coupled with a line of theoretical research aimed toward
increasing QEC code parameters [8–10], culminating with
the recent discovery of good quantum low-density parity
check (LDPC) codes [11–13]. Quantum LDPC codes are
also of experimental interest, in the hope of potentially
simplifying requirements of physical systems to realize
fault-tolerant quantum computation, since LDPC codes by
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design require low-weight measurements and limited qubit
connectivity.

Although much of the progress in quantum LDPC codes
has centered on improving code parameters, it is equally
important to establish a model for doing logical compu-
tation in these codes. One of the leading approaches for
logical gates is that of lattice surgery in the surface code
[14,15], where an additional surface code patch can be pre-
pared and fused to the original code, allowing for the joint
measurement of their respective logical operators. Given
the success of this approach [16] with the surface code
which itself is an LDPC code, it was natural to ask if a
similar type of approach can be developed for more gen-
eral LDPC codes. Inspired from ideas in weight reduction
of quantum codes [17,18], this line of research led to recent
schemes for quantum LDPC surgery [19–25] to implement
logical Pauli measurements. Logical Pauli measurements
are sufficient to implement the Clifford group [26] and offer
a route to universal quantum computation provided magic
states are available.

The key idea of quantum code surgery schemes is
to deform the original code into a larger intermediate
(“deformed”) code by introducing additional qubits and
checks, such that the deformed code contains all the logical
qubits of the code except the logical qubit corresponding to
the operator being measured, as well as newly introduced
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Gauging logical measurement via
an auxiliary graph

Repetition code adapters for joint logical measurements

Toric code adapter for logical gates

(a)

(b)

(c)

FIG. 1. (a) For an arbitrary low-density parity check code
(drawn as a rectangular patch), gauging logical measurement
[24] of a logical Pauli operator works by attaching a stabilizer
state defined on an appropriate auxiliary graph (gray area) to
the qubit support of the logical operator (gray circles) creating
a deformed code in which the logical operator becomes a stabi-
lizer. Only some graph vertices, which represent checks, connect
1-to-1 to the logical support. This set of vertices is referred to as
a port. In this work, we construct additional tools: (b) The ports
of several auxiliary graphs can be connected together with care-
fully chosen adapters (curved edges) while keeping the deformed
code low-density parity check. This measures the product of logi-
cal Pauli operators without measuring any individually. Adapters
can connect operators in the same codeblock or separate blocks
and regardless of their structure. Mathematically, our adapter
construction relies on a sparse basis transformation for the clas-
sical repetition code, which we call the SkipTree algorithm.
(c) Similarly, an arbitrary low-density parity check code can be
merged with a toric code (or other codes) to perform logical
gates. (a) Gauging logical measurement via an auxiliary graph.
(b) Repetition code adapters for joint logical measurements. (c)
Toric code adapter for logical gates.

gauge degrees of freedom if the number of additional
qubits exceeds the number of independent new checks.
The stabilizer group of the deformed code (or gauge group
in case of a deformed subsystem code) contains the high-
weight logical operator to be measured. By measuring low-
weight stabilizers (or gauge operators) of the deformed
code, the measurement outcome of a high-weight logical
operator of the original code can be inferred. In Ref. [24],
this general scheme is referred to as the gauging logical
measurement framework, within which the authors intro-
duced an optimized logical measurement scheme through
use of expander graph-based ancillary systems, which we

briefly summarize now. The goal is to measure an arbi-
trary logical Pauli operator on an arbitrary LDPC code.
The main idea is to design an appropriate auxiliary graph
G, where ancilla qubits reside on edges and new stabilizer
checks are associated with both vertices and cycles in this
graph. This auxiliary graph is merged with the original
code by making a subset of the vertex stabilizers inter-
act with the qubits in the support of the logical operator
being measured [see Fig. 1(a)]. As a result, the stabilizers
of the original code are deformed, and one needs to make
careful choices to avoid deforming into a non-LDPC code
or suffering a deformed code with reduced code distance.
To preserve the LDPC nature of stabilizers as well as code
distance will necessitate several nontrivial properties of the
auxiliary graph G, including the existence of certain short
perfect matchings, the existence of a suitably sparse cycle
basis, and edge expansion, which we will review afresh
in detail. Due to the overloading of the word “gauge,” we
will henceforth refer to gauging logical measurement as
auxiliary graph surgery.

Our main result addresses a practical problem in auxil-
iary graph surgery to perform Pauli product measurements.
Because computing with quantum LDPC surgery naturally
lends itself to Pauli-based computation [26] (analogously
to surface code lattice surgery [16]), one naively expects
the need to measure potentially any logical Pauli oper-
ator and thus that exponentially many auxiliary graphs
with suitable properties will need to be constructed. This
task can be greatly simplified if suitably constructed aux-
iliary graphs to measure individual logical operators, say
those on single logical qubits, could simply be connected
in some way to measure the product of those operators
instead while maintaining the necessary graph properties.
For logical operators with isomorphic auxiliary subgraphs,
this connection can be done directly [22], but it is a pri-
ori unclear how to do these joint measurements more
generally.

Here, we solve this joint measurement problem in very
general setting. Our solution is universal in the sense that it
works regardless of the structure of the codes or the logical
operators involved, provided only that a constant number
of these logical operators act on any one code qubit and
they do so with the same type of Pauli operator. We are able
to adapt the structure of any auxiliary graph to any other,
connecting them via a set of adapter edges into one large
graph [see Fig. 1(b)]. This builds on the idea of a bridge
system from Ref. [21], but with new tools to guarantee the
resulting deformed code for the product measurement is
LDPC and suffers no loss of code distance. We refer to the
construction in this work as a universal adapter.

Auxiliary graph surgery and adapters necessitate addi-
tional qubits and thus increase the space overhead for
fault-tolerant computation. Gauging logical measurement
(henceforth also referred to as auxiliary graph surgery) of
a single operator of weight d uses O(d log3 d) additional
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qubits in general, and connecting these systems with our
adapters to measure the product of t such operators takes
O(td log3 d) additional qubits. Being quasilinear in d like
Ref. [24], this method offers a quadratic improvement in
space overhead over the previous method for logical mea-
surements [19] on arbitrary quantum LDPC codes with
overhead O(d2). Since an overhead of O(d2) is compa-
rable to fault-tolerant quantum computing schemes that
rely on the surface code, a method for logic with quasi-
linear qubit overhead brings to fruition the advantages of
higher-rate quantum codes. This all comes with the same
time-overhead as surface code computation lattice surgery:
auxiliary graph surgery and our adapter variants all use
O(d) time to sufficiently deal with measurement errors.

We remark that the log3 d factor in qubit overhead arises
due to an extra decongestion step in the construction to
ensure that the auxiliary graph has a suitably sparse cycle
basis. It turns out that for the special case of geometrically
local LDPC codes, one can construct an auxiliary graph
that does not require decongestion. This auxiliary graph
can be realized by choosing a suitable triangulation of the
set of points representing a logical operator, namely the
Delaunay triangulation [27], thereby improving the over-
head of auxiliary graph surgery to O(d) in this special
case.

Our adapters can be further modified to couple to other
ancillary systems with other desirable properties. To illus-
trate, we present a method to merge an arbitrary quantum
LDPC code with the toric code along the supports of two
disjoint logical operators [Fig. 1(c)]. From there, a unitary
circuit suffices to implement a logical CNOT using a method
inspired by the Dehn twist CNOT from Refs. [28–30].
Although the toric code adapter is asymptotically ineffi-
cient in that it uses O(d2) additional qubits, it has potential
advantages at finite size: (1) these interface systems are
alone smaller than existing interfaces between LDPC and
surface codes [31,32], O(d log3 d) qubits compared with
O(d2), and (2) it directly performs a logical CNOT gate
rather than building the gate through logical measure-
ments. This is an explicit example of how adapters can be
used as a tool for mapping between codes with different
properties, such as those with high rate for space-efficient
memory and those with additional symmetries enabling
fault-tolerant logical computation. Although prior work
has explored multicode architectures in topological codes
[33], the universal adapter facilitates multicode architec-
tures for generic LDPC codes, which are a wider class of
codes and require nontrivial deformation strategies.

In Sec. II, we review the basics of stabilizer codes
and their representation as Tanner graphs. We also review
auxiliary graph surgery [24] and LDPC surgery concepts
from Ref. [21], but through the lens of a novel definition
of relative expansion which unifies and simplifies some
ideas from these prior works. In Sec. III, we present
an efficient classical algorithm for transforming between

different check bases for the classical repetition code,
which will be of use in creating our adapters. In Sec. IV, we
present the repetition code adapter as a universal adapter
for measuring joint logical operators in general quantum
LDPC codes that works by connecting individual graphs
with relative expansion into one large graph guaranteed to
have relative expansion. Section V re-examines these gen-
eral results for special scenarios where one can leverage
code properties to simplify the scheme—in Sec. V A, we
exhibit cases where the expansion requirement in the aux-
iliary graph is unnecessary and, in Sec. V B, we show the
decongestion step is unnecessary for geometrically local
codes by providing a method for constructing auxiliary
graphs that are naturally sparse. Next, Sec. VI broadens
the scope of the universal adapter as a novel primitive to
connect different quantum LDPC codes in multicode archi-
tectures. Finally, in Sec. VII, we provide some concrete
examples of the universal adapter construction applied
to two specific quantum LDPC codes, a 200-qubit lifted
product code and a 98-qubit bivariate bicycle code.

A. Related work

This work builds on both Refs. [21] and [24]. In Ref.
[21], the authors proposed gauge-fixing the merged sub-
system code introduced in Ref. [19], to implement logical
measurements on quantum LDPC codes with sufficient
expansion. Reference [24] proposed moving this expan-
sion requirement to auxiliary graphs that can be connected
to any quantum LDPC code, thereby broadening the scope
to perform logical Pauli measurements on arbitrary quan-
tum LDPC codes. Reference [21] in particular introduced
a “bridge” as a way to connect different ancilla systems to
measure joint logical operators, which inspired our work.
Here, we guarantee that constructing this adapter in a par-
ticular way will not ruin the LDPC property of the code,
thereby assuring practicality of the scheme. To do so, the
SkipTree algorithm relies on the perspective shared by
Ref. [24] that the ancilla qubits and checks reside on a
graph instead of a more general hypergraph. Finally, Refs.
[21,24,25] all remark that graph or hypergraph edge expan-
sion is sufficient for their surgery techniques to preserve
the code and fault distances. Here, we generalize that to a
weaker requirement by introducing an appropriate notion
of relative expansion instead or, in certain cases, eschew
this expansion requirement entirely.

II. PRELIMINARIES

A. Stabilizer codes and Tanner graphs

An n-qubit Hermitian Pauli operator can be written
iu·vX (u)Z(v), where u, v ∈ F

n
2, or simply as a symplectic

vector [u|v]. Vectors in this paper are always by default
row vectors and must be transposed, e.g., v�, to obtain a
column vector. If v = 0 (resp. u = 0), we say the Pauli is

010324-3



SWAROOP, JOCHYM-O’CONNOR, and YODER PRX QUANTUM 7, 010324 (2026)

X -type (resp. Z-type). Several Pauli operators written in
symplectic notation can be gathered together as the rows
of a symplectic check matrix

H = [HX |HZ] ∈ F
r×2n

2 , such that H
(

0 I
I 0

)
H� = 0,

(1)

where we use I to denote the identity matrix of context-
dependent size (here n), and the condition guarantees that
all Pauli operators in the set commute with one another.
Thus, H describes the checks of a stabilizer code [34].

Logical operators of a stabilizer code are Pauli operators
that commute with all the checks. All the checks are logi-
cal operators also. Logical operators that are not a product
of checks are called nontrivial. The code distance is the
minimum Pauli weight of any nontrivial logical operator.

Pauli Logical operators are denoted as X̄ or Z̄. A super-
script, such as Z̄(i), indicates the logical operator corre-
sponding to the logical qubit indexed i. A subscript, such
as Z̄l, indicates which code (block) the operator belongs to.
For instance, l or r could be used to indicate left or right
code blocks.

We can illustrate a stabilizer code by drawing a Tanner
graph. This is a bipartite graph containing a vertex for each
qubit and each check (a row of H ). A qubit is connected to
each check in which it participates with an edge labeled
[1|0], [0|1], or [1|1] depending on whether the check acts
on the qubit as X , Z, or Y.

However, in cases with where multiple qubits and
checks share identical check matrices, drawing a Tan-
ner graph with a single node for every individual qubit
and check could be a needlessly verbose approach. We
abstract away the detail by drawing Tanner graphs with

qubits gathered into named sets, say Q0, Q1, Q2,. . . , and
checks gathered into named sets, say C0, C1, C2,. . . . An
edge is drawn between Ci and Qj if any check from Ci
acts on any qubit in Qj . Label the edge with a symplectic
matrix [CX |CZ] ∈ F

|Qj |×2|Ci|
2 indicating which checks act

on which qubits and with what type of Pauli operator. For
instance, the entire stabilizer code from Eq. (1) is drawn as
in Fig. 2(a).

For Calderbank-Shor-Steane (CSS) codes [35,36], there
is a basis of checks in which each check is either X -type
or Z-type. In the Tanner graph of such a code, if a set of
checks Ci is entirely X -type, instead of labeling each edge
with a symplectic matrix like [CX |0], we simply label the
check set with X and each edge with CX only. We handle
sets of Z-type checks analogously. The Tanner graph of a
CSS code is shown in Fig. 2(b).

We can alternatively view sets Ci and Qj as vector
spaces instead and use the notation to denote both the
sets and associated vector spaces with these symbols. For
example, a vector u ∈ F

|Ci|
2 indicates a subset of checks

from Ci by its nonzero elements. We write H(u ∈ Ci) to
denote the product of this subset of checks, i.e., it is an n-
qubit Pauli operator. If all checks in the set are X -type or
Z-type, we write HX (u ∈ Ci) or HZ(u ∈ Ci) instead. Like-
wise, a Pauli operator on qubit set Qj is denoted by X (vx ∈
Qj )Z(vz ∈ Qj ) for appropriate vectors vx, vz ∈ F

|Qj |
2 .

We can perform calculations in matrix-vector multipli-
cation over F2 with this notation. For instance, if the check
set Ci is connected to only a single qubit set Qj with edge
labeled [CX |CZ], then

H(u ∈ Ci) = X (uCX ∈ Qj )Z(uCZ ∈ Qj ). (2)

(b)(a)

[HX |HZ ]
X Z

HX HZ

I

I

I

X

HC

QZ
0

CX
0

I

I
Z

H�
C

CZ
0

QX
0

I

I

X

HC

QZ
1

CX
1

I

I
Z

H�
C

CZ
1

QX
1

...

... X

HC

QZ
d−1

CX
d−1

I

I
Z

H�
C

CZ
d−1

QX
d−1

FIG. 2. Example Tanner graphs with qubit sets drawn as circles and check sets drawn as squares. (a) A generic stabilizer code, (b) a
CSS code, and (c) the distance-d toric code. In the toric code, each set of qubits and checks contains d objects.
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If a family of stabilizer codes with growing code size n
is (α, β) low-density parity check (LDPC), it has a basis
of checks in which each check acts on at most α = O(1)

qubits and each qubit is acted upon by at most β = O(1)

checks. This translates to the sparsity of the code’s parity
check matrix H = [HX |HZ]. We say a matrix over F2 is
(r, c)-sparse if the maximum row weight is at most r and
the maximum column weight is at most c. If both HX and
HZ are (r, c)-sparse then the code is (2r, 2c) LDPC.

One outstanding family of quantum LDPC codes is the
toric code family [37], depicted as a Tanner graph in Fig.
2(c). There, we use HC to denote the canonical cyclic parity
check matrix of the classical repetition code, i.e.,

HC =

⎛
⎜⎜⎝

1 1 . . .

1 1
...

. . .
1 1

⎞
⎟⎟⎠ . (3)

Denote by ei the length-n vector with a 1 in only the
i (mod n) position. We can define a cyclic shift matrix C ∈
F

n×n
2 that acts as eiC = ei+1 for all i. Then, HC = I + C.

The only vector in the nullspace of HC is the vector of all
1s, denoted �1, so �1HC = HC�1� = 0. In general, the sizes
of ei, �1, I , C, and HC are context dependent.

B. Graphs and expansion

Let G = (V , E) signify a graph with vertex set V of size
n and an edge set E of size m. An alternative description
is provided by the incidence matrix G = F

m×n
2 , a matrix

in which each row represents an edge, each column repre-
sents a vertex, and Gij = 1 if and only if edge i contains
vertex j . If the maximum vertex degree of G is w, then G
is (2, w)-sparse.

If G has p connected components, a complete cycle
basis can be specified by a matrix N over F2 satisfying
NG = 0 and rank(N ) = m − n + p , known as the cyclo-
matic number of the graph [38,39]. We say the cycle basis
is (r, c)-sparse if N is an (r, c)-sparse matrix. In an (r, c)-
sparse cycle basis, each basis cycle is no longer than r
edges and each edge is in no more than c basis cycles.

The edge expansion of a graph is characterized via its
Cheeger constant. Intuitively, this is a measure of how
bottlenecked a graph is—if a graph contains a large set
of vertices with very few outgoing edges, the Cheeger
constant of that graph is small.

Definition 1 (Cheeger constant). Let G = (V , E) be a
graph on n = |V| vertices and m = |E | edges. Let G ∈
F

m×n
2 be the incidence matrix of this graph. The expan-

sion (also known as the Cheeger constant or isoperimetric
number [40]) β(G) of this graph is the largest real number
such that, for all v ∈ F

n
2 (i.e., all subsets of vertices),

|vG�| ≥ β(G) min(|v|, n − |v|). (4)

More generally, we also propose a relative version of
edge expansion.

Definition 2 (Relative expansion). The expansion rela-
tive to a vertex subset U ⊆ V and parameterized by integer
t > 0, denoted βt(G,U), is the largest real number such
that, for all v ∈ F

n
2,

|vG�| ≥ βt(G,U) min(t, |u|, |U | − |u|), (5)

where we use u to denote the restriction of v to vertices U .
Note that β(G) = β|V|(G,V). We sometimes refer to β(G)

as the global expansion to distinguish it from the relative
expansion.

Any graph always has relative expansion at least as large
as its global expansion, i.e., βt(G,U) ≥ β(G) for allU ⊆ V
and t > 0. This is important for our purposes because we
will develop some techniques to guarantee a graph has
sufficient relative expansion (to ensure a good quantum
code distance) but not necessarily large global expansion.
The relation between expansions is a corollary of a simple
lemma.

Lemma 1. Suppose G = (V , E) is a graph and U ,U ′ ⊆
V are subsets of vertices. If U ′ ⊆ U and 0 < t′ ≤ t, then
βt′(G,U ′) ≥ βt(G,U).

Proof. Consider any u ∈ F
|U |
2 , and let u′ be the restric-

tion of u to U ′ ⊆ U . It follows |u′| ≤ |u|, |U ′| − |u′| ≤
|U | − |u|, and min(t, |u′|, |U ′| − |u′|) ≤ min(t, |u|, |U | −
|u|). Also, because t′ ≤ t,

min(t′, |u′|, |U ′| − |u′|) ≤ min(t, |u′|, |U ′| − |u′|)
≤ min(t, |u|, |U | − |u|). (6)

The result now follows by applying Definition 2. �

The relative expansion can diverge significantly from
the global expansion. For instance, we can show
(Appendix C, Lemma C1) that the relative expansion of
a graph can be increased to at least 1 by taking a Carte-
sian graph product with a path graph, while the global
expansion cannot be increased this way.

This Cartesian product or thickening will be needed
later, so we formally define it here.

Definition 3 (Thickening). Suppose G0 = (V0, E0) and
G1 = (V1, E1) are two graphs. The Cartesian product [41,
42] is another graph G = G0�G1 = (V0 × V1, E) where
((u0, u1), (v0, v1)) ∈ E if and only if either (1) u0 = v0 and
(u1, v1) ∈ E1, or (2) u1 = v1 and (u0, v0) ∈ E0.

Let PL be the path graph with L vertices. We say the
graph G(L)

0 = G0�PL is G0 thickened L times.
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Intuitively, the thickened graph G(L)

0 is L copies of G0
stacked on top of one another and connected “transver-
sally,” i.e., each vertex is connected to its copy above and
below in the stack (or connected to just one copy of itself if
it is at the bottom or top of the stack). One can skip ahead
to Fig. 4(b) to see an example.

C. Auxiliary graph LDPC surgery

Auxiliary graph surgery [24] is a flexible recipe for
measuring a logical operator of a quantum code. Because
several of our results are best viewed in the context of aux-
iliary graph surgery, we give a review of it here. A novelty
of our presentation is to weaken the expansion require-
ment to a subset of vertices in the auxiliary graph used to
construct the deformed code, which was only implicit in
previous works [21,24].

Suppose L is the set of qubits supporting the logical
operator Z to be measured. Here we assume Z is a Z-type
Pauli operator, which is without loss of generality if we
choose the appropriate local basis for each qubit of L and
allow the code to be non-CSS.

Introduce an “auxiliary” graph G = (V , E) and an injec-
tive map f : L → V . The function indicates a subset of
vertices imf = f (L), the “port,” at which we attach the
original code and the graph. We use G and f to define a
deformed code.

(a) Each edge e ∈ E of this graph is associated to a sin-
gle additional qubit. X (e) and Z(e) denote physical
Pauli operators on this “edge qubit.”

(b) Each vertex v is associated to a Z check, Av . Each
“vertex check” is supported on edge qubits incident
to vertex v, and in cases also a single qubit q of L as

Av =
{

Z(q)
∏

e
v Z(e), ∃q ∈ L, f (q) = v,∏
e
v Z(e), otherwise,

(7)

(c) and each cycle c ⊆ E (in the cycle basis of G) is
associated to an X check, Bc. Each “cycle check” is
supported on qubits on edges in the cycle basis in
the graph as

Bc =
∏
e∈c

X (e). (8)

If we initialize all edge qubits in |+〉 and measure all
checks Av , Bc, certain checks of the original code must pick
up X -type support on the edge qubits to commute with all
Av . These deformed checks are exactly the checks of the
original code with X -type support (either acting as Pauli
X or Y) on qubits in L. Suppose one such check s from
the original code has X -type support on qubits Ls ⊆ L.
Notice this X -type overlap |Ls| is even because check s

commutes with logical operator Z. Since f is injective,
|f (Ls)| = |Ls| is also even. So far, the X -type support
of original check s and new vertex check Av overlap on
exactly one qubit q ∈ L (where f (q) = v) and hence anti-
commute. This means the original code check s would
anticommute with an even number of new vertex checks,
exactly |f (Ls)|. We can pair up all vertices f (Ls) and add
additional qubit support to each original check s exactly
specified by a path of edges in G whose endpoints are a pair
of vertices from f (Ls). Such a path always exists because
G is connected. This set of paths between paired vertices is
also known as a perfect matching μ(Ls) ⊆ E in G of ver-
tices f (Ls). Since each path touches its endpoint vertices
once, it adds exactly one edge qubit for each s to the vertex
checks and fixes the anticommutation between Av and s.
Therefore after measurement of Av , the original code check
s deforms to gain additional support on edge qubits as

s → s
∏

e∈μ(Ls)

X (e), (9)

where μ(Ls) ⊆ E is a perfect matching in G of vertices
f (Ls). All these components of auxiliary graph surgery are
depicted as a Tanner graph in Fig. 3.

There are additional properties of the auxiliary graph G
and the port function f : L → V that ensure that auxil-
iary graph surgery results in a suitable deformed code, as
formalized in the next theorem.

Original code

Z̄

[SX |SZ ]

F

[M |0]

L

S

Z

X

G�

N

E

V

U

FIG. 3. The deformed code created during auxiliary graph
surgery of logical operator Z supported on qubits L. Edge qubits
E are introduced and vertex checks V = {Av}v and cycle checks
U = {Bc}c are measured. Here G is the incidence matrix of the
graph G defining these checks, N is a cycle basis satisfying
NG = 0, and M encodes the support gained by some of the orig-
inal stabilizers S , specifically, those that have X -type support on
L [see Eq. (9)]. The matrix F has elements Fqv for all q ∈ L
and v ∈ V and Fqv = 1 if and only if f (q) = v. The rest of the
qubits and checks of the original code are drawn on the left but
their Tanner graph connectivity does not change during the code
deformation.
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Theorem 1 (Graph desiderata, Ref. [24]). To ensure the
deformed code has exactly one less logical qubit than the
original code and measures the target logical operator Z =
Z(L), it is sufficient that

(1) G is connected.

To ensure the deformed code is LDPC, it is necessary and
sufficient that

(1) G has O(1) vertex degree.
(2) For all stabilizers s of the original code, (a)

|μ(Ls)| = O(1), i.e., each stabilizer has a short per-
fect matching in G, and (b) each edge is in O(1)

matchings μ(Ls).
(3) There is a cycle basis of G in which (a) each cycle is

length O(1) and (b) each edge is in O(1) cycles.

To ensure the deformed code has code distance at least the
distance d of the original code, it is sufficient that

(1) G has sufficient expansion relative to the image of
port function f , namely, βd(G, imf ) ≥ 1.

Proof. That desiderata 1, 2, 3 are necessary and suf-
ficient for guaranteeing the deformed code is LDPC is
evident from the construction, since these specify that row
and column weights for check matrices G, M , N , respec-
tively, which label the Tanner graph edges shown in Fig.
3, are constants.

For completeness, we prove the sufficiency of desider-
ata 0 and 4 for their respective purposes in Appendix A.
It is worth noting that a stronger form of desideratum 4
is assumed to prove the deformed code distance in prior
work [24], namely that β(G) ≥ 1. Lemma 1 implies this
is sufficient for a graph to satisfy our desideratum 4 but is
not necessary. We note the port function only needs to be
injective for the proof of 4 and not the others.

Appendix B generalizes this theorem slightly to include
the notion of a set-valued port function, so that qubits can
be connected to multiple vertex checks. This idea is use-
ful for the most general version of our joint measurement
scheme in Sec. IV, but is not essential to understand the
main ideas of this paper. �

We remark that it is easy to create a graph satisfying
desiderata 0, 1, and 2 provided the original code is LDPC.
This can be done by pairing up the vertices in f (Ls) for all
stabilizers s and drawing edges between paired vertices.
Desideratum 2 is satisfied by construction. The resulting
graph must be constant degree because only O(1) sets Ls
can contain any given qubit for an LDPC code, and so
we have desideratum 1. If the graph is not connected, add
additional edges to connect it while preserving constant
vertex degree, and so satisfy desideratum 0. So far, this
recipe leaves only desiderata 3 and 4 unsatisfied.

We can satisfy desideratum 4 by adding more edges to
increase the relative expansion. One approach is to con-
struct a constant degree graph with constant global expan-
sion (using, e.g., Refs. [43,44]) and add its edges to the
existing graph. This constant expansion, if initially insuffi-
cient, can be boosted to relative expansion at least 1 using
thickening, as we explain in Appendix C. Alternatively,
in a perhaps more practical approach, one can iteratively
add edges as in Ref. [25] until sufficient global or relative
expansion is achieved. Either method does not increase the
number of edges or degree by more than constant factors.

Thus, we now have a graph G0 = (V0, E0) satisfying
desiderata 0, 1, 2, and 4. The next steps will create from
G0 a new graph that satisfies all the desiderata while hav-
ing only a factor of O(log3 |V0|) more vertices and edges
than G0. This process, illustrated in Fig. 4, is made possible
by the decongestion lemma from Freedman and Hastings.
Here we quote the relevant parts of that lemma.

Lemma 2 (Decongestion lemma, Ref. [45]). If G =
(V , E) is a graph with vertex degree O(1), then there
exists a cycle basis in which each edge appears in at most
O(log2 |V|) cycles of the basis. Moreover, the basis cycles
can be ordered so that each cycle intersects at most poly-
logarithmically many cycles later in the basis. This basis
can be constructed by an efficient randomized algorithm.

It was pointed out to us [46] after the first version of
this paper appeared that by inspecting of the proof of
Freedman and Hastings, one can deduce that each cycle
actually overlaps O(log3 |V|) cycles later in the basis. As
a corollary [46], for any graph G0 = (V0, E0), the L =
O(log3 |V0|) times thickened graph G(L)

0 (see Definition 3)
has a cycle basis in which each edge appears in at most
O(1) cycles, satisfying desideratum 3b. This corrects an
erroneous claim in the previous version that a O(log2 |V|)
times thickened graph was sufficient. The construction of
this thickened graph and its sparse cycle basis is depicted
in Fig. 4(c).

Because G0 satisfies desideratum 4 with respect to some
port set of vertices f (L) ⊆ V0, also G(L)

0 satisfies it with
respect to any copy of that port in the thickened graph, i.e.,
f (L) × {l} for any l = 0, 1, . . . , L − 1. See Appendix C for
the proof.

The final step is to satisfy desiderata 3a. This necessi-
tates that G(L)

0 not have any long cycles in its cycle basis.
However, this can be done by adding enough edges to
cellulate each long cycle in the basis into constant length
cycles, as depicted in Fig. 4(d). The constant length cycles
can be made very short, even length three if desired.
Because the graph G(L)

0 already has a basis satisfying
3b, this cellulation, which only modifies cycles in the
basis, cannot increase the degree of any vertex by more
than O(1). Moreover, cellulation can only increase rela-
tive expansion. Thus, the cellulated version of G(L)

0 is our
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(a) (b) (c) (d)

FIG. 4. An example of the steps going into constructing a graph G satisfying all the desiderata of Theorem 1 starting from a graph
G0 satisfying just desiderata 0, 1, and 2. (a) The graph G0. (b) The thickened graph G(L)

0 , here with L = 3. Note the edges (drawn lighter
gray) connecting the corresponding vertices in adjacent layers. (c) A cycle basis for G(L)

0 includes every length four cycle constructed
from edge e = (i, j ) in layer l, the copy of edge e in adjacent layer l + 1, and the lighter gray edges connecting the copies of i and j .
The cycle basis of G(L)

0 also includes (highlighted) one cycle for each cycle in a basis of G0, and each such cycle can be put into any
one of the layers independently. A highlighted cycle is equivalent to its copies in other layers by adding to it the length four cycles
between layers. (d) Long cycles in the basis can now be cellulated by adding edges (dashed) and including the resulting triangles in
the cycle basis instead.

final graph G that, together with the port set f (L) × {l}
described above, satisfies all desiderata in Theorem 1.

Finally, we briefly summarize the entire auxiliary graph
surgery protocol in spacetime from Ref. [24]. There are
four steps: (1) initialize all edge qubits E in the |+〉 state,
(2) repeat the measurement of the deformed code’s checks
at least d times, (3) measure out all the edge qubits in the X
basis, and (4) apply a Pauli correction to the original code
qubits to return to the original codespace. To describe the
correction in the last step, fix an arbitrary vertex v0 ∈ V .
For any other vertex v, let μv be an arbitrary path from v0
to v in graph G, and let me be the ±1 measurement result
from measuring the edge qubit e. If

∏
e∈μv

me = −1 apply
a correction of Zq for the qubit q = f −1(v) connected to
the check on v.

We note that auxiliary graph surgery implemented this
way has phenomenological fault distance [47] equal to
the code distance d of the original code. The phenomeno-
logical fault distance is the minimum number of qubit or
measurement errors that can cause an undetected logical
error (note, other noise in the circuits for measuring checks
is not included). We refer to Refs. [21,24] for the proof.

III. THE SkipTree BASIS TRANSFORMATION

Consider a classical code defined on a connected graph
G = (V , E) with vertices representing n = |V| bits and
edges representing m = |E | parity checks. It is clear the
code is equivalent to a repetition code of length n with
an unconventional basis of parity checks. Indeed, the inci-
dence matrix G ∈ F

m×n
2 of the graph is the parity check

matrix of the code.
In this section, we ask if we can instead always use a

canonical basis of repetition code checks HC such that each

of these canonical checks is a product of a constant number
(independent of n) of the old checks of G. We allow bits in
the canonical basis to have different indices than they had
in the old basis. Thus, our question is equivalent to asking
whether there is always a sparse transformation matrix T ∈
F

n×m
2 and permutation P (representing the aforementioned

bit relabeling) such that TGP = HC.
Our main result is the following.

Theorem 2. For any connected graph with n vertices,
m edges, and m × n incidence matrix G, there exists an
n × m (3, 2)-sparse matrix T and n × n permutation matrix
P such that TGP = HC. There is also an algorithm to find
T and P that takes O(n + m) time (returning T and P as
sparse matrices).

Proof. We analyze Algorithm 1 that returns T, P given
G. We assume n > 1, m > 0 in the following since oth-
erwise the theorem is trivial. Notably, the number of
edges need not be bounded and our algorithm works for
high-degree graphs.

The algorithm works by first finding a spanning tree S of
the graph G. We may choose an arbitrary node r to be the
root of S, which also uniquely defines parent/child rela-
tionships for the whole tree. Finding a spanning tree can
be done in O(n + m) time [48] and can be stored in a data
structure in which it is constant time to find the children or
parent of a given node, e.g., by having each node store the
indices of its neighbors in the tree.

Now we proceed recursively with two functions
LabelFirst and LabelLast, both of which take a node
in the tree as an argument. In words, LabelFirst(i) will
first label node i with the next unused integer from Zn =
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{0, 1, . . . , n − 1} (the next unused integer is tracked glob-
ally), and then call LabelLast(j ) on each child j of i.
Similarly, LabelLast(i) will call LabelFirst(j ) on each
child j of i and, only after all those function calls have
finished, will label node i with the next unused integer.
Each node is either the argument of a LabelFirst call or
a LabelLast call (not both), and so is labeled exactly once.
Moreover, the “first” and “last” type nodes make a two-
coloring of the vertices of the spanning tree (though not
necessarily a two-coloring of graph G) in the sense that
no two first-type nodes are adjacent and no two last-type
nodes are adjacent in the spanning tree. First-type nodes
are labeled before every other node in their subtree, while
last-type nodes are labeled after every other node in their
subtree.

This recursion structure means that very often (though
not always), nodes labeled i and i + 1(mod n) are not adja-
cent in the spanning tree but instead have one or two
nodes separating them, thus explaining SkipTree as the
algorithm’s name. See Fig. 5 for an example. This is the
desired behavior, because (as we show later) we want to
ensure that for all nodes i, the shortest path from i to
i + 1(mod n) in the tree is constant length. Intuitively, this
involves traveling up and down the tree, labeling nodes as
we go, but when traveling away from the root we should
leave some nodes unlabeled so they can be labeled later on
the way back to the root.

Although it can be arbitrary, there is an order in which
functions LabelFirst and LabelLast are called on the chil-
dren of a node i. If j is the first child on which the function
is called, we call j the oldest child of i. If j is the last on
which the function is called, we call j the youngest child
of i. We introduce the “oldest” and “youngest” terminol-
ogy to avoid using the words “first” and “last” again. We
can also use terms like “next oldest” and “next youngest”
to refer to this order of children.

We construct matrix T so that its row i indicates the
edges of G that are in the unique shortest path between
the node labeled i and the node labeled i + 1(mod n) in the
spanning tree. Note that only edges in the spanning tree
are used in these paths. This is perhaps less than optimal
for some graphs but is sufficient to achieve a T of constant
sparsity without worrying about the graph structure beyond
the spanning tree. We refer to the shortest path between i
and i + 1(mod n) as path i.

Each edge e = (f , l) of the spanning tree is adjacent to
a first-type node f and a last-type node l, and the label
of the last-type node must be larger than the label of the
first-type node. If f is the parent of l, then path f and
path l include the edge e. If instead l is the parent of f ,
then path f − 1(mod n) and path l − 1(mod n) include the
edge e. In either case, once the edge is used the second
time, the entire subtree below and including the edge has
been labeled, so the edge is not included in any other paths.
This shows the column weight of T is exactly two (for all
columns corresponding to edges in the spanning tree).

The weight of the ith row of T is the number of edges in
path i. We claim the longest a path can be is length three.
We show this to complete the proof. An example including
all cases encountered in this part of the proof is provided
in Fig. 5.

Consider path i where i is a first-type node. Note that the
node labeled n − 1 is always last-type and so i 
= n − 1.
We first assume node i has no children, which also implies
i is not the root and it has a parent. There are two sub-
cases—(1) if node i is the youngest child of its parent,
then its parent will be labeled i + 1, in which case the path
length is one, and (2) if node i is not the youngest child of
its parent, then its next youngest sibling is labeled i + 1,
in which case the path length is two. Next, assume node i
has at least one child. There are again two subcases—(3)
if the oldest child of i has a child, then node i + 1 will be

FIG. 5. An example spanning tree with nodes labeled according to the SkipTree algorithm, Algorithm 1. The root node is labeled
0 on the far left, and first-type nodes are represented with solid circles, while last-type nodes are dashed. Path i is the unique shortest
path in the spanning tree from node labeled i to the node labeled i + 1(mod 15). The proof of Theorem 2 involves arguing that all such
paths are length three or less. Examples of all cases encountered in that proof are included in this figure—path 12 for case (1), path 3
for case (2), path 0 for case (3), path 6 for case (4), path 14 for case (a), path 13 for case (b), path 11 for case (c), path 10 for case (d),
and path 7 for case (e).
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a grandchild of i, in which case the path length is two, and
(4) if the oldest child of i does not have a child, then node
i + 1 will be the oldest child of i, in which case the path
length is one.

Now consider path i where i is a last-type node. Because
node i has been labeled, its entire subtree has already been
labeled with integers < i. Also, node i always has a parent
because the only parentless node, the root, is first-type. We
first assume node i is the youngest child of its parent p .
There are three subcases—(a) Node p has no parent and
so is the root, which implies i = n − 1, i + 1(mod n) = 0,
and the path length is one, (b) Node p is the youngest child
of its parent, which implies i + 1 is the grandparent of i and
the path length is two, (c) Node p is not the youngest child
of its parent, which implies the next youngest child of the
parent of p is i + 1 (i.e., an “uncle” of node i) and the path
length is three. Now, assume node i is not the youngest
child of its parent p . There is a next youngest child y and
it is a last-type node. There are two subcases—(d) y has no
children, which implies y is labeled i + 1 and a path length
of two, (e) y has a child, which implies its oldest child is
labeled i + 1 (i.e., a “nephew” of i) and the path length is
three. �

We remark on modifications to the SkipTree algorithm
and special cases. First, we observe that the SkipTree
algorithm can also be used to find T′, P′ such that T′GP′ =
HR where HR ∈ F

(n−1)×n
2 is the canonical full-rank par-

ity check matrix of the repetition code. That is, HR is HC
with the last row removed. Thus, it is clear the SkipTree
algorithm also solves this problem by just removing the
last row of T to get T′ and setting P′ = P. However, we
also present a slightly modified version of the SkipTree
algorithm in Appendix E to improve the sparsity of T′ for
some graphs.

If there exists a Hamiltonian cycle in G, i.e., a cycle
that visits every vertex and uses every edge at most once,
then the SkipTree algorithm is not necessary to solve
TGP = HC. Instead, T can be chosen to be the (1, 1)-sparse
matrix that selects just those edges from G that are in the
Hamiltonian cycle. Likewise, T′GP′ = HR can be solved
with a (1, 1)-sparse matrix T′ if there exists a Hamiltonian
path in G. Unfortunately, these observations are not gener-
ally useful as it is well known that finding a Hamiltonian
cycle or path (or even determining the existence of one)
are NP-complete problems.

For graph G, the power graph Gp is defined to have the
same vertex set as G and edges connecting any two ver-
tices that are at most distance p apart in G. The SkipTree
algorithm provides an alternative proof of the fact that, for
any connected graph G, the graph G3 has a Hamiltonian
cycle [49,50]. Similarly, some properties of G are known
to be sufficient so that G2 has a Hamiltonian cycle [51–
53]. This body of literature in graph theory could likely be

ALGORITHM 1. Given a connected graph G ∈ F
m×n

2 , find T ∈
F

n×m
2 such that TGP = HC. Both T and P have O(n) nonzero

entries and can be constructed and returned as sparse matrices.

1: � Note we say “vertex v” if it corresponds to the
vth column of G. One goal of this algorithm is to label
vertices uniquely with integers from Zn in such a way to
guarantee T is sparse. We say “vertex v is labeled l” if it
acquires label l ∈ Zn. Of course, v need not equal l.

2: procedure SkipTree(G)
3: S ← a spanning tree of G � has incidence matrix

SI ∈ F
n−1×n
2 that we do not need to store

4: Index ← 0
5: Label ← empty list of length n
6: procedure LabelFirst(v)
7: Label[Index] ← v
8: Index ← Index + 1
9: for each child of vertex v in S do

10: LabelLast(child)
11: end for
12: end procedure
13: procedure LabelLast(v)
14: for each child of vertex v in S do
15: LabelFirst(child)
16: end for
17: Label[Index] ← v
18: Index ← Index + 1
19: end procedure
20: LabelFirst(0) � we choose the root to be 0. After this

line, Label[l] = v means vertex v is labeled l.
21: P ← n × n matrix with Pvl = 1 iff Label[l] = v.
22: T̃ ← matrix with n rows and n − 1 columns.
23: T̃le = 1 iff edge e is part of the shortest path in S from

Label[l] to Label[l + 1]. � now T̃ SI = HCP �

24: Add zero columns to T̃ , obtaining T so that TG =
T̃ SI .

25: Return T , P .
26: end procedure

used to furnish more variants of the SkipTree basis trans-
formation with, for instance, reduced sparsity of matrix T
in certain cases, but we leave rigorous exploration of this
direction to future work.

To conclude this section, we provide some intuition for
why Theorem 2 is useful in quantum LDPC code deforma-
tions. Consider some CSS (for simplicity, not necessity)
quantum LDPC code with check matrices HX , HZ and a
logical Z-type operator L of that code. Let SX be the sub-
matrix of HX that is supported on Z. It is known that when
L is irreducible (i.e., there is no other Z-type logical or sta-
bilizer supported entirely within the support of Z), then SX
is a parity check matrix of a repetition code (see Lemma
8 of Ref. [21] or Appendix D). While SX is perhaps not
the incidence matrix of a graph (because its rows may
have weight larger than two), auxiliary graph surgery [24]
decomposes each such higher weight row into a sum of
weight two rows, and thus we obtain a graph incidence
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Original code

Z̄

[SX |SZ ]

F

[M |0]

L

S

Z

X

G�

T

P

N

E

V

U

X

HC

C

Q

FIG. 6. A low-density parity check code deformation which
makes use of Theorem 2 to ensure the code pictured is low-
density parity check and its checks commute. Building on top
of the construction in Fig. 3 (left of the dashed line), edges T and
P are introduced, which are outputs of the SkipTree algorithm,
that connect to new qubits Q and checks C having repetition code
structure.

matrix G that is also a parity check matrix for the repeti-
tion code. It is this parity check matrix that can undergo a
basis change into canonical form HC.

For instance, see the Tanner graph in Fig. 6, in which we
claim (1) all the checks commute, (2) the code is LDPC,
and (3) Z(L) and Z(Q) are equivalent logical operators.
The idea encapsulated by this example is the same used to
connect codes with repetition code and toric code adapters
in Secs. IV and VI B. For the adapter constructions, we
delve deeper into the details of the deformed codes.

IV. THE REPETITION CODE ADAPTER FOR
JOINT LOGICAL MEASUREMENTS

Of practical concern in fault-tolerant quantum com-
puting is the connection of bespoke systems designed to
measure two operators Zl and Zr into one system to mea-
sure the product ZlZr without measuring either operator
individually. The operators Zl and Zr may be in different
codeblocks or the same codeblock. While these logicals
may overlap, we assume that they do not anticommute
locally on any single qubit so that they can both be made
Z-type simultaneously via single-qubit Cliffords. If there
are multiple codeblocks, we still refer to them together as
the original code, which just happens to be separable.

In this section, we solve this joint measurement prob-
lem while guaranteeing that the resulting connected graph
satisfies all the desiderata of Theorem 1, provided the
individual graphs did. A Tanner graph illustration of our
construction is shown in Fig. 7. The connection between
the individual graphs is done via a bridge of edges, as orig-
inally proposed in Ref. [21]. Here, we instead call that set
of edges an adapter, since we will specially choose them to
join different graphs while preserving a sparse cycle basis.

Definition 4. Provided two graphs Gl = (Vl, El) and
Gr = (Vr, Er) and vertex subsets V∗

l ⊆ Vl and V∗
r ⊆ Vr

of equal size, an adapter is a set of edges A ⊆ V∗
l ×

V∗
r defined by a bijective function a : V∗

l → V∗
r so that

(vl, vr) ∈ A if and only if a(vl) = vr. We call the resulting
graph G = Gl ∼A Gr = (Vl ∪ Vr, El ∪ Er ∪ A) the adapted
graph.

Given two graphs with sufficient relative expansion on
ports Pl and Pr, it is relatively straightforward to join them
with an adapter between subsets of the ports.

Lemma 3. If Gl = (Vl, El) has relative expansion
βtl(Gl,Pl) ≥ 1 and Gr = (Vr, Er) has relative expansion
βtr(Gr,Pr) ≥ 1, then connecting them with an adapter A
on any subsets P∗

l ⊆ Pl and P∗
r ⊆ Pr results in an adapted

graph G = Gl ∼A Gr with relative expansion βt(G,Pl ∪
Pr) ≥ 1 for t = min(tl, tr, |A|).

Proof. Let Gl and Gr be the incidence matrices of the
graphs Gl and Gr, respectively. We write the incidence
matrix of G as

G =
Vl Vr

El
A
Er

⎛
⎝ Gl 0

P�
l P�

r
0 Gr

⎞
⎠, (10)

where we have labeled rows and columns by the sets
of edges and vertices they represent. The matrix P�

l has
exactly one 1 per row and one 1 in each column corre-
sponding to P∗

l ⊆ Vl. Restricted to only those columns,
P�

l is a permutation matrix πl. The remaining columns of
P�

l are all 0. The same structure holds for matrix P�
r and

P∗
r ⊆ Vr with a permutation matrix πr.
We let v = (vl vr) ∈ F

|Vl|+|Vr|
2 be a vector indicating an

arbitrary subset of vertices with vl and vr its restriction to
the left and right vertices, respectively. Likewise, ul and
ur represent v restricted to Pl and Pr and u∗

l and u∗
r its

restriction to P∗
l and P∗

r .
Making use of expansion,

|vG�| = |vlG�
l | + |vrG�

r | + |P�
l v�

l + P�
r v�

r |
≥ min(tl, |ul|, |Pl| − |ul|) + min(tr, |ur|, |Pr| − |ur|)

+ |P�
l v�

l + P�
r v�

r |. (11)

Next, we notice that

|P�
l v�

l + P�
r v�

r | = |πlu∗�
l + πru∗�

r | (12)

≥ max(|u∗
l | − |u∗

r |, |u∗
r | − |u∗

l |) (13)

using the triangle inequality.
We now consider the different cases that result from

evaluating the min functions in Eq. (11).
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Z̄l

[SX
l |SZ

l ]

Fl

[Ml|0]

Ll

Sl

Z

X

G�
l

Tl

Pl

Nl

El

Vl

Ul

X

HC

C

A
Z

X

G�
r

Tr

Pr

Nr

[Mr|0]

Fr

Er

Vr

Ur

Z̄r

[SX
r |SZ

r ]

Lr

Sr

FIG. 7. Measuring ZlZr without measuring either logical operator individually. The adapter edges joining auxiliary graphs Gl and Gr
into one larger auxiliary graph are those hosting the qubits A. The matrices Tl, Tr, Pl, Pr are determined using the SkipTree algorithm,
Theorem 2. Differing from Figs. 3 and 6, we do not include in this diagram qubits or checks outside the supports of the logicals Zl and
Zr, and instead just suggest their existence through dangling edges. This is left ambiguous because we allow Zl and Zr to be contained
in different codeblocks or the same codeblock. In the latter case, it also may happen that the check sets Sl and Sr share checks, which
then gain support on both auxiliary graphs during deformation.

(1) For vectors v in which the first min function evalu-
ates tl or the second evaluates to tr, we have |vG�| ≥
min(tl, tr).

(2) If |ul| ≤ |Pl|/2 and |ur| ≤ |Pr|/2, we have |vG�| ≥
|ul| + |ur| ≥ |ulr| where by ulr we mean the restric-
tion of v to Pl ∪ Pr.

(3) If |ul| ≥ |Pl|/2 and |ur| ≥ |Pr|/2, we have |vG�| ≥
|Pl| − |ul| + |Pr| − |ur| ≥ |Pl ∪ Pr| − |ulr|.

(4) If |ul| ≤ |Pl|/2 and |ur| ≥ |Pr|/2, then

|vG�| ≥ |ul| + |Pr| − |ur| + max(|u∗
l | − |u∗

r |,
|u∗

r | − |u∗
l |)

≥ |Pr| + (|ul| − |u∗
l |) − (|ur| − |u∗

r |)
≥ |Pr| − (|ur| − |u∗

r |)
≥ |P∗

r | = |A|. (14)

(5) If |ul| ≥ |Pl|/2 and |ur| ≤ |Pr|/2, then a similar
argument yields |vG�| ≥ |A|.

Combining these cases shows

|vG�| ≥ min(tl, tr, |A|, |ulr|, |Pl ∪ Pr| − |ulr|), (15)

which proves the relative expansion of the adapted code is
as claimed. �

Note that Ref. [21] contains a similar proof arguing for
the code distance of their bridged systems. Here, we have
abstracted out the relative expansion idea.

If we start with sufficient relative expansion on both
initial graphs, i.e., βd(Gl,Pl) ≥ 1 and βd(Gr,Pr) ≥ 1 so
that the initial graphs satisfy desideratum 4 of Theorem
1, then Lemma 3 says we must only choose an adapter of

size |A| ≥ d to ensure the adapted graph G is sufficiently
expanding relative to Pl ∪ Pr, i.e., βd(G,Pl ∪ Pr) ≥ 1.
This is a relatively mild constraint. The ports Pl and Pr
are already of size at least d, because they were built to
connect to logical operators Zl and Zr, so it is certainly
possible to create an adapter between subsets of the ports
of sufficient size.

It is also clear that if the original graphs satisfy desider-
ata 0, 1, and 2, then the adapted graph will as well. The
addition of adapter edges can also create new cycles in the
adapted graph. It remains to ensure the resulting adapted
graph satisfies desideratum 3, which demands it has a
sparse cycle basis. Initially, this may seem complicated to
guarantee. However, this is solved neatly by applying the
SkipTree algorithm.

Lemma 4. Consider two graphs Gl = (Vl, El) and Gr =
(Vr, Er) along with equal-sized vertex subsets P∗

l ⊆ Vl and
P∗

r ⊆ Vr that induce connected subgraphs of their respec-
tive graphs. If the graphs Gl and Gr have (γ , δ)-sparse cycle
bases, there exists an adapter A between P∗

l and P∗
r such

that the adapted graph Gl ∼A Gr has a (γ ′, δ′)-sparse cycle
basis with γ ′ ≤ max(γ , 8) and δ′ ≤ δ + 2.

Proof. Let A = |P∗
l | = |P∗

r | and Gl and Gr be the inci-
dence matrices of the graphs Gl and Gr. Also, denote
by G∗

l and G∗
r the incidence matrices of the subgraphs

induced by P∗
l and P∗

r . We apply the SkipTree algorithm,
Theorem 2, to both of these induced subgraphs, obtaining
T∗

l , T∗
r , P∗

l , P∗
r such that

T∗
l G∗

l P∗
l = T∗

r G∗
r P∗

r = HC ∈ F
A×A
2 . (16)

By inserting 0 columns in the T matrices and 0 rows in the
P matrices, we can also make matrices Tl, Tr, Pl, Pr such
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that

TlGlPl = TrGrPr = HC ∈ F
A×A
2 . (17)

Adapter edges A are added as follows. A vertex in
P∗

l that is labeled i ∈ {0, 1, . . . , A − 1} by the SkipTree
algorithm applied to G∗

l is connected to the vertex in P∗
r

that is also labeled i by the SkipTree algorithm applied
to G∗

r . We can express these connections in the incidence
matrix G of the adapted graph G = Gl ∼A Gr by writing

G =
Vl Vr

El
A
Er

⎛
⎝ Gl 0

P�
l P�

r
0 Gr

⎞
⎠, (18)

with rows and columns labeled by edge and vertex sets.
We can also explicitly write out a cycle basis N for the

adapted graph, in terms of the cycle bases Nl and Nr of the
original graphs,

N =
⎛
⎝ Nl 0 0

Tl HC Tr
0 0 Nr

⎞
⎠ . (19)

One can check using Eq. (17) that NG = 0. Moreover, we
have added |A| = A edges to the graphs, and A − 1 new
independent cycles, i.e., the A cycles from the second block
of rows of N minus one since the sum of all those cycles
is trivial. This is the expected cycle rank of the adapted
graph, so N is complete basis of cycles. We use the fact
that Tl and Tr are (3, 2)-sparse matrices from Theorem 2 to
conclude that this cycle basis is (γ ′, δ′)-sparse with γ ′ ≤
max(γ , 8) and δ′ ≤ δ + 2. �

Combining Lemmas 3 and 4 and the above discussion,
we obtain the main theorem of this section. To state it in
greater generality, we introduce the idea of a c-disjoint set
of logical operators {�i}i of a code [54], which means that
for any qubit of the code, there are no more than c logicals
�i with support on that qubit. If c is constant (e.g., inde-
pendent of the code size and the size of the set of logicals),
then we say the set of logicals is sparsely overlapping.

Theorem 3. Consider a set of nontrivial, sparsely over-
lapping logical operators Z0, Z1, . . . , Zt−1 that can all be
made Z-type simultaneously by applying single-qubit Clif-
fords. Provided t auxiliary graphs that satisfy the graph
desiderata of Theorem 1 to measure these t logical opera-
tors, there exists an auxiliary graph to measure the product
Z0Z1 . . . Zt−1 satisfying the desiderata of Theorem 1. In
particular, if the individual deformed codes are LDPC with
distance d, the deformed code for the joint measurement is
LDPC with check weights and qubit degrees independent
of t and has distance d.

Proof. To exhibit a simpler proof here that still contains
most of the main ideas, we assume the logical operators
are all pairwise disjoint (equivalently, that they form a 1-
disjoint set). To prove the general theorem for sparsely
overlapping logicals requires the notion of a set-valued
port function so that qubits can be connected to multiple
vertex checks. In Appendix B, we introduce that concept
and complete the general proof of this theorem.

Denote the qubit supports of the individual logical oper-
ators by Li for i = 0, 1, . . . , t − 1. Denote the auxiliary
graphs used to measure the individual logical operators by
Gi = (Vi, Ei), the port functions by fi : Li → Vi, and the
ports by Pi = fi(Li).

Recall a Z-type logical operator Z is said to be irre-
ducible if there is no other Z-type logical operator or
Z-type stabilizer supported entirely on its support. For all
i, there is some set of qubits L′

i ⊆ Li that supports a non-
trivial, irreducible logical operator. Note that the logical
operator supported on L′

i need not be logically equivalent
to that on Li. We let P ′

i = fi(L′
i) ⊆ Pi.

Because Z(L′
i) is irreducible, the X -type part of the

check matrix of the original code restricted to L′
i is equiv-

alent to the check matrix of the repetition code [21] (see
also Appendix D). Because of desideratum 2 of Theorem
1, the graph Gi must have short perfect matchings for each
of these checks. If two vertices x, y ∈ Vi are matched this
way, we modify graph Gi by adding the edge (x, y) if it
does not already exist. This ensures the subgraph induced
by P ′

i = fi(L′
i) is connected, enabling the use of Lemma

4. Moreover, the new graph necessarily satisfies all the
desiderata because the original graph did as well. In par-
ticular, note that we can add a cycle to the cycle basis for
each added edge (x, y) which consists of the edge itself
and the short path between (x, y), and that this must pre-
serve desideratum 3b (cycle sparsity) because the short
paths originally satisfied desideratum 2b (matching spar-
sity). From now on, we just assume that the graphs Gi have
already been modified in this way so that the subgraphs
induced by P ′

i are connected.
Now we create adapters to join all the graphs together. In

particular, for each i = 0, 1, . . . , t − 2, we create an adapter
Ai between P∗

i ⊆ P ′
i and P∗

i+1 ⊆ P ′
i+1. These subsets can

always be chosen so that |P∗
i | = |P∗

i+1| ≥ d and both P∗
i

and P∗
i+1 induce connected subgraphs in their respec-

tive auxiliary graphs Gi and Gi+1. Iterative application of
Lemma 4 creates the adapted graph

G = (V , E) = G0 ∼A0 G1 ∼A1 G2 ∼A2 · · · ∼At−2 Gt−1.
(20)

The port function for this adapted graph is defined as
follows. Note, Z = Z0Z1 · · · Zt−1 is supported on exactly
the qubits L = L0 ∪ L1 ∪ · · · ∪ Lt−1. Let f : L → V be
defined as f (q) = fi(q) when q ∈ Li. We let P = f (L) =
P0 ∪ P1 ∪ · · · ∪ Pt−1 be the port vertices in the graph G.
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The adapted graph G and port function f satisfy the
graph desiderata of Theorem 1. Desiderata 0, 1, 2 are
inherited from the original graphs. We used Lemma 4 to
construct adapters that guarantee desideratum 3 is satis-
fied. Lemma 3 implies βd(G, f (L)) = βd(G,P) ≥ 1 and
thus we have desideratum 4. �

One potential inconvenience of the adapter construction
in this section is that the adapting edges are connected
directly to the port that is also connected directly to the
original code. In Ref. [21] this is what is done for the con-
struction used to measure logical Y = iX Z. However, also
in Ref. [21] they connect these adapter edges (there called
a bridge system) instead to higher levels of the thickened
auxiliary graph when they measure a product of same-type
logical operators like ZlZr. It would be good to under-
stand when this can be done in more generality. Perhaps
this would require a notion of expansion relative to several
ports simultaneously.

We also remark that to perform specific join logical
measurements in practice, we believe it is likely that the
construction in the proof of Theorem 3 will typically be
used without the explicit guarantees that the original auxil-
iary graphs have sufficient relative expansion. One should
then simply verify directly that the deformed code defining
the joint logical measurement has code distance d. We pro-
vide concrete examples in Sec. VII that demonstrate this
idea in the setting of finite-sized codes.

V. LEVERAGING CODE PROPERTIES TO
SIMPLIFY AUXILIARY GRAPH LDPC SURGERY

The graph desiderata theorem 1 provided a checklist
of desirable properties for an auxiliary graph to satisfy in
order to measure a chosen logical operator while preserv-
ing code distance and sparsity of checks. Exploring the
extent to which we can avoid some of these requirements
will be the focus on this section.

A. Expansion is unnecessary for measuring some joint
logical operators

We noted previously that desideratum 4, that G has suffi-
cient expansion relative to the image of port function f , is
only sufficient for the deformed code to have the same code
distance as the original code and not necessary. However,
if we remove desideratum 4, we generally need to impose
some other conditions on the codes and logical operators
being measured to ensure we can build an auxiliary graph
for which we can prove the deformed code preserves the
code distance. We present one set of alternative condi-
tions here for the case of measuring a joint logical operator
ZlZr.

(a) The operators Zl and Zr come from separate code-
blocks (before deformation).

Z̄l

X

Sl

Fl

Ml

Ll

Sl

Z

X

G�

Mr

Fr

N

E

V

U

X

Z̄r

Sr

Sr

Lr

FIG. 8. Joint measurement of ZlZr using a bespoke graph G
instead of an adapter. We show that G does not need to be
expanding under certain conditions.

(b) The operator Zl or Zr with the larger weight is also
a minimum weight logical operator of its code. If
|Zl| = |Zr|, then only one of the two operators needs
to be minimum weight in its code.

To clarify condition (b), it may for instance happen that
|Zl| > |Zr|. In this case, we demand that |Zl| = dl, where
dl is the distance of the left code.

Theorem 4. We can construct an auxiliary graph such
that the joint measurement between quantum LDPC codes
depicted in Fig. 8 measures only ZlZr and is LDPC. The
size of the auxiliary graph is O(D log3 D) where D =
max(|Zl|, |Zr|). If additionally condition (a) is satisfied, the
deformed code has distance at least dl + dr − D, where
we denote the code distances of the left and right codes
as dl and dr, respectively. If additionally condition (b)
is satisfied, the deformed code has distance at least d =
min(dl, dr).

Proof. As we have done before, we assume without
loss of generality that both Zl and Zr are entirely Z-
type, because we can always perform single-qubit Cliffords
to make it so. We also use Ll and Lr to denote the
qubit supports of operators Zl = Z(Ll) and Zr = Z(Lr).
Furthermore, we make two more assumptions.

(i) |Zl| ≥ |Zr| without loss of generality.
(ii) Choose a port function f : Ll ∪ Lr → V such that

the port set of vertices for the left code f (Ll) is a
superset of the port set of vertices for the right code
f (Lr). Provided (i), this can always be done. More-
over, for all vectors v ∈ V , it implies |vFl| ≥ |vFr|
and |vFl| − |vFr| ≤ |Zl| − |Zr|, where Fl, Fr are the
matrices in Fig. 8.
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We note that (ii) in particular means that the port func-
tion is noninjective, i.e., there are vertices connected to
two qubits, one from the left code and one from the right.
However, we noted in Theorem 1 that desiderata 0–3
apply also to a noninjective port function. Thus, we can
build a graph using the techniques of Sec. II C that has
just D = max(|Zl|, |Zr|) = |Zl| = |imf | port vertices, con-
nected one-to-one to qubits in Ll, and a subset of them
connected one-to-one to Lr also. To ensure desideratum 2,
we can add edges to the set of D port vertices using the
vertex pairing strategy described just below the proof of
Theorem 1. This necessitates adding edges for both the left
code checks overlapping Zl and the right code checks over-
lapping Zr. Still, each port vertex has O(1) degree after this
process, satisfying desideratum 1. Additional edges can be
added if necessary to ensure the graph is connected and
satisfies desideratum 0. Finally, once the cycles are spar-
sified using thickening to satisfy desideratum 3, the final
auxiliary graph contains a total of O(D log3 D) vertices and
edges.

Since we are lacking desideratum 4, we must rely on
the conditions (a) and (b) to prove lower bounds on the
deformed code distance. We make use of just (a) to begin
and only add (b) at the end of the proof.

Consider a nontrivial logical Pauli � from the origi-
nal codes that commutes with ZlZr but is not equivalent
modulo stabilizers to it. In other words, � represents
any logical operator on logical qubits that are not mea-
sured. Write � = �l�r where �l = �X

l �Z
l is supported

entirely on the left code, �r = �X
r �Z

r is supported entirely
on the right, and we have denoted their Pauli X and Z
components.

In the deformed code, � may pick up X -type support
on the edge qubits of the auxiliary graph. Specifically,
there will be some perfect matching e ∈ E on the auxiliary
graph that ensures �X (e ∈ E) commutes with all vertex Z
checks. We ignore this edge support and show that, for any
choice of vertex checks v, �HZ(v ∈ V) has weight at least
d on just the original code qubits alone. Thus the distance
of the deformed code is at least d.

We establish notation in Fig. 9. In particular, we denote
Rl = supp �l \ Ll and �l = supp �X

l ∩ Ll. We note the
qubits connected to the checks indicated by v, namely
supp vFl, are entirely contained within Ll. The intersec-
tion of supp vFl with �Z

l defines regions we denote by
αl, βl, γl, and δl. We make the symmetric definitions for
code r. In this notation, we wish to bound the weight of the
following:

|�HZ(v ∈ V)| ≥ |βl| + |δl| + |�l| + |Rl| + |βr|
+ |δr| + |�r| + |Rr|. (21)

Also, we can interpret condition (ii) in the same nota-
tion. Note that |βl| + |γl| ≤ |vFl| ≤ |βl| + |γl| + |�l| and

likewise for the r code. Therefore, |vFl| ≥ |vFr| and
|vFl| − |vFr| ≤ |Zl| − |Zr| from condition (ii) imply

|βl| + |γl| + |�l| ≥ |βr| + |γr|, (22)

|βr| + |γr| + |�r| − |Zr| ≥ |βl| + |γl| − |Zl|. (23)

Since � is not equivalent to ZlZr modulo stabiliz-
ers, then |�lZl| ≥ dl or |�rZr| ≥ dr (possibly both). We
assume that |�lZl| ≥ dl. This assumption holds without
loss of generality because if this is not the case, we can
consider �HZ(�1 ∈ V) = � ZlZr instead of �, and the
problem of bounding the weight |�HZ(v ∈ V)| for all v

remains unchanged. Translating to the notation of Fig. 9,
dl ≤ |�lZl| = |Zl| − |γl| − |δl| + |Rl| and

|Rl| + (|Zl| − dl) ≥ |γl| + |δl|. (24)

Now, we proceed in two cases. Either |�r| is a nontrivial
logical operator of the r code or it is trivial (i.e., a sta-
bilizer). In the first case, dr ≤ |�r| = |γr| + |δr| + |�r| +
|Rr|. Starting from Eq. (21), we then have

|�HZ(v ∈ V)|
≥ −|γl| + |δl| + |Rl| + 2|βr| + |γr|

+ |δr| + |�r| + |Rr| [Eq. (22)]

≥ −|γl| + |δl| + |Rl| + 2|βr| + dr [1stcase]

≥ dr + 2|δl| + 2|βr| − (|Zl| − dl) [Eq. (24)]

≥ dl + dr − |Zl|.

In the second case, �r is trivial, but still the weight of �rZr
cannot be less than dr. Thus, |�rZr| = |Zr| − |γr| − |δr| +
|Rr| ≥ dr and |Rr| + (|Zr| − dr) ≥ |γr| + |δr|. Also, if �r
is trivial then �l must be nontrivial, so |�l| = |γl| + |δl| +
|�l| + |Rl| ≥ dl. Therefore, we have

|�HZ(v ∈ V)|
≥ 2|βl| − |Zl| + |�l| − |γr| + |δr|

+ |Rr| + |Zr| [Eq. (23)]

≥ dr + 2|βl| + 2|δr| − (|Zl| − dl) [Second case]

≥ dl + dr − |Zl|.
We conclude from both cases that if condition (a) is satis-
fied, the deformed code distance is at least dl + dr − |Zl|
and this equals dl + dr − max(|Zl|, |Zr|) by applying (i).

Assuming condition (b), i.e., |Zl| = dl, this lower bound
on the deformed code distance becomes dr, which equals
d = min(dl, dr) because dr ≤ |Zr| ≤ |Zl| = dl using (i) and
(b) together. �

Some intuition for this result comes from considering
special cases. If we have a logical operator �l in the left
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FIG. 9. Notation for the proof of Theorem 4. On the left (right), all sets shown are subsets of l (r) code qubits. Vertex checks v are
connected to sets of qubits supp vFl and supp vFr indicated by dashed circles.

code, it can lose weight in couple of ways once it is mul-
tiplied by vertex checks. First, we could multiply it by
vertex checks that are not even connected to the right code
(because the left port vertices are merely a superset of the
right port vertices). Then, without expansion in the aux-
iliary graph, it could simply lose that support. However,
it cannot lose more than |Zl| − |Zr| this way and so its
weight remains at least |Zr| ≥ dr. A second way �l can
lose weight is if its weight is transferred to the right code
through vertex checks that are connected to both codes,
and then that weight can be reduced in weight by checks in
the right code. This would, however, imply that Zr can be
reduced in weight by these checks as well, so the weight is
not reduced by more than |Zr| − dr. Therefore, the weight
of �l is still at least dl + dr − |Zr| ≥ dl + dr − |Zl| ≥ dr.

Notice that both these weight-reducing scenarios do not
apply to a logical operator on the right code �r instead of
�l. The first does not apply because all vertex checks con-
nected to the right code are also connected to the left. The
second does not apply because there is no way to reduce
the weight of Zl by stabilizers—it is already a minimum
weight logical.

While the intuition covers only special cases, the proof
of Theorem 4 covers the most general case. Nevertheless,
there is still some benefit to this intuition when assess-
ing other scenarios. For instance, suppose the left code
encodes just two qubits, 1 and 2, and we want to mea-
sure two joint operators Z

(1)

l Zr and X
(2)

l X r simultaneously,
where operators Zr and X r are from the separate right code-
block. We might consider introducing two separate auxil-
iary graphs, one for measuring Z

(1)

l Zr and one for X
(2)

l X r,
and proceed similarly to Theorem 4. Now, a logical oper-
ator �r on the right might be multiplied by both sets of
vertex checks together, and we must ensure that combined
weight transferred to the left code cannot be reduced in
weight by checks of the left code. This necessitates a more

involved condition on the logical operators Z
(1)

l and X
(2)

l ,
but one that it turns out is still satisfiable. For instance, the
theorem below covering this scenario is applicable to the
case in which the left code is the toric code.

Theorem 5. Let Zr and X r be arbitrary nonoverlap-
ping logical operators in a distance dr quantum LDPC
code, referred to as the right code. Consider another dis-
tance dl ≥ max(|Zr|, |X r|) quantum LDPC code, the left
code, encoding just two logical qubits and possessing two
nonoverlapping, weight dl logical operators Zl and X l.
Suppose the weight of ZlX l cannot be reduced to less than
2dl by multiplying by stabilizers and logical operators of
the left code other than Zl, X l, and ZlX l. The toric code
is an example of such a left code. Then, we can construct
two auxiliary graphs, each of size O(dl log3 dl) to measure
ZlZr and X lX r, and only those logical operators, simulta-
neously. Moreover, the deformed code is LDPC and has
distance at least dr.

Proof. The proof is very similar to that of Theorem 4
and we defer it to Appendix F. That the toric code is a valid
left code is left to Sec. VI B 2, which focuses on adapting
to the toric code. �

While we have studied just two scenarios in which
desideratum 4 can be replaced in this section, there are very
likely many other scenarios. As other works similarly sur-
mise [21,24,25] about the requirement of graph expansion,
we suspect desideratum 4 too is overkill in many practical
settings.

B. Decongestion is unnecessary for geometrically local
codes

An inconvenience in the construction of the repetition
code adapter is the necessity in general to thicken the
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deformed code to ensure a deformed code that is LDPC.
Satisfying desideratum 3 of Theorem 1 results in an addi-
tional log3 d factor in the space overhead. Here we note
that this factor can be removed for the special case of geo-
metrically local codes in constant dimensions D ≥ 2. In
particular, for any logical operator of such a code we will
show there exists a way to construct the graph G such that
G has a cycle basis where each edge participates only in
a constant number of cycle basis elements (here, the con-
stant is independent of the code size, but dependent on the
dimension D). This implies that thickening the deformed
code is not necessary for our adapter constructions and for
auxiliary graph surgery of a logical operator if the original
code is geometrically local.

Consider a D-dimensional Euclidean space where qubits
have a constant density, ρ. That is, for any D-dimensional
hypersphere of radius R, the number of qubits within this
ball is given by: nR = ρRD. We define a family of geo-
metrically local stabilizer codes to be one where we can
define a set of stabilizer generators S = 〈Si〉, such that
every generator Si is supported within a constant radius RS ,
independent of system size.

As described in Sec. II C, the task is, given a logical
operator with support on a set of qubits L, to construct a
graph G = (V , E) such that each vertex is associated with
a qubit from L. Since the code is geometrically local, we
can choose a physical layout of the vertices V accord-
ing to their position in the original geometric lattice. In
addition, note that any irreducible logical operator will pre-
serve some form of local structure in D dimensions (or
lower) in the following sense. If one considers a given
vertex corresponding to one of the qubits within the sup-
port of L, then there must be a stabilizer in the original
code that anticommutes with the Pauli supported on this
qubit of L (otherwise this single-qubit physical Pauli oper-
ator would also be a logical operator, which contradicts the
irreducibility assumption). Second, there must be another
qubit in the support of that stabilizer nearby, that is within
a hypersphere of radius RS by definition of the geometri-
cally local code. For an irreducible logical operator L we
can recursively construct this mesh of qubits. By construc-
tion, any D-dimensional hypersphere of radius RS contains
a number of qubits from L that is lower bounded by cRS
for some constant c > 0 independent of system size. In
general, if the logical operator can be embedded in some
lower-dimensional manifold, then the number of points
from L contained within a D-dimensional hypersphere of
radius B will scale proportionately to Bα , for 1 ≤ α ≤ D,
which will only strengthen the results that follow. Note that
this excludes the case of trying to measure the product of
two disjoint logical operators. However, in that case the
results in this section will hold for the individual graphs of
each of the logical operators, which can then be connected
using a repetition code adapter to avoid measuring each
individually, as described in Sec. IV.

We now turn to the question of providing the edges of
the graph G. We will choose the edges according to the
Delaunay triangulation of points in R

D [27]. The Delaunay
triangulation is defined as the partitioning of the system
into simplices such that for any circum-hypersphere of
points in a given simplex contains no other points. Such
a triangulation is unique unless there exists a hypersphere
containing D + 2 or more points on its boundary without
any points in the interior (referred to as special systems
[27]), as then there may be multiple choices for the triangu-
lation [55]. For simplicity, we will assume the uniqueness
of the triangulation. In cases where there is a degeneracy
in the choice due to the above condition, one can find a
slight perturbation of the lattice to recover uniqueness and
the remaining results will still hold (proof can be found in
Prop. 1 of Ref. [27]).

Before we discuss the main result of this section, we
prove a useful lemma for a nonspecial system of points
(that is one where the Delaunay triangulation is unique).

Lemma 5. Given the graph G = (V , E) corresponding to
the Delaunay triangulation of a nonspecial set of vertices
V in D-dimensional space. Consider two vertices A and B
such that there exists a hypersphere whose boundary con-
tain A and B and whose interior contains no other vertices.
Then, there must exist an edge e ∈ E between A and B.

Proof. If the hypersphere that contains A and B on its
boundary with empty interior additionally contains D − 1
more points on its boundary, then these D + 1 points form
a simplex in the Delaunay triangulation and all share
edges, completing the proof. If the boundary contains
fewer than D + 1 points, consider the continuous growth
of all possible D-dimensional hyperpheres containing all
points that are currently on the boundary. Such a growth
will be constrained to hyperspheres centered on a restricted
hyperplane and can be made continuously until a large
enough hypersphere is found that has D + 1 vertices on its
boundary. Such a hypersphere is guaranteed to exist due to
the nonspecial nature of the vertex set and thus we have
found the corresponding simplex that contains both A and
B, and shown that they share an edge. �

Given the above Lemma, we are now ready to prove
the main result of the section, which is a reformulation
of the graph desiderata from Theorem 1 in the case of
geometrically local codes.

Theorem 6. Given a (unique) Delaunay triangulation of
an irreducible logical operator L of a geometrically local
code with stabilizer radius bounded by RS the resulting
graph G = (V , E) will have the following properties:

(0) G is connected.
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(1) G has vertex degree that is bounded by O(((D + 1)

RS)D), that is a constant independent of system size
(yet dependent on dimension D).

(2) For all local stabilizer generators of the code Si
restricted to L, the resulting matching of associated
vertices in G is bounded, |μ(LSi)| = O(RD

S). Each
edge can belong to at most O(R2D

S ) matchings.
(3) There is a cycle basis of G such that (a) each cycle

is length 3 and (b) each edge is involved in at most
O
(
((D + 1)RS)D

)
cycles.

Proof. By definition the Delaunay triangulation is con-
nected, and hence desideratum 0 is satisfied.

Given we have a logical operator that has to preserve
some local structure, there exists a radius RL of constant
size, such that any hypersphere whose radius is at least
RL must contain D + 1 points in its interior (or boundary)
due to the constant density of points in the logical oper-
ator, by definition. Any circum-hypersphere of a simplex
in Delaunay triangulation must have radius upper-bounded
by RL = (D + 1)RS . A given vertex may only share an
edge with another vertex in the graph if they belong to
the same circum-hypersphere, and must be within distance
2RL of one another. Therefore, the total number of neigh-
bors a given vertex v ∈ V can have is bounded by the
number of vertices within the hypersphere of radius 2RL,
centered at v, which is at most ρ(2RL)D by the definition
of a geometrically local code, proving desideratum 1.

We will return to the proof of desideratum 2 below.
Showing that desideratum 3 is satisfied is relatively
straightforward. Given the Delaunay triangulation forms
a graph composed of simplices, the faces of the graph are
all triangles. Therefore, a valid choice for the cycle basis
of this graph is the set of all triangular faces, which are
all of length 3. Moreover, given each edge by definition
is associated with a pair of points (its endpoints), in order
for such an edge to be involved in a triangular face, the
pair of endpoints must share a common neighbor in the
graph. Since the number of neighbors for each individ-
ual endpoint is upper-bounded by ρ(2RL)D, their common
neighbors must be similarly upper-bounded, thus proving
desideratum 3.

Finally, we arrive at the proof of desideratum 2. Given
a stabilizer Si that anticommutes with the given logical
operator at an even number of qubits, this will correspond
to an even number of vertices in the graph G. We are
tasked with finding a matching for these vertices that is
of bounded length. Given the stabilizer is local, the result-
ing set of vertices on the graph G are local, that is they
are all within a hypersphere of constant radius RS . We
can choose to match any two pairs of points, as we will
show that we can find a path in G of bounded length (not
necessarily minimum-matching) (see Fig. 10). Given two
points A and B, consider the hypersphere HAB centered at
the midpoint between these points, whose diameter is the

distance between these points (thus A and B reside on the
boundary of this hypersphere, and the diameter must be
upper-bounded by RS). If there are no points of G in the
interior of HAB, then A and B must belong to the same sim-
plex in the Delaunay triangulation (by Lemma 5) and we
have found a path. If there does exist any points in the
interior of HAB, choose any such point and denote it C.
Now, we can iterate the search for an edge with the new
pairings: AC and BC, thus breaking the original problem
into two equivalent subproblems. Given C is in the inte-
rior of HAB, the geometric distance between A and C as
well as B and C must be strictly less than A and B. Given

(a)

(b)

(c)

FIG. 10. Finding a matching for two points given in red within
a Delaunay triangulation. (a) Consider the circle centered at the
midpoint between the points with diameter equal to their dis-
tance. Given the interior is nonempty, choose one of the interior
points and iterate the process between the two original points and
this midpoint. (b) The circle on the left contains no points, thus
indicating the points must share an edge in the triangulation. The
circle on the right is again nonempty, again break this problem
into two and iterate. (c) Two further valid matching are found,
completing the search for the overall path between the original
vertices.
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there are only a finite number of vertices within the hyper-
sphere of constant radius RS , upper-bounded by ρRD

S , the
search will terminate in a finite number of steps resulting
in a path with at most O(RD

S) edges. Finally, we would
like to bound the number of times a given edge is used
in matchings of different stabilizer generators, restricted to
L. Given all edges in the matching of two points A and B
must be within the hyperspheres of radius RS of each point,
there can only be a finite number of pairings of points
for which a given edge can belong. The number of such
pairings of points would necessarily be upper-bounded by
O
(
(RD

S)2
)
. �

In general, in addition to the desiderata 0–3 provided
by the above theorem, we would also need desideratum
4, which demands the auxiliary graph has sufficient rela-
tive expansion. However, desideratum 4 is not necessary
for using the repetition code adapter of Sec. IV on at
least some geometrically local codes. For instance, in
some D-dimensional toric codes [56–59], the minimum
weight logical Z-type operators Z

(0)
, Z

(1)
, . . . , Z

(D−1)
are

one-dimensional and run in orthogonal directions through
the lattice. This means that auxiliary graph surgery on
one of these cannot decrease the weight of another in the
resulting deformed code.

VI. ADAPTERS FOR MULTICODE LOGIC

This section elaborates on the use of the universal
adapter as a tool to perform logical measurements between
different quantum LDPC codes.

A. Logical gates by joint measurements and
symmetries

Since the universal adapter can sparsely connect auxil-
iary graphs corresponding the logical operators irrespec-
tive of code structure or code block, one can now also
consider joint measurements in multicode systems that
comprise of different codes with various capabilities. The
repetition code basis change can thus be used to design
code deformation protocols to facilitate fault-tolerantly
merging into LDPC codes with other desirable logical
gates. One simple use case is simply to teleport logical
information from one codeblock to another. Ideally, the
codes have similar code distance, in order for a high-
distance code not to lose distance during code deformation.

For instance, one can use the adapter to merge with a
specialized code of comparable distance where the desired
gate can be performed, or alternatively teleport a prepre-
pared magic state [60], by applying the desired gate on
ancilla beforehand.

A simple example is shown in Fig. 11 for the case of
T gate (which commutes with ZZ measurement in merge
step). The quantum circuit in Fig. 11 also requires a poten-
tial Clifford correction in the form of an S-gate, which

(i)

|ψ〉
|+〉

a

ZZ

T bX

Z bS a

=

(ii)

|ψ〉
|T 〉

a

ZZ
bX

Z bS a

=
|ψ〉 T T |ψ〉

FIG. 11. Logical circuits to connect different quantum codes
and implement non-Clifford gate using (i) unitary logical gate
implemented in ancillary code (ii) gate teleportation. Based on
measurement outcome b, the second register can be corrected to
be in |+〉 final state.

can similarly be implemented using the quantum circuit
above, but with the Pauli Y-eigenstate |i〉 := |0〉 + i |1〉 as
a resource state instead of |T〉.

A second example, illustrated in Fig. 12, implements a
logical CNOT gate in a similar manner. In the second step
(ii) of a logical CNOT is applied on the ancilla code. Notice
that one could put any code in the ancilla as long as it
has the ability to implement CNOT and also has at least
the same distance d as the original LDPC code. Note also
that since CNOT commutes with ZZ and XX parity mea-
surements in step (i), one could also apply the CNOT gate
on the ancilla code |+0〉 in advance to obtain a logical Bell
pair |00〉 + |11〉 and consume this resource state to perform
CNOT using code deformation.

Figures 11(a) and 12 suggest an interesting perspec-
tive. If we imagine the joint measurements in those figures
are performed by auxiliary graph surgery, then we briefly
enter a deformed code that is a stitching together of the

|c〉
|+〉
|0〉
|t〉

Ancillary
code

a

ZZ

b

XX

(i) (ii) (iii)

cX

dZ

Z b+c

Xa+d

=

FIG. 12. Implementing a CNOT within multicode architectures.
Logical circuit describing entire protocol: (i) merge step, (ii)
logical CNOT, (iii) split step: measuring out the ancillary code,
followed by Pauli corrections Zb+c and X a+d.
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original code containing the logical information on which
we want to compute and an ancillary code that possesses
the logical gate we need. That deformed code is a sort
of Frankenstein’s monster code still encoding the logical
information from the original code but with an address-
able logical gate inherited from the ancillary code. One
could remain in this deformed code and perform the gates
in Figs. 11(a) and 12 rather than immediately splitting back
into separate original and ancillary codes after the joint
measurements.

In the next section, we illustrate the use of the adapter
construction to implement an addressable CNOT by con-
necting to a toric code. We note that while more practical
schemes to implement CNOTs exist (including auxiliary
graph surgery itself), we provide this “toric code adapter”
tool as an interesting example and a potential stepping
stone to future designs that can leverage symmetries in
more exotic codes, with different choices of gates we want
to implement.

B. Toric code adapter for addressable CNOT

Topological codes such as the toric and hyperbolic codes
host a scheme to implement the CNOT logical map using
physical CNOTs applied pairwise to qubits in the support
of logical operators in topological codes, and moreover,
the scheme is fault-tolerant and inherently parallelizable.
This logical gate scheme makes use of a topological code
deformation technique known as Dehn twists [29]. In this
section we review the Dehn twist logical CNOT for topolog-
ical codes through the lens of our Tanner graph notation,
and then present the use of the toric code adapter to imple-
ment Dehn twist-like CNOT ex situ on logical qubits from
arbitrary multi-qubit LDPC codeblocks, while ensuring the
code distance and sparsity of code is preserved. The aux-
iliary graphs interfacing between the LDPC code and toric
code require only O(d log3 d) qubits and provide a more
space-efficient way to share logical information between
an arbitrary LDPC code to the toric code, in comparison
with the naive approach of teleporting to a surface code to
perform computation, such as previous methods that used
O(d2)-sized ancilla to mediate between a topological code
and LDPC code [31,32].

Let c be the control logical qubit and t be the target
logical qubit of the original LDPC code between which
we want to implement CNOT. Consider their corresponding
logical Pauli operators, specifically, Z̄(c) and X̄ (t). If neither
Z̄(c) nor X̄ (t) contain other logical operators fully in their
support, i.e., they are irreducible, then we can find alter-
native representatives of Z̄(c) and X̄ (t) that are nonoverlap-
ping. This is due to the fact that any overlapping support
can be cleaned from one of the two operators by multi-
plying with stabilizers (see Lemma D1 in Appendix). The
qubits supporting the nonoverlapping Z̄(c) and X̄ (t) logicals
are labeled as disjoint sets LZ and LX .

The additional components of the overall construction
are as follows: two auxiliary graphs GZ and GX satisfying
graph desiderata 0–3 from Sec. III, and the toric code
ancilla, initialized suitably in a specific codestate. The toric
code is connected to two ports in the auxiliary graphs
via adapter edges as shown in Fig. 13. More concretely,
the toric code is connected to the auxiliary graph GZ
through adapter edges labeled by check matrices TZ and
PZ , obtained as output from SkipTree(GZ). The toric
code is similarly attached to auxiliary graph GX at LX

through adapter edges labeled by check matrices TX and
PX , obtained as output from SkipTree(GX ). We empha-
size that a special feature in this construction is that the
toric code can be directly connected to the auxiliary graphs
of the base LDPC code with SkipTree, since it already has
the repetition codelike overlap between a logical operator
and stabilizers of the opposite Pauli logical.

Following the convention introduced in Sec. II A, let us
recap the toric code in terms of its compact Tanner graph.
In the rest of this section, i ∈ [d] where d ∈ N denotes an
element of the finite group with addition modulo d. It is
implicitly assumed that operations on these elements are
carried out modulo d, for example i + 1 refers to i + 1
(mod d).

Definition 5. The toric code is described by a Tanner
graph with vertex sets labeled {QZ

i ,QX
i , CZ

i , CX
i } for i ∈ [d]

and edges between them defined as follows.

(a) Edges (QZ
i , CZ

i ) and edges (QX
i , CX

i ) are each
labeled by parity check matrix I for each i ∈ [d],
where I ∈ F

d×d
2 is the identity matrix.

(b) Overall, one can view this Tanner graph as consist-
ing of 2d layers: vertex sets QZ

i and CX
i comprise

the “primal” layers, vertex sets QX
i and CZ

i comprise
“dual” layers, indexed by i. The primal and dual
layers are connected by the identity check matrix
I ∈ F

d×d
2 .

(c) Tanner graph edge set (QZ
i , CX

i ) in each primal layer
i is described by the canonical check matrix of
the d-bit cyclic repetition code HC = I + C ∈ F

d×d
2 ,

where C is the cyclic shift matrix |j 〉 〈j + 1|.
(d) Edge set (QX

i , CZ
i ) in each dual layer i is described

by its inverse, H�
C .

A compact diagram of the above can be found in Fig.
2(c). More explicitly, each layer contains 2d qubits: d
qubits each in sets labeled as QX

i and QZ
i . The check sets

CZ
i and CX

i each contain d stabilizers, of X -type and Z-type
respectively.

The compact Tanner graph can map to the familiar toric
code lattice as follows: qubits from dual layers inhabit hor-
izontal edges of the lattice while qubits from primal layers
inhabit vertical edges. X -stabilizers in sets CX

i represent
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FIG. 13. A description of the toric adapter: auxiliary graphs GZ and GX are built on the support of logicals Z̄(c) and X̄ (t) in the
original low-density parity check code (shown in blue). The distance-d toric code is connected by adapter edges TZ and PZ to auxiliary
graph GZ and by adapter edges TX and PX to auxiliary graph GX .

vertices in the lattice. Z stabilizers in sets CZ
i represent

faces of the lattice.

1. Outline of protocol using toric code adapter

The circuit describing the entire protocol is the same as
in Fig. 12 to implement CNOT in a multicode architecture.
Begin with two logical qubits of the LDPC code, the con-
trol |c〉 and target |t〉. Assume access to a prepared toric
ancilla logical state, initialized in the codestate |+0〉.

(1) The first step (i) is to merge fault-tolerantly by
adding ancilla qubits and ancilla code initialized
suitably and measuring the stabilizers of the new
deformed code, described by Tanner graph in Fig.
13. The number of logical qubits in the merged code
is the same as the original LDPC code (shown in
Lemma 6), and the distance of the original LDPC
code is preserved (Theorem 7).

(2) In the second step (ii), a logical CNOT applied in the
toric code. Section VI B 3 describes how to imple-
ment this CNOT on the toric code, introducing and
making use of Dehn twists.

(3) The third step (iii) is to measure out the toric code
ancilla. This unentangles the toric code from the
original LDPC code.

(4) Apply logical Pauli corrections based on the mea-
surement outcomes. One could also apply logical
Pauli corrections to obtain the +1 eigenstates of
X̄ (1) and Z̄(2) operators in the toric code, which
resets the toric code ancilla to |+0〉, the state we
began with. This step can be done transversally.

This circuit implements CNOT between the control and
target on the LDPC code, as will be discussed in the
following section.

2. Parameters of the deformed code

When deforming the original code by measuring stabi-
lizers of the new code, we want to make sure that no logical
qubits get measured in the process and also check if any
gauge degrees of freedom are introduced.

Lemma 6. If the original LDPC code encodes k qubits,
then the merged code encodes k qubits.

Proof. One can calculate the dimension of the logical
space of the new code by calculating the rank of stabi-
lizers and invoking the rank-nullity theorem. A detailed
calculation is included in Appendix G 1. �

Once we have measured into the deformed code, the
Z̄(c) and X̄ (t) logicals from the original LDPC code have
additional logical representatives which fully lie within the
toric code ancilla. This can be seen as follows. The entire
logical Z̄(c) can be entirely cleaned from LZ qubit by qubit
and simultaneously moved to QZ

0 , as below (shown in Fig.
14),

Z(�1 ∈ LZ) HZ(�1 ∈ VZ) = Z(�1 ∈ QZ
0 ). (25)

Notice that since the logical is supported on exactly the
same number of qubits as before, the distance of Z̄(c) is
preserved under multiplication by HZ(�1 ∈ VZ).

We can further move the support of Z̄(c) from QZ
0

to QZ
1 by multiplying with all checks from CZ

0 to get
Z(QZ

0 ) HZ(�1 ∈ CZ
0 ) = Z(QZ

1 ). This is because �1H�
C = 0,

since each of the cyclic repetition code checks is weight 2.
In fact, the Z̄(c) logical representative can be moved to any
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Z̄(c)

X

AZ

FZ

MZ

LZ

SX

Z

X

G�
Z

TZ

PZ

NZ

EZ

VZ

UZ

X

HC

CX
0

QZ
0

...

...

(a)

...

...

Z

H�
C

TX

PX

CZ
d−1

QX
d−1

X

Z

G�
X

FX

MX

NX

EX

VX

UX

Z

X̄(t)

AX

SZ

LX

(b)

FIG. 14. (a) Z̄(c) has equivalent representatives Z(LZ) and
Z(QZ

0 ), shaded in gray, which are equivalent up to a product
of Z vertex checks VZ . (b) Likewise, X̄ (t) has equivalent rep-
resentatives X (LX ) and X (QX

d−1), up to a product of X vertex
checks VX .

of the d primal layers while preserving the weight of Z̄(c),

Z(�1 ∈ QZ
i ) HZ(�1 ∈ CZ

i ) = Z(�1 ∈ QZ
i+1(mod d)). (26)

Proceeding analogously as for Z̄(c), the logical X̄ (t) can
be moved entirely to qubit set QX

d−1 using the product of
all vertex checks in VX ,

X (�1 ∈ LX ) HX (�1 ∈ VX ) = X (�1 ∈ QX
d−1). (27)

Similarly X -checks from any of the sets CX
i for i ∈ [d]

would simply move the entire logical operator between the
dual layers. Thus code deformation provides an avenue for
effectively “moving” logical information from the origi-
nal LDPC code to the ancilla code by entangling the two
systems.

In order to retain the error-correcting ability of the orig-
inal quantum LDPC code, it is desirable that the code
distance is preserved during code deformation.

3. Toric code CNOT using a Dehn twist

Once the joint measurement value has been inferred, the
stabilizers of the original LDPC code and the toric code are
measured. This is the “split” step between codes, though
the logical information remains entangled. Next, follow-
ing the logical circuit in Fig. 12, the CNOT is implemented
on the toric code. This can be done with a depth-one phys-
ical CNOT circuit, followed by a qubit permutation, which
together implement a Dehn twist [29].

Let us describe this Dehn twist circuit in our notation.
Transversal physical CNOT gates are applied within each
layer of the toric code, between qubits in sets QZ

i and QX
i ,

as shown in Fig. 15. In each layer i, the transversal CNOTs
act between corresponding qubits sharing the same index
j . Let gates between two qubit sets in layer i be described
as CNOT(QZ

i ,QX
i ) where we use the shorthand CNOT(A,B)

to denote transversal physical CNOT gates between qubits
in ordered sets A = {aj } and B = {bj } for j ∈ [d],

CNOT(A,B) =
d−1∏
j =0

CNOTaj bj . (28)

The complete physical CNOT circuit can be written as a
product of transversal gates from all layers i ∈ [d],

d−1∏
i=0

CNOT(QZ
i ,QX

i ). (29)

Since all the qubit sets QZ
i and QX

i are disjoint, these phys-
ical CNOT gates can be implemented in parallel. Note that
each set of transversal CNOTs effectively takes place within
a single layer of the toric code.

The stabilizer evolution under the unitary circuit is
described in Appendix G 2. The key takeaway is that fol-
lowing the unitary circuit [Eq. (29)] with a permutation
relabeling of the stabilizers and qubits, as shown in Fig.
15 preserves the codespace of the toric code.

In the toric code, permutations on qubits and checks
have a geometric interpretation—the plaquettes (Z stabi-
lizers) and qubits on horizontal edges of the plaquette are
shifted by one unit cell with respect to the previous layer,
along a nontrivial loop in the dual space defined by qubits
supported on QX

0 . The combined operation of transver-
sal CNOT gates followed by permutations determined by
{σi, πi} preserve the toric code codespace and hence belong
to the normalizer group of stabilizers of the toric code.
In the following section we prove that this executes the
logical CNOT map. Existing literature [28–30] refers to
these as gates via Dehn twists. Dehn twists are useful to
move logical qubits in storage and implement a logical
two-qubit Clifford by twisting a toric code along a bound-
ary and applying physical gates acting on pairs of qubits
over increasing distances. Dehn twists are parallelizable
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FIG. 15. Transversal physical CNOTs are applied with qubits in sets QZ
i as control qubits and QX

i as target qubits, in each layer i.
Cyclic permutations on qubits and checks restore the system back to the original codespace. Here C−1 refers to the inverse cyclic shift
matrix by 1 with entries |r + 1〉 〈r| (mod d).

although at the cost of a similar overhead to topological
codes.

We summarize this Dehn twist construction in the fol-
lowing lemma, which we prove in Appendix G 3 a for
completeness.

Lemma 7 (CNOT logical action via Dehn twists). Con-
sider the toric code, a [[2d2, 2, d]] CSS code with Tanner
graph described as in Definition 5. A CNOT12 gate can
be performed between its two logical qubits (w.l.o.g. 1 is
chosen to be the control qubit) using the following circuit:

CNOT12 =
d−1∏
i=0

�′
i(QZ

i ) �i(QX
i ) CNOT(QZ

i ,QX
i ), (30)

where �i(A) is a unitary corresponding to permutations by
C−i−1 on qubits ej ∈ A, and �′

i(A) is a unitary correspond-
ing to permutations by C−i on qubits ej ∈ A, as shown in
Fig. 15 and CNOT(A,B) is shorthand for transversal CNOT
gates between qubits in ordered sets A and B, |A| = |B|,
defined as in Eq. (28).

This useful result from topological code literature can be
extended efficiently to an arbitrary LDPC code using uni-
versal adapter based code-switching, in Appendix G 3 b,
Theorem G1.

Further, we show that this deformation preserves the
code distance of the original quantum LDPC code.

Theorem 7. The merged code has distance d if the orig-
inal code had distance d, provided auxiliary graphs GZ and
GX satisfy the graph desiderata 0–3 in Theorem 1.

Proof. Proof in Appendix G 3 c. �

VII. EXAMPLES

To demonstrate the flexibility and low additional space
overhead of the joint logical measurement scheme, as
well as understand the constant factors in a nonasymp-
totic setting, let us consider measuring the parity of log-
ical operators in two different high-rate quantum codes:
a [[98, 6, 12]] bivariate bicyclic code [61], and a lifted
product code [62] with parameters [[200, 20, 10]].

Auxiliary graphs to measure individual logicals are con-
structed in (Sec. VII A) and then connected with universal
adapters for multicode surgery (Sec. VII B) as well as for
logical measurements within the same high-rate codeblock
(Sec. VII C). Both situations present their own challenges:
in the former case, different logical operators can have
very different structure relative to the underlying stabilizer
group, making connecting the auxiliary graphs nontrivial,
despite the convenience of having disjoint logical sup-
port. In the latter case, logical operators could potentially
overlap on a subset of physical qubits. This requires gener-
alizing beyond an injective port function f from the logical
support to construct auxiliary graphs.

Since the focus is on code deformation techniques rather
than peculiarities of specific codes, we keep the description
of the code families below concise.

The lifted product code is obtained from two base pro-
tographs, which are matrices over the quotient polynomial
ring R� = F2[x]/

(
x� − 1

)
, where � is a parameter choice

called the lift size. For a polynomial g(x) = g0 + g1x +
· · · + g�−1x�−1 ∈ R�, define g(x)T as g0 + g�−1x + · · · +
g1x�−1 ∈ R�. The lift of g(x) is an � × � circulant matrix
B(g(x)) where the first column is given by the coefficients
of g(x), and ith column is given by the coefficients of
xi−1g(x). The lift B(A) of a matrix A over R� is obtained by
replacing each element of A by its lift. Given two matrices
A1 and A2, of size m1 × n1 and m2 × n2 respectively with
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entries in R�, the lifted product code LP (A1, A2) is the CSS
code with stabilizer matrices

HX = B
([

A1 ⊗ In2 Im1 ⊗ AT
2

])
, (31)

HZ = B
([

In1 ⊗ A2 AT
1 ⊗ Im2

])
. (32)

The block length of the above code is � (n1m2 + n2m1).
When � = 1, the LP code specializes to the hypergraph
product code [8].

To construct a small example, we consider a lifted prod-
uct code where both protographs in the product are related
as A1 = A2 = A, so the construction takes a single base
matrix A and lift � as input. Through a search in parame-
ter space, we obtained a [[200, 20, 10]] lifted product code
based on the following lift parameter and base matrix:

LP Code � Matrix over R�

LP 8

⎛
⎝ x2 1 1 x2

1 x x2 x
x2 x x3 x2

⎞
⎠ (33)

In the canonical stabilizer basis [Eqs. (31) and (32)], all the
stabilizers of both X and Z type each have weight exactly
7. The total qubit check degrees are either 6 or 8.

Complementarily to the above product-based construc-
tion, the bivariate bicyclic code [61,63] check matrices
are defined in terms of two variables x and y, and can be
directly constructed as

HX = [A | B], HZ = [
B� | A�] , (34)

where matrices A, B ∈ F2[x, y] are polynomials in the
matrices x and y,

x = S� ⊗ Im and y = I� ⊗ Sm (35)

and Ir is the r × r identity matrix, Sr is the r × r cyclic shift
matrix, i.e., 〈i| Sr = 〈i + 1 mod r|. Note that xl = ym =
Ilm.

From above, one can see AB = BA, since xy = yx. Also,
A� = A(x, y)� = A

(
x�, y�) = A

(
x−1, y−1

)
and likewise

for B�. It follows that HX H T
Z = 0. There are �m X checks

and �m Z checks in this generating set, though only (n −
k)/2 checks of either type are independent for a code
encoding k qubits.

We implemented a computerized search and obtained
a new bivariate bicyclic code [[98, 6, 12]] (not previously
mentioned in Ref. [61], but equivalent to a code in the
database of Ref. [64]). This code uses fewer physical
qubits than the [[144, 12, 12]] Gross code for the same code
distance, but has half the number of logical qubits.

The [[98, 6, 12]] code is obtained from the BB construc-
tion by choosing l = 7, m = 7, and

A = x3 + y3 + y4, B = y6 + x2 + x5. (36)

Since both A and B polynomials have three terms each, the
X and Z stabilizers of this code in the canonical stabilizer
basis [Eq. (34)] are all weight 6. The total qubit degrees are
also exactly 6.

Consider a ZZ logical parity measurement between logi-
cals from two different LDPC codes, where Z1 is from BB1
code (now subscripted as code 1), and Z2 from LP2 code
(now subscripted as code 2). For simplicity, let us choose
logical operators both of weight 14. We also consider a
joint measurement between logicals Z1 (weight 14) and
Z3 (weight 12) within the same high-rate code, BB1. The
support of these operators within their respective codes is
shown in Table I.

A. Auxiliary graphs for individual logical
measurements

The scheme for building the auxiliary graph is generally
applicable for any quantum LDPC code and proceeds anal-
ogously for both the BB1 code and the lifted product LP2
code.

In case of both [[98, 6, 12]] BB1 code and the
[[200, 20, 10]] LP2 code, the structure of HX restricted to
the support of Z is graphlike, which is to say that each
X stabilizer from the original code anticommutes with
exactly 0 or 2 vertex Z checks. This bypasses the need
for decomposing each hyperedge into disjoint edges. Cor-
responding to each pair of vertex checks that anticommute
within the support of any X stabilizer, an additional “edge”
qubit is introduced. This is the first step that introduces any
additional physical data qubits. For the [[98, 6, 12]] BB1
code, 21 edges are added to the auxiliary graph, which
corresponds to 21 physical qubits introduced at this stage.
Similarly, for the [[200, 20, 10]] LP2 code, 20 edge qubits
are introduced into its auxiliary graph at this stage.

Now the checks in the deformed codes form an abelian
group. However, there are additional gauge degrees of
freedom due to cycles in the auxiliary graphs. One way to
gauge fix the subsystem code is to add X stabilizers sup-
ported on the edges of a generating set of cycles in the
auxiliary graph.

The [[98, 6, 12]] BB1 logical auxiliary graph in its
present form has eight independent cycles in its cycle
basis. For one choice of such a basis, the edge length (the
number of edges present in the cycle) of cycles are given
by [3, 3, 5, 5, 5, 6, 7, 9]. Let us assume a limit to cycle edge
lengths to be 6, the same as the stabilizer weight in the orig-
inal BB1 code. We cellulate by adding an additional edge to
split the longest cycle on nine edges into two cycles of edge
lengths 5 and 6, and also cellulate the next longest cycle of
edge length 7 by adding an edge to split into two cycles of
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TABLE I. Logical operator supports for Z1 from BB1 code and Z2 from LP2 code. Logicals Z1 and Z3 are distinct logical operators
in the same code, BB1. Note that the indices 1, 2, and 3 subscripting the logical operators only serve a purpose to refer to an operator
in this example and are unrelated to indexing of logical qubits in any specific logical basis. The indices subscripting the physical Pauli
operators in the table correspond to the same ordering as columns from parity check matrices in Eq. (34) for BB1 and Eqs. (31) and
(32) for LP2, where indexing of physical qubits begins from 0.

Code [[n, k, d]] Logical Z Logical operator support Weight

BB1 [[98, 6, 12]] Z1 6, 8, 13, 17, 31, 32, 33, 35, 36, 37, 41, 50, 51, 93 14
LP2 [[200, 20, 10]] Z2 24, 25, 26, 29, 30, 56, 58, 59, 60, 61, 90, 93, 94, 121 14
BB1 [[98, 6, 12]] Z3 10, 17, 35, 39, 42, 43, 53, 55, 61, 70, 84, 89 12

edge lengths 4 and 5. In total, two edges have been added.
Post cellulation, the cycle basis in the auxiliary graph of
[[98, 6, 12]] logical Z1 has ten cycles in its cycle basis.
The weights of new X checks defined on these cycles
are [3, 3, 4, 5, 5, 5, 5, 5, 6, 6], bounded at weight 6. Further,
each edge is in at most four cycles. In fact, most edges
are in only one or two cycles. So qubit X -check degree is
naturally bounded with no further need for decongestion.

At this stage, we have a sparse, deformed [[121, 5, 12]]
code in which one logical qubit from the original
[[98, 6, 12]] BB1 code has been measured. Using BP-OSD
[65] as well as integer programming (CPLEX [66]), we
find the deformed code already has code distance of 12,
same as the original code. Hence, there is no need to add
more edge qubits to boost relative expansion in this auxil-
iary graph, which we will use as the final auxiliary graph
for BB1 code logical, Z1. Let the graph incidence matrix
for this graph be denoted G1(V1, E1) where V1 is the set
of vertices and E1 the set of edges. In total |E1| = 21 (per-
fect matching step) + 2 (cellulation) = 23 edge qubits are
required. The total additional overhead of the single logical
Z1 measurement is 23 (data qubits) + 14 (Z-check ancilla)
+ 10 (X-check ancilla) = 47 extra physical qubits. The
BB1 codeblock originally contained 196 physical qubits
(98 data qubits and 98 overcomplete set of checks), so this
deformed code allows extending the quantum memory to a
partial logic processor at only 37.7% additional space cost.

Let us return to the construction of the graph for the
[[200, 20, 10]] lifted product code logical Z operator. The
cycle basis of this graph has seven elements. One partic-
ular choice of cycle bases generated using NetworkX [67]
has cycles with edge lengths [4, 4, 4, 6, 6, 7, 7], with longest
cycle having seven edges. Note, in this case, since the orig-
inal LP2 code already has stabilizer weights 7, we choose
not to cellulate these cycles. Seven new X cycle checks
are defined, as supported on edge qubits in these cycles.
Each edge appears in at most five cycles. In fact, the pre-
dominant nonzero cycle degree of edges is 1 and there is
only a single edge which participates in five cycles. Hence
for simplicity we choose to omit the thickening step for
decongesting this cycle basis.

Based on BP-OSD and mixed-integer programming
using CPLEX, the deformed LP2 code has code distance of

10, the same as the original code, so we do not add addi-
tional edges. Let G2(V2, E2) denote the graph incidence
matrix of this final auxiliary graph for LP2 code logical Z2.
Only |E2| = 20 edges were added between |V2| = 14 ver-
tices to create an auxiliary graph for measuring a weight
|V2| logical. Speaking in terms of physical overhead, in
total this auxiliary system required 20 (data qubits) + 14 (Z
check ancilla) + 7 (X-check ancilla) = 41 additional phys-
ical qubits, which is only about 10.5% additional space
overhead over the original memory cost of 392 physi-
cal qubits (including both data and checks) to store the
quantum code. The deformed code obtained from LP2 has
parameters [[220, 19, 10]].

The procedure to design the auxiliary graph to individ-
ually measure BB1 logical Z3 follows analogously to the
previous two examples, with the difference being that Z3
has weight 12, so 12 Z vertex checks are added in this
individual auxiliary graph. We also observed that using
a full-rank basis of X stabilizers in the original code
required fewer additional edge qubits during the deforma-
tion through perfect matchings step (only 16 edge qubits),
in contrast to deforming X stabilizers in the canonical sta-
bilizer basis [Eq. (34)] which required 18 edge qubits. (For
completeness, we mention that the auxiliary graph G1 for
measuring Z1 and its physical overhead remained identi-
cal for both the canonical stabilizer basis [Eq. (34)] as well
as full rank X stabilizer basis). We denote the incidence
matrix of this graph as G3(V3, E3), where V3 is the set of
vertices and E3 the set of edges. The number of edge qubits
E3 is 16 (perfect matching step) + 1 (cellulation) = 17.
The total overhead for this measurement graph is 17 (data
qubits) + 12 (Z check ancilla) + 6 (X-check ancilla) = 35
additional physical qubits, which is less than that for the Z1
logical due to lower weight of the logical representative.
The deformed code obtained from BB1 to measure Z2 has
parameters [[115, 5, 12]]. Constructions for all three aux-
iliary graphs for single logical measurements, along with
their space overhead, are summarized in Table II.

Notice that the multiplicative factor of O(log3(d)) for
decongestion guarantees did not play a role in this specific
example due to already low constants, although this step
can also be very useful for hardware with limited qubit
degree.
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TABLE II. A tale of three auxiliary graphs. Parameters and sparsity of the deformed codes to individually measure logicals in the
two example low-density parity check codes. Here, logicals Z1, Z2, Z3 are from BB1, LP2, BB1 codes respectively. The deformed code
in either case has one less logical qubit (which has been measured), but preserves code distance. For all three constructions above, the
underlying graph already had sufficient expansion to preserve code distance and did not require additional edge qubits after cellulation
to boost relative expansion. ∗∗∗The reader may observe that the original BB1 codeblock size is different in columns 1 and 3. This
is because the above reports G1 deformed code parameters when deforming X checks from the canonical stabilizer basis [Eq. (34)]
for BB codes which has redundancy in checks, for fair comparison with LP2, which also has redundancy in its canonical stabilizer
basis [Eq. (31)]. On the other hand, G3 deformed code parameters are using full-rank X checks. We observed that auxiliary graph G1
had the same structure and overhead for both canonical and full-rank choices of BB1 X stabilizers, while G3 required 4 less physical
qubits. The sparsity of deformed code is left underoptimized for simplicity as it is ≤ 8. The LP2 auxiliary graph has cycle basis lengths
bounded to at most seven edges, and since the original LP2 code already had stabilizers of weight 7, we did not cellulate cycles in
G2 of edge length 7. Some of the original code X stabilizer weights increased by exactly 1 since they deformed to gain on a single
new edge qubit. Z1 and Z2 will serve as inputs for intercode joint measurement in Sec. VII B, and Z1 and Z3 will serve as inputs for
intracode joint measurement within the BB1 codeblock in Sec. VII C.

Original code [[n, k, d]] BB1 [[98, 6, 12]] LP2 [[200, 20, 10]] BB1 [[ 98, 6, 12 ]]

Total phys qubits 98 (data) + 98 (ancilla) 200 (data) + 192 (ancilla) 98 (data) + 92 (ancilla)
(data + ancilla) = 196 = 392 = 190∗∗∗
in original codeblock
Max stabilizer weights (X,Z) 6, 6 7, 7 6, 6
Max qubit degree 6 8 6
Auxiliary graph G1(V1, E1) to measure Z1 G2(V2, E2) to measure Z2 G3(V3, E3) to measure Z3
Parameters of deformed code [[121, 5, 12]] [[220, 19, 10]] [[115, 5, 12]]
No. of edges (addnl data qubits) 23 (incl. two extra edges∗) 20 17 (incl. one extra edge∗∗)
No. of vertices (addnl Z checks) 14 14 12
No. of cycles (addnl X checks) 10 (incl. two new cycles∗) 7 6 (incl. one new cycle∗∗)
Cycle basis ∗Cellulated to obtain cycles No cellulation or ∗∗Cellulated to obtain cycles

at most weight 6. decongestion needed. at most weight 6
Total additional overhead In total, 23 (data) In total, 20 (data) In total, 17 (data)

+ 24 (new checks) + 21 (new checks) + 18 (new checks)
= 47 phys qubits added = 41 phys qubits added = 35 phys qubits added

Max stabilizer weights (X,Z) 7, 6 8, 7 7, 6
Max qubit degree 7 8 7
Total no. of phys qubits 121 (data) + 122 (ancilla) 220 (data) + 213 (ancilla) 115 (data) + 110 (ancilla)
(data + ancilla) = 243 = 433 = 225
in deformed code

Without optimizing further for these specific codes, we
now move on to illustrating the joint measurement scheme
for the chosen logical operators, using auxiliary graphs G1
and G2 as inputs.

B. BB-LP intercode joint logical measurements using a
universal adapter

The goal is to measure the parity of these two logicals
in different quantum LDPC codes without inferring either
of the individual logical eigenvalues individually. Such a
primitive is very useful for schemes such as state telepor-
tation, lattice surgery, and more general code switching.
In the present form, the structures of the two auxiliary
graphs are very different [see Fig. 16 for G1(V1, E1) and
G2(V2, E2)] and it is not immediately apparent how to con-
nect these. A key insight in this work is that the repetition
code can be used to mediate between these two structures.

Applying the slightly optimized flag-based SkipTree
algorithm (Algorithm 2 in Appendix E) to the auxiliary

graph G1 for [[98, 6, 12]] BB1 code logical, we obtain
sparse T1 and permutation P1, such that T1G1P1 =
HR(14), where HR(d) is the canonical basis of the rep-
etition code, here of distance d = 14. The algorithm
thus provides a new set of edges between the same
vertices in G1, as well as a relabeling of the 14 ver-
tices such that one can follow a path in order in
the new graph (in other words, one can visit newly
labeled vertices in order 0, 1, 2, . . . , 13) [see Fig. 16(a)
for such an example]. In the new basis and relabeling,
the deformed X stabilizers from original code appear to
support an X -type repetition code on the edge qubits. T1
obtained from SkipTree(G1) is (3, 2)-sparse, as expected
(Theorem 2).

Next, also apply SkipTree algorithm to the auxiliary
graph G2 for [[200, 20, 10]] lifted product code logical and
obtain sparse T2 and permutation P2, such that T2G2P2 =
HR(14), where T2 is also (3, 2)-sparse. We obtain an anal-
ogous relabeling of vertices in V2, from 0 to 13 [see
Fig. 16(b)].
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(a)

(c)

(b)

FIG. 16. Auxiliary graphs for chosen BB and LP code logicals.
Solid edges are the subset of edges in the original graph Gi(Vi, Ei)

that belong to a chosen spanning tree to input to the SkipTree
algorithm in Secs. VII B and VII C. Dotted edges are the redun-
dant edges in the graph which will be ignored for SkipTree. The
vertex labeling 0, 1, . . . |Vi − 1| is the output obtained from the
SkipTree algorithm. (a) G1(V1, E1) represents the graph to mea-
sure a weight-14 logical Z1 in the [[98, 6, 12]] BB1 code. (b)
G2(V2, E2) represents the graph to measure a weight-14 logical
Z2 in the [[200, 20, 10]] LP2 code. (c) G3(V3, E3) represents the
graph to measure a weight-12 logical Z3 in the [[98, 6, 12]] BB1
code.

For the intercode joint measurement, let us now consider
the combined system of both the BB1 bivariate bicyclic
codeblock and LP2 lifted product codeblock, with their
respective individual auxiliary graphs G1 and G2 con-
structed in the previous section. At present, these are two
disconnected graphs. The procedure to connect these is
straightforward; simply add new edges EA that connect
vertices with the same label in auxiliary graphs G1 and G2,
e.g., the vertex labeled 0 in G1 to the vertex labeled 0 in G2,
vertex labeled 1 in G1 to vertex labeled 1 in G2, and so on,
for the w = 14 pairs of vertices in the two auxiliary graphs.
This requires 14 edges, which in physical terms translates
to 14 additional physical data qubits.

TABLE III. Inter-codeblock logical measurements, using a
universal adapter. The logical operators being measured are from
the [[98, 6, 12]] bivariate bicyclic code and [[200, 20, 10]] lifted
product code. A modular graph to measure Z1Z2 is composed
from individual auxiliary graphs G1 and G2 (which measure Z̄1
and Z̄2 respectively) described in Table II, and the universal
adapter qubits. The cycles that occur within individual auxiliary
graphs are already listed in Table II, so only adapter cycle checks
which occur between the two graphs are mentioned here.

Original codes BB1 [[98, 6, 12]], and
LP2 [[200, 20, 10]]

Auxiliary graph G1(V1, E1) ∼A G2(V2, E2)

(using adapter) to measure Z1Z2
No. of edges (addnl data qubits) 57
No. of vertices (addnl Z checks) 28
No. of cycles (addnl X checks) 17 (incl. two new cycles)

+ 13 (adapter)
Total additional overhead 47 + 41 (individual aux graphs)

+ 27 (for adapter)
= 115 qubits added in total

Adapter checks at most weight 8.
Parameters of deformed code [[355, 25, 10]]
Max stabilizer weights (X,Z) 8, 7
Max qubit degree 9

The additional cycles in this adapted graph create new
X cycle checks. Alternatively to the graph-based view, a
very straightforward way to construct the adapter X -check
matrix is to follow our compact Tanner graph notation,
which is used to describe the jointly deformed code in
Fig. 7, where T1, T2, P1, P2 define compact Tanner graph
edges, that represent parity check matrices between rel-
evant qubit sets and check sets. For just the adapter X
checks, the compact Tanner graph diagram contains the
following information:

HX |supp (E1) = T1,

HX |supp (E2) = T2,

HX |supp (EA) = HR(14),

(37)

where EA refers to the set of edges just added as part of
the intercode adapter, and HR(14) is the full-rank canonical
check matrix of the repetition code of distance 14.

The new X stabilizers introduced to interface between
the bivariate bicyclic BB1 code and lifted product LP2 code
are at most weight 8, as guaranteed by SkipTree algorithm.
For a run of the algorithm with random choices of spanning
trees for G1 and G2, the adapter X -check weights were
[4, 5, 5, 5, 5, 5, 5, 5, 6, 6, 6, 7, 8].

Remark 1. We note that specific choices of spanning
tree can yield lower adapter check weights. For example,
both G1 and G2 contain a Hamiltonian path, which is a path
that visits each vertex in the graph exactly once. Inspect the
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graphs in Fig. 16 to see that they have such paths. As noted
in Sec. III, Hamiltonian paths can be used to construct an
adapter—simply add edges connecting corresponding ver-
tices in the paths. This is exactly the solution given by
Appendix E version of the SkipTree algorithm when the
spanning trees of both auxiliary graphs G1 and G2 are cho-
sen to be the Hamiltonian paths with roots at ends of the
paths. The adapter checks will then all have weight four.

For the purpose of demonstrating the flexibility of the
SkipTree algorithm in a general setting, we choose to
apply it to randomly generated spanning trees for each
graph, which are shown in Fig. 16. Generally, even for a
graph with a Hamiltonian path, it could be desirable for
other practical reasons to choose a different spanning tree,
such as the presence of defective couplers, or a desire to not
increase the degree of certain edge qubits (note, qubits on
edges belonging to the spanning tree will have their degree
increase by at least one, as the edge qubit will be forced to
also participate in at least one adapter check).

The complete set of X stabilizers for the adapted code
consists of the X stabilizers the original codes (some of
which are deformed onto auxiliary graph edges E1 and E2),
X cycle checks in both auxiliary graphs, as well as the new
checks from the universal adapter [Eq. (37)].

The merged code described by the adapted auxil-
iary graph G1(V1, E1) ∼A G2(V2, E2) contains 25 logical
qubits, which is one less than the logical qubits originally
in the two codeblocks (BB1 codeblock contained 6 logical
qubits and the LP2 codeblock contained 20 logical qubits).
This corroborates that a single logical operator has been
measured out. It is observed using CPLEX and BP-OSD
that the deformed code has code distance 10, which is the
minimum of the code distances of the two input codes, as
expected based on Sec. IV. The overall parameters of this
deformed code formed by fusing the bivariate-bicylic +
lifted product code is [[355, 25, 10]]

The adapter itself uses only w extra qubits and w −
1 checks, here costing 27 physical qubits for w = 14.
See Table III for overhead and code parameters of the
deformed code for inter-code logical measurement.

For the purpose of illustrating typical sparsity of
deformed codes in this scheme, we present final check
matrices of deformed codes with the arbitrary spanning
tree inputs to SkipTree as Supplemental Material [68].

C. BB-BB intracode joint logical measurements

Pauli-based computation on high-rate quantum codes
often relies on joint logical qubit measurements within the
same codeblock. Consider a Z1Z3 measurement within the
[[98, 6, 12]] BB1 code, where the support of the logicals
is described in Table I, and Z1 is same as in the intercode
joint measurement in Sec. VII B. From Table I, we see that
logicals Z1 and Z3 overlap on exactly two physical qubits,
indexed 17 and 35 here.

There are two possibilities to proceed. The most general
setting for measuring logicals with overlapping support
is handled using the set-valued port function introduced
in Appendix B, where the same physical qubit supports
a vertex check for each logical operator supported on
it. The second approach is offered by support Lemma
D1 in Appendix D, we know that any pair of Z log-
icals can be made disjoint by cleaning the overlapping
support through stabilizers. However, in some cases mul-
tiplication with stabilizers could potentially lead to higher
weight representatives, which also affects the qubit over-
head. Since overlapping logical operators are a common
occurrence in high-rate quantum codes, we demonstrate
the first approach.

The auxiliary graphs for BB1 logical Z1 and Z3 were
constructed in VII A, and the Z1 graph used for intercode
joint measurement in Sec. VII B can be reused now for the
purpose of the intra-codeblock joint measurement, which
is a benefit of a modular joint measurement scheme. This
could also potentially reduce requirements on chip design
in hardware such as superconducting qubits.

First, we consider how the BB1 Z1 and BB1 Z3 auxiliary
graphs attach to the original LDPC codeblock. Recall that
the logical operators do not have disjoint support on the
physical qubits in the codeblock, in fact share support on
two physical qubits in the original BB1 code. In practice,
the auxiliary graphs to measure Z1 and Z3 can be simul-
taneously attached to the original code. When viewed as
a single, larger graph, this is atypical as it deviates from
the scheme in Sec. II C with there now being two vertex

TABLE IV. Intra-codeblock logical measurements, using a
universal adapter. A modular graph to measure Z̄1Z̄3 in the
[[98, 6, 12]] BB1 code, composed of individual auxiliary graphs
to measure Z̄1 and Z̄3, and the adapter qubits. Parameters and
sparsity the deformed codes used for joint logical measurement.
For comparison, the BB1 codeblock has 98 (data) + 92 (ancilla
for full-rank check matrices) = 190 physical qubits before code
deformation.

Original code BB1 [[98, 6, 12]]

Auxiliary graph G1(V1, E1) ∼A G3(V3, E3)

(using adapter) to measure Z1Z3
No. of edges (addnl data qubits) 52
No. of vertices (addnl Z checks) 26
No. of cycles (addnl X checks) 16 (incl. three new cycles)

+ 11 (adapter)
Total additional overhead 47 + 35 (individual aux graphs)

+ 23 (for adapter)
=105 qubits added in total

Adapter checks at most weight 8.
Parameters of deformed code [[ 150, 5, 12 ]]
Max stabilizer weights (X,Z) 8, 6
Max qubit degree 9
Total phys qubits (data + 150 (data) + 145 (ancilla)
ancilla) in deformed code = 295
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checks from one physical qubit, for all physical qubits in
supp Z1 ∩ supp Z3, meaning that the port function f for
the combined graph is no longer injective, but instead set-
valued. This case falls under the generalization presented
in Theorem 3, which discusses joint measurements when
Z logicals are sparsely overlapping. In this case, X checks
from the original code, which have support on physical
qubits in this overlap, are deformed onto two separate
matchings since there are two vertices corresponding to
each shared physical qubit. When taking a product of all
vertex checks from both auxiliary graphs, the Pauli Z sup-
port on the physical qubits in the intersection is canceled
out by the two different vertex checks, and we obtain a Z
operator supported only on supp(Z1Z3).

Following the above description of how the two auxil-
iary graphs connect to the original code, it now remains to
connect the two auxiliary graphs to each other. Connecting
the Z vertex checks of the two graphs to an additional set
of adapter qubits will also ensure that the product of only
V1 or V3 vertex checks cannot be used to learn the Z1 or Z3
logical measurement value alone.

At this stage, a second feature to note in this example is
that the logicals Z1 and Z3 are of unequal weight. In such
a case, the adapter is constructed using a repetition code of
distance equal to the minimum of the two logical weights,
here, 12.

Apply SkipTree algorithm to G3(V3, E3), to obtain out-
put T3, an 11 × 11 binary matrix and permutation P3, a
12 × 12 binary matrix, such that T3G3P3 = HR(12). This
provides a relabeling of indices for vertex checks V3,
which are labeled 0 to 11 (or 1 to 12 if 1-indexing) for
vertices in graph G3 [see Fig. 16(c)]. In Sec. VII A, we
had already obtained T1 and P1 such that T1G1P1 = HR(14),
which provide a relabeling of indices of vertex checks V1,
which are labeled 0 to 13 (or 1 to 14 if 1-indexing).

To construct the adapted graph, we will add min(w1, w2)

= 12 more edges Ea, by simply adding a new edge to con-
nect each vertex with the same label from either graph.
Since w1 = 14 < 12, we only connect edges to the first
12 vertices in G1, and therefore |E1| = 12. The additional
cycles created in this adapted graph correspond to new X
cycle checks, which had repetition codelike support. The
solutions to SkipTree(G1) and SkipTree(G3), given by
T1, P1 and T3, P3 respectively, simply define parity check
matrices between relevant qubit and check sets in the com-
pact Tanner graph notation (Fig. 7). Since qubit set E1 is
chosen to be of cardinality |E1| = 12, for the deformed
code Tanner graph we only need the first 12 rows of T1
instead of all 14, defined as T′

1 (alternatively written as
T′

1 = T1[: 11] in pythonic terms). So in a similar vein to
Eq. (37) we obtain

HX |supp (E1) = T′
1,

HX |supp (E3) = T3,

HX |supp (Ea) = HR(12),

(38)

where recall Ea refers to the set of edges just added
as part of the intracode adapter, and HR(12) is the full-
rank canonical check matrix of the repetition code of
distance 12.

The additional cost of the adapter alone is 12 (data
qubits) + 11 (X ancilla) = 23 extra physical qubits. In
total, 52 (data qubits) + 26 (Z-check ancilla) + 27 (X-check
ancilla) = 105 additional physical qubits are required.
Starting from the original [[98, 6, 12]] codeblock, which
consists of 190 physical qubits when using the full-rank
stabilizer basis, the deformed code for joint Z1Z3 mea-
surement has parameters [[150, 5, 12]] and a total of 295
physical qubits, assuming a separate ancilla qubit for each
stabilizer readout as has been consistent throughout this
study. The deformed code distance was verified using
CPLEX [66] and BPOSD [65]. See Table IV for overhead
and code parameters of the deformed code for intra-code
logical measurement.

In contrast, a specialized graph to measure Z1Z3 requires
a deformed code with parameters [[137, 5, 12]], con-
structed using additional 39 edge qubits and 40 new
checks, making the combined system a total of 269 phys-
ical qubits. Despite the lower aggregate physical qubit
count of a bespoke graph for Z̄1Z̄2, the clear advantage of
a modular graph is the reusability of components for dif-
ferent joint measurements instead of being restricted for
a specialized task. The adapter size � 23 qubits can be
reused independently of the code choice.

Parity check matrices of original and deformed LDPC
codes are available as Supplemental Material at Zenodo
[68,69].

VIII. DISCUSSION

We present a O(d log3 d) space overhead scheme to
implement joint Pauli logical measurements, a gateset to
implement logical Clifford gates fault-tolerantly on and
between arbitrary quantum LDPC codes. The universal
adapter scheme also finds use in efficiently connecting
different LDPC codes with similarly low overhead, thus
forming a useful primitive for multicode architectures
including magic state factories for universal computation.

Our sparse basis transformation method by means of
the SkipTree algorithm helped give rigorous guarantees
on the merged code to be LDPC. Our construction not
only provides guarantees in the asymptotic regime but also
boasts favorable constants which can encourage usage for
fault-tolerant computation in the near-term: the universal
adapter costs only 2d extra qubits and checks, and the addi-
tional checks are of weight at most 8 (and likely less in
practice).

Auxiliary graph LDPC surgery essentially reduces the
problem of code deformation to a graph design prob-
lem. There are assumptions placed in graph desiderata and
adapters of Secs. II C and IV that are likely not strictly
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necessary, and we explored cases where some of these
assumptions are relaxed in Sec. V, including a relaxation
on expansion in some cases, and decongestion for some
geometrically local codes.

We found the notion of relative expansion defined in
Definition 1 useful for our proofs of code distance and
our graph constructions. It is also significantly weaker
than requiring the graph have constant global expansion.
However, in some cases, even relative expansion may be
unnecessary. One simple example of this case is the fault-
tolerant lattice surgery between two surface code patches,
which can be viewed as a special case of the auxiliary
graph surgery framework [24] (and an example of CSS
code surgery [20]), but the relative expansion of the aux-
iliary graph decreases with the code distance as O(1/d).
This seems to be sufficient partly because the surface code
does not encode more than one logical qubit. Is there a
way to more accurately capture the necessary expansion
properties of the auxiliary graph in general?

In future work we also anticipate a scope to attach
adapters to separate ports and the potential to define a
notion of multiport relative expansion.

The results for joint measurements in this work are
applicable to logical operators that overlap on at most
a constant number of qubits. While this is significantly
stronger than the naive scenario of dealing with physically
disjoint logical operators, it would be interesting to be able
to measure the product of overlapping logical operators in
general within the framework we have presented.

Decoding through the process of auxiliary graph surgery
involves decoding the merged code(s) created in the pro-
cess. In Ref. [21], a modular decoder is introduced which
can split this decoding problem (for one type of Pauli
error) into two spatially separate pieces—an LDPC decod-
ing problem on the original code, and a matching problem
on the auxiliary graph. We expect the same modular decod-
ing can be done for auxiliary graph LDPC surgery, but
splitting the decoding problem further when measuring a
large product of logical operators would seem to be neces-
sary for fast decoding of LDPC surgery in practice, unless
this situation can otherwise be avoided.

As a byproduct of the discussion on targeted CNOT log-
ical gates using the toric code adapter, we also provided
an alternate proof of Dehn twists on a toric code using
the simple language of linear algebra instead of geometric
topology [28,70], which could perhaps be of indepen-
dent interest. We anticipate the flexibility of the universal
adapters developed in this paper to facilitate similar con-
structions that enable known gates from a richer variety of
codes with similar distance to be connected to an efficient
quantum LDPC memory.
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APPENDIX A: PROOFS FOR THEOREM 1

1. Codespace of the deformed code in auxiliary graph
surgery

Here we show that desideratum 0 in Theorem 1 is suffi-
cient for the gauging logical measurement to measure the
desired operator Z = Z(L). It is also necessary without
loss of generality, as we remark below.

Lemma A1. Provided G is connected, the deformed code
in auxiliary graph surgery (see Fig. 3) has one less log-
ical qubit than the original code and Z = Z(L) is in the
stabilizer group of the deformed code.

Proof. Let X
(i)

, Z
(i)

for i = 0, 1, . . . , k − 1 denote a
symplectic basis of logical operators for the original code.
That is, X

(i)
and Z

(j )
anticommute if and only if i = j .

Note these do not have to be X and Z type operators as
we are considering an arbitrary (potentially non-CSS) sta-
bilizer code. We let Z

(0)
be the operator Z = Z(L) being

measured.
We apply stabilizer update rules [34] to a basis of the

normalizer of the original stabilizer group. Initially, this is
the normalizer group of the original code as well as single
qubit operators {X (e)}e∈E on each edge qubit (since the
edges qubits are initialized in |+〉⊗|E| product state). We
measure all stabilizers of the deformed code Fig. 3.

Suppose � is one of the stabilizers of the original
code or one of the logicals X

(i)
, Z

(i)
for i = 1, 2, . . . , k − 1.

These all commute with Z. If the X -type support of �

on L is L�, then |L�| is even, and � anticommutes with
an even number of checks in V , exactly those on vertices
f (L�). Find a perfect matching μ(L�) of those vertices
in the graph G (which exists because G is connected). We
see we can update � to commute with all V checks by
multiplying by the appropriate combination of initial edge
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stabilizers X (e), namely,

� → �
∏

e∈μ(L�)

X (e). (A1)

Thus, by updating X
(i)

, Z
(i)

for i = 1, 2, . . . , k − 1 this way,
there is a symplectic basis for k − 1 logical qubits in the
deformed code.

The original single-qubit stabilizers X (e) on edge qubits
must be updated to form products X (c ∈ E) that com-
mute with all vertex checks V . This necessitates they
form cycles in the graph, i.e., c G = 0. Therefore, the new
X -type stabilizers U , defined as elements of a suitable
cycle basis of graph G, capture a complete basis of these
combinations.

Moreover, the product of all checks in V , i.e., HZ(V),
equals Z = Z(L). This product of checks has no support on
edge qubits E because �1G� = 0. Thus, Z is in the stabilizer
group of the deformed code. �

We remark that desiderata 0 is technically a little too
strong to reach the conclusion of this lemma and thus for
the claim in Theorem 1. All we really need is f (L) to be a
connected subset of vertices in G, i.e., it is possible to get
between any two vertices of f (L) via a path in G. However,
this places f (L) entirely within one connected component
of G and other connected components can easily be shown
to represent stabilizer states separable from the deformed
code. Thus, we consider G to be connected without loss of
generality.

2. Code distance of the deformed code in auxiliary
graph surgery

Here we show that desideratum 4 of Theorem 1 is suf-
ficient to guarantee the deformed code preserves the code
distance.

Lemma A2. Provided G and an injective port function f
are chosen such that βd(G, im f ) ≥ 1 where d is the code
distance of the original code, the deformed code in auxil-
iary graph surgery (see Fig. 3) has code distance at least
d.

Proof. Similar proofs exist in Refs. [21,24]. Our new
contribution is to use relative expansion.

Consider an arbitrary nontrivial logical operator of the
deformed code L = LX LZ where LX is an X -type Pauli
and LZ a Z-type Pauli. Let L ≡ L

′
indicate the equivalence

of L and L
′

modulo the checks of the deformed code. We
start by finding such an equivalent L

′
with convenient qubit

support. Then, we show that the weight of L
′

cannot be
reduced below d, the original code’s distance, by multi-
plying by any combination of the deformed code’s checks.
Thus, the weight of L cannot be reduced in this way either.

Consider the restriction of LZ to the qubits E , denoted
Z(u ∈ E). Because L commutes with all checks in U , we
must have Nu� = 0. By construction of N , the column
nullspace of N equals the column space of G, i.e., NG =
0. This also means the row space of N equals the row
nullspace of G. Thus, there exists v such that u� = Gv�
and u = vG�. As a result, LZ can be cleaned from E by
multiplying by appropriate checks from V . Explicitly,

L ≡ L
′ = LHZ(v ∈ V) (A2)

and L
′
has no Z-type support on E .

Now the restriction of L
′

to the qubits of the original
code must commute with all checks of the original code
and is therefore a logical operator � of the original code.
That is,

L
′ = �X (c ∈ E) (A3)

for some vector c.
Suppose � is a trivial logical operator of the original

code, i.e., a product of original code checks. Then, multi-
plying by those checks to remove it from the original code,
we obtain

L
′ ≡ X (c′ ∈ E). (A4)

Of course, this operator must commute with all vertex Z
checks V , so cG = 0. This implies L

′
is a cycle in the

graph, so it will be a product of the checks U . This is a con-
tradiction with our assumption that L is a nontrivial logical
operator of the deformed code.

Therefore, � is a nontrivial logical operator of the orig-
inal code, and the weight of L

′ = �X (c ∈ E) is at least d
even if the X -type support on E is ignored. To show L

′
can-

not be reduced in weight by multiplying by checks from V ,
we show that � cannot be reduced in weight this way.

Suppose � = �X �Z and consider |�HZ(v ∈ V)| for
any choice of vector v indicating a set of vertices V . We
define the sets of qubits L∗ := L \ supp �X and R :=
supp � \ L∗. We also let w be the restriction of v to the
vertices f (L∗) ⊆ V . Thus, W := f −1(supp w) is a subset
of qubits in L∗. The intersection profile of L∗, W , and
supp �Z defines four subsets α, β, γ , δ ⊆ L∗. These sets
are illustrated in Fig. 17. From the figure, it is clear that

d ≤ |�| = |γ | + |δ| + |R|, (A5)

d ≤ |� Z| = |α| + |β| + |R|. (A6)

By assumption the relative expansion βd(G, f (L)) is
at least 1. Because f (L∗) ⊆ f (L), Lemma 1 implies
βd(G, f (L∗)) ≥ βd(G, f (L)) ≥ 1.
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FIG. 17. A summary of the qubit sets used in the final part of
the proof of Lemma A2, the deformed code distance in auxiliary
graph surgery. These are all subsets of the qubits of the original
code. Here L supports the logical operator Z = Z(L) being mea-
sured. Another logical operator � = �X �Z generally intersects
Z. The dashed region within L∗ represents W , which defines the
four subregions α, β, γ , δ ⊆ L∗.

We now calculate

|�HZ(v ∈ V)|
= |β| + |δ| + |R| + |vG�|
≥ |β| + |δ| + |R| + min(d, |w|, |L∗| − |w|)
= |β| + |δ| + |R| + min(d, |W|, |L∗| − |W|)
= |β| + |δ| + |R| + min(d, |β| + |γ |, |α| + |δ|), (A7)

where the inequality makes use of relative expansion on
f (L∗). If the minimum evaluates to d, then it is immediate
that |�HZ(v ∈ V)| ≥ d. If the minimum evaluates to |β| +
|γ |, use Eq. (A5) to conclude |�HZ(v ∈ V)| ≥ d. If the
minimum evaluates to |α| + |δ|, use Eq. (A6) to conclude
similarly. �

APPENDIX B: A SET-VALUED PORT FUNCTION
AND THE GENERAL PROOF OF THEOREM 3

Here we generalize the main text to allow the port func-
tion to be a set-valued (sometimes called multivalued)
function. Let Q denote the set of qubits of the original
code, and suppose we have auxiliary graph G = (V , E).
The set-valued port function is denoted f :Q → 2V , where
2V is the power-set of V . Thus, each qubit q ∈ Q is con-
nected to a set of vertices f (q), possibly empty. We place
two constraints on f .

(a) For simplicity, we demand that f be injective in
the sense that for all q 
= q′, f (q) ∩ f (q′) = ∅. Thus,
each vertex is connected to at most one qubit.

(b) If Z = Z(L) is the logical we wish to measure, we
require |f (q)| be odd for all q ∈ L and even for all
q ∈ Q \ L. This is explained next.

Vertex checks are defined almost identically to the main
text, Eq. (7), with only a notational difference because f (q)

is now a set,

Av =
{

Z(q)
∏

e
v Z(e), ∃q ∈ L, f (q) 
 v,∏
e
v Z(e), otherwise. (B1)

The product of all vertex checks is

∏
v∈V

Av =
∏
q∈Q

Z(q)|f (q)|. (B2)

To measure a logical operator Z = Z(L) using gauging,
it must equal the product of vertex checks Z = ∏

v∈V Av.
This leads to the second constraint on the set-valued f we
stated above.

We often apply f to a subset of Q′ ⊆ Q by defining
f (Q′) = ⋃

q∈Q′ f (q). Suppose a stabilizer s in the origi-
nal code has X -type support on qubits Ls. Then, because
s must commute with the logical Z(L), |Ls ∩ L| must be
even, which in turn implies |f (Ls)| is even. This means we
can create a perfect matching μ(Ls) ⊆ E of vertices f (Ls)

in the auxiliary graph. With this more general definition of
μ(Ls), the stabilizer s is deformed onto the edge qubits just
as in the main text,

s → s
∏

e∈μ(Ls)

X (e). (B3)

Finally, we define the image of f to be imf = f (Q) ⊆ V .
Just as in the main text, we call this subset of vertices the
port.

The more general presentation of f as a set-valued func-
tion and the generalized definitions of perfect matching μ

and image imf leave the statement of graph desiderata in
Theorem 1 largely unchanged. However, the degree of a
qubit q ∈ Q in the original code now is allowed to increase
by more than one. It increases in fact by |f (q)|. Thus, we
modify desideratum 1 to consist of two parts, the first being
the same as before and the second expressing this qubit
degree constraint.

(1a) G has O(1) vertex degree.
(1b) For all q ∈ Q, |f (q)| = O(1).

Desiderata 0–3 including the new desideratum 1 are eas-
ily proven using a set-valued f . However, desideratum 4 is
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not obviously true. We provide a proof here, generalizing
Lemma A2 in Appendix A.

Lemma B1. Provided G and the set-valued port func-
tion f are chosen such that βd(G, im f ) ≥ 1 where d is the
code distance of the original code, the deformed code in
auxiliary graph surgery (see Fig. 3) has code distance at
least d.

Proof. We follow the proof of Lemma A2. In fact, the
proof is identical to the point that we obtain a nontrivial
logical operator of the deformed code L

′ = �X (c ∈ E),
where � is a nontrivial logical operator of the original
code, and must show that � cannot be reduced in weight
by multiplying by vertex checks.

Let us therefore begin from that point with � = �X �Z
and lower bound the weight of �HZ(v ∈ V) for any vector
v indicating a subset of vertices. We use Q to denote the set
of original code qubits, L ⊆ Q the support of the Z-type
logical we are measuring, and P to denote imf = f (Q).
We have by assumption βd(G,P) ≥ 1.

Since every vertex in the port is connected to a sin-
gle qubit, it is sensible to define f −1 : P → Q, and when
applied to a subset U ⊆ P we define f −1(U) = {q ∈ Q :
|f (q) ∩ U | is odd}. The upshot of this notation is that the
product of all vertex checks from U , i.e., HZ(U), is
supported on the original code qubits as Z(f −1(U)) (in
addition to its support on edge qubits).

Now, reduce the port by excluding vertices from
f (supp �X ), or P∗ = P \ f (supp �X ). By Lemma 1 we
have βd(G,P∗) ≥ 1. We let w be the restriction of v onto
P∗ and define W = f −1(supp w). When multiplying � =
�X �Z by the checks HZ(v ∈ V) only checks HZ(w ∈ V)

modify its support on Q because checks connected to
supp �X cannot eliminate the X -type support on those
qubits. The Z-type support on Q is modified by exactly
a factor of Z(W).

We summarize the previous discussion in Fig. 18, in
which subsets of Q are illustrated in relation to one
another. Using the notation from that figure, we see that

d ≤ |�| = |δ| + |σ | + |κ| + |τ | + |�X |, (B4)

d ≤ |� Z| = |α| + |β| + |δ| + |τ | + |�X |. (B5)

We also observe that

|w| ≥ |W| = |β| + |γ | + |δ| + |σ | (B6)

because there must be at least one vertex in w for each
qubit in W . Similarly,

|P∗| − |w| ≥ |α| + |γ | + |δ| + |κ|. (B7)

This is because f (q) and f (q) ∩ supp w must differ by at
least one for every qubit q in α ∪ γ ∪ δ ∪ κ . Specifically,

FIG. 18. A summary of the qubit sets used in the final part of
the proof of Lemma B1. These are all subsets of the qubits of
the original code. In particular, we define a set of qubits L∗ =
(L ∪ supp �Z ∪ W) \ supp �X ⊆ Q such that f (L∗) ⊆ P∗.

P∗ contains an even number of vertices connected to q ∈
γ ∪ δ, while supp w contains an odd number. Likewise, P∗
contains an odd number of vertices connected to q ∈ α ∪
κ , while supp w contains an even number.

Using expansion relative to P∗, we now calculate

|�HZ(v ∈ V)| = |β| + |γ | + |κ| + |τ | + |�X | + |vG�|
(B8)

≥ |β| + |γ | + |κ| + |τ | + |�X |
+ min(d, |w|, |P∗| − |w|) (B9)

≥ |β| + |γ | + |κ| + |τ | + |�X |
+ min(d, |β| + |γ | + |δ| + |σ |,

|α| + |γ | + |δ| + |κ|). (B10)

No matter which of the three arguments the minimum eval-
uates to, the result is at least d, making use of Eqs. (B4) and
(B5) for arguments two and three, respectively. �

Finally, let us complete the proof of Theorem 3.

Theorem 3. Consider a set of nontrivial, sparsely over-
lapping logical operators Z0, Z1, . . . , Zt−1 that can all be
made Z-type simultaneously by applying single-qubit Clif-
fords. Provided t auxiliary graphs that satisfy the graph
desiderata of Theorem 1 to measure these t logical opera-
tors, there exists an auxiliary graph to measure the product
Z0Z1 · · · Zt−1 satisfying the desiderata of Theorem 1. In
particular, if the individual deformed codes are LDPC with
distance d, the deformed code for the joint measurement is
LDPC with check weights and qubit degrees independent
of t and has distance d.
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Proof. Denote the qubit supports of the individual log-
ical operators by Li for i = 0, 1, . . . , t − 1 and the set of
all qubits in the original code by Q. Denote the auxiliary
graphs used to measure the individual logical operators by
Gi = (Vi, Ei), the set-valued port functions by fi : Q → Vi,
and the ports by Pi = fi(Li).

Even if the original port functions fi were not set-valued,
to deal properly with potentially overlapping logicals Zi,
we create a port function f for the final graph G that
is set-valued. Namely, f (q) = ⋃t−1

i=0 fi(q). This is the only
substantive difference with the proof in the main text,
which considered only the case of nonoverlapping logicals.

To deal with irreducible logical operators and ensure
connected subsets of the port functions, we proceed as
in the main text proof to add edges to the graphs Gi and
pick port subsets P ′

i ⊆ Pi that are connected. This process
works for set-valued port functions fi just as well, so we do
not rewrite it here.

Also following the proof in the main text, we cre-
ate adapters to join all the graphs together. For each i =
0, 1, . . . , t − 2, we create an adapter Ai between P∗

i ⊆ P ′
i

and P∗
i+1 ⊆ P ′

i+1. These subsets can always be chosen so
that |P∗

i | = |P∗
i+1| ≥ d and both P∗

i and P∗
i+1 induce con-

nected subgraphs in their respective auxiliary graphs Gi
and Gi+1. Iterative application of Lemma 4 creates the
adapted graph

G = (V , E) = G0 ∼A0 G1 ∼A1 G2 ∼A2 · · · ∼At−2 Gt−1.
(B11)

The vertex set of G is V = ⋃t−1
i=0 Vi and the port func-

tion f : Q → 2V is defined as we stated above: f (q) =⋃t−1
i=0 fi(q). Note that the port is simply the union of the

ports of the original graphs P = f (Q) = ⋃t−1
i=0 Pi.

The adapted graph G and set-valued port function f sat-
isfy the graph desiderata of Theorem 1 (including the two-
part desideratum 1 described earlier in this section). For
desideratum 0, note that Z = ⋃t−1

i=0 Zi is supported exactly
on qubits L = L0�L1� · · · �Lt−1, where � denotes the
symmetric difference of sets. Moreover, |f (q)| is odd if and
only if q ∈ L, so that the product of all vertex checks is
indeed Z = Z(L).

Desideratum 1a is satisfied because we do not increase
vertex degree by more than a constant, and 1b is satisfied
because the logicals Zi are sparsely overlapping. Desider-
atum 2 is inherited from the original graphs. Specifically,
suppose stabilizer s has sparse perfect matchings μi in each
of the original graphs Gi. Only a constant number of these
matchings are nonempty because s is constant size and the
logicals are sparsely overlapping. Then, the union of those
perfect matchings is sparse in the adapted graph.

We used Lemma 4 to construct adapters that guarantee
desideratum 3 is satisfied. Lemma 3 implies βd(G,P) ≥ 1
and thus we have desideratum 4. �

APPENDIX C: THICKENING TO INCREASE
RELATIVE EXPANSION

Recall that thickening a graph means taking its Cartesian
product with a path graph, see Definition 3. Here we show
that thickening a graph can increase its relative expansion.

Lemma C1 (Relative expansion lemma). For any con-
nected graph G0, subset of vertices U , and integer t >

0, the L ≥ 1/βt(G0,U) times thickened graph G(L)

0 has
relative expansion βt(G(L)

0 ,U ′) ≥ 1 for all U ′ = U × {l},
l = 0, 1, . . . , L − 1 (i.e., U ′ is a subset of vertices in the
thickened graph identified with U in any one copy of G0).

Proof. This follows the proof of Lemma 5 in Ref. [21]
but suitably generalized to relative expansion. Let G ∈
F

m×n
2 be the incidence matrix of G0 and GL = F

mL×nL
2 be

the incidence matrix of the thickened graph G(L). Explic-
itly, mL = mL + n(L − 1), nL = nL, and

GL =
(

IL ⊗ G
HR ⊗ In

)
, (C1)

where HR is the L − 1 × L check matrix of the repetition
code, i.e., HC missing its last row.

Let vj ∈ F
n
2 for j = 0, 1, . . . , L − 1 be vectors indicat-

ing choices of vertices from each copy of G0. Also define
r = argminj min(t, |uj |, n − |uj |) where uj is vj restricted
to vertices in U . Making judicious use of the triangle
inequality and the assumption that Lβt(G0,U) ≥ 1, we
calculate

|(v0 v1 · · · vL−1)G�
L | =

L−1∑
j =1

|vj −1 + vj | +
L−1∑
j =0

|vj G�|

≥ |vr + vl|
+ Lβt(G0,U) min(t, |ur|, n − |ur|)

≥ |vr + vl| + min(t, |ur|, n − |ur|)
≥ |ur + ul| + min(t, |ur|, n − |ur|)
≥ min(t, |ul|, n − |ul|). (C2)

Because ul is exactly the restriction of (v0 v1 · · · vL−1)

to the vertices U ′ = U × {l} of the thickened graph, this
implies βt(G(L)

0 ,U ′) ≥ 1. �

Because of the relative expansion lemma, we can satisfy
Theorem 1, desideratum 4 by sufficiently thickening any
initial graph G0 = (V0, E0) and choosing a port function f :
L → V0 × {0, 1, . . . , L − 1} to be injective on V0 × {l} for
any l = 0, 1, . . . , L − 1. This discussion clarifies the role
of thickening as it is used in Ref. [21] in cases where the
initial graph G0 (though it is more generally a hypergraph
in that reference) is not sufficiently expanding.
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APPENDIX D: SUPPORT LEMMA FOR
IRREDUCIBLE LOGICAL OPERATORS

Here we record a helpful support lemma formerly
appearing in Ref. [20], Appendix H, and Ref. [21].

Lemma D1. [21] Let H = [HX |HZ] be the (symplectic)
parity check matrix of an n-qubit stabilizer code, Z be an
irreducible logical Z-type operator, and H ′

X denote the sub-
matrix of HX restricted to qubits in the support of Z. Then,
H ′

X v� = 0 implies v = 0 or v = �1. Equivalently, H ′
X is a

check matrix of the classical repetition code.

Proof. If v is not 0 or �1, then it implies a logical Z-type
operator Z(v) of the stabilizer code exists that is entirely
supported within the support of Z. This contradicts the
definition of Z being irreducible. �

This lemma has a simple corollary.

Corollary D1. If Z is an irreducible Z-type logical oper-
ator of a stabilizer code, and PX is an X -type operator (not
necessarily logical) commuting with Z, then there is a sta-
bilizer S of the code such that SPX does not have X -type
support overlapping Z. If the code is CSS, then S can be
chosen to be X -type and SPX does not overlap Z at all.

Proof. Because it commutes with Z, PX must overlap
Z on an even number of qubits. Lemma D1 implies the X
check matrix of the code restricted to supp Z generates all
even weight X operators. Thus, we can find a stabilizer S
performing as claimed. �

APPENDIX E: SkipTree FOR THE FULL-RANK
CHECK MATRIX OF THE REPETITION CODE

We present a SkipTree algorithm variant specifically
for solving TGP = HR for sparse matrix T and permuta-
tion matrix P. The need for this is illustrated by a simple
example. If G = HR is the incidence matrix of the path
graph, applying Algorithm 1 creates a (2, 2)-sparse matrix
T. Clearly, however, the sparsest possible T matrix is
(1, 1)-sparse, i.e., T = P = I .

Because Algorithm 2 is built to solve TGP = HC it
always leaves some nodes unlabeled as it moves down
the tree so that it can eventually find a way back to the
root. Instead, when solving TGP = HR returning to the
root is unnecessary, and only some branches of the span-
ning tree must be explored via the “skipping” behavior
of Algorithm 1. This motivates the addition of a flag,
skip ∈ {True, False}, that can toggle the skipping behav-
ior on and off. Adding this, we obtain Algorithm 2 that

ALGORITHM 2. Given connected graph G ∈ F
m×n

2 , find T ∈
F

n−1×m
2 and permutation P ∈ F

n×n
2 such that TGP = HR. Both

T and P have O(n) nonzero entries and can be constructed and
returned as sparse matrices.

1: procedure SkipTreeHR(G)
2: S ← a spanning tree of G � has incidence matrix

SI ∈ F
n−1×n
2 that we do not need to store

3: Index ← 0
4: Label ← empty list of length n
5: procedure LabelFirst(v, skip)
6: Label[Index] ← v
7: Index ← Index + 1
8: for each child of vertex v in S do � Recall the

youngest child is the last in the for-loop.
9: if child is youngest and skip = False then

10: LabelFirst(child, skip = False)
11: else
12: LabelLast(child)
13: end if
14: end for
15: end procedure
16: procedure LabelLast(v)
17: for each child of vertex v in S do
18: LabelFirst(child, skip = True)
19: end for
20: Label[Index] ← v
21: Index ← Index + 1
22: end procedure
23: LabelFirst(0, skip = False) � Root is 0. After this line,

Label[l] = v means vertex v is labeled l.
24: P ← n × n matrix with Pvl = 1 iff Label[l] = v.
25: T̃ ← matrix with n − 1 rows and n − 1 columns.
26: T̃le = 1 iff edge e is part of the shortest path in S from

Label[l] to Label[l + 1]. � now T̃ SI = HRP �

27: Add zero columns to T̃ , obtaining T so that TG =
T̃ SI .

28: Return T , P .
29: end procedure

produces sparser solutions for T. For example, it solves the
case of the path graph optimally.

APPENDIX F: PROOF OF THEOREM 5

Theorem 5. Let Zr and X r be arbitrary nonoverlap-
ping logical operators in a distance dr quantum LDPC
code, referred to as the right code. Consider another dis-
tance dl ≥ max(|Zr|, |X r|) quantum LDPC code, the left
code, encoding just two logical qubits and possessing two
nonoverlapping, weight dl logical operators Zl and X l.
Suppose the weight of ZlX l cannot be reduced to less than
2dl by multiplying by stabilizers and logical operators of
the left code other than Zl, X l, and ZlX l. The toric code
is an example of such a left code. Then, we can construct
two auxiliary graphs, each of size O(dl log3 dl) to measure
ZlZr and X lX r, and only those logical operators, simulta-
neously. Moreover, the deformed code is LDPC and has
distance at least dr.
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Proof. We being by noting Zl, X l, Zr, and X r may be
any logical operators with the assumed properties—in par-
ticular, Zr and X r may even be equal modulo stabilizers in
code r – but they are suggestively labeled with X and Z
because we can assume without loss of generality they are
Z-type and X -type by simply applying single-qubit Clif-
fords. We create two graphs, GZ = (VZ , EZ) with Z-type
vertex checks to measure ZlZr and GX = (VX , EX ) with X -
type vertex checks to measure X lX r. Similarly to the proof
of Theorem 4 (see (ii) in that proof), we assume for both
graphs that the port set of vertices for the left code is a
superset of the port set of vertices for the right code. This
implies that for all vectors vz and vx indicating subsets of
VZ and VX , respectively, we have

|vzFZ
l | ≥ |vzFZ

r |, |vxFX
l | ≥ |vxFX

r |. (F1)

We can build the graphs to satisfy graph desiderata 0–3
from Theorem 1 using the techniques of Sec. II C. This
is the same process described in a bit more detail in the
proof of Theorem 4. Each graph has dl port vertices and a
total of O(dl log3 dl) vertices and edges once the cycles are
sparsified using thickening to satisfy desideratum 3.

Now, we move on to prove a lower bound on the
deformed code distance. Suppose we have an arbitrary
nontrivial logical operator � = �l�r which is a product
of logicals �l = �

X
l �

Z
l and �r = �

X
r �

Z
r from the orig-

inal left and right codes. Also, we suppose � commutes
with the operators being measured, ZlZr and X lX r. In the
deformed code, � may pick up support on the edge qubits
of both auxiliary graphs, which we ignore. We seek to
bound the weight of �HZ(vz ∈ VZ)HX (vx ∈ VX ) for all
vectors vz, vx indicating choices of vertices from the graphs
GZ ,GX . We establish notation succinctly in Fig. 19 in a
manner similar to Fig. 9. Using that notation, the objective

is to lower bound

|�HZ(vz ∈ VZ)HX (vx ∈ VX )|

≥
∑
s=l,r

(
|Rs| +

∑
t=Z,X

|β t
s| + |δt

s| + |�t
s|
)

. (F2)

Suppose, without loss of generality, the logical Pauli
operators of the two logical qubits in left code are Zl =
Z

(1)

l , X
(1)

l , Z
(2)

l , and X l = X
(2)

l . Then, we can assume �l is
in the group 〈X (1)

l , Z
(2)

l , Sl〉, where Sl is the stabilizer group
of the left code. If this is not initially the case, multiply
� by HZ(�1 ∈ VZ) = ZlZr or HX (�1 ∈ VX ) = X lX r or both
to make it so, while preserving the problem of bounding
Eq. (F2) for all vectors vz, vx. This allows us to apply the
theorem assumption and assert

2dl ≤ |�lZlX l| = |Zl| − |γ Z
l | − |δZ

l | + |X l| − |γ X
l |

− |δX
l | + |Rl|. (F3)

Also, because �l is in 〈X (1)

l , Z
(2)

l , Sl〉, it necessitates that �r

is a nontrivial logical operator, because � = �l�r is both
nontrivial and commutes with ZlZr and X lX r. Therefore,
we also have

dr ≤ |�r| = |γ Z
r | + |δZ

r | + |�Z
r | + |γ X

r |
+ |δX

r | + |�X
r | + |Rr|. (F4)

In addition, we created port functions to satisfy Eq. (F1).
Translating that equation into the notation of Fig. 19, we
obtain

|βZ
l | + |γ Z

l | + |�Z
l | ≥ |βZ

r | + |γ Z
r |,

|βX
l | + |γ X

l | + |�X
l | ≥ |βX

r | + |γ X
r |.

(F5)

Starting from Eq. (F2), we calculate

|�HZ(vz ∈ VZ)HX (vx ∈ VX )|
≥ |Rl| + |Rr| +

∑
t=Z,X

|δt
l | − |γ t

l | + |β t
r| + |γ t

r | + |β t
r| + |δt

r| + |�t
r| [Eq. (F5)]

≥ dr + |Rl| +
∑

t=Z,X

2|β t
r| − |γ t

l | + |δt
l | [Eq. (F4)]

≥ dr + 2dl − (|Zl| + |X l|) +
∑

t=Z,X

2|β t
r| + 2|δt

l | [Eq. (F3)]

≥ dr + 2dl − (|Zl| + |X l|).
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FIG. 19. Notation for the proof of Theorem 5. On the left (right), all sets shown are subsets of l (r) code qubits. Vertex checks vz
(vx) are connected to sets of qubits supp vzFZ

l and supp vzFZ
r (supp vxFX

l and supp vxFX
r ) indicated by dashed circles.

Use |Zl| = |X l| = dl to conclude the lower bound on the
deformed code distance is dr. �

APPENDIX G: PROOFS ON THE TORIC CODE
ADAPTER

1. Proof that merged code has k logical qubits

Lemma 6. If the original LDPC code encodes k qubits,
then the merged code encodes k qubits.

Proof. Let the qubits in the rest of the original LDPC
code (i.e., the complement of qubit sets LZ and LX , sup-
porting logicals Z̄(c) and X̄ (t), each corresponding to a
different logical qubit) be labeled by R. Note that irre-
ducible logicals Z̄(c) and X̄ (t) can be assumed to be disjoint
without loss of generality, as any overlapping support
between the two can be cleaned by stabilizer multiplication
(see Corollary D1 for proof).

We can partition the check matrix HX from the origi-
nal LDPC code into three blocks: HX |supp (Z̄(c)), the support
of the original code X -checks in the overlap of the spe-
cific Z̄(c) logical, given by some binary matrix AZ , and
similarly, HX |supp (X̄ (t)), the original code X -checks in the
support of the X̄ (t) logical, given by binary matrix CZ and
support on the remaining physical qubits R by BZ . Over-
all the X -check matrix of the original code is given by
HX = [ BZ AZ CZ ].

The ancilla system consists of three parts—qubits
belonging to set EZ , initialized in single-qubit |+〉 states,
qubits belonging to set EX , initialized in single-qubit |0〉
states and the toric code ancilla state. Initializing qubits
in single-qubit |+〉 or |0〉 states is equivalent to adding
single-qubit X and Z checks to the code. Qubits in sets QZ

0

are initialized with single qubit X stabilizers, and qubits
in sets QX

0 are initialized with single-qubit Z stabilizers.
The toric code ancilla is initialized in a specific eigenstate
of the toric code—namely the simultaneous +1 eigenspace
of the logicals Z̄(2) and X̄ (1).

The number of physical qubits n′ in the system, includ-
ing the physical qubits from the original code and ancilla
qubits,

n′ = n + |EX | + |EZ | + d|QX
0 | + d|QZ

0 |
= n + |EX | + |EZ | + d|VX | + d|VZ |. (G1)

Here we use the fact that there is a one-to-one correspon-
dence between physical qubits introduced and the new
checks in VX and VZ , up to a permutation.

It is trivially true that the single-qubit stabilizers are
linearly independent of one another, due to their distinct
qubit support. Further since the count of these stabilizers
is exactly equal to the count of ancilla qubits, they do not
add any logical qubits to the code.

Next, we deform the code by measuring stabilizers of
the new code. In every layer, a X -check is introduced for
each qubit in the support of X̄ (t), which means the num-
ber of X checks in each layer, |CX

i | = |LX |(= d) for i =
0, . . . , d − 1. Since there is a one-to-one correspondence
between qubits in LX and checks in port at VX by injective
map f (set up in Sec. II C), we have |CX

i | = |LX | = |VX |.
The desired new code after code deformation has X -

checks given by
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H ′
X =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

R LZ LX EZ QZ
0 QX

0 QZ
1 QX

1 · · · QX
d−2 QZ

d−1 QX
d−1 EX

SX BZ AZ CZ MZ

UZ NZ

CX
0 TZ HC I I

CX
1 I HC I

...
. . .

CX
d−1 I HC I

VX F PX Gᵀ
X

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (G2)

Perform row operation CX
0 → CX

0 +∑d−1
i=1 CX

i .

→

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

R LZ LX EZ QZ
0 QX

0 QZ
1 QX

1 · · · QX
d−2 QZ

d−1 QX
d−1 EX

SX BZ AZ CZ MZ

UZ NZ

CX
0 TZ HC 0 HC 0 0 HC 0

CX
1 I HC I

...
. . .

CX
d−1 I HC I

VX F PX Gᵀ
X

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (G3)

In order to calculate the rank of H ′
X , we will consider the

ranks of submatrices consisting of sets of rows, where it is
clear that no row from one set can be expressed as a linear
combination of rows from another set.

First, consider the sets of checks labeled by SX . The
rank is the same as the rank of the original check matrix
HX . Next, consider the checks from the gauge-fixing set
UZ . We will use the fact that the dimension of any cycle
basis of any graph with E edges, V vertices, and p con-
nected components is given by its cyclomatic number,
|E| − |V| + p . Recall the X checks in UZ are added to deal
with redundancies due cycles present in the new Z checks.
Each X check corresponds to a cycle in the graph given
by edges (qubits) in EZ and vertices in VZ . Since there
is only one connected component (p = 1), rank(NZ) =
|EZ | − |VZ | + 1.

Next, we consider the check matrix rows corresponding
to CX

0 checks. The check matrix rows of CX
0 now only con-

sists of TZ and HC as submatrices. These will determine
rank(CX

0 ), where rank(CX
0 ) = max(rank(TZ), rank(HC)),

as the rank of a matrix is equal to the number of rows of
the largest square submatrix that has a nonzero determi-
nant. We know TZ is a |VZ | × |EZ | matrix, and further, that

one of the rows of TZ is redundant because the SkipTree
algorithm returns to the original root vertex. We know the
rank of HC is also |VZ | − 1, since it has dZ = |VZ | rows in
total, with one of the checks redundant.

Next, consider the checks corresponding to sets CX
i for

1 ≤ i ≤ d. These rows are all identical modulo a cyclic
shift, as they each have support I on QX

i−1 from the pre-
vious layer, I on QX

i and HC on QZ
i within the same layer.

Notice these rows are linearly independent of each other,
for which it is sufficient to observe that their qubit sup-
port remains distinct even after row-column operations.
The rank of the submatrix consisting of these rows is then
the sum of the ranks of the individual sets of rows. Thus
we obtain

∑d−1
i=1 rank(CX

i ) = (d − 1)|VX |,
rank(H ′

X ) = rank(BX ) + rank(NZ) + rank(HC)

+
d−1∑
i=1

rank(CX
i ) + rank(VX )

= rank(BX ) + (|EZ | − |VZ | + 1) + (|VZ | − 1)

+ (d − 1)|VX | + |VX |
= rank(HX ) + |EZ | + d|VX |. (G4)
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Similarly,

rank(H ′
Z) = rank(HZ) + |EX | + d|VZ |. (G5)

The number of logical qubits k′ in the deformed code,

k′ = n′ − rank(H ′
X ) − rank(H ′

Z)

= (n + |EX | + |EZ | + d|VX | + d|VZ |)
− rank(H ′

X ) − rank(H ′
Z)

= n − rank(HX ) − rank(HZ) + |EX | + |EZ | + d|VX |
+ d|VZ | − |EX | − d|VZ | − |EX | − d|VZ |

= k. (G6)

�

a. Initial code deformation step

The standard approach to code deformation into a
merged code that includes the original code augmented by
ancillary qubits is to begin measuring stabilizers of the new
code. In order to merge into the new code without reducing
the code distance, the initial state on the ancillary qubits
in EZ and EX (which will support the edges of auxiliary
graphs in the merged code) and qubits in sets QZ

i and QX
i

for i ∈ [d] (which will support the toric code adapter in
merged code), needs to be chosen carefully.

First consider the initial state on the edge qubits. The
simplest starting state to prepare in practice is a prod-
uct state, as it simply consists of physical qubits without
any encoding. Not all arbitrary product state would be
ideal candidate initial states. For instance, initializing EZ
in |0〉⊗|EZ | with single-qubit Z stabilizers Z(ej ∈ EZ) or
initializing EX in |+〉⊗|EX | with single-qubit X stabilizers
X (ej ∈ EX ) is not ideal because these single-qubit sta-
bilizers do not commute with the original LDPC code
stabilizers of the opposite type they will merge with (SX
and SZ respectively). The outcome of these stabilizer mea-
surements is no longer deterministic during the merging
step, and hence information from original code stabilizer
measurements prior to the merging step is lost. For a fault-
tolerant merging process, instead we introduce single-qubit
stabilizers which commute with the original code stabiliz-
ers they overlap with, so X (ej ∈ EZ) for j ∈ [|EZ |], and
Z(ej ∈ EX ) for j ∈ [|EX |], that is, qubits in sets EZ are ini-
tialized as |+〉 states and qubits in sets EX are initialized as
|0〉 states.

The initial state of the toric code ancilla state involves
some subtleties as well. In Sec. VI B 2 we have already
seen that there are multiple logical representatives for Z̄(c)

and X̄ (t) across the d layers. We do not want to introduce
new stabilizers which could clean support from any of
these representatives, as that would bring down the min-
imum distance of merged code. If one chooses to begin

with a product state of single-qubit stabilizers, some pos-
sibilities can be precluded by inspection: initializing QZ

i
in |0〉 states with single-qubit Z stabilizers or initializing
QX

i in |+〉 with single-qubit X stabilizers. This is because
if QZ

i is initialized with single-qubit Z stabilizers, any of
these stabilizers cleans support from a Z̄(c) logical repre-
sentative Z(�1 ∈ QZ

i ) for any layer i [∵ Eqs. (25) and (26)],
and reduces the minimum distance of the merged code. In
fact, the product of all single-qubit Z stabilizers from a set
QZ

i could clean O(d) support or even the entire Z̄(c) logical.
The same issue arises if qubits in QX

i are initialized with
single-qubit X stabilizers, as any of these stabilizers cleans
support of X̄ (t) representative X (�1 ∈ QX

i ) and reduces the
X distance. For this reason, we are constrained to initial-
ize a state that does not contain operators Z(s ∈ QZ

i ) or
X (s ∈ QX

i ) for any s ∈ F
d
2, in any layer i, within its stabi-

lizer space. One way to ensure this is to instead initialize
with single-qubit X and Z stabilizers of the opposite type
on these qubits, i.e., X (ej ∈ QZ

i ) and Z(ej ∈ QX
i ) for all

j ∈ [d], in each layer i, or in statevector terms, to initialize
in the product state |+〉⊗d2 |0〉⊗d2

, where all qubit sets QZ
i

as |+〉 states and QX
i as |0〉 states.

While the product state comprising |+〉 on qubits in
QZ

i and |0〉 on qubits in QX
i is straightforward to pre-

pare, a snag is that a threshold for the merging process
may not exist, due to the anticommuting gauge opera-
tors present in the deformed subsystem code. When one
starts measuring the stabilizers of the toric code, the ini-
tial single-qubit X checks on QZ

i anticommute with the
new Z toric code checks CZ

i being measured. The anti-
commuting operators imply that measurement outcomes
are no longer deterministic. The only deterministic mea-
surements are products of stabilizers

∏d−1
i=0 Z(ej ∈ QZ

i ) and
also

∏d−1
i=0 X (ej ∈ QX

i ), which are O(d) size, thereby not
providing enough information for error correction.

A second approach is to directly add products of
single-qubit Z stabilizers or X stabilizers, specifically∏d−1

i=0 Z(ej ∈ QZ
i ) and

∏d−1
i=0 X (ej ∈ QX

i ) to the stabilizer
group for the initial state. These are also representatives of
Z̄(2) and X̄ (1) on the toric code, so this means initializing
directly in the |+0〉 logical state. The qubits are not in a
product state but rather in a highly entangled state belong-
ing to the toric code codespace. Note, even for choosing
a suitable state within the toric codespace, one can rule
out the +1 eigenspaces of both Z̄(1) and X̄ (2) logicals,
because once measured, the logical operators are added
to the stabilizer group and the newly added stabilizers
(Z̄(1), X̄ (2) in this scenario) would clean the support of
Z̄(c) or X̄ (t) and reduce the distance of our merged code.
This reduces the feasible subspace for initializing the toric
code ancilla, from four codestates to exactly one codestate,
|+0〉. We decide to blackbox the preparation of the toric
code state. Methods to prepare such a state exist, for exam-
ple by simply measuring the logical operators X̄ (1) and Z̄(2)
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(using auxiliary graph surgery [24], Sec. II C or homomor-
phic measurements [71]) to prepare their simultaneous +1
eigenstate, applying Pauli corrections where necessary.

It is possible that the product state |+〉⊗d2 |0〉⊗d2
on

the toric code is effective for small-size demonstrations,
despite the code deformation step lacking a threshold,
since errors can still be effectively detected. For a scheme
applicable in the asymptotic regime, we use |+0〉 as the
initial state in the toric code adapter.

With the edge qubits and preprepared toric codestate
initialized as described, code deformation takes place by
measuring stabilizers of the new merged code (Tanner
graph in Fig. 13). At the end of the protocol during the
split step (iii), we measure the initial stabilizers again, that
is, stabilizers of the original LDPC code, single-qubit X
stabilizing edge qubits EZ , single-qubit Z stabilizing edge
qubits EX and measure the logical operators X̄ (1) and Z̄(2)

on the toric code, applying corrections to reset the toric
code to |+0〉.

2. Unitary CNOT using Dehn twists in the toric code

a. Notation on permutations

Before we proceed, it is relevant to establish convention
to distinguish between permutations on (qu)bits and checks
for any one type of stabilizer for a CSS quantum code, or
any classical code. Consider a set C of checks, and set Q of
(qu)bits. An individual check indexed j ∈ [|C|] is written
as ej ∈ F

|C|
2 , where ej is the binary row vector with a 1 only

in the j th position. A qubit indexed j ∈ [|Q|] is written as
e�

j ∈ F
|Q|
2 . Let the check matrix A ∈ F

|C|×Q|
2 describe the

collection of edges in the Tanner graph between individual
checks from set C and qubits from Q, where this collec-
tion itself can be viewed as an edge in the abstract Tanner
graph between sets of qubits and checks. Use row vector
u ∈ F

|C|
2 to denote selections of checks from C, and use col-

umn vector v� ∈ F
|Q|
2 to denote selections of (qu)bits from

Q, where 1 indicates if the (qu)bit or check is present in the
choice. Then uA is a column vector that gives the (qu)bits
supporting checks in u, and Av� gives the syndrome cor-
responding to bitstring v�. Permuting checks in C under
π : u → uπ is equivalent to left-multiplying A by π , since
(uπ)A = u(πA). In order to keep the product uA (bits sup-
porting checks u) invariant, a permutation on checks by π

needs to be accompanied by left-multiplication of A by π�
and vice versa, as uA = (uπ)(π�A) (∵ ππ� = I).

Next, note that permuting qubits in Q under permutation
σ : v → vσ or equivalently v� → (vσ )� = σ�v� trans-
forms the syndrome the same way as right-multiplying
A by σ� instead, since A(σ�v�) = (Aσ�)v�. Again, it
follows that to keep the syndrome invariant, a right-
multiplication of A by σ must be accompanied by per-
mutation σ on qubits v and vice versa, since Av� =
(Aσ)(σ�v�) (∵ σσ� = I) = (Aσ)(vσ )�.

A

π σ

C Q
u ∈ F

|C|
2 v ∈ F

|Q|
2

FIG. 20. Permuting qubits and checks: A −→ π�A σ .

Overall, the effective transformation on edge A of the
Tanner graph, for check structure and syndrome to remain
invariant after permutation π on checks and σ on qubits,
is A −→ π�A σ , as shown in Fig. 20. Conversely, if the
edge A transforms as A −→ π�A σ , then to preserve check
structure and syndrome (and in the case where the syn-
drome is 0, to remain in the same codespace), permutations
π on checks and σ on qubits need to be applied.

b. Tracking stabilizer evolution

Let us examine the effect of each set of transversal
CNOTs on the quantum state initialized in the codespace
of merged code, by describing their action on the stabilizer
tableau [72]. First consider the action of the circuit on X -
type stabilizers, as CNOT gates do not mix X and Z type
operators. The action on Z-type stabilizers proceeds sim-
ilarly, with controls and targets exchanged. Consider the
i = 0 layer of the toric code. X -stabilizers from the set CX

0
are transformed as

(
TZ HC I

) CNOT(QZ
0 ,QX

0 )−−−−−−−−−→ (
TZ HC I + HC

)
= (

TZ HC C
)

. (G7)

In the above we used the simple observation that I + HC =
C, where C refers to the cyclic shift matrix by 1 with entries
|j 〉 〈j + 1| (mod d). Thus Eq. (G7) shows that applying
physical CNOTs implements a transformation I → C on the
edge between CZ

0 and QX
0 in the Tanner graph. Follow-

ing the reasoning in Sec. G 2 a, in order to preserve the
codespace a permutation σ0 (now additionally indexed 0 to
indicate layer 0) is applied to qubits v in QX

0 such that the
desired net transformation of edge I → Cσ0 = I , which
implies σ0 = C−1. Equivalently, apply σ�

0 to v� where
σ�

0 = (C−1)� = C (∵ C is unitary). Applying the permu-
tation, we get Ce�

j = e�
j +1 for all j ∈ [d] and so each qubit

indexed j is relabeled with index j + 1. Thus transversal
physical CNOTs followed by C−1 on qubits in QX

0 preserve
the stabilizer space of X stabilizers in CX

0 .
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Meanwhile, Z-stabilizers from the set CZ
0 transform

under action of these transversal CNOTs to

(
I H�

C I
) CNOT(QZ

0 ,QX
0 )−−−−−−−−−→ (

I + H�
C H�

C I
)

= (
C−1 H�

C I
)

.
(G8)

Here the transversal CNOTs apply a cyclic shift C−1 to
the Tanner graph edge I between Z check set CZ

0 and the
qubit set QZ

0 . The transformation on check matrix I →
π�

0 C−1 = I must be accompanied either by a permutation
π0 = C−1 on checks in CZ

0 , or C on qubits in QZ
0 . Since the

labels for qubits in QZ
0 are already fixed by PZ , this time we

incorporate a permutation π0 into the set CZ
0 of Z checks.

One can verify that the remaining edge in layer i = 0,
the edge between qubits from QX

0 (permuted by σ0 = C−1)
and checks in CZ

0 (permuted by π0 = C−1), remains invari-
ant under these permutations. The overall transformation
on edge (QX

0 , CZ
0 ) is given by

H�
C −→ (C−1)�H�

C C−1 (∵ A → π�A σ)

= C (I + C−1) C−1

= I + C−1 = H�
C . (G9)

In the above, we used the fact that H�
C = I + C−1 and

C� = C−1 because C is unitary.
To summarize, physical CNOT(QZ

0 ,QX
0 ) followed by

permutations σ0 on qubits in QX
0 and π0 on Z-checks in

CZ
0 , preserve all original Tanner graph edges belonging to

the 0th layer of merged code, where

σ0 = C−1 and π0 = C−1. (G10)

Qubits QX
0 and checks CZ

0 also have outgoing edges
to CX

1 and QZ
1 in the next primal layer, i = 1, described

by check matrices equal to the identity matrix I as per
Definition 5 (see Fig. 15). To ensure this check structure
remains preserved even after permutations σ0 and π0 on
QX

0 and CZ
0 , we need to apply adjustment permutations π ′

1
on check set CX

1 and σ ′
1 on qubit set QZ

1 . Here we have
denoted permutations in the primal layers with a prime′.
Specifically we want π ′

1 on CX
1 such that I → (π ′

1)
�I σ0 =

I and also σ ′
1 on QZ

1 such that I → π�
0 I σ ′

1 = I . This
is satisfied when π ′

1 = σ0 and σ ′
1 = π0. From Eq. (G10)

we know σ0 = π0 = C−1. Therefore, permutations π ′
1 on

checks in CX
1 and σ ′

1 on qubits in QZ
1 , restore the edges

connecting layers i = 0 and i = 1 of the toric code, where

σ ′
1 = C−1 and π ′

1 = C−1. (G11)

By extension of the same reasoning, it is clear that in order
to preserve the edges I connecting dual layer i and primal

layer i + 1 (mod 2), any permutations σi on QX
i qubits

and πi on CZ
i checks in layer i necessitate permutations

π ′
i+1 on CX

i checks and σ ′
i+1 on QZ

i qubits in the next layer
i + 1, given by

σ ′
i+1 = πi and π ′

i+1 = σi. (G12)

Returning to the stabilizer tableau, we see that X -
stabilizers ∈ CX

i in layers i = 1 · · · d − 1 evolve under
transversal CNOTs in layer i in their local of frame of refer-
ence (i.e., with respect to qubits from QX

i ,QX
i−1,QZ

i in their
support prior to any permutations) in a manner similar to
X stabilizers in CX

0 [Eq. (G7)],

(
I HC I

) CNOT(QZ
i ,QX

i )−−−−−−−−−→ (
I HC I + HC

)
= (I HC C

)
. (G13)

This implies that the net permutation σi required on qubits
in QX

i would need to undo the shift C introduced by the
transversal CNOT gates in the ith layer, in addition to any
permutation π ′

i on checks in CX
i . The desired net trans-

formation of edge I → (π ′
i )

�Cσi = I which implies σi =
C−1π ′

i = C−1σi−1 [∵ Eq. (G12)]. This decouples the recur-
rence relation in Eq. (G12) to give a simple recurrence
relation for σi for which we have already seen the base
case, σ0 = C−1 for layer 0. Solving, we get the closed form
σi = (C−1)iC−1 = C−i−1. Thus the net permutation σi on
qubits QX

i in each layer is given by C−i−1. The permuta-
tions πi on checks in CZ

i follow by tracking evolution of Z
stabilizers ∈ CZ

i . This completes the set of permutations in
the dual layers. Applying Eq. (G12) we also obtain closed
forms for permutations σ ′

i and π ′
i in the primal layers. In

summary,

σi = C−i−1 and πi = C−i−1, (G14)

σ ′
i = C−i and π ′

i = C−i. (G15)

The required permutations on all sets of qubits and
checks in each layer to remain within the codespace are
shown in Fig. 15. Note as a result of these permutations
σi on qubits in QX

i , the targets for transversal CNOTs are
shifted by one index in each successive layer, shifted in
total by i for layer i. Instead of transversal CNOTs being
implemented between qubit j as control and qubit j as tar-
get for all j , now the transversal gates act between qubit j
control and qubit j + 1 as target in layer 1, qubit j + 2 as
target in layer 2 and so on till qubit j + i (mod d) as target
in layer i.
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3. Logical action of the Dehn twist

a. CNOT via a Dehn twist on the toric code

We first state and verify the logical action for Dehn
twists on the toric code in Lemma 7, through the lens of
our notation.

Lemma 7. Consider the toric code, a [[2d2, 2, d]] CSS
code with Tanner graph described as in Definition 5. A
CNOT12 gate can be performed between its two logical
qubits (w.l.o.g. 1 is chosen to be the control qubit) using
the following circuit:

CNOT12 =
d−1∏
i=0

�′
i(QZ

i ) �i(QX
i ) CNOT(QZ

i ,QX
i ), (G16)

where �i(A) is a unitary corresponding to permutations by
C−i−1 on qubits ej ∈ A, and �′

i(A) is a unitary correspond-
ing to permutations by C−i on qubits ej ∈ A, as derived
in Sec. G 2 b and CNOT(A,B) is shorthand for transver-
sal CNOT gates between qubits in ordered sets A and B,
|A| = |B|, defined as in Eq. (28).

Proof. The desired action of CNOT12 on the Pauli logi-
cals of the toric code is given by

X̄ (1) → X̄ (1)X̄ (2), (G17a)

Z̄(1) → Z̄(1), (G17b)

X̄ (2) → X̄ (2), (G17c)

Z̄(2) → Z̄(1)Z̄(2). (G17d)

Consider the initial logical operators of the attached
toric code ancilla system, before the circuit described by
Eq. (30) is implemented. In the standard form, the logi-
cal representatives of the toric code are tensored X and
Z operators supported on qubits along each topologically
nontrivial loop in the original lattice or equivalently in the
compact description Tanner graph as

X̄ (1) =
d−1∏
i=0

X (e0 ∈ QZ
i ), (G18a)

X̄ (2) = X (�1 ∈ QX
0 ), (G18b)

Z̄(1) = Z(�1 ∈ QZ
0 ), (G18c)

Z̄(2) =
d−1∏
i=0

Z(e0 ∈ QX
i ). (G18d)

In order to see why Eq. (G18a) holds, note that |X̄ (1) ∩
Z̄(1)| ≡ φ1 is odd and is at least 1. This implies φ1 qubits in
each set QZ

i fully supporting a Z̄(1) representative also sup-
ports part of the X̄ (1) representative. We can multiply the

weight-2 cyclic code X checks in CX
i to clean even-sized

support from φ1 to obtain a form of the logical where each
set QZ

i supports exactly one qubit in X̄ (1). The cyclic code
stabilizers in CX

i can also move this single-qubit support
within QZ

i such that X̄ (1) representative has support on the
first qubit e0 in every layer.

It is trivial to see that logical X̄ (2) is unchanged under
Dehn twist circuit in Eq. (30). Recall X̄ (2), supported
on all the qubits in set QX

0 , is entirely contained within
the first (i = 0) layer and so it is sufficient to consider
CNOT(QZ

0 ,QX
0 ) implemented in layer 0 alone. These gates

are controlled on qubits ej ∈ QZ
0 for all j ∈ [|QZ

0 |] and
are targeted on ej ∈ QX

0 . Each physical CNOT gate leaves
an X -type operator on its target qubit unchanged, X (ej ∈
QX

0 ) → X (ej ∈ QX
0 ). The transversal CNOTs leave any

X -type operator residing on qubits in set QX
0 unchanged.

Similarly, Z̄(1) resides on all the qubits in set QZ
0 and is

unchanged under action of transversal physical CNOTs, as
the Z operators supported on control qubits of a physical
CNOT remain invariant.

Next we look at X̄ (1), specifically considering the repre-
sentative in Eq. (G18a). This representative resides on one
qubit from each of the d layers and thus will be affected
by the first physical CNOT gate in each layer. Each physical
CNOT maps,

X (e0 ∈ QZ
i ) → X (e0 ∈ QZ

i )X (e0 ∈ QX
i ) for all i ∈ [d].

(G19)

Next, we apply permutation C−i on QX
i in each layer i.

Under permutation by C−i, each qubit e�
0 in QX

i is mapped
to e�

i , leaving the resulting operator X (e0 ∈ QZ
i )X (ei ∈

QX
i ). Recall, each X check in any set CX

i can clean
exactly one qubit from layer i and add the exactly the
same support to layer i − 1. All the qubits e�

i can be
moved by stabilizer multiplication

∏d
i=0
∏i

i′=0(ei′ ∈ CX
i ) to

create
∑d−1

i=0 ei = �1 support on QX
0 . The resulting opera-

tor is X (e0 ∈ QZ
i )X (�1 ∈ QX

0 ) = X̄ (1)X̄ (2). This verifies the
logical map X̄ (1) → X̄ (1)X̄ (2).

The last logical to verify the action of the circuit in Eq.
(30) is the Z̄(2) logical. We pick a representative of Z̄(2)

which has exactly single-qubit support in each of the d lay-
ers, which we choose without loss of generality to be the
first qubit in all qubit sets QX

i . Since Z operators flow from
the target to the control of physical CNOTs, each physical
CNOT gate maps,

Z(e0 ∈ QX
i ) → Z(e0 ∈ QZ

i )Z(e0 ∈ QX
i ) for all i ∈ [d].

(G20)

After permutations C−i−1 to qubits in sets QZ
i in each

layer, each qubit e�
0 in QZ

i is mapped to e�
i+1, leaving the

resulting operator Z(ei+1 ∈ QZ
i )Z(e0 ∈ QX

i ). Note that the
cyclic shift i + 1 is modulo d. For any pair of qubits in
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different layers, i1 and i2, for i1 
= i2, ei1+1 
= ei2+1, and fur-
ther, for any layer i ∈ [d], the qubit indexed i + 1 (mod d)

in QZ
i supports the resulting operator. Once again it is

possible to multiply Z stabilizers from CZ
i to move the log-

ical support qubit by qubit from all layers i to layer i =
0, to obtain resulting operator Z(�1 ∈ QZ

i )Z(e0 ∈ QX
i ) =

Z̄(1)Z̄(2). This verifies the logical map Z̄(2) → Z̄(1)Z̄(2).
The last thing to note for correctness of logical action

is that the Dehn twist circuit described preserves the stabi-
lizer space. Permutations C−i on qubits and checks in the
primal layers and permutations C−i−1 on qubits and checks
in the dual layers restore the original Tanner graph edges of
merged code after physical CNOTs, as shown in Appendix
G 2 b. �

b. Addressable logical action of CNOT using toric code
adapter

The following theorem shows how this can be useful for
performing addressable gates on the LDPC code logicals.

Theorem 1. Consider an arbitrary [[n, k, d]] CSS LDPC
code. Let c and t be any two logical qubits in this code.
Z̄(c) and X̄ (t) are assumed w.l.o.g. to be pairwise disjoint
(see Lemma D1 in Appendix). Consider the merged code
obtained after merging with the toric code adapter using
auxiliary graphs GZ and GX . The circuit defined below
implements the desired targeted logical CNOT between the
quantum LDPC logical qubits c and t,

CNOTc t =
d−1∏
i=0

�′
i(QZ

i ) �i(QX
i ) CNOT(QZ

i ,QX
i ), (G21)

where �i(A) is a unitary corresponding to permutations
by C−i−1 on qubits ej ∈ A, and �′

i(A) is a unitary cor-
responding to permutations by C−i on qubits ej ∈ A, and
CNOT(A,B) is shorthand for transversal gates between two
ordered sets of qubits A and B defined in Eq. (28).

Proof. The reasoning follows from a straightforward
reduction to implementing the Dehn twist gate on the toric
code ancilla, i.e., CNOTc t = CNOT12. By Lemma 7, CNOT
within the toric code is correctly implemented by the same
circuit.

Full proof is given below. The desired logical action
for the CNOTct gate is to conjugate the Pauli logicals as
follows:

X̄ (c) → X̄ (c)X̄ (t), (G22a)

Z̄(c) → Z̄(c), (G22b)

X̄ (t) → X̄ (t), (G22c)

Z̄(t) → Z̄(c)Z̄(t). (G22d)

X̄ (c) anticommutes with Z̄(c), and Z̄(c) has a represen-
tation entirely contained in every layer of the new code

merged code [∵ Eq. (26)]. So X̄ (c) definitely has to pick up
support on the toric code qubits in merged code of size
|X̄ (c) ∩ Z̄(c)| ≡ φc = 1 (mod 2) in any layer. In order to
prove the logical action under circuit given in Eq. (G21), it
is apt to find a representative for X̄ (c) on merged code.

First, consider the case where one multiplies all X
checks from all sets CX

0 to CX
d−1 to get a new represen-

tative X̄ (c)∏d−1
i=0 HX (�1 ∈ CX

i ). The product
∏d−1

i=0 HX (�1 ∈
CX

i ) has zero support on qubits QX
i for all i ∈ [d], since

exactly two X checks overlap on each qubit, from CX
i and

CX
i+1 (mod d). The product also does not gain any support

on qubits in QZ
i , since all CX

i have even weight on QZ
i ,

since the Tanner edges between all these pairs of check
and qubit sets have the structure of the cyclic code HC, and
�1HC = 0. Hence the net effect of aforementioned product
of all X checks is to leave X̄ (c) unchanged.

Next consider multiplying a subset u of checks from set
CX

i from each layer instead of the entire set of checks. This
adds support equal to uHc, which is guaranteed to be even.
Any product of these checks does not change the odd parity
of the overlap between X̄ (c) and Z̄(c). Say for some choice
of checks u from CX

0 ,

φc + uHc = e0. (G23)

The product of choice u of checks from CX
i across all

layers, described by
∏d−1

i=0 HX (u ∈ CX
i ), is supported on

the first qubit in every layer. Further, HX (u ∈ CX
0 ) adds

support s to EZ where s = uTz,

d−1∏
i=0

HX (u ∈ CX
i ) =

d−1∏
i=0

X (e0 ∈ QX
i )X (s ∈ EZ) (G24)

= X̄ (1)X (s ∈ EZ)

(∵
d−1∏
i=0

X (e0 ∈ QX
i ) = X̄ (1)). (G25)

If we multiply X̄ (c) with
∏d−1

i=0 HX (u ∈ CX
i ) we see the new

representative X̄ (c)′ on merged code has some support s on
the interface and additional support exactly described by
X̄ (1) (toric code logical) on the toric code qubits QZ

i ,

X̄ (c)
∏d−1

i=0 HX (u∈CX
i )−−−−−−−−−−→ X̄ (c) X̄ (1) X ⊗s = X̄ (c)′. (G26)

Also note that X̄ (t) can be moved from LX in the original
LDPC code to QX

d−1 (Fig. 14). As per the toric code adapter
set up, QX

d−1 also support X̄ (2). Thus

X̄ (t) = X (�1 ∈ QX
i ) = X̄ (2). (G27)

It follows that the map X̄ (1) → X̄ (1)X̄ (2) implies the map
X̄ (c)(X̄ (1))X ⊗s → X̄ (c)(X̄ (1)X̄ (2))X ⊗s, which due to Eqs.
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(G26) and (G27) is the same as X̄ (c)′ → X̄ (c)′X̄ (t), which
we set out to prove. The former is simply a logical map
for the toric code logical X̄ (1) under transversal CNOTs and
permutations, which we have already verified in Lemma 7.
From Eq. (G27), we also know X̄ (t) will be mapped identi-
cally as X̄ (2) under action of transversal CNOT, which from
Lemma 7 is trivial.

Reasoning along the same lines, if we multiply Z̄(t) with
a suitable choice u′ of toric code Z checks from CZ

i , we
obtain a Z̄(t) representative that has some support s′ on the
interface and support described exactly by the Z̄(2) (toric
code logical) on qubits QX

i ,

Z̄(t) −→ Z̄(t) Z̄(2) Z⊗s′ . (G28)

From Fig. 14 we know there is a representative of Z̄(c)

which is entirely supported on QX
i for i ∈ [d], which is

also support of the toric code logical Z̄(2). Thus we have
exactly equal operators representing both Z̄(c) = Z(�1 ∈
QZ

i ) = Z̄(2) for any i. Since Z̄(1) remains unchanged as
the control of transversal CNOTs, it is evident that Z̄(c)

also is unchanged. Original code logicals Z̄(t) → Z̄(c)Z̄(t)

straightforwardly Lemma 7. �

c. Code distance of the merged LDPC-toric code

Theorem 2. The merged code has distance d if the orig-
inal code had distance d, provided auxiliary graphs GZ and
GX satisfy the graph desiderata 0–3 in Theorem 1.

Proof. The logical operators of the toric code could
potentially reduce in distance when moved to the origi-
nal code using vertex checks VZ . To deal with this and
the remaining logicals in the LDPC code we invoke the
alternate sufficient condition in Theorem 5 (derived in
Sec. V A), which allows for distance-preserving merging
without requiring expansion in auxiliary graphs. Recall
the sufficient condition for a valid (therein referred to as
‘left’) code, in this case the toric code, is that weight
of ZlX l cannot be reduced to less than 2dl by multiply-
ing by stabilizers and logical operators of the left code
other than Zl, X l, and ZlX l. The nonoverlapping operators
considered here will be Z̄(1) = Z(QZ

i ) and X̄ (2) = X (QX
i ),

which are both weight d. As is evident, the supports of the
minimum weight representatives of this operator are dis-
joint in which case the product Z

(1)
X

(2)
exactly equal to

|QZ
i | + |QX

i |, which is 2d. When considering the product
|Z(1)

X
(2)

ξ | (where ξ represents the stabilizer group), notice
that any representative of Z

(1)
would overlap X

(1)
on at

least one qubit, since they anticommute. This is true for
any representative of X̄ (1). In the canonical form, X̄ (1) =∏d−1

i=0 X (e0 ∈ QZ
i ). That is, X̄ (1) is supported on the same

index e0 in each of the d primal layers. Equivalent repre-
sentatives can be obtained by choosing any index ej for j ∈

[d]. That is, X̄ (1) = ∏d−1
i=0 X (ej ∈ QZ

i ). This means Z̄(1)

needs to have support on at least one qubit at each index ej
for j ∈ [d] which can be distributed over any of the d pri-
mal layers of the toric code, in order to anticommute with
every X̄ (1) logical representative. Similarly, any represen-
tative of X̄ (2) needs to have a single qubit support in each of
the d dual layers. In total, this guarantees |Z(1)

X
(2)

ξ | ≥ 2d.
This completes the sufficient condition to invoke Theorem
5, thereby proving the toric code distance is preserved in
the deformed code without requiring any expansion in the
auxiliary graphs of the LDPC code logicals. Ideally a toric
code of distance max(wt(Z̄(c)), wt(X̄ (t))) is chosen for the
protocol. �

d. Distance preservation during the logical gate

The next point to consider is the fault-tolerance property
of the unitary circuit. In order to prove fault tolerance of the
circuit, one needs to also consider the scenario where the
transversal CNOTs can be faulty. The notion of faults and
fault distance are defined as follows. A location in a cir-
cuit refers to any physical unitary gate, state preparation or
measurement operation. A fault location is a location in the
circuit which performs a random Pauli operation following
the desired operation. Each fault location in the circuit can
introduce a Pauli error on qubits in its support according to
a probability distribution. Each physical CNOT gate in our
circuit is a fault location which could potentially introduce
correlated 2-qubit Pauli errors. Since CNOT gates do not
mix X and Z-type Pauli operators, it is sufficient to deal
with only X -type errors. The fault distance of a circuit is
d if up to d − 1 faults are guaranteed to lead to detectable
errors. It turns out that the fault distance of the circuit is
also d, formally stated below.

Lemma 8. The fault distance of the Dehn twist circuit
for l layer toric code adapter is equal to the code distance
d of the original LDPC code if the toric code has l = d
layers.

Proof. By definition, the fault distance is upper-
bounded by the code distance d. A simple and sufficient
case to illustrate this in our context is where exactly the
first CNOT in each of the d layers fails, i.e., the physical gate
controlled on e0 ∈ QZ

i (and targeted on e0 ∈ QX
i ) fails for

all i ∈ [d], and introduces a Pauli X error on the control
qubits. The total error is described by the Pauli operator∏d−1

i=0 X (e0 ∈ QX
i ). We know

∏d−1
i=0 X (e0 ∈ QZ

i ) is a rep-
resentative for the logical X̄1. Thus the error has mapped
our quantum state to another state within the codespace
and would show trivial syndrome during error correction
despite a nontrivial error, i.e., not identity or a product
of stabilizers. In other words, the error is undetectable.
Since d faults mapped to this undetectable error, the fault
distance of the Dehn twist circuit is upper-bounded at d.
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Let us examine cases where any ≤ d − 1 physical CNOT
gates fail in this circuit consisting of d2 physical CNOTs,
implemented in a specific way as batches of d transver-
sal gates. These d − 1 faults could be distributed in any
manner over the d layers. Failure of d − 1 CNOTs could
lead to upto 2d − 2 errors, although some of these are
correlated and can be identified. Not all of the errors are
harmful, since some of them are detectable or are equiva-
lent to stabilizers. We want to check that if at most d − 1
faults occur, any nontrivial error created is detectable.
Notice each physical CNOT acts between qubits of oppo-
site types, i.e., one from set QZ

i in the primal layer and
one from set QX

i in the dual layer (alternatively viewed
as a physical CNOT acting between a qubit on a horizontal
edge and a qubit on a vertical edge of a lattice in the topo-
logical picture). Each CNOT that fails causes at most one
error in QZ

i , and at most one error in QX
i . Since the total

d − 1 CNOTs fail, there can be at most d − 1 errors in the
primal layers and at most d − 1 errors in the dual layers.
Next we claim that the two X̄ logicals in the code have sup-
port on either at least d qubits in primal layers or d qubits
in dual layers. This is because X̄1 logical operators need
to have nonzero support on each of the d primal layers, in
order to anticommute with every representative of Z̄(1) in
different layers, and similarly X̄ (2) needs nonzero support
on d qubits in the dual layers in order to anticommute with
Z̄(2).

First consider the primal layer. Since errors within the
primal layer are bounded to be weight ≤ d − 1, which is
less than the total number of such layers, d, there is at least
one layer which does not host an error. d − 1 errors within
the primal layer due to d − 1 CNOTs thus cannot be equiva-
lent to the X̄ (1) weight-d operator and are either stabilizers
or errors which can be detected by Z stabilizers connected
to this layer that anticommute with the error operator. A
similar applies for the X error weight in the dual layers.
Since there were at most d − 1 errors in total across all
dual layers to begin with, the error cannot be equivalent
to the weight-d X̄ (2) logical and is thus either a product
of stabilizers or detectable. Consequently, for the specific
choice of controls and targets for transversal gates in the
Dehn twist circuit, any d − 1 faults or less cannot lead to
errors that are equivalent to logical operators and are thus
detectable. �
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